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Abstract. We study stochastic submodular maximization problem with
respect to a cardinality constraint. Our model can capture the effect of
uncertainty in different problems, such as cascade effects in social net-
works, capital budgeting, sensor placement, etc. We study non-adaptive
and adaptive policies and give optimal constant approximation algo-
rithms for both cases. We also bound the adaptivity gap of the problem
between 1.21 and 1.59.

1 Introduction

The problem of maximizing submodular functions with respect to known con-
straints is a very well-studied problem in operations research and computer sci-
ence. A function f :R™ — R is submodular if for all z,y € R™:

flavy)+ flxAy) < flo)+ f(y)

where zVy and x Ay denote the component-wise maximum and the component-
wise minimum of x and y, respectively. If f is twice differentiable, then sub-
modularity is equivalent to the condition %g;j < 0, where z; and x; are any
two coordinates of x [17]. One may imagine the function f on the domain of
0/1-vectors as a set function where f(S) = f(x), ; = 1 whenever i € S, and
x; = 0 otherwise. In other words, a set function f : 2V — R is submodular if for
any two subsets S, T C N:

FISUT)+ F(SNT) < f(S) + f(T)

A wide range of optimization problems that arise in the real world can be
modeled as maximizing submodular functions with respect to some (usually
cardinality) constraints. One instance is the problem of viral marketing and
maximizing influence through the network [9, 14], where the goal is to choose
an initial “active” set of people, so as to maximize the spread of an innovation
or behavior in a social network. It is well-known that under many models of
influence propagation in networks (e.g. decreasing cascade model [9]), the ex-
pected size of the final cascade is a submodular function of the set of initially
activated people. Also, due to some budget limitations the number of people that
we can activate in the beginning is bounded. Hence, the maximizing influence
problem can be seen as a maximizing submodular function problem subject to
some cardinality constraint.
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Another example is the capital budgeting problem which is to find the opti-
mal investment of capital among different projects with a limited budget. There
is a set of projects and one wants to invest on a group of them that maxi-
mizes his expected profit while not exceeding his budget. This problem has been
studied extensively under various assumptions on the utility of the investor and
dependencies among the projects [20, 21, 13, 2]. Naturally, the utility functions
are non-negative and monotone. Also, the risk-averse investors are characterized
by their submodular utility functions. Therefore, such investors need to solve a
submodular maximization problem to find their best bet.

Yet another example is the problem of optimal placement of sensors for envi-
ronmental monitoring [11, 12] where the objective is to place a limited number
of sensors in the environment in order to most effectively reduce uncertainty in
observations. It is known that the efficiency of a subset of sensors is a submodular
set function.

For the problem of maximizing submodular set functions subject to a cardi-
nality constraint, the celebrated result of Cornuejols et al. [4] and Nemhauser et
al. [15] shows that for nonnegative monotone submodular functions the greedy al-
gorithm that at each step chooses an element with the maximum marginal value
gives a (1— % ~ 0.632)-approximation of the optimal solution. This problem has
also been studied for more complicated domains. In particular, for maximizing
a submodular function over a matroid (note that the cardinality constraint is a
special case of this) a recent result by Vondrak [19] shows that it is still possible
togetal— %—approximation.

However, in practice one must deal with the stochasticity caused by the
uncertain nature of the problem, the incomplete information about the environ-
ment, etc. For instance, in viral marketing some people in the initial set might
not adopt the behavior. Another example is the capital budgeting problem where
some projects taken by an investor may fail (in the beginning) due to some un-
expected events in the market. Also, in environmental monitoring some sensors
might not work properly because of bad weather or inconsistent connections.

All these possibilities motivate the problem of stochastic submodular maxi-
mization. In the stochastic setting, the outcome of the elements in the selected
set are not known in advance; when they are picked, with some known prob-
ability they might remain in the set or not. One may think of probability p;
corresponding to each element ¢, and then the expected value of selecting a set
S will be the expected value of function f over set S derived from S by removing
each element 7 independently with probability 1 — p;. In fact, in this paper we
will consider a more general version of this problem in which the stochasticity
of the problem converts the set S into a vector in the continuous space via some
known probability distributions. For the exact definitions see Section 2.

The main difference between the non-stochastic and stochastic problems is
that the latter can benefit from adaptivity. An adaptive policy can use the out-
come of the steps taken so far to optimize the decisions it is going to make in
the future. On the other hand, the actions chosen by a non-adaptive policy are
independent of the outcome of the other actions. Therefore, a non-adaptive pol-
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icy is equivalent to a predetermined subset of elements. Although non-adaptive
policies may not perform as well as adaptive ones, they are particularly useful
when it is difficult or time-consuming to discover the outcome of an action.

Our Results: In Section 3 we first show that the expected value of a submodular
set function in the stochastic setting is still a submodular set function. This
immediately leads to a (1— %)—approximation of the optimal non-adaptive policy.
Then, we consider the adaptive policy that at each step chooses an element
with the maximum ezpected marginal value, conditioned on the outcome of the
previous elements. We show that the approximation ratio of this greedy policy
with respect to the optimal adaptive policy is 1 — é 1 We also give a lower bound
and an upper bound on the adaptivity gap of the problem. The adaptivity gap
is defined as the maximum ratio between the expected value of the optimal
adaptive and non-adaptive policies [5]. As a lower bound, we prove that the
adaptivity gap of stochastic submodular maximization problem is at least 1.21
(see Section 2.1). On the flip side, in Section 4 we show that the adaptivity gap
is bounded from above by £ ~ 1.59, i.e. there exists a non-adaptive policy
which achieves at least — fraction of the value of best adaptive policy. We

1.59
also show that a non-adaptive policy within a factor of (¢-1)* ~ 5L of the
optimum adaptive policy can be found in polynomial time. In order to prove
this bound, we generalize some of the techniques developed by Vondrék [18].

These extensions could be of independent interest.

1.1 Related Work

We first briefly overview some parts of the literature on (non-stochastic) sub-
modular optimization. Then, we explain some of the works that study stochastic
settings similar to ours.

Cornuejols et al. [4] proved that a simple greedy algorithm gives a (1 — %)—
approximation for the problem of maximizing monotone submodular set func-
tions subject to capacity constraints. Later, Feige [6] proved that it is not pos-
sible to improve this ratio unless NP C TIME(n®U°8!¢™))  For maximizing
non-monotone submodular, recently Feige et al. [7] gave a constant approxima-
tion algorithm. Another well-studied submodular maximization problem is the
problem of allocating resources to agents with submodular utilities, for which
several interesting approximation algorithms have been developed, see [18]. In
this paper, we use some of these techniques to bound the adaptivity gap.

Goemans and Vondrak [8] consider the problem of stochastic covering. In this
problem the goal is to cover all elements of a target set using minimum number
of subsets. The subsets are random variables and their probability distributions
are given. They propose adaptive and non-adaptive policies for the problem.
They also observe that the adaptivity gap is not constant.

Chan and Farias [3] study a generalization of the stochastic maximum k-
cover problem where the sequence of elements arrive according to a stochastic

! This is also independently observed by Chan and Farias [3].
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process and utility functions may vary over time. They show that under some
conditions, a myopic policy is a 2-approximation of the optimal adaptive policy.

In a recent work, Streeter and Golovin [16] study an online job scheduling
problem in a setting that the cost of jobs is given by a submodular function. The
goal is to cover as many jobs as possible subject to a budget constraints. They
take the regret minimization approach and present approximate optimal policy.

2 Problem Definition

We define the following abstraction for the stochastic submodular maximization
problem. A set A = {X1,---,X,} of independent random variables is given.
After choosing X, its actual value (outcome of an element), denoted by z;, is
discovered. We assume that z; € [0,1]. Let S C A be a subset of variables. Also,
let vector s = < &1,--- ,Z, > denote the realization of set S, where z; = z; for
i€ S and &; =0 for i ¢ S. The value obtained by choosing the set S after the
realization is equal to f(s), where f:[0,1]¥ — R is a submodular function.

Let g; be the probability distribution of random variable X;. For every subset
S C A, it defines a probability measure gg : [0,1]" — R, which represents the
probability density function of observing s while selecting S:

gs(ds) = / _ otan

S

Also, gs(ds) is defined to be zero if there exist 4 such that s; # 0,7 ¢ S. Now
define function Fy : [0,1]" — R™ as the expected value obtained by choosing set
S, i.e.,

E($)= [ S5 (1)

Our goal is to choose a set S of size at most k& which maximizes F,(S).

F,(S).
SCIE%{\gk o(9)

For simplicity, we assume one cannot choose an element of A multiple times. 2
For this problem, we study two types of policies: adaptive and non-adaptive. A
non-adaptive policy is represented by a fixed subset of A. An adaptive policy
uses the realized value of the previously chosen elements to determine the next
element in the subset. In order to compare the value of these optimal policies,
we study the adaptivity gap of the problem. The adaptivity gap is defined as the
ratio between the expected value of optimal adaptive and non-adaptive policies.

2 This assumption is not necessary for our results, and is made for sake of simplicity.
One can create k independent copies of each random variable to simulate multiplicity.
This is in contrast with the set cover problem where allowing to chose multiple copies
of an element significantly reduces the adaptivity gap [8].
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One issue that arises in the algorithmic discussions of this paper and many of
the related works is computing the value of functions similar to F,. We assume
that we are given an oracle which computes these values up to a desired degree of
accuracy. In fact, it can be shown that in many interesting cases such an oracle
can be built efficiently. Two most important cases are when the probability
distribution functions (g;’s) are constant Lipschitz continuous, or when their
support is a polynomial size set of discrete values. Therefore, from now on, all
of our results will involve an arbitrary small error term of e that we will not
mention explicitly.

In the next section, we illustrate the problem by giving an example. We also
present a non-adaptive and an adaptive policy for this example.

2.1 An Example: Stochastic Maximum k-Cover

A special case of stochastic submodular maximization is the stochastic maximum
k-cover problem. Given a collection F of subsets of {1,2,--- ,n}, the max k-cover
problem is defined as finding k£ subsets from F such that their union has the
maximum cardinality [6]. In the stochastic version, the subset that an element
of F would cover becomes known after choosing the element. In this section,
we define an instance of this problem. We also use this example to give a lower
bound on the adaptivity gap.

The instance we consider in this section is as follows: A ground set G =
{1,2,--- ,2n} and a collection F' = {C4,Cs,---,Cq,} of its subsets are given.
For 1 <i<n,C; ={1,2,--- ,n} with probability % and is the empty set with
probability 1 — . For n +1 < i < 2n, C; = {i} with probability 1 and is the
empty set with the remaining probability. The goal is to cover the maximum
number of elements in G by selecting at most n subsets in C.

Lemma 1. For large enough values of n, the optimal non-adaptive policy is to
select S = {C1,Csq,--- ,Cy}. Also, the expected value of this policy is n(1 — é)

Proof. Consider a subset S’ selected by a non-adaptive policy. Let g the fraction
of elements of S’ that are in {C1,Ca, -+ ,Cyr}, ie., ¢ =15'N{C1,Cq,--- ,Cp}|/n.
Such a policy covers the elements of {1,2,--- ,n} with probability 1 — (1 — %)”q.
Also, in expectation, S” covers at most 2 (1—gq) elements from set {n+1,---,2n}.
Therefore, the expected number of covered elements is

1

n(1= (1= ")+ ~(1-q)

We can approximate the expression above by n(1 + 1 — ()4 — %) with ar-
bitrary high precision for large enough n. This expression is increasing in gq.
Therefore, for the optimum non-adaptive policy we have ¢ = 1 or equivalently

S = {013027 T 7071}-

Now consider the following adaptive policy that at each step chooses the
elements with maximum marginal value: At step i, 1 < i < n, choose set C; until
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one of these sets covers {1,--- ,n}. After that, pick a set from {Cp41,---,Copn}
until the number of chosen sets reaches n.

The following lemma gives a lower bound on the number of elements covered
by the adaptive policy.

Lemma 2. For large enough n, the expected number of elements covered by the
adaptive policy describe above is n(1l — é + ?12)

Proof. The probability that C; covers the first n elements is 1 (1 — L)=1If C;
covers the first n elements, the policy will choose n—i subsets from Cy, 41, - , Cay,
each covers a single element with probability % Therefore, the expected number
of covered elements is:

n

o= bmrm-nbi=ar hya- Lo Lyvig Ly

Q Q
3 =
= *
\ 45,
‘ ]
—
N— =
\ |
! B
1
— |
\
‘ |
]!
3
[\
S
-
|
—
-
|
\
2
3
N—
|
3
&)
—~
-
|
| —
S~—
3
|

Il
S
—
\
|
+

N

which completes the proof of the lemma.
By combining the results of Lemmas 1 and 2 we have the corollary below.

Corollary 3. The adaptivity gap of stochastic maximum k-cover is at least:

1

l—e'4e=? >1.21

1—e—1

3 Near-Optimal Non-Adaptive and Adaptive Policies

In this section we first present non-adaptive policy for the stochastic submod-
ular maximization problem. Later, we give an adaptive policy. A non-adaptive
policy is represented by a fixed subset S C A. The expected value of the policy
is equal to Fy(S). Therefore, finding the optimal non-adaptive policy is equiv-
alent to finding set S which maximizes F(.5). Note that the maximum k-cover
problem is a special case of our problem. Therefore, it is not possible to find
an approximation ratio better than 1 — % for the optimal adaptive policy unless
NP C TIME(n®Uogogn)) [6]. Tn this section, we show that there exists a policy
that is implementable in polynomial time and its value is within a 1 — % ratio
of the optimal non-adaptive policy. For the ease of notation, when it is clear
from the context, we use F(S) instead of F,(S). Note that F(S) is a convex
combination of a set of monotone submodular functions. Therefore, we have the
following lemma.
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Lemmad4. The function F(S) is monotone and submodular in S.

Submodularity of F', immediately leads to the following result [4, 15].

Corollary 5. Consider the non-adaptive greedy policy that at each step chooses
the element with maximum marginal increase in value. The approximation ratio
of this policy with respect to the optimal non-adaptive policy is at least 1 — %

Now we present an adaptive greedy policy with approximation ratio 1 —
é, with respect to the optimal adaptive policy. It is easy to see that finding
maximum k-cover can be reduced to designing an adaptive policy. Therefore, it
is not possible to improve this ratio unless NP C TIM E(n©(oslogn)),

Theorem 6. Consider the adaptive greedy policy that at each step selects an
element with the maximum marginal value, conditioned on the realized value of
the previously chosen elements. The approximation ratio of the adaptive greedy
policy with respect to the optimal adaptive policy is 1 — é

Before stating the proof, we describe some notations. For 1 <14 < k, let S; be
the set of elements chosen by the greedy adaptive policy up to (and including)
step i . Define Sy to be the empty set. Also, let s; denote the realization of .S;.
The adaptive greedy policy at each step i chooses an element in

argmax;ec a\ g, , E[F(Si—1 U j)[si-1]

Proof. The proof presented here is similar to the proof of Kleinberg et al.[10]
for submodular set functions. Let T); be the set chosen by the optimal adaptive
policy up to step j. Also, denote the expected marginal value of the i™ element
chosen by the greedy policy by A;, i.e.,

Ai = E[F(S;)|si-1] — f(si-1) = E[F(S;) = F(Si-1)]si-1]

Consider a realization s; of S;. Because the realization of each element of 7T} is
independent from other elements, and f is submodular, we can write F'(T;US;]s;)
as the sum of a set of monotone submodular functions. Therefore, F(T; U S;|s;)
is monotone submodular with respect to j. Hence, for T'= T}, we have:

E[F(T)|s;] < E[F(T'US;)|si] < E[F(S;) + k(F(T1 U S;) — F(Si))]si]
Because A; > E[F(Th U S;) — F(S;)|s:] we get,

Since the inequality above holds for every history, adding up all such inequal-
ities, for all 2, 0 < ¢ < k — 1, we have:

E[F(T)] < E[F(S)] + kE[A;41]
=E[A1 + -+ A + kE[A41]
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We multiply the " inequality, 0 < i < k—1, by (1— %)kil’i, and add them
all up. The sum of the coefficients of E[F(T)] is equal to

P T (e § R 1 1
A== -2 =——F=k1-(1-2)" (2
257k ; FoT1-a-1) k

One the right hand side, the sum of the coefficient of E[4;], 1 < i < k, is
equal to

k—1 k—i—1

R e L LR DR
j=i =0
= k(1= PP R - (= )R
—k (3)
Therefore, by inequalities (2) and (3) we get
k
BIF(T)) < (1 (1- )9 3" BIA] = (1 - (1= )9 BIF(S:)

Therefore, the approximation ratio of the greedy policy is at least 1 — %

It is easy to see from the proof above that if at every step, a policy chooses
an element which is an « approximation of the maximum marginal value, then
it achieves approximation ratio 1 — (1)

4 Adaptivity Gap: An Upper Bound of 1.59

Our concern in this section will be to set an upper bound for the adaptivity
gap. In other words, we want to have a lower bound on the approximation ratio
of non-adaptive policies against the best adaptive policy. We establish such a
bound through the following theorem:

Theorem 7. There exists a non-adaptive policy that approzimates the optimal
adaptive policy within a factor of <L ~ —L-. Moreover, There exists a poly-

e 159"
nomial time non-adaptive policy with the approximation ratio at least (%)2 =
! 5

2.51°

The proof of the above theorem is inspired by the techniques in Section 3.5
of [18]. For the sake of consistency, we will use the same notation as [18] wherever
possible. We generalize these techniques by extending the domain of the function
F, to real vectors. We will define a function f* which sets an upper bound on
the performance of all adaptive policies and also lies within a constant factor (at
most —%5) of the maximum value of F;. As we will see, this implies that for every
adaptive policy ADAPT there exists a non-adaptive policy which gains at least a
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fraction of % of the expected value gained by ADAPT. Also, Corollary 5 shows
that the greedy non-adaptive policy approximates the optimal non-adaptive by
a factor of % Hence, it will be within a factor of (%)2 of the best adaptive
policy.

Here comes our basic observation about adaptive policies. Consider an arbi-
trary adaptive policy ADAPT. Any such policy decides to choose a sequence of
elements, where the decision about which element to choose at any step might
depend on the realized values of the previously chosen elements. Therefore, for
any realization of outcomes (i.e. realized values of elements) a distribution on the
sequence of elements will be implied by ADAPT3. This distribution corresponds
to what ADAPT does if it observes that specific realization. Any adaptive policy
can be described by a (possibly randomized) decision tree in which at each step
an element is being added to the current selection. Due to the constraints of the
problem, the height of the tree is k. Each path from the root to a leaf of this
tree corresponds to a subset with k elements and occurs with some certain prob-
ability. Clearly, these probabilities sum up to one. Let y; be the probability that
element i is chosen by ADAPT. Also, let 35 be the probability density function
for the outcome s. Then, we have the following properties:

1. /55 =1
2. Vs: B, >0.
3. Vi, dx; : Bsds = y;gi(x;)dx;.

s,s,€dx;

The first two properties hold because § defines a probability measure on the
space of all outcomes. The third property is due to the fact that the left hand
side is in fact computing the probability that the element 7 is chosen and its
observed value is x;.

Now, we are ready to define the function fT : [0,1]" — R which establishes
an upper bound on the performance of any adaptive policy. The definition of
fT is motivated by the above observation about all the possible outcomes of an
arbitrary adaptive policy. It can be seen as the generalization of function f
in [18] to the continuous domain. For any vector y € [0,1]" we define f*(y) as

follows:
Sgp{/asf(S)}

where the supremum is taken over all probability measures o defined on [0, 1]
for which

Vi, dz; / asds = y;g;(x;)dz;.
s,s;€dx;

Now, we can bound the performance of ADAPT using function fT. Consider
all possible realizations of elements under ADAPT. Let y; and (3, be defined as

3 The reason that we mentioned a distribution (and not just a specific sequence) is
that ADAPT may be a randomized policy by itself. But as we will see, it does not
affect our arguments.
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before. Then, the expected value of ADAPT is fs Bsf(s). On the other hand, by
the construction of (3, it is one of the possibilities that can be used as « in the
“sup” term in the definition of f*(y). Therefore, the performance of the policy
is bounded by fT(y) and we have the following lemma.

Lemma 8. The expected value of the adaptive policy ADAPT is at most f¥(y).

Now, let Py be the matroid polytope {v:1-v < k,v > 0}. Any valid policy
is limited to select at most k elements, i.e., y € Pj. Therefore, the desired upper
bound on the optimal adaptive policy can be obtained as a corollary of Lemma 8.

Corollary 9. The expected value of the optimal adaptive policy is bounded from
above by maxyep, {fT(y)}.

We also define the extension Fy : [0,1]” — R. For any vector y € [0,1]",
Fy(y) is the expected value of its realized outcome § when y; is set to be 1 with
probability y; and 0 otherwise. More formally, if N = {1,2,--- ,n} then

Fy(y) =EF,(0)) = Y [Tw: [T - v)Fy(R).

ReNieR i¢R

To complete the proof of Theorem 7 we need to prove that there exists a
0/1 vector w € Py such that the value of Fy(w) is a good approximation of
the optimum value of f*. We will do that in two steps. First, we show that
for any vector y, the values of F,(y) and f*(y) are within a constant of each
other. Then, in Lemma 11 we will show that there exists a proper 0/1 vector w
so that Fy(w) > Fy(y). Remember that in fact Fy(w) = Fy(S) for the subset
S corresponding to entries equal to 1 in w. It proves that the ratio of the best
non-adaptive and adaptive policy is at least 1 — % For the second part of the
result we show that a 0/1 vector w’ such that Fy(w’) > (1 — 2)F,(w) can be
found in polynomial time which provides an efficient way to find a non-adaptive
policy within a factor (1 — é)Z of the optimal adaptive policy.

The following lemma proves that the defined extension f* cannot be too far
from F.

Lemma 10. For any monotone submodular function f and any vectory, Fy(y) >

(1=11* ).

Proof. The proof might be viewed as of a generalization of the proof of Lemmas
3.7 and 3.8 in [18] to the continuous space. We define an auxiliary function
f*:10,1]™ — R as the following:

F@ =G+ [ g0 - f:)ds,

JEN Sj>2;

where z4(j) is the vector z with its j-th entry changed to s; whenever s; > z;.
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We prove that for any vector y, Fy(y) < fT(y) < f*(y). The first inequality
follows directly from the definition of F; and f*. To prove the second inequality,
note that for any feasible measure a and any vector z,

/ auf(s)ds < / aslf(2) + 3 (2 5) — F(2)))ds

<f)+ Y / =) — F(=)ds;.

jEN 5J>z1

The first inequality above holds due to submodularity of f and the second one
is a consequence of the definition of «. Also, observe that by plugging o = 3 in
this inequality we have f(y) < f*(y).

Now, it is enough to prove that for all y, Fy(y) > (1— %)f*(y) Similar to the
proof of Lemma 3.8 [18], for each j we define a Poisson clock C; with rate y;. We
start with a vector z = 0. Once clock C; sends a signal, a random variable x is
produced from distribution g;. Then, if z; < x, the value of z; will change to z.
By abuse of notation, we denote this new value by z,(j) and the value of vector
z at time t by z(t). One can observe that E[f(z(1))] < F,(y), using monotonicity
of f. On the other hand,

E[f(z(t +dt)) = f(2(t)]2(t) = 2] = Zyjdt[/ 9;(@)(f(2:(5)) — f(2))da].

T>2;

But the R.H.S. is at least (f*(y) — f(2))dt, by the definition of f*. Therefore,
the following bound can be derived on the derivative of E[f(z(t))]:

éE[f(Z(t +dt)) — f(2)]2(t) = 2] = (f"(y) — f(2))dt

= th[f( ()] = (f*(y) = Elf(z(1))])dt.
Solving the differential equation above, shows that E[f(z(t)) > (1 — e ") f*(y).

Combining this with the fact that f*(y) < f*(y) and also that E[f(z(1 )] < Fy(y)
completes the proof of lemma.

The next lemma shows how to round the vector y to a proper 0/1 vector w.

Lemma 11. There exists a 0/1 vector w € Py, such that Yy : Fg(w) > Fy(y).

Proof. The essential rounding tool for the proof is pipage rounding introduced
by [1]. In order to be able to use pipage rounding we need to prove some convexity
property on Fy. Define F}; = Fy(yij(A)) where y;;()\) is a vector obtained by
adding A to y;, subtracting A from y; and leaving all other entries of y unchanged.
First, we show that Fg is a convex function of A. For any y, the function F,(y)
can be written as below.

Fowy= > Jlwe I Q=w)xl(1—)(1—y)Fy(R)+
REN\{i,j} kER  k¢RU{i,j}
(I —y)y Fg(R+ ) +yi(1 — y;) Fy(R+ 1) + yay; Fy(R+ i+ j)].
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Hence, we can write the second derivative of Fzyj in an explicit form:

0*FY,
a)\;J: > TTwe I G-w)x

REN\{i,j} kER  kg¢RU{i,j}
[—Fy(R) + Fg(R+1) + Fo(R+j) — Fy(R+1i+j)],

which is clearly non-negative due to submodularity of F.

As a result of convexity of Fiz-, for any vector y € Py, the main result of [1]
ensures that Pipage rounding yields a 0/1 vector w inside Py such that F,(w) >
Fy(y). Hence, there exists such a vector w for which F,(w) > F,(y) holds for all
y € P.

Now, we are ready to prove Theorem 7.

Proof. [Theorem 7). Lemma 8 shows that OPT = max,cp, f*(y) is an upper-
bound on the performance of the best adaptive policy. But from Lemma 10
we know that there exists a vector y* such that Fy(y*) > (1 — 1)OPT. On
the other hand, Lemma 11 implies that there exists a 0/1 vector w € P such
that Fy(w) > Fy(y*) and hence, Fy(w) > (1 — 2)OPT. Notice that Fy(w) is
in fact the expected value gained by a non-adaptive policy that selects the set
S corresponding to the vector w. Also, due to Corollary 5 greedy non-adaptive
policy obtains a value at least (1 — 1)F,(w) that will be at least (1 — )20PT.
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