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Abstract. We consider the unconstrained minimization of the function F, where F = f +
g, fis an expectation-valued nonsmooth convex or strongly convex function, and g is a
closed, convex, and proper function. (I) Strongly convex f. When f is u-strongly convex
in x, traditional stochastic subgradient schemes (SSG) often display poor behavior, aris-
ing in part from noisy subgradients and diminishing steplengths. Instead, we apply a
variable sample-size accelerated proximal scheme (VS-APM) on F, the Moreau enve-
lope of F; we term such a scheme as (mVS-APM) and in contrast with (55G) schemes,
(mVS-APM) utilizes constant steplengths and increasingly exact gradients. We consider
two settings. (a) Bounded domains. In this setting, (mVS-APM) displays linear conver-
gence in inexact gradient steps, each of which requires utilizing an inner (prox-SSG)
scheme. Specically, (mVS-APM) achieves an optimal oracle complexity in prox-SSG
steps of O(1/e) with an iteration complexity of O(log(1/¢)) in inexact (outer) gradients
of F to achieve an e-accurate solution in mean-squared error, computed via an increas-
ing number of inner (stochastic) subgradient steps; (b) Unbounded domains. In this
regime, under an assumption of state-dependent bounds on subgradients, an unaccel-
erated variant (mVS-APM) is linearly convergent where increasingly exact gradients
V.F(x) are approximated with increasing accuracy via (SSG) schemes. Notably, (mVS-
APM) also displays an optimal oracle complexity of O(1/¢); (II) Convex f. When f is
merely convex but smoothable, by suitable choices of the smoothing, steplength, and
batch-size sequences, smoothed (VS-APM) (or sVS-APM) achieves an optimal oracle
complexity of O(1/€?) to obtain an e-optimal solution. Our results can be specialized to
two important cases: (a) Smooth f. Since smoothing is no longer required, we observe that
(VS-APM) admits the optimal rate and oracle complexity, matching prior ndings; (b) Deter-
ministic nonsmooth f. In the nonsmooth deterministic regime, (sVS-APM) reduces to a
smoothed accelerated proximal method (s-APM) that is both asymptotically convergent
and optimal in that it displays a complexity of O(1/€), matching the bound provided by
Nesterov in 2005 for producing e-optimal solutions. Finally, (sVS-APM) and (VS-APM) pro-
duce sequences that converge almost surely to a solution of the original problem.
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1. Introduction

We consider the following stochastic nonsmooth convex optimization problem:

min F(x), where F(x) 21 (x) +g(x), 1)

where f(x) éIEE[j?(x,é(a)))], E:Q— R",f :R" X R’ > R; g is a closed, convex, and proper deterministic function
with an efficient proximal evaluation; (QQ,H,P) denotes the associated probability space; and E[e] denotes the

expectation with respect to the

probability measure P. Throughout, we refer to f(x,&(w)) by f(x, @), whereas
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F(x,w) éj?(x,a)) + g(x). We consider settings in whichf(-,a)) is nonsmooth strongly convex/convex in x for every
w, generalizing the focus beyond the structured nonsmooth setting in which the “stochastic part” is smooth. Specif-
ically, structured nonsmooth problems require minimizing f(x) + g(x), where f is smooth, whereas g is non-
smooth with an efficient prox evaluation (allows for capturing constrained problems over closed and convex
sets).

Among the earliest avenues for resolving (1) is stochastic approximation (Robbins and Monro 1951, Kushner
and Yin 2003), and it is proven to be effective on a breadth of stochastic computational problems, including con-
vex optimization problems. Polyak and Juditsky (1992) develop an averaging scheme in convex differentiable
settings, deriving the optimal convergence rate of O(1/VK) under classic assumptions, where k is the number of
iterations. Among the cleanest of early complexity requirements for the minimization of expectation-valued

. . 2
u-strongly convex and convex functions over a closed and convex set X are given as (max{%,llxo - x*||2}%) (to

ensure that E[|lx; — x*||*] <€) and (’)(Melz)X

) (to ensure that the expected optimality gap is less than €), respectively,

where S(x,w) denotes a measurable selection from o, f (x, w), sup, . E[[IS(x, w)|[*] € M2, and Dx 2 maxyex]|lxo — x|.
Of these, the former is presented by Shapiro et al. (2009), whereas the latter is the result of an optimal robust con-
stant step length stochastic approximation scheme suggested by Nemirovski et al. (2009). When f is both L-
smooth and p-strongly convex, an improved complexity requirement (from a constant factor standpoint) of

O(\/L”""T_x*”z + Z—Z) is provided by Ghadimi and Lan (2013). This contrasts sharply with the deterministic regime in

which O(log(1/€)) and O(1/+/e) steps are required in smooth strongly convex and smooth convex regimes to
compute an e-accurate solution (e-solution in terms of mean squared error) and e-optimal solution (e-solution in
terms of expected suboptimality), respectively. In structured nonsmooth regimes, there is an effort to employ the
stochastic generalization of an accelerated proximal gradient method to minimize f + ¢ when f is smooth. Reliant

on a first order oracle that produces a sampled gradient V,f(x,w) and given an x,, our proposed variable sample-
size accelerated proximal gradient scheme (VS-APM) (also see Ghadimi and Lan 2016, Jofré and Thompson
2017) is stated as follows in which the true gradient is replaced by a sample average (V. f(xx) + Wy n,) with batch
size Ni.

Vi1 = Py o (e — 1 (Vi f (1) + Win,))
X1 = Yie1 + B Wre1 — Vi), )

2 ZHf (@) - Vaf ) p
ZaVaf B0 = W00

where Wy, (y) 2arg minx{%nx —y*+ ZLU g(x)}, Yk and fy are suitably defined step lengths.

Our approach produces linearly convergent iterates in strongly convex regimes and achieves an iteration com-
plexity of O(1/K?) in merely convex and smooth regimes, where K is the total number of iterations, matching the
deterministic results seen in the work by Beck and Teboulle (2009) and Nesterov (1983). The avenue represented
by (2) has two key distinctions: (i) increasingly exact gradients through increasing batch sizes Nj of sampled gra-
dients, allowing for progressive variance reduction, and (ii) larger (nondiminishing) step sizes in accordance
with deterministic accelerated schemes. Collectively, (i) and (ii) allow for recovering fast (i.e., deterministic) con-
vergence rates (in an expected value sense) when N grows sufficiently fast. Additionally, such schemes have a
more muted reliance on the condition number x = L/ (in y-strongly convex and L-smooth regimes); specifically,
in accelerated schemes, such dependence reduces to v/x in comparison with « in unaccelerated counterparts (cf.
Nesterov 2014).

1.1. Prior Research
1.1.1. Stochastic Gradient Schemes. In nonsmooth convex stochastic optimization problems, Nemirovski et al.

(2009) derive an optimal rate of O(1/VK) in terms of expected suboptimality via an optimal constant step length
(also see Shamir and Zhang 2013), whereas in strongly convex regimes, they derive a rate of O(1/K) in a mean
squared sense. Structured nonsmooth problems (or composite problems) as defined by (1) are examined exten-
sively (cf. Ghadimi and Lan 2012, Lan 2012), and rates of O(L/K? +1/VK) and O(L/K + 1/VK) are developed by
Dang and Lan (2015) via a mirror-descent framework for strongly convex and convex problems with L-smooth
objectives, respectively. In related work, Devolder et al. (2014) derive oracle complexities with a deterministic
oracle of fixed inexactness, which is extended to a stochastic oracle by Dvurechensky and Gasnikov (2016).
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Randomized smoothing techniques are also employed by Yousefian et al. (2012) together with recursive step
lengths (see Newton et al. 2018 for a review).

1.1.2. Variance Reduction. In strongly convex regimes (without acceleration), a linear rate of convergence in
expected error is first shown for variance-reduced gradient methods by Shanbhag and Blanchet (2015) and revis-
ited by Jofré and Thompson (2017), whereas similar rates are provided for extragradient methods by Jalilzadeh
and Shanbhag (2016); the accelerated counterpart (VS-APM) mutes the dependence on x, improving the bound
to O(y/L/ulog(1/€)). In smooth regimes, an accelerated scheme is first presented by Ghadimi and Lan (2016),
in which every iteration requires two prox evaluations, admitting the optimal iteration complexity and oracle
complexity of O(1/+/e) and O(1/€?), respectively. Jofré and Thompson (2017) extend this scheme to allow for
state-dependent noise. An extragradient-based variable sample-size framework is suggested by Jalilzadeh and
Shanbhag (2016) with a rate of O(1/K).

1.1.3. Smoothing Techniques for Nonsmooth Problems. For a subclass of deterministic nonsmooth problems,
Nesterov (2005b) proves that an e-optimal solution is computable in O(1/€) gradient steps by applying an accel-
erated method to a smoothed problem (primal smoothing with fixed smoothing parameter). Subsequently, Nes-
terov (2005a) considers primal-dual smoothing in deterministic regimes (extended to composite problems by
Tran-Dinh et al. 2018) with a diminishing smoothing parameter, leading to rates of O(1/K?) and O(1/K) for
strongly convex and convex deterministic problems, respectively (also see Devolder et al. 2012, Bot and Hendrich
2013). Adaptive smoothing, considered by Tran-Dinh (2017), is shown to have an iteration complexity of O(1/¢),
whereas Ouyang and Gray (2012) show that smoothing-based minimization of E[f(x,a))] +E[3(x,w)] leads to

rates O(1/K) and O(1/ VK) when 3(-,w) is nonsmooth for almost every (a.e.) w, whereas f (-, w) is either strongly
convex or merely convex for a.e.  (extended by Zhong and Kwok 2014)."

1.2. Gaps and Contributions

Unfortunately when f(-,w) is a nonsmooth strongly convex/convex function, stochastic subgradient schemes
(subsequently defined in (SSG)), while a de facto standard, generally display poor empirical behavior because
they utilize diminishing step lengths and noisy gradients. We develop two distinct avenues for combining
smoothing with acceleration and variance reduction in strongly convex and convex regimes that ameliorate these
concerns while achieving optimal rates.

1.2.1. mVS-APM for Strongly Convex Nonsmooth f. In Section 2, our smoothing framework is reliant on a varia-
ble sample-size accelerated proximal method (VS-APM), which requires smoothness of f while displaying linear
convergence and optimal oracle complexity. In two distinct settings, we propose applying VS-APM (or an unac-
celerated variant) on the Moreau envelope of F, denoted by F,, where F, is %—smooth and retains the minimizers

of F.

1.2.1.1. Compact Domains. Under the assumption that the domain of g is bounded and E[||S(x, w)|]*] < M? for

all x e R”, where S(x, ) is a measurable selection from &f (x,w); i.e. S(x,w) € 8f (x,w), we show that (mVS-APM)
produces a linearly convergent sequence with an iteration complexity of O(log(1/€)) in inexact gradient steps
V.F,(xt), where increasingly exact gradients V,F,(x) are obtained by employing a (prox-S5G) scheme. In particu-
lar, our variance-reduced scheme endeavors to get increasingly exact gradients by progressively reducing the
bias in the gradients (because we utilize an increasing number of SSG steps); such a benefit does not appear in a
naive implementation of SSG. Moreover, the overall complexity in subgradient evaluations (and consequently

sample or oracle complexity) is O(1/¢€), matching the optimal complexity in subgradient steps achieved by
(SSG) schemes.

1.2.1.2. Unbounded Domains. When domains are possibly unbounded, assuming that E[||S(x, w)|*] < ]\_/Iz||x||2
+M?2, where S(x,w) € dF (x,w), the proposed (unaccelerated) variable sample-size proximal method (mVS-PM)
achieves an iteration complexity of O(log(1/€)) (in gradient steps with V,F;) and overall complexity in subgra-
dient steps of O(1/e).

1.2.2. sVS-APM for Convex Nonsmooth f. In this setting, in Section 3, we develop an iterative smoothing-based
extension of VS-APM, denoted by sVS-APM. By reducing the smoothing and step length parameters at a suitable
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rate, E[F(yx) — F(x*)] < O(1/K). Notably sVS-APM produces asymptotically accurate solutions (unlike the scheme
by Nesterov (2005b), which produces approximate solutions via a fixed smoothing parameter) and is character-
ized by the optimal oracle complexity of O(1/€?). When f is convex and smooth, we may specialize these results
to obtain an optimal rate of O(1/K?) and display an optimal sample complexity of O(1/€?). When f is determinis-
tic but nonsmooth, s-APM matches the rate by Nesterov (2005b) but produces asymptotically exact solutions.
Additionally, we prove that, for suitable (but distinct) choices of step length and smoothing sequences, sVS-APM
and VS-APM produce sequences that converge almost surely (a.s.) to a solution of (1), a convergence statement
that was unavailable thus far, matching deterministic results by Orabona et al. (2012) and Bot and Hendrich
(2015) that leverage Moreau smoothing; we provide a result for (¢, )-smoothable functions (see Beck 2017).

1.2.3. Notation. A vector x is assumed to be a column vector, whereas ||x|| denotes the Euclidean vector norm,
that is, ||x|| = VxTx. Pye(x) denotes the prox with respect to ¢ with prox parameter 2%] at x. E[z] denotes the expecta-
tion of a random variable z. We let X* denote the set of optimal solutions of (1).

2. Nonsmooth Strongly Convex Problems

In this section, we develop rate and complexity analysis for nonsmooth strongly convex optimization problems
via techniques that combine smoothing, acceleration, and variance reduction. In Section 2.1, we review a linearly
convergent variance-reduced accelerated proximal scheme (VS-APM) for smooth stochastic convex optimization;
this scheme serves as our subproblem solver. In Section 2.2, we present a Moreau-smoothed variant of VS-APM,
referred to as (mVS-APM), which relies on minimizing the Moreau envelope F, of the strongly convex non-
smooth function F by VS-APM. In Section 2.3, we then derive rate and complexity guarantees for (mVS-APM),
where V,F, is approximated with increasing accuracy by a stochastic subgradient (SSG) scheme. Finally, in Sec-
tion 2.4, we derive analogous statements when applying an unaccelerated variable sample-size proximal method
(mVS-PM) under possibly non-compact domains and under a (weaker) state-dependent bound on the subgra-
dient (see Table 1 for a summary of findings).

2.1. Background on VS-APM
Consider (1), in which f, g, and the initial point x, satisfy the following assumption.

Assumption 1. (i) f is a u-strongly convex function, and g is a closed, convex, and proper deterministic function. (ii) There
exist C,D > 0 such that E[||xo — x*|]*] < C and E[||F(xo) — F(x*)|[] < D, where F(x) ££(x) + g(x) and x* solves (1).
In a subset of regimes, we impose an L-smoothness assumption on f.

Assumption 2. The function f is continuously differentiable with a Lipschitz continuous gradient with constant L; i.e.,
V2 f(x) = Vi fIl < Lllx = yll for all x,y € R™.

We utilize a variable sample-size accelerated proximal scheme (VS-APM) as defined in Algorithm 1, which
can process such problems and differs from a standard accelerated proximal method in that we employ an

Table 1. Comparison of Schemes in Nonsmooth (NS) and Strongly Convex Regimes in Terms of Convergence Rate and
Complexity of Iterations, Proximal Evals., and Oracle Evaluations (x = L/u), Where p € (0,1)

Conv. rate Prox. eval.
Smooth iter. comp. oracle comp. Comments
VS-APM (2.1) O(p") O(+/xlog(1/€)) Optimal rate and complexity
fis L-smooth O(yKlog(1/e)) O(k/e€)
Conv. rate
Nonsmooth iter. comp. Oracle comp. Comments
(mVS-APM) (2.3) O(p") O(1/e) Minimize Moreau env. F,(x) via VS-APM
dom(g) is bounded; O(log(1/€)) Nondiminishing outer steps;
E[||R(x, w)|[*] < M? Approx. V F, by (prox-SSG) with increasing exactness
VR(x, w) € 9f (x,w)
mVS-PM (24) s O(p*) O(1/e) Minimize Moreau env. F,(x) via (VS-PM)
IEI[||S(x,aJ)||2]~ < M7||x|* + M2 O(log(1/€)) Nondminishing outer steps;

VS(x, w) € df (x, w) Approx. V,F,(x) by (SSG) with increasing exactness;
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x f(y i)

Ni
inexact gradient V. f(xy) + @y n,, where the bound on the second moment of @y n, £ V. f(xx) — Zizg VNk
ishing with k, a consequence of using variance reduction.

is dimin-

Algorithm 1 (Variable Sample-Size Accelerated Proximal Method)
(0) Given xo, ¥y = X, k, and positive sequences {y,, Ni}, set A; € (1, V] k=
(D) Yrs1 = P)/kg(xk - Vk(vxf(xk) + Wy, Nk))'
(2) A1 := %( - A— (1 ——) + 4/\2)
A=) (1=EAk,
(3) Xkr1 1= Ypy1 + (W)(J/kﬂ = Yk)-
(4) If k > K, then stop; else k := k + 1; return to step 1.

We outline the assumptions on the first and second moments of wy.

Assumption 3. (i) Conditional boundedness of second moments: there exists v > 0 such that Elllwgl? | He] < ;\’—;k holds a.s.
for all k and Hy=2o{xo,x1, ...,Xk-1}. (ii) Conditional unbiasedness of first moments: E[wy|Hi] =0 holds a.s., where
Wi 2V, f (0, i) = Vi f ().

VS-APM can be shown to achieve linear convergence akin to that by Nesterov (2014) by combining inexact gra-
dients in which the inexactness is driven to zero by increasing the sample-size in estimating the gradients. This
avenue also allows for achieving the optimal oracle complexity to obtain an e-accurate solution. These differences
lead to a slightly modified set of update rules in contrast with that developed by Nesterov (2014) and require
that y, = 1/2L rather than 1/L. This scheme serves as a subproblem solver in subsequent sections, and we now
state a lemma and the associated complexity statement of VS-APM. The proof is similar to that by Nesterov
(2014) and is in the appendix. Importantly, this scheme allows for a possibly biased estimate of the gradient.

Lemma 1. Suppose Assumptions 1-3(i) hold. Consider the iterates generated by VS-APM, where y, =5 for all
k>0, k= ﬁ, and & = ﬁ Then, the following holds for all K.

ool ol

@)
+
Ny ; Nj-i-1

E[F(yx) - F] < (D +EC2)(1 _ C—[)Kfl +
2 i=0

The following theorem characterizes the iteration and oracle complexity of VS-APM.

Theorem 1 (Rate and Oracle Complexity of VS-APM Under Biased Oracles). Suppose Assumptions 1-3(i) hold. Con-
sider the iterates generated by VS-APM, where y, = L, Ny 2| p~™* |, 0 £ (1 - 2—\/%) p= (1 - —)for allk>0anda > 2.

i. For all K, we have that E[F(yx) — F*] < CpX~! where C é(D +%CZ) +% + MTW 4)

In addition, VS-APM needs O(y/xlog|(?)) steps to obtain an e-accurate solution, that is, E[F(yx.1) — F*] <e.
ii. To compute an e-accurate solution, S5_ Ny < ((D + £) +22 M)O(ﬂ)
: p 7 2uk=1"Vk = 2 u u e

We know of no other result for variance-reduced accelerated proximal schemes in strongly convex (or even
convex) smooth regimes that allows for biased oracles. For instance, Schmidt et al. (2011) impose unbiasedness in
strongly convex regimes. Next, we show that adding the unbiasedness requirement, that is, E[wy |Hy] = 0 a.s. for
all k improves the constants in these bounds.

Corollary 1 (Rate and Oracle Complexity of VS-APM Under Unbiased Oracles). Suppose Assumptions 1-3(i,ii) hold.

Consider the iterates generated by VS-APM, where y, & 7, Ny £ [p™ ], 0 £ (1 - 7) pE (1 - —)for allk>0anda > 2.

i. For all K, we have that E[F(yx) — F*] < CpX™ where C £ (D + %CZ) + 4%,2. 5)

In addition, VS-APM needs O(+/xlog(1/€)) steps to obtain an e-accurate solution.



Downloaded from informs.org by [45.15.140.130] on 04 April 2023, at 00:08 . For personal use only, all rights reserved.

Jalilzadeh et al.: Smoothed Variable Sample-Size Accelerated Proximal Method
378 Stochastic Systems, 2022, vol. 12, no. 4, pp. 373-410, © 2022 The Author(s)

ii. To compute an e-accurate solution, K | Ny < ((D + g) + M)(O(ﬁ).

u €

The application of VS-APM is afflicted by the need for the L-smoothness of f as well as the availability of L, the
Lipschitz constant. Naturally, in many settings, the problem may not be smooth, and even if L-smoothness holds,
an estimate of L may be unavailable. Consequently, to broaden the reach of the scheme, an approach that obvi-
ates the need for L or the imposition of the smoothness assumption is necessitated. This prompts the subsequent
smoothed scheme, (mVS-APM). This scheme can always be implemented if the strong convexity modulus
(denoted by u) is known but the function is either nonsmooth or smooth with an unknown Lipschitz constant L.
It is worth noting that estimating y is challenging, and if i is indeed unknown, then in Section 3, we introduce
an iteratively smoothed VS-APM (sVS-APM) method that necessitates neither the knowledge of the Lipschitz
constant L nor the smoothness of f nor the strong convexity modulus p.

2.2. A Moreau-Smoothed Inexact Accelerated Framework (mVS-APM)

When f(-, ) is a nonsmooth strongly convex function for almost every w, then the standard approach lies in uti-
lizing stochastic subgradient schemes (5SG) in which convergence relies on choosing square-summable but non-
summable step length sequences. The choice of the parameters in such sequences can have a debilitating impact
on performance in some settings (cf. Shapiro et al. 2009). Specifically, choosing yi as 1/(uA) minimizes the mean
squared error but overestimating i can have catastrophic impact as seen in Shapiro et al. (2009, section 5.9, exam-
ple 5.36). More generally, such choices are often characterized by poor asymptotic behavior, a consequence that
arises in part from the diminishing nature of step length sequences and the noisy subgradients. We consider a
distinct avenue reliant on minimizing the Moreau envelope of a closed, convex, and proper function F (cf. Mor-
eau 1965), denoted by F, and defined next.

£y 2 min{Fw + =1} ©)

Notably, this smoothing retains the minimizer of F when F is strongly convex.

Lemma 2 (Planiden and Wang 2016, Lemma 2.19). Consider a convex, closed, and proper function F and its Moreau
envelope F,(x). Then, the following hold: (i) x* is a minimizer of F over R" if and only if x* is a minimizer of F,; (ii) F is

u
nu+1°

p-strongly convex on R" if and only if F, is fi-strongly convex on R", where fi &

Consequently, we minimize the [i-strongly convex and l-smooth function F,, which is not necessarily an
easy task because computing V,F,(x) necessitates solving nonsmooth stochastic optimization problems. We
adopt an inexact accelerated proximal scheme for minimizing F,. But, in contrast with (SSG) schemes applied to
minimizing F, we control the smoothness of the outer problem by choosing 1 and utilize (i) larger nondiminish-
ing step lengths, (ii) acceleration, and (iii) increasingly exact gradients, all of which are distinct from (SS5G), as
shown next.

70, 1y is noisy subgradient. Non-diminishing y, + increasingly exact gradients + Acceleration

Xk+1 2= Xk — YV Uk

(SSG) (mVS — APM)

[ykﬂ =Xk = Vi (ViFp (X)) + Wi N, ),

uy. € OF (xy., wy). Xier1 2= Yot + Bk — Yi)-

Importantly, V,F,(xi) + @y n, represents an approximation of the gradient of the Moreau envelope. The true gra-
dient of the Moreau envelope F, is defined as V.F,(x) = %(x - proan(x)), where

prox, -(x) Larg muin{F(u) + % [Ix = u||2}. (7)

But prox, (x) cannot be computed in finite time because F is a nonsmooth, expectation-valued convex function.
Instead, via stochastic approximation, we compute an approximate solution of prox,(x) denoted by p’ro\qu(x),

implying that the inexact gradient of F,(x) is given by %(x - p’rEan(x)). In Algorithm 1, the inexact gradient
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ViF,(x¢) + Wy, is defined as

ﬁ}k,Nk

_ 1 1 _
VxFr](xk) + WN, = ﬁ(xk - PI‘OX,]p(xk)) + ﬁ(proxnp(xk) - PrOX,]p(xk)) . 8)

We now proceed to develop (mVS-APM) for compact domains in Section 2.3 and then weaken compactness
requirements in Section 2.4 for an unaccelerated variant.

2.3. Linear Convergence of (mVS-APM): Compact Domains
When F(x) = E[f(x, w)] +g(x), prox,]F(x), defined as (7), is generally unavailable in closed form and requires solv-

ing a strongly convex nonsmooth stochastic optimization problem exactly. Instead, one may solve (6) inexactly
using (prox-SSG), a slightly extended variant of (SSG) (Shapiro et al. 2009). In particular, we propose (mVS-
APM) with the following update rules for k > 1:

Vi = 3 —%(xk — prox, (1)), (%)

Xk+1 = Yiar + BrYrs1 — Vi), (9b)

where p’r?an(xk) is obtained by taking finite number of steps of (prox-SSG) with a sample size of one at each
step and having the following update rule forj=0,..., Ny —1:

Zk,j+1 = Pn/]-,g(zk’]' - ;]uj), uj e af(zk,j, (Uj). (prox—SSG)

Next, we state our assumptions and present the main result of this section. The constant in the rate and complex-
ity bounds is dependent on «; unlike the condition number x in smooth regimes, ¥ is user-specified and can be

relatively small. For instance, & = 2 when 1 = 1/i. We employ a measurable selection from df (x, ) as a stochastic
subgradient in (55G) and impose the following assumption.

Assumption 4. For any x€R", consider a measurable selection R(x,w) € af (x,w). Unbiasedness: we have that
E[R(x,w)] = R(x) € df (x). Subgradient boundedness: there exists M > 0 such that for any x, E[||R(x, w)|F] < M2 Compact
domain: the function ¢ has a compact domain, that is, there exists A > 0 such that ||x|| < A for any x € dom(g).

Theorem 2 (Rate and Oracle Complexity of (mVS-APM)). Suppose Assumptions 1 and 4 hold. Consider the iterates
generated by VS-APM applied on F,(x) defined as (6), where Qé(l —L), pé(l -1 ), k=t g > 2 and y, =

2Vk, 20V& un
1n/2, Ny = | p~] for all k > 0. Then, the following hold for Q £ max{n>M?,64A?}.
i. Rate: for all K > 1, we have that
Elllyx — x["] < Cp*~! where € 22Dnk + C* +8%*/*Qa. (10)

ii. Outer iteration complexity: the iteration complexity of (mVS-APM) in gradient steps (of V. f,(xx)) to obtain an
€-accurate solution is O(\/?log(é /€)).
iii. Oracle complexity: to compute yy such that E[|lyx — x*||*] <e, the complexity of SSG steps is bounded as follows:

5K N < Z2EC = 0(1/e).

Proof.
i. Recall that F, is ﬁ—strongly convex with %—Lipschitz continuous gradients. At iteration k of Algorithm 1,
(prox-SSG) with single sampling can be used to inexactly solve minu{E[ f (1, )] +g(u) + ﬁ ||t — xk||2}. In particular,

let {zk,j}jl\ik1 be the sequence generated by (prox-S5G) starting from z oy = x; and let z; denote the unique optimal sol-
ution of the subproblem. Therefore, at step 1 of Algorithm 1, wyn, = rl’(z,*( —zk N, ), and by the convergence rate of

(prox-SSG) (Shapiro et al. 2009), E[szk,NkHz] < n%k,k, where Q£ max{n’?M?, ||zxo —z,*cllz} < Q because ||z —z;(||2

<4A?. The results in Lemma 1 hold when F(x) is replaced by F,(x), by letting L = 1 replacing u by 57, v2 by n%
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and setting @ = 1/(2V&), where & = p,r][;l:

k-1(1-a) (21]+ )Q+K 2(1- (1)1+1(277+ )Q

K-1 (11)
(t-o +Z PNk~ = PNk-in

E[Fy(yx) - F}] < ( m )

From Lemma 2, x* is a minimizer of function F if and only if x* is a minimizer of function F,. Because F), is

M%—strongly convex, %Hy[( —x'|P* < F,(yx) — F,(x*), implying (11) can be written as

i+1
HEIlyx =171 _ (D )(1 _ar 1+KZ‘fﬂ a(r+j)e 21— (2n+})0 (12)
2(un+1) Z(yn +1) 1Nk pary N2Nk-i-1 '
From (11), by definition of 0 and recalling the increasing nature of {N;}, we may claim the following:
(2 + )Q (2 + 1)Q
Ll - 1P _ (D+ t ) fjej BT < P
2un+1)  ~ 2(un+1) 1°Nk-j1 =0 1°Nk-j1
u 01+ 6)(217 + .’i)Q
=[D+—"—_C
( 2un+1) ) Zo 1PNk-j1
20/(2n+— ! Q
(1+6)<2 L ) K-1 m
< |ID+——7-C 1y . 13
( 2(un+1) ]Z;‘ 1*Nk-j-1 )
If Nx_j—1 = |p~® 77V, by using Lemma A.1, we have the following:
1
gm0 g (oo,
4 plp D] S & /s =\ S| -0
By substituting (14) in (13) and usmg = _M_ = (2“\/_ D <2av%, (13) becomes
2k 2avk
. Z(Mn+1)( u 2) K-1 (2(W7+1)) 2 ( 1) = k-
E[|lyx — x'|[*] < D+ C21o% ! + () 2 20 + = |QaVir pK!
[lyx —x"[I] m 2un+1) LA yQ p
- (Dz(n#+1))+cz (1+1w) Qa | VR ok
H nu
=CpX!, where C22Dni +C?+8%?Qu. (15)

ii. We may derive the number of gradient steps K (of V. f,,) to obtain an e-accurate solution:

1 B 20V log(é) —log(e) - log(é) —log(e) _

1
E_(l—zai/%)_@l\/%—l):} log(i/p) ~  (-p)

(2aV&)log(C /e) < K.

iii. To compute a vector yx satisfying E[[lyx — x*|"] <€, we have CpX <e, implying that K = [log /p)(é /)] <
1+log, p)(é /€). To obtain the oracle complexity, we require X | Ny gradients. If Ny = |p~™] < p™, we obtain the
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following because (1 — p) = (1 /(2aV&)).

< C _ Za\/ﬁé
(l_ 1) TpX1-pe  pZ%
P

. (l )2+1< (l )3+1ogl ,»(C/e) »
k=

2
(

1

Note that p=1-— ﬁ, implying that

2% _ A7 2% _Agr (42—
p2=1—2/(2a\/§)+1/(4a21~<)=4aK 4a\/E+1>4a1< 4a1<:(a a)

4a2% T 442k a2
— — lo: (é/e)+1 — A
Vi a2k a Ba/e) 202V C
—< =——Vik = by (16), k< |
p? ~ (a*—a) a—l\/E y (16) kZ::‘ p (a—1e

Remark 1. In Theorem 2, choosing 1 =1/u leads to E[|lyx — x*||*] < (%+ C2+ 12\/§aQ)pK‘1, and an oracle com-
plexity of O(w), matching the result by Shapiro et al. (2009).

Minimizing the convergence bound in (15) in 1 is possible via a less obvious coercivity and strict convexity
claim for the nonsmooth function C(1) (see appendix for proof).
Lemma 3. Consider C(1)) defined as C(n)22Dni(n) + C2 + 8%(n)**Q(n)a, where Q 2 max{n?*M?,4A?}. Then, the fol-
lowing hold.

i. C(n) is a coercive function on {n|n > 0}.

ii. C(n) is a strictly convex function on {n|n > 0}.

iiii. The minimizer of C(n) on {n|n = 0} is unique.
Remark 2. Lemma 3 allows for claiming that C (n) has a unique minimizer 1*; in fact, such a minimizer can be
computed by a standard semismooth Newton method (Facchinei and Pang 2003). Figure 1 provides a schematic
of C(n) for different values of y, whereas 1 is computed by semismooth Newton method. We note that, when u
is larger, 1*(u) tends to be smaller. In such cases, obtaining an optimal n* is particularly useful. However, when
u <1, we observe that 1°(1) > 1; consequently, this leads to rescaling of the step y to };—Ik, resulting in poorer
behavior. Therefore, if u <1, we employ 1 = 1, and this has far better empirical behavior as seen in the
numerics.

Figure 1. Schematic ofé(n) When D =10,M =10,C =100,a =2.1,A =1 for u € {0.001, ---,0.005}
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2.4. Linear Convergence of mVS-PM: Non-compact Domains

In this section, we derive rate and complexity guarantees when (VS-PM), an unaccelerated variant of VS-APM, is
applied on a Moreau-smoothed problem under possibly noncompact domains and under a (weaker) state-
dependent bound on the subgradient (Assumption 5). When the subgradient of ¢ is characterized by a state-
dependent bound, the bound on the cumulative error in the accelerated method builds up because of a recursive
relation, see (A.16). Hence, in this section, we consider a more general case in which Assumption 5 imposes a
state-dependent bound, weakening Assumption 4. By employing an unaccelerated method, we derive a similar
oracle complexity as in Section 2.3. To obtain rate results, we apply (VS-PM) with the following update rule:

X1 = X — V(prq(xk) + Zz7k,Nk)/ (VS-PM)

where V. F,(x;) + Wy n, can be obtained by solving min,,cp» [E[F(u,w)] + Zinllu — x|l inexactly taking N (stochas-
tic) subgradient steps. Consider the sequence of iterates {x;} generated by applying an inexact gradient scheme
on the following strongly convex smooth optimization problem.

mmF n(x), where F,(x)£ mm E[f(u,w)] +g(u) + 77||JC ul*.

In effect, given an xp € R", the inexact gradient scheme generates a sequence {x;} such that
X1 1= X — Y(ViFy () + Wp). (IG)
Given an x, we denote the update with the exact gradient by X1, which is defined as follows.
Xier1 1= X — YV Fy ().

Recall that V. F;(xx) is defined as V.F;(xx) = (x;< z;), where z; is the unique minimizer of the following problem,
that is,

* . T 1 2
Zkéargirel]g} E[F(u, w)] +EHXk_u” . (17)
In other words, z}, is defined as
z & proqu(xk) while x* = proqu(x*).

Because prox, ;(xi) is unavailable in closed form, we may compute increasingly exact analogs; given zi = x;, we
construct the sequence {z, ]}] based on (SSG).

) ~ 1
Zkjr1 = 2k — 0jG(zxj, wj), 20, where G(zij, wij) € IF (zx ), wij) + —(zk,]- - Xg). (SSG)

Consequently, at major iteration k, the inexact gradient of F,(x) is given by 1(xk - zxN,), implying that wy is
defined as 1 7 (Z — Zk,)- Consequently, we have that

1
g1 = X — 7/( (o — Zk,Nk)) = (1 - 7/)xk + ZZk,Nk-
Ul n n

We proceed to derive a bound on the conditional second moment of G(z;, w;) = S(zx j, wi,j) + %(zk,j —xi), where
S(zkj, wi,j) € OF (z¢ i wip), M3 & oM + 42, M2 2, and M3 £2M?. This requires defining the history up to iteration j
at outer iteration k by Fy ; as follows.
fO = {XQ}, fO,j = fo U {S(ZO,OI w0,0)/ /S(Zo,j—ll wk,j—l)}/ ] = 1/ INOI (18)
Fi=Fran, Y}, Frj= Fr U{S(zko, wro), -+, S(zkj1, wkj-1)}, j=1, -+ N, k> 1. (19)
We now outline an assumption on the bound on the stochastic subgradient that scales with the size of x allowing

for noncompact domains.

Assumption 5. Let {x;} be a sequence generated by (VS-PM), where V. F,(xi) + Wy, is computed by taking Ny steps of
(SSG), leading to a set of iterates {zy,, -~ ,zx N, }. Let Fy; be defined as (19) for k>1 and j=1, ---,Ny. For any z, let
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S(zxj, wy,j) denote a measurable selection S(zy;, wy;) € oF (zx, wy,). With these constructs, the following are assumed to
hold.
a. Unbiasedness: we have that E[S(z ;, w;) | Fj] = S(zx;) € OF (zx;) almost surely.

b. Subgradient boundedness: there exists M, M > 0 such that, for any x, E[IIS(zx,, a)k,]-)||2 | Fr,l < ]\_/12||zk,]»||2 + M? almost
surely.

Consequently, we have that

IG 1, @I < 201z, wox I +TI 5 Iz = 2P < 211S(zi i )IP +77 5 Iz P +77 il

2 Assump. 5
EllG(zyy, wxP1 7] < (zM = )nzk]n +2M +n—||xk||

= MillzifII* + Ml + M;. (20)
Based on Assumption 5 and inspired by a proof technique from Chambolle and Pock (2011) among others, we
derive a rate statement for (SSG) (see appendix for proof).
Proposition 1. Consider (17) in which F(-,w) is a u-strongly convex function and S(z,w) € JF(z, ) for any z. Suppose
Assumptzon 5 holds and 4* 24 + 4M? + 2M3 and e (4M2 + 2MB3)[||x*|I*] + M3. Given xy, consider a sequence generated
2
£[=~-1], and

. 1 i . =
mm{(f+1)log(j+1)’z\7%}’ J<i

2
0j 1 -
(j+ Dlog(j+ 1) /=
Then, the following holds forj > ].
A2 a2, 72
. a||lxy —x|"+b
e e

We now show the convergence of mVS-PM when V. F,(x) is approximated via (S§5G) (see appendix for proof).

Theorem 3 (MVS-PM Under State-Dependent Bound on Subgradients) Suppose Assumptions 1 and 5 hold. Consider

- N —*
the iterates generated by (VS-PM) applied on F,(x), where &= 1+W,)/ n and Ng=|Nop™] for all k>0,

No > max{m,]}, ge1-Lpal+d- 2“ and | & |'— —17. Then, the following hold.
i. Rate: for all k > 1, we have that the followzng holds

- 1
, p=max{p,po},DE ——F——
i) p#po, p=max{p,po} T min{p o)
E[llve - x°|[*] < Cp* where C 2| Elllxo - x'I*] + No max{p,po}
0
~
= . D e ,1 ,D >7/‘€
p=po PERODD =10 )

ii. Iteration complexity: the iteration complexity of mVS-PM in gradient steps of (V. F,(xy)) to obtain an e-accurate solution
is O(«log(C/e)).

iii. Oracle complexity in (SSG) steps: to compute xy such that E[|xx — x*||*] <€, the complexity in subgradient steps is
bounded as X | Ny < (’)( (¢ )IOgl/”(l/p))forp €[po, 1), p <poand K, N < O(x(9)) for p > po.

Remark 3. We observe that, when p > pg, we achieve the optimal oracle complexity in subgradient steps akin to
the statement in the regime of bounded subgradients. Notably, ¥ can be controlled because 7 is any nonnegative

scalar. For instance, if = %, x=2.
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3. lteratively Smoothed VS-APM for Nonsmooth Convex Problems

Thus far, we consider settings in which f is a strongly convex function. However, there are many instances when
the function f is neither smooth nor strongly convex. In fact, in strongly convex regimes, estimating the strong
convexity parameter may often be challenging. In such settings, if the function f is subdifferentiable, then subgra-
dient methods provide an avenue for resolving such problems in stochastic regimes but display a significantly
poorer rate of convergence. Nesterov (2005b) shows that, for a subclass of problems, an accelerated gradient
scheme may be applied to a suitably smoothed problem in which the smoothing leads to a differentiable problem
with Lipschitz continuous gradients (with known Lipschitz constants). If the smoothing parameter is chosen suit-
ably, the convergence rate to an approximate solution can be improved to O(1/K) from O(1/VK) in terms of
expected suboptimality. However, because the smoothing parameter is maintained as fixed, Nesterov’s approach
can provide approximate solutions at best but not asymptotically exact solutions. Subsequently, Nesterov
(2005a) considers a primal-dual smoothing technique in which the smoothing parameter is reduced at every
step, whereas extensions and generalizations are considered more recently by Tran-Dinh et al. (2018) and Van
Nguyen et al. (2017). In this section, we develop an iteratively smoothed, variable sample-size, accelerated proxi-
mal gradient scheme that can contend with expectation-valued objectives and is asymptotically convergent. This
can be viewed as a variant of the primal smoothing scheme introduced by Nesterov (2005b), in which the
smoothing parameter is reduced after every step; this scheme is shown to admit a rate of O(1/K), matching the
finding by Nesterov (2005b); however, our scheme is blessed with asymptotic guarantees rather than providing
approximate solutions. In Section 3.1, we derive rate and complexity statements, in Section 3.2 for the iteratively
smoothed VS-APM (or sVS-APM), recovering the optimal rate of O(1/K?) with the optimal oracle complexity of
O(1/€?) under smoothness. Finally, in Section 3.3, under suitable choices of smoothing sequences, sVS-APM pro-
duces sequences that converge a.s. to an optimal solution.

3.1. Smoothing Techniques

In this section, we consider minimizing F where F is defined as F(x) 2E[F(x, w)], where f(x, ) = f(x,w) + g(x)
such that f and g are convex and may be nonsmooth, whereas ¢ has an efficient prox evaluation (or
“proximable”) but f is not proximable. Note that this setting is more general than structured nonsmooth prob-
lems, in which the function f is considered to be convex and smooth. In contrast to the previous section, we

assume that V, fm (xx, wi) is generated from the stochastic oracle, in which 1 is a smoothing parameter at iteration
k such that its sequence is diminishing. Beck and Teboulle (2012) define an («, §)-smoothable function as follows.
Definition 1 ((«, f)-Smoothable; Beck 2017). A convex function /1 : R" — R is referred to as («, f)-smoothable if, for
any 1 >0, there exists a convex differentiable function &, : R" — R that satisfies the following: (i) h,(x) < h(x) <
hy(x) +np for all x, and (ii) i, is a/n smooth.

There are a host of smoothing functions based on the nature of h. For instance, when h(x) = |x||2, then
hy(x) = 1/||x||§ +1?—n, implying that /1 is a (1, 1)-smoothable function. If h(x) = max{x1,x2, ...,x,}, then h is
(1,log(n))-smoothable and h,(x) = nlog(Z.; e5i/my — nlog(n). (see Beck and Teboulle 2012 for more examples).
Recall that, when & is a proper, closed, and convex function, the Moreau envelope is defined as h,(x) ES
min,, {h(u) + 2ln||u - xllz}. In fact, 1 is (1, B%)-smoothable when h, is given by the Moreau envelope (see Beck and
Teboulle 2012) and B denotes a uniform bound on [|s|| in x, where s € dh(x). There are a range of other smoothing
techniques, including Nesterov smoothing (see Nesterov 2005b) and inf-conv smoothing (see Beck 2017); our
approach is agnostic to the choice of smoothing. In particular, if f(-,w) is a proper, closed, and convex function in
x for every w, then f (-,w) is (1,B?)-smoothable for every @ for which fq(-,a)) is a suitable smoothing. In fact, if
f (-, w) satisfies the following smoothability assumption, then smoothability of f follows as shown by Lemma 4. It
is worth emphasizing that the smoothing of f, denoted by f,, is defined as

Fo)2E[f, (x,@)], (22)

where ﬁl(-,a)) is a smoothing off(~,a)).

Assumption 6. The function f(~,a)) is an (a(w), B(w))-smoothable function for every w € Q, where Ela(w)] <& and
E[f(w)] < B with &, > 0; that is, for any 1> 0, there exists a convex differentiable function fn(-,a)) for every w € Q)
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such that
ﬁy(x, w) <f(x,w) Sf:l(x,w) +np(w), forall x

( )

and Vo f (e ) Vo f ol < S2 -y, forall x,y,

where Ela(w)] < & and E[f(w)] < .

Based on the following lemma, we observe that f is (&, 3)-smoothable if f(-,w) satisfies suitable smoothability
requirements for almost every w € Q.

Lemma 4. Suppose Assumption 6 holds. Then, there exist &, > 0 such that f is (&, p)-smoothable, where f(x) 2 E[ f (x, w)).

We proceed to develop a smoothed variant of VS-APM, referred to as sVS-APM, in which VYf (xk, wy) is gen-
erated from the stochastic oracle and 1y is driven to zero at a sufficient rate (See Algorithm 2).

Algorithm 2 (lteratively Smoothed VS-APM (sVS-APM))

(0) Given budget M, x¢ € X, iy = x and positive sequences {y,, Ni}. Set Ao =0, A1 =1, k:=1.
1) Y1 = ykg(xk - Vk(vquk (xk) + ZI7k,Nk))r'

(

(2) Ay = VAL

(3) X411 = Y1 t (/}\kkﬂ )(yk+1 - yk)
(

4) If Z}‘Zl N; > M, then stop; else k := k + 1; return to (1).

3.2. Rate and Complexity Analysis

In this section, we develop rate and oracle complexity statements for Algorithm 2 when f is (1,B%) smoothable
and then specialize these results to both the deterministic nonsmooth and stochastic smooth regimes. We begin
with a modified assumption.

Assumption 7. (i) The function g is lower semicontinuous and convex with effective domain denoted by dom(g); (ii) f is
proper, closed, convex, and (1, B?)-smoothable on an open set containing dom(g); (iii) there exists C > 0 such that E[||xo —
x'||] < Cforall x* € X*.

Note that Assumption 6 represents a set of sufficiency conditions for f to be smoothable; here, we directly
assume that f is smoothable to ease exposition.

Lemma 5. Suppose Assumption 7 holds. Consider the iterates generated by sVS-APM on F(x). Suppose Assumption 3
holds for f,, (x). If {y,} is a decreasing sequence and ;. < r]k /2, then the following holds for all K > 2:

12 2c2
E[Fy, (yx) = Fy ()] < 14 t——
Tk Tk K 1(K 1)22 k Nk K_l(K_l)z
Proof. By the update rule in Algorithm 2, we have
, 1 -
Yie1 = argmin g(x) + 2 lhe = 2ell® + (Vi f, () + @) x. (23)
k

From the optimality condition for (23), 0 € dg(yx+1) +y (yk+1 —xx) + Vi fy, (x) + Wy By convexity of g(x), we have
that ¢(x) > g(yx) +sT(x — yx41) for all s € dg(yx). Hence, we obtain the following.

§(0) + (Ve fy () + 1) x > gyiar) + (Ve f, (i) + ) yr — yl(x — Yia1) (Y1 — X).-
k

Now, by using Lemma A.2, we obtain that
8(x) + (Vi fy, (i) + 1) x +7llx x?

1
[lx — Yi+1 || (24)

Ik — v 1||2 +o—
! 2y,

i} 1
> 9(Wr1) + (Vi fy, () + @) Ypewr +5—
2y,



Downloaded from informs.org by [45.15.140.130] on 04 April 2023, at 00:08 . For personal use only, all rights reserved.

Jalilzadeh et al.: Smoothed Variable Sample-Size Accelerated Proximal Method
386 Stochastic Systems, 2022, vol. 12, no. 4, pp. 373-410, © 2022 The Author(s)

By invoking the convexity of f;, and by using the Lipschitz continuity of V. f,, , we obtain
Fo () =y, () + Vi f, (i) (2 = x1)

1
>f11k(]/k+1) + fo/)k(xk) (x yk+1) n ”xk - }/k+1”
k

= F Wis1) + (Vo f (56) + @) (x = k) = 7 i = Yo P = @ (2 = yee),
k
where the last equality follows from adding and subtracting w;. By adding (24) and (25), we obtain

1 1 1/1 1 _
Fqk(ym) F,Ik(x)<7||x xk|| —2—7/k||x_3/k+1||2+§(n—k—y—k)||xk—yk+1||2—wZ(ykﬂ—x)

1 1 1 _
(2_nk _ y—k)n =l o) 5= 0] 1 =),

(25)

(26)

where the last inequality follows from Lemma A.2 by choosing Q = I, v1 = x, v2 = X, and v3 = y. By setting x = yj

in (26), we have
1 1
Fy (o) — Fy, (i) < (———)n Xt = Yol + - o= ) = )
2y Vi

- ZDk,Nk (]/k+1 - ]/k)~

Similarly, by letting x = x*, we can obtain

1 1 1
Ey ()~ Fy () < (2—nk - y—k)nxk gl =) =)

- wk,Nk (]/k+1 —x").

By invoking Lemma A.2 in which v; = x, v2 = Y441 and v3 = y,, we obtain
_(yk+1 —x) (yx — ) = —(||}/k = il + llyier = xl* = llyier = vl ).

Consequently, (27) can further bounded as follows:

1 1
Fy (Y1) — Fy (i) < (— - —)|| i = Yl + _(xk — Ya1) Ok = Yi) — D, Vis1 — Vi)
20 Vi

1 1 1 _
= (g =5~ + g(uxk — YolP + s =l = e = YalP) = T, Gt = 32)

1 1
= (3= 35l = il O = P = e =) 5 e = ).

Similarly, we have that

. 1 1 2 1 2 o2
Ey (o) = Fy () < (z_nk - z—yk)nxk el 4 (b = 1P = r =)

- T .
- wk,Nk(]/kH - x).

By multiplying (29) by (Ax — 1) and adding to (30), where & £ F,, (yx) — Fy, (x*), we have

1 1 ,
— -1 < — —
AkOke1 — (A = 1)6 < (2'7k 2yk)/\k||yk+1 x|

1 1
+ Z—yk()\k = D)1k = vl = s = el + 2_)/1((||xk = x| = llyesr = 1)

+ ﬁ);f,Nk((Ak — Dy + X" = M)

(27)

(28)

(29)

(30)

(31)

(32)

(33)
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Again, by using Lemma A.2, we may express the terms in (32) as follows:

1 2 2 1 112 |12
2, (A = Dl = vell™ = llyeer = well )+27/k (ke = 2117 = Mlyiar = X711%)
1 * *
= g(/\k“xk = yll? = Al = vl = 1 = gl + i = el + e = X1 = Nl = x°11%)
k

ﬁ( ~Allyier = 2l + 22 — 20" Wi = x5 + er — 2lP = 2Waer — 20" (e — x0)
k

— llyes1 = 56l + 201 = 90" (" = x0))

1
= 2—( ~Mllyiss = %P + 2(We1 — x0T ((Ak = Dye — A + X*))~
Vi

In addition,
Wi, (A = Dy + X" = M) = @, (A = Dy + X = M) + @0 (A = Ageat)-

From the update rule, A? | = A;(A¢ — 1) = AZ — A;. Now, by multiplying (31) by A;, we obtain the following, in
which uy = (A — 1)]/1( — Axp + X

11
2 _ 12 <12 - — P
A2 Ak—lék—Ak(zqk Zyk)||yk+1 Xl

1 *
+ E( — Aiisr = Al P+ 2(Aier — ) (Ag = Dy + %" — /\kxk))
!

— AW N, (X = Yie1) — Ay g = /\k( 21, )Ilyk+1 — il = Mg, (e = Yeet)
Vi

1 % *
+ g(”)\kxk — (A= Dy = X |7 = iy — (A = Dy = x°1%) = Aol g
!

2

Ay
< 5 @I + 7/k(llukll — lltga ) = Axeof g, (34)

Vi Tk
where, in the last inequality, we use the update rule of algorithm, Xj1 = Y1 + %(ykﬂ — k), to obtain the fol-
lowing:
U1 = Ak = D1 = Ak X + 27 = (A = Dy — Ay + X

By multiplying both sides by y and assuming y, <y,_;, we obtain

A 1
ViAgOut = Vi A0 <5 S W I+ (= o lP) = 7 Arcof (35)
P
By assuming y, <, we obtain ylk - 171 zL implying that
Vit = Vi Ak < VaAdll@in, P +5 (||uk|| = Il IP) = Ak e (36)

Summing (36) from k =1 to K — 1, we have the following;:

K-1
VAR 10k < Z)/f/\zﬂwkaH +—||M1|| - Zl/k)\kwkuk
=1
1 KZ_1 2,2 2 5 1 Kgl .
= 0k £ ——— D Vitillwn|I” + lea||” = ——=— D v Akwy .
7/1@1/\%@1 k=1 ‘ 27’1«1)@—1 VK—l/\%(—l k=1
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Taking expectations, we note that the last term on the right is zero (under a zero-bias assumption), leading to the
following:

K- 2
1 2 V
E[ok] < — 7E[|IM1II Il < vik 2
Vk- 1/\i 1 kZ] “ N VK-1A%<—1 VK- 1(K 1) Z
2C?

+—,
Vi-1(K=1)

where, in the last inequality, we use the fact that [ly —x*|| < C for all y € dom(g) and & < A, <k, which may be
shown inductively. O

We are now ready to prove our main rate result and oracle complexity bound for sVS-APM.

Theorem 4 (Rate Statement and Oracle Complexity Bound for sVS-APM). Suppose Assumption 7 holds. Consider the
iterates generated by sVS-APM on F(x). Suppose Assumption 3 holds for f, . Suppose {Ai} is specified in sVS-APM,
0, =1/k, y, =1/2k, and N = [k*].

i. The following holds for any K > 1:

21’_‘; 4C+ B2)
E[F(yk+1) —F(x)] < K ’ a=1+06,6€[oL,6ul
2v%(1 +log(K)) +4C? + B
, a=1
K
ii. Let € < C/2, and K is such that E[F(yk.1) — F(x*)] < €. Then, the following holds.
1

O(W) a=1+06,8¢[61,6u]

Sne] ©
k=1 o(e—zlogza/e)). a=

Proof.
(i) If Ny = [k] > 1k" and y, = 1/(2k) is utilized in Lemma 5, we obtain the following:
K1 4C2
E[ok+1] < Z TR (37)

a.a =1+ 0, where 6 € [6r, 6i7]. Consequently, we may derive the next bound.

—KI7 140y

K K
=1+ k‘”sl+/k”dk 1+ <
2 2 TSy,

By invoking (1,B?)-smoothability of f and ng =1/K, we have that F, (yx+1) < F(yx+1) and —F, (x*) < —F(x")
+1B?%. Hence, the required bound follows from (37)
2% 4C2+B*> C - . 2
E[F F <— h 4
[F(yk+1) — F(x")] < @-1DK S W ere C aD

b.a = 1. Recall that the convergence rate is given by the following:

+4C? + B2

L R a4 B
E[F(yk+1) —F(x)] < X

Taking limits, we obtain that

_wl-a 1-a
a—K ~ lim 1+ K'*"1og(K)
a—1 a-—1 a—1 1

=1 +1log(K).
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Therefore, we have that

2v21og(K) +4C* + B> , a + blog(K)

E[F(yx+1) — F(x)] < X X

(ii) Consider yx41 satistying E[F(yx+1) — F(x")] < €. We again consider two cases. a. a = 1 + 0, where 0 € [6r, 6u].
We have £ <¢, which implies that K = [C /e]. To obtain the optimal E)racle complexity, we require XX | Ny gra-
dients. Hence, the following holds for sufficiently small e such that 2 < C/e:

K K 1+C/€ 2+C/€ (2+(_:/€)]+g C 1+a l 1
N < kZ}k" - kz_} k< /0 pda === (e) < O(em) < o(em).

b.a = 1. To compute K such that %Og(m < € is not immediately obvious but may be obtained via the Lam-
bert function® (Chatzigeorgiou 2013). For purposes of simplicity, suppose a2 = 0 and b = 1. Then, we have the
following.

log(K) e —log(K) S e
K - K -
= W_l(_lolig(K)) < W_i(—€), since W_4(-) is decreasing.

But W_4(- @) = —log(x) for x > e. Consequently, we have that
_10g(K) <W_, (—6) K> e—w,l(fe).

W(x) — _x
T Wy

By definition of the Lambert function, we have that e implying that

K> e Wale = Wfle(‘e) > 0(1°§£€)) = 0(% log(1 /e)).

Here, the first inequality follows from (3) in (Chatzigeorgiou 2013). Hence, the oracle complexity for a = 1 is
(’)(logzeﬂ), which is near optimal (optimal is O(1/€2)). O

We now consider two cases of Theorem 4 for which similar rate statements are available.

Case 1 (Structured Stochastic Nonsmooth Optimization with f Smooth). Now, consider Problem (1), in which f(x) is a
smooth function. Recall that we consider such a problem in Section 2 for strongly convex f, and in this case, we
consider the merely convex case. When f is deterministic, accelerated gradient methods first proposed by Nes-
terov (1983) and their proximal generalizations suggested by Beck and Teboulle (2009) are characterized by the
optimal rate of convergence of O(1/K?). When f is expectation-valued, Ghadimi and Lan (2016) present the first
known accelerated scheme for stochastic convex optimization for which the optimal rate of 1/k* is shown for the
expected suboptimality error. This rate required choosing the simulation length K and choosing Ny = [k*K],
which led to the optimal oracle complexity of O(1/€?). However, this method is somewhat different from
VS-APM. In particular, every step requires two prox evaluations (rather than one for VS-APM). Jofré and
Thompson (2017) develop an accelerated proximal scheme for convex problems with a similar algorithm but
allow for state-dependent noise. The weakening of the noise requirement still allows for deriving the optimal
rate of O(1/K?) but necessitates choosing Ny = |k*(Ink)]|. As a consequence, the oracle complexity is slightly
poorer than the optimal level and is given by O(e 2n?(e79%)). We note that VS-APM displays the optimal oracle
complexity O(e72) by choosing N; = |k*K |, whereas by choosing Ny = |k?] for a = 3 + 6, then the oracle complexity
can be made arbitrarily close to optimal and is given by O(e~>/2). However, VS-APM imposes a stronger
assumption on noise as formalized next.
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Corollary 2 (Rate and Oracle Complexity Bounds with Smooth f for VS-APM). Suppose Assumptions 2, 3, and 7 hold.
Suppose y, =y <1/2L for all k.
i. Let Ny = | k), wherea =3+ and C £ 2 wyed) 4 4(:2 . Then, the following holds.

A K(é‘) 1
E[F(yx+1 —F(x"))] < for all Kand ) Ny < O( 2+(5/2)'
k=1
where E[F(yk(e)+1) — F(x")] <e.
ii. Given a K > 0, let Ny, = |K*K], where a > 3 and C 2212y + 4)%2. Then, the following holds.

K

E[F(ys — FG)] < 5 and 3TN ( ) where B[F(yie1) — F()] <

k=1

Proof.
(i) Similar to the proof of Lemma 5, by defining 6, = F(yx) — F(x*) we can prove

g ac
R

k=1

Let Ny = [k?| > 1k* and y, = y. Then, we have that the following holds in which C £ ZVZ;’E‘;_Z) +4C

KL AC _2y(@-2) 4t C

BlF )~ F s S S S s BTG S @)

where the first inequality follows from bounding the summation as follows:

K K K 3—-a —
Ekz‘”:l+§k2‘“sl+/x2‘”dx: I _K +1< ! +1=" 2.
P ey 1 a-3 a-3 a-3 a-3

Suppose yx41 satisfies E[F(yx+1) — F(x*)] <€, implying that <€ or K= fC / €'/2]. If e < /2, then the oracle
complexity can be bounded as follows:

1+a
K K /e n /e (2+\[C/€) \/E 1+a 1
SNk = D) k“s/ o=t <[ =O(Tm).
k=1 k=1 k=1 0 1+a 2+/e €

(ii) Let Ny = [K2K] > %k2K. Then, similar to part (i), we may bound the expected suboptimality as follows in which
C2212y + 4%2.

w22y K2 4C2 22y 4C? C
— < — —_t—=—F— < —.
E[F(yk+1) — F(x")] < K2 — 2K sz K2 +)/K2 = K2

Because K = (61/2 / €'/2], the oracle complexity may be bounded as follows:

K K
>INk DK :—KZ(K+1)(2K+1)— K2(21<2+3I<+1)<1<4<O( ) 0

Case 2 (Deterministic Nonsmooth Convex Optimization). When the function f in (1) is deterministic but possibly
nonsmooth, Nesterov (2005b) shows that, applying an accelerated scheme to a suitably smoothed problem (with
a fixed smoothing parameter) leads to a convergence rate of O(1/K). In contrast with Theorem 4, utilizing a fixed
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Table 2. Bounding the Second Moments for Certain Smoothings

flx,w) fi(x,) VF, (x, @) E[|IV, £, (x, ) = Ve fy (0]
J;1(x,w) = Mw)|lx]1 22;1 hy(xi, w), where [V (i, 0))]?:1, where
h:](xz‘/(‘)) = Vx,hq(xz‘/w) = 4HE[A2((‘J)]
N(w)3, Mw)x| <1 {Az(w)%’, AMw) x| < n}
Mw)l|xi| —n/2, 0.10. Mw)xi/|xi|, 0.W.
7 _ A (w)x 2
falx,0) = Ma)llx] |2 A2 (@)IP + 12 =1 VEOr 4E[A%(w)]
Fax,w) = maxigicn {hi(x, @)} nlo " exp((x, w i1 Vi, w)expln(x, w)/n) 4E[(maxy<i<nllsic(@)[)’],
where hi(x, @) = v; + sic(w) x I g(z’:1 Pl )/U)) iz €XPlllx,)/n)

smoothing parameter leads to an approximate solution at best, and such a scheme is not characterized by asymp-
totic convergence guarantees. In addition, we observe that the rate statement for the deterministic counterpart of
sVS-APM, denoted by s-APM, is global (valid for all k), whereas any statement with constant smoothing holds
for the prescribed K. We observe that the rate statements by using an appropriately chosen smoothing and step
length parameter matches that by using a selecting a suitable smoothing and step length sequence.

Corollary 3 (lterative vs. Constant Smoothing for Deterministic Nonsmooth Convex Optimization). Consider (1) and
assume f(x) is a deterministic function. Suppose Assumption 7 holds. (i) Iterative smoothing: suppose y, =1/2k and
0, = 1/k. Then, F(y1) — F(x") S#, for all k> 0. (ii) Fixed smoothing: for a given K > 0, suppose n, =1/K and
e = 1/2K. Then, F(ygs1) — F(x") < 4C8°

Remark 4. By recalling that f,(x) 2E[ f (x,w)], by using theorem 7.47 in Shapiro et al. (2009) (interchangeability
of the derivative and the expectation), and noting that f (-,w) is differentiable in x for every w, we have Vf,(x) =

VE[ f 0 (x,w)] = IE[Vf q(x,a)) = E[Vf,(x) - Vf q(x,a))] = 0. Therefore, such a gradient estimator is unbiased, and our
assumption holds. We now derive bounds on the second moments for some common smoothings in Table 2.

3.3. Almost-Sure Convergence

Whereas the previous section focuses on providing rate statements for expected suboptimality, we now consider
the open question of whether the sequence of iterates produced by sVS-APM converges almost sure to a solution.
Schemes employing a constant smoothing parameter preclude such guarantees. Proving almost sure conver-
gence requires using the following lemma.

Lemma 6 (Supermartingale Convergence Lemma; Polyak 1987). Let {vi} be a sequence of nonnegative random varia-
bles, in which E[vg] < oo, and let {ay} and {nk} be deterministic scalar sequences such that 0 < ay <1 and n, >0 for all

k>0, 22 ar =00, 32,1 < oo, and llmk—>oo =0, and E[v1 | Hy] < (1 = ap)ox + 1, a.s. for all k > 0. Then, vy — 0 a.s.

as k — oo,

Proposition 2 (almost sure Convergence of sVS-APM). Suppose Assumptions 3 and 7 hold and {yy} is a sequence gen-
erated by sVS-APM. Suppose y, =k <mn,, where b€ (0,1/2], {n,} is a decreasing sequence, and Ny = |k*| such that
(a+b)>1. Then, {yx} converges to a solution of (1) a.s.

Proof. From Inequality (34), we have that the following holds:

2

A 1 _ 1 _
ViOks1 < — 5 A2 Ly, 0k +2/\2(||Mk|| =l IP) + 5 Yk 5 N[k 1P _/\_kwiszuk
Ve Tk
/\ _ 1 _
< Az Ly 10k + Az(llukll =l IP) + 2%‘ 5 [k, I —/Tkw;f,Nkuk.

Ve Mk
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Dividing both sides of the previous inequality by yi, we obtain the following relationship:

Az 1 ) 1 o1
Skt + ——5 et P < Ly 6 + —— P + |5 x| = ——@F 1
: 2yA% : Ay 2 A 2_2 Ty
Ve Mk
A1V [ 1 o 1 _7
= O + + [0r N, |I* = == Wiy, Uk
/\in ZVk—lAi—l 2 2 ' Vilk AN

Ve

. A2y . .
By defining vy, 1 £ 6x4q + ﬁ sl and e 21 — ";—}yk*, we have the following recursion.
kYk k!'k

1 _ 5 1 _
U1 < (1= a)og + 5 [0 N, || _mw;’Nkuk =
k

Ve Mk

1 -
Uk+1 + TTsz < (1 —ap)(vp + 77k_1B2) + 77sz -(1- ak)nk_1B2 + PR ”wk,NkH2

Ve Mk

1
o wkauk. (39)
Let Ox41 £ 0ps1 + 1, B From (1, B?) smoothability and the decreasing nature of {1, },

0 < F(yx1) — F(xX) < Fy (Yxs1) — Fp, (X7) + nk+1B2 <Fy, (k) —Fy () + nsz.

Then, (39) can be rewritten as follows:

_ _ 1 1 _

Okt < (1= ap)0g + B> — (1 — ag)y_ B + []“wkaH ) ——— Wy, U

Ytk
Ve o Tk

Recall, by the definition of A;, we have /\ifl = % and § <A <Lkify, = k' be(0,1 /2], we obtain the follow-
ing relationship:

MVier _ 1- Vit (4% =440 _ A3yi = Vi Ak + Vi Ak Ve Vi1 | Vi

ak:]_— = =
AV 4%y, AV Ve M
L k-1)" (k-1 K- k-D"_(1-b)
> = S e 11 2 , be(0,1/2], (40)

where in the last inequality we use b € (0,1/2]:

1-b _ (1 _1\1-b 1-b b
%kngu) k— 4kkﬁ —k—W&—lf*zk—&—l%ka
b(b—-1) bb-1)(b-2)
20-1)*  3lk-1)°
b(1-b) (, (2-D) b(1-b)2-b)B-b)(, (4-b)
2&—1fb 3&—1J++ 41(k-1)* @ 5@-1J+

—k— (k- n@+;Lf_k(k1)b

=(1-b)+

46
>(1- i >2> -z =
>(1-0b), since k_2_1+max{3 5 }
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Table 3. Example 1: mVS-APM vs. SSG (L), mVS-PM vs. SSG (R)
llyx — x*|| for mVS-APM

SSG SSG mVS-PM

u Iy —x*ll n=1m n=01 n=1 n=10 u llye — x| llyie — 7l

1 7.8609e-4 2.8078e-1 2.2150e-2 4.7893e-3 1.9443e-2 1 2.0847e-1 3.0971e-2

le-1 9.9114e-1 3.3207e-3 3.7247e-2 5.8973e-3 1.8865e-2 le-1 2.4283 9.5149e-2

le-2 3.0611 3.7218e-2 8.3083e-2 7.3432e-3 3.6886e-2 le-2 4.2409 1.5115e-1

le-3 4.0682 1.3893 1.7692e-1 4.7901e-3 5.2147e-2 le-3 4.4784 1.8033e-1

le-4 6.3783 2.7269 4.7065e-1 5.5248e-3 6.3872e-2 le-4 4.5028 1.7261e-1

By taking conditional expectations and recalling that 1, = cy¥, where ¢ > 1, we obtain the following;

1 |2
E[Dg | Hel < (1 — ag)tg + 1B — (1 — ) B2 + | 5— [
(B ] < (1 - @i+ B = (1 - @ B | = |
Ve T
2
ViV
s(1—ak)vk+77k32_(1_“")'7"‘13”(2(0—1))1&’—%

Ify, = k=, where b € (0,1/2] and Ny = |k*], wherea + b > 1, by Lemma A.1, we have that >;7, ylﬁ]—f < 00, and the fol-

lowing holds for 1, = ck™, ¢ >1,and b€ (0,1/2]:

Ai—1 Vi1

1\e(k=1)%
M — (1- ak)’?k—l =M~ 12 _)7
kVk

_ b
My = k77 = (1 - A b

_ 1\ . _ 2c &
<ck?t - (1 - /\—)ck b< = > (B = (1= ), B?) < e.
k k=1

Furthermore, from (40), it follows that 32, a = co and

i) = e i)
k—oo\ax/\2(c — D)\ka+t ] = k=00 2(c = 1) )\(1 = b)ka+o-1]

Figure 2. Example 1: (mVS-APM) vs. (SSG) for 1 = 0.1
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Table 4. Example 1: Comparing mVS-APM vs. SSG: Different Std (L), Different n (R)

SSG mVS-APM SSG mVS-APM
Std. [y = x| Time n lye = 27| Time n [y = x|l Time n [lye — x| Time
le+1 1.6691 5.8269 1 5.6007e-1 2.9858 20 9.1148e-1 5.9096 1 5.8973e-3 3.8961
1 9.475%e-1 5.9375 1 5.1574e-2 2.9925 30 1.5326 6.117 1 5.9034e-3 3.2213
le-1 9.1148e-1 5.9096 1 5.8973e-3 3.8961 40 8.5934e-1 6.2494 1 6.0096e-3 3.6658
le-2 9.1285e-1 5.9444 1 5.7294e-4 3.0362 50 3.6236 6.4209 1 6.3496e-3 3.3903

for b€ (0,1/2] and a + b > 1. Additionally, we have the following;:
0B = (- an (B2 _ . k"B —c(1—ap)(k - 1)'B?

lim li
k—co [2%73 k—co (057
—bp2 _ _ —bp2 2
< lim ck™"B=—c(1—ax)k™"B - lim cB -0,
k—o0 273 k—co kP

where 1, B — (1 — ax)n,_,B? > 0 can be concluded as follows. For any b € (0,1/2], we have

@:(1_l)<k_1<(k_1)2h Mg K <(k_1)b=>)\1%—17/k—1<i

Af ATk TR AP (k-1 K Ave
:(1—ak)sr;7—k:nk—(1—ock)nk_1 >0.
k-1

Therefore, Lemma 5 can be applied, and o, = F;, (x) — F; (x*) + 1n,B* — 0 a:s. By (1,B?) smoothness of f, 0 < F(x;) —
F(x*) < Fy, (x¢) = Fy, (x*) + 1B, implying that F(x) — F(x*) a.s. O

The next proposition provides a similar a.s. convergence for VS-APM that can accommodate structured non-
smooth optimization in which f(x) is a smooth merely convex function. The proof of this result is similar to Prop-
osition 2, but 9y in this case is defined as 6, = F(yx) — F(x*).

Proposition 3 (Almost Sure Convergence Theory for VS-APM). Suppose Assumptions 2, 3, and 7 hold. Suppose {y}
defines a sequence generated by VS-APM. Suppose v, =y <1/(2L) and Ny = |k*| for a > 1. Then, {yy} converges to a solu-
tion of (1) almost surely.

4. Numerical Results
We now compare the performance of (mVS-APM) and sVS-APM with existing solvers on Matlab running on a
64-bit MacOS 10.13.3 with Intel i7-7Y75 @1.4 GHz with 16 GB RAM.

4.1. (mVS-APM): Strongly Convex and Nonsmooth f

Example 1. Consider the following constrained problem:
1
min f(x), where f(x) & E|7xTA(w)x + (@) "x + A@)lxll: | (41)
xe[-1,

A(w) = A + W € R™ and the elements of W have an independent and identically distributed (i.i.d.) normal distri-
bution with mean zero and standard deviation (std) 0.1. Similarly, f(w) = B +w € R", where w is a random vector.

Table 5. Example 2: Comparing (mVS-APM) vs. (SSG)

SSG mVS-APM
U [y = x| time n [y = x| Time
1 4.4908e-3 4.3883 1/u=1 5.8314e-3 1.5191
le-1 2.7134e-1 3.8794 1 1.0102e-2 1.1964
le-2 8.7266e-1 3.9742 1 1.8236e-2 1.2065
le-3 9.8723e-1 4.0129 1 3.8619e-2 1.1510
le-4 9.9872e-1 4.0684 1 7.1652e-2 1.1490
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Table 6. Example 2: Comparing mVS-APM vs. SSG: Different Std (L), Different n (R)

SSG mVS-APM SSG mVS-APM
Std. [y = x| Time n lye = 27| Time n [y = x| Time n [lye — x| Time
le+1 9.8253e-1 3.8733 1 9.6709e-1 1.1661 20 2.7134e-1 3.8794 1 1.0102e-2 1.1964
1 2.7134e-1 3.8794 1 1.0102e-2 1.1964 30 3.5948e-1 4.0277 1 1.2010e-2 1.2594
le-1 2.1394e-1 3.9304 1 8.658%-3 1.1083 40 5.3537e-1 4.0418 1 7.4431e-3 1.3467
le-2 2.1813e-1 3.9134 1 1.1027e-1 1.1270 50 2.6880e-1 41198 1 8.2670e-3 1.3452

Because tractable prox evaluations are not available for (41), we compute approximate gradients V, f, using

(SSG). We set Ny = p~*], where p £ (1 - ﬁ) and a = 2.01. Using a budget of 1e5 and 10 replications, we provide

results in Table 3 (L), whereas Figure 2 shows the behavior of (mVS-APM) with different smoothing parameters
n versus (SSG). When the strong convexity modulus u is small, (mVS-APM) performs significantly better than
(SSG) and is far more stable. For instance, when 1 = 1, (mVS-APM) terminates with an empirical error of approx-
imately 4.8e-3 and 5.5¢-3 for u = 1 and u = le-4, whereas corresponding errors for (SSG) are 7.8e-3 to 6.3. As one
can see, 1] = 1 for (mVS-APM) seems to be a reasonable practical choice for different problem settings. Note that,
in this table, 1" is chosen according to Lemma 3, and we note that, as u < 1, the benefit of utilizing 1" is muted.
Next, we consider the unconstrained variant (41), in which x € R". Because the subgradient is unbounded, we
use the unaccelerated method mVS-PM. In Table 3 (R), the behavior of mVS-PM is compared with (SSG) for dif-
ferent choices of 1. As suggested after Theorem 3, we set i = % +1e-3> %

In Table 4, we compare (mVS-APM) with (SSG) for different choices of standard deviation of noise and dimen-
sion (n). In Table 4 (L), we set u = 0.1 and n = 20, whereas in Table 4 (R), we set 4 = 0.1 and standard deviation is
0.1. We run both schemes with a total budget in subgradient evaluations of 1e5 and 10 replications and observe
that (mVS-APM) outperforms (SSG).

Example 2. We revisit this comparison using a stochastic utility problem.

inslo{ S+

where ({J(t)émaxlsjsm(vi+s,'t), w; are ii.d. normal random variables with mean zero and variance one and
v;,5; € (0,1). Table 5 shows similar behavior as in Example 1. In Table 6, we compare (mVS-APM) with (SSG) for
different choices of standard deviation and dimension (n). In Table 6 (L), we set 1 =0.1, whereas n = 20, and in
Table 6 (R), we set 1 = 0.1 and standard deviation is one. Similar to Example 1, (mVS-APM) outperforms (SSG)
in all cases.

Hyoe
+= ,
e

4.2. sVS-APM: Convex and Smoothable f

Example 3. In this setting, we compare the performance of sVS-APM for merely convex problems on Example 2
with p = 0. The 6-smoothed approximation of ¢(t) provided by Beck and Teboulle (2012) is given by ¢,(t) =

0 log(Zﬁl elvtsi)/ 5). In Table 7, we generate 20 replications for sVS-APM with fixed and diminishing smoothing

Table 7. Example 3: Comparing (sVS-APM) with Fixed Smoothing

sVS-APM Fixed smooth.

" m b Bl f(y) ] 5 [ f(y) ]
20 10 1/k 1.832e-4 1/K 3.455e-3
1/(2k) 3.014e-3 1/(2K) 2.157e-2
1/(3k) 1.269¢-2 1/(3K) 6.079¢-2
100 25 1/k 1.944e-3 1/K 3.126e-2
1/2k 1.181e-2 1/2K 5.130e-2
1/3k 2411e-2 1/3K 5.817e-2
200 10 1/k 1.067e-4 1/K 4.695e-3
1/2k 5.173e-3 1/2K 3.957e-2

1/3k 1.594e-2 1/3K 6.929e-2
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Figure 3. Example 3: sVS-APM vs. Fixed Smoothing; n = 200

——SVS-APM, 4, =1/k
| -~ Fixed smoothing, 5=1/25| |
10! _!n Fixed smoothing, 5=1/45 |
1Y -~ Fixed smoothing, §=1/90| |
1% |
1004 W,
B
L {2 2zl
iyl i =2
[ i \
10 B
i = e
10° -"\‘\.
4 \

10 20 30 40 50
# of iterations

sequences with 1, = 6;/2, Ny = [k>! |, and sampling budget is 1e6. In Figure 3, we compare trajectories for sVS-
APM with those for constant smoothing for n = 200.

4.3. Key Observations

The empirical behavior of sVS-APM appears to be better on this test problem. One rationale for this may be
drawn from noting that sVS-APM allows for larger step lengths early (because 1), < 6;), whereas in the fixed
smoothing technique, 1, < 6x (6, may be quite small). This can be seen in the trajectories in which early progress
by the iterative smoothing scheme can be observed. A larger 0y allows for larger step lengths but leads to a
coarser approximation of the original problem, whereas smaller 6, leads to poorer progress but better approxi-
mations (see Table 7 and Figure 3).

4.4. Almost Sure Convergence

Next, we implement sVS-APM on the stochastic utility problem with n = 20 and m = 10 for different choices of
the smoothing sequences. Specifically, we allow 6 to be & € {1/k,1/Vk,1/k*%} (6, = 1/k is required for conver-
gence in mean and &; = 1/k with b € (0,1/2] for a.s. convergence). We employ Ny = |k>%!]. For each experiment,
the mean of 20 replications and their 95% confidence intervals are plotted in Figures 4 and 5. It can be seen that,
when 6, — 0 at a slower rate as mandated by the requirement of the a.s. convergence result, the confidence bands
are tighter, becoming more apparent in Figure 4 in which the variance is five. Furthermore, our numerical studies
reveal that, even for less aggressive choices of Ny such as when Ny =k" and a > 1, the trajectories show the
desired behavior in accordance with Proposition 2.

5. Concluding Remarks

Drawing motivation from the often poor behavior of (S55G) schemes on general (rather than structured) non-
smooth stochastic convex optimization problems, we develop two sets of accelerated proximal variance-reduced
schemes, both of which rely on a variable sample-size accelerated proximal method (VS-APM) for smooth con-
vex problems. In nonsmooth strongly convex regimes, we present three sets of schemes, each of which produces
linearly convergent sequences and is characterized by an overall complexity in subgradients (or proximal

Figure 4. Almost Sure Convergence for sVS-APM, N = |30 |, v2 =5

A
:f* \.\".I ] sVS-APM, 5, =11k
LT \\ 1T - svs-APM, 5,205
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\ 02 AT B
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Figure 5. Almost Sure Convergence for sVS-APM, N, = |30 |, v2 =2
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evaluations in the third case) that is optimal (or near optimal). First, in compact domains, we propose (mVS-
APM), an avenue that requires applying VS-APM on the Moreau envelope of F, where increasingly exact
gradients are computed via an inner (55G) scheme. Second, in unbounded domains, we apply an unaccelerated
variable sample-size proximal method (VS-PM), which also relies on (SSG) for approximating gradients to
increasing accuracy. When f (-,w) is smoothable and convex, our smoothed VS-APM scheme (or sVS-APM)
admits optimal rate and oracle complexity. Our findings, when specialized to the smooth and convex f, provide
an optimal accelerated rate of O(1/K?) with optimal oracle complexity matching findings by Ghadimi and Lan
(2016) and Jofré and Thompson (2017). When f is deterministic, our rate matches that obtained by Nesterov
(2005b) but does so while providing asymptotically convergent schemes. Preliminary numerics suggest that the
schemes compare well with existing techniques in terms of both complexity as well as sensitivity to problem
parameters.

Appendix

Lemma A.1. For any real number y > 1, we have that |y] > [3y].

Proof. Let T=y]. If T is an even number, then we have [ly]=[1(T+¢e)]=L+1, where € €(0,1). Because T>1+1, [y]| >
[3y]. If T is an odd number, we have [1y] =[Gl +<1] =51+ 1 =T Again, because T > T£, we have that [y|>[iy]. O
2Y 2Y 7 T2 2 2 - g yl=z13Y

Lemma A.2. Given a symmetric positive definite matrix Q, we have the following for any vi,vy,vs: (va—v1) Q(vs —vy) =
2 2 2
3(v2 = villg + llvs = villg = V2 = vsll), where [v||q £ VVTQv.

Lemma A.3. Suppose Assumptions 1 and 3(i) hold. Furthermore, y, =1/(2L) for all k. If h(x) £ 2L(xk — Yes1), F(x)—%”x—xk”2

> F(yier) + MNP + o) (= x0) = (3+ Do, I

Proof. Because y,; £argmin, +g(x) +1[lx =[x — - (Vo f(xi) + @i n,)|IIP, we have that

1 _ 1 _
b = 0l + 7 (6 = 00T (Va F )+ k) + 15 IV F ) + @i P

— i i ( )+1
Yert = argmin. S-g(x) +5
= argmin g(x) + Ll —xel? +£(00) + (x ~ 2" (Ve fx) + D)

Let . (x) £f(xe) + Vi f(x) " (x = ) + Lllx = xi|” + @]y, (x = x¢), implying that
Y = argmin. i, (x) +g(x). (A1)

Then, V., (x) may be expressed as Vi1, (x) =V, f(xi) +2L(x — xi) + Wi n,. By the optimality condition of (A.1), we have
0 € 9g(Yi+1) + Vi, (Vk+1)- Hence, by convexity of function g(x), we obtain

800 2 8(yk1) = Vi (yks1) (X = Yes1) = Vi (yeen) (= Yira) 2 8(Wisn) — (%) (A2)
Consequently, by using the definition of 1, (x) and h(x), we have that

Vi f() (¢ = Yia1) = §(Wier) — () + (h(xe) — i) (¥ = Yiewr), V. (A3)
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Because f is a u-strongly convex function,

flx) - % lle = 3l 2 £ai) + Vie £ (= 1) = F(0) + Vi f o) (= X + Yo = Yin)

(From (44))

> f() + Vi fr0) Weer — %) + (i) = Wi, (= Vi) + 8Win1) — (%)
= Y Wke1) — Lyt — xel® = @y (i — 1) + () = Den,) " (6 = Yir) + §Wien) — (%)
= Y Wke1) — Lllyess — xel® + @ (o — %) + 1) (x = yisr) + gk — ().
From the definition of h(xy), Lllyk+1 — x¢l* = - Ii(x)lI” and Inequality (A.2), we have the following:
F(x) - %HX =3l = Yy (i) - ﬁ [IRGeOIP + () (x = i) + DF , (66 = %) + g (Wke1)

1 _
= W) = 7 G + 16" (x = s + 21 = 30) + @ g, (06 = %) + )

1 _
= VW) + 7 (IR GeOI? + () (x = x0) +@F (6 = %) + g (is), (A4)
1 1,_
2 YY) + 7 [IGel + hx) " (x = i) - m @i, = % Il = 21 + g (W), (A.5)
where (A.4) follows from the definition of h(x;) and (A.5) follows by using the fact that aTb > —i”a”z —%||b||2 with a = 2.
From the L-smoothness of f,

Pr(Wie1) = F () + Vi f0)T Wt = x0) + Ll = Y IP + @y, s — 1)
_ L 2.
> f(Yir1) + @y, Yie1 — X) + 5l = il = f (Y1) — I Nl I, (A.6)

where (A.6) follows from 2a7b + ||a|* > —||b|]*. By substituting (A.6) in (A.5), the result follows. O

It is worth emphasizing that in the proof of Lemma A.3, we employ a simple bound to ensure that the term
Z_U{:Nk (Yk+1 —xx) does not appear in the final bound. Instead, the term ||77)k,Nk||2 emerges, and this allows for deriving the

optimal (rather than suboptimal) oracle complexity. Next, we define a set of parameter sequences that form the basis for
updating the iterates.

Definition A.1 (v, ay, T¢). Given vy, 7o, sequences {vy, Tk, o} are defined as follows:

1 1
U1 := ——| (1 = ) T + 5 i — ax(h(xe) |, (A7)
Thk+1 2
1
ay solves (1— o)ty + S0k = 2071, (A.8)
1
Tt i= (1 — o) i + 5 k- (A9)

We employ this set of parameters in showing that the update rule (3) in Algorithm 1 can be recast using the parameters
Ty, o, and vy. This observation is crucial as we analyze the update.

Lemma A.4 (Equivalence of Update Rules). Suppose Assumptions 1 and 3(i) hold. Suppose the sequences {vy},{oay}, and {t;} are
prescribed by Definition A.1. Consider the sequence {x;} generated by the algorithm. Then, the following hold:

1

ks T (1=a
1
Th1 Ta0k1 [

i. [xk+1 = Yi + 9L +ﬁk+17k+1) (Yier1 — ]/k)] = [xk+1 = (k41 Th41 Tk + Tk+2yk+1)]~

a A1)

ii. Suppose oy = Alk for all k. Then, the update rule (1b) in Algorithm 1 with o £ (s for all k is equivalent to the following:
4x +

1
[Xk11 2= Yisr + 0k i1 —yi)] = [xk+1 =g (e T Ukt + Tk+2]/k)]-
Tr+1 50k 1

Proof.
i. The update rule on the right in (i) can be recast as follows:

x (A.10)

(Tk + %aky)xk — Trk+1Yk
k= (O TOk + T Yi) = Ok = .
Tk + axld ATk
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Now, by substituting the expression for vy from (A.10) in (A.7) and recalling that Ty = (1 — )7k +%ak‘u = 2La% and
h(x) = 2L(xx — Yk11), we obtain the following sequence of equalities:

1 1
U1 = —— (1 — ) Tp0g + - vy — ak(h(xk)]
Tk+1 | 2
1
Tkt Eak[-l Xk — Tkr1Yk
1- += —ay(h
1 (1 -tk e 5 Mk ar((x)
Tk+1
1 1
(1—ap)Tp + s axp — s atu 1—a o o
= 2 2 Py - T ()
Tha10k ak 2Tp41 Tl
o~ azu
k+1 — 75 & 1-
= 2 Xk — 2 Yr t il X — e h(xy)
Tha1 0% a 2Tp4q T4l
= Yt (= ) = o Lk — ) = e+ — (e — ) (A1)
=Yk P k— Yk 2L0z£ k — Yi+1)) = Yk % Yik+1 — Yk )- .

We now show that the update rule for x,; on the left is equivalent to that on the right in (i).

1
X1 = —1(011<+1 Th10ks1 + Thp2Vkr1)
Tk+1 + Eak-ﬂﬂ
(52) 1 Q1 Thr 1
= W Tkt T(ykﬂ = Yi) + Tke2Yks1
k
T+l + Eakﬂ,u

| Tha2 F Qg1 T 1 Q41 Tt
=l |1 —F W1 — W)

Tk+1 + 5 Okl [J)

3 T+l T 5 X1

2
1 Q1 Ths1

=Yk |- W (Vi1 — Yi)
N T + 5 ¥l

Q1 T (1 — )
(T2 + Wi Tes1)

1T (1 —
=Yk +L(1k)(yk+1 —Yk) =Yke1 +

o (Tgr + 5%+ )

Yir1 — i),

because Tr.1 = (1 — )Ty + Sl
ii. By choosing 741 = 2a2L for k > 0, satisfying (A.8) and (A.9),

Vs Tre1 (1 — )

(1 — o)
(Thr + Wy Tis1)

5 (Vke1 — Yi)

Wi = Yk) = Yirr +

Xk+1 = Yk+1

ar(1—ay)
= +— —Yi)- A2
Y1 Qent +Ot]% (]/k+1 ]/k) ( )
Now, by choosing ay = Alk, we have the following:
L(l _ L)
ar(1—ay) M Av) Aer(Ar = 1)
== = (A.13)
Pram (1l Atk
(/\k Akt
From the update rule for A, we can obtain
A2 A2\
1-25+ (1——@) +4A7
_ s dx k 2 _ /\k+1(/\k+1 - 1) (A'14)
A1 = S A =
2 1- Akt

4x



Downloaded from informs.org by [45.15.140.130] on 04 April 2023, at 00:08 . For personal use only, all rights reserved.

Jalilzadeh et al.: Smoothed Variable Sample-Size Accelerated Proximal Method
400 Stochastic Systems, 2022, vol. 12, no. 4, pp. 373-410, © 2022 The Author(s)

By substituting (A.14) in (A.13), we obtain al-a) - Az 1)(1 = . Hence, (A.12) can be written as

a2+ (1 N s

(A= 1)( AM) .

(1 - @)/\kﬂ

We now utilize the previous lemma in defining an auxiliary function sequence {¢,,,(x)} and a sequence {p;}. These
sequences form the basis for carrying out the final rate analysis.

X1 = Y1 + 0k(Yrs1 = Yi), Ok =

Lemma A.5. Suppose Assumptions 1 and 3(i) hold. Consider the iterates generated by Algorithm 1, where y, = 1/(2L), whereas {vi}, {7},
and {oy} are defined in (A.7)~(A.9). Suppose ¢ (x) £ F(xo) +5-[|x — xol[* and p; = 0. If ¢, (x) and py. are defined as follows for k > 1,

P (%) 1= (1 = @)y (x) + F(yk+1)+ IIh(xk)II +#le Xl + T ()T (o = i) (A15)

2 1)\, _
Pre1 = (1- ak)(z + p)“wk,wk”z + (1= apr, (A.16)

where h(xi) = 2L(xXk — Yir1)- If ¢ 2mineg, (x), then ¢p > F(yx) —pr,  forall k>1.

Proof. We begin by showing that V? ¢, (x) = 7], where I denotes the identity matrix. For k = 1, qubl(x) = 111. Suppose
this holds for k, and we proceed to show that this holds for k:=k+1:

1 1
qubkﬂ(x) =(1- ak)V2¢k(x) + Eakyl =1 —ap)tl+ Eak‘ul. (A.17)

By choosing T+ = (1 — ay) Tk +%aky, the required claim follows. Next, we show that the sequence ¢,(x) can be written as
follows:

9,(x) = 5 + =[x =il (A18)

where ¢, = min,¢,(x) and v = argmin,¢,(x). Because ¢,,,(x) is a convex quadratic function by definition, we may re-
present it as ¢,,,(x) =a+bTx+1xTQx. First, we note that V¢, (x) = Q = Ty1]. By noting that V,¢,,,(ves1) =0, implying
that b+ 7001 =0 = b= —Tj10k1. Consequently, we have that ¢, (Vka) = iy =0 — Te10] 1 Oks1 + %Tk+1||vk+1||2 =qa=
G+ loes1|*. This implies that ¢, (x) = ¢, +%2 llx = v |* and (A.18) is shown to be true for all k. Next, we proceed
to obtain the recursive rule for vy and ¢, ;. By using the optimality conditions for the unconstrained strongly convex
problem min,¢,(x), we obtain the following:

0= vx(f)k+1(x) =(1- ak)vx¢k(x) +ag

x5 G|

(59)
= (1 - a)ti(x —vg) + g

e =)+ x|

1 1
= Vi (%) = Tha1 (X = V1) implying v = — [(1 — )Tk + 5 A — ah(xi) |- (A.19)
+
By using Equations (A.15) and (A.18), we obtain the following:

(/)24.1 (Pk+l () = —— ”xk — Uk+1 ”

. T
= (1- a9} +§||xk - ol + e

T,
F(]/k+1)+ 7 Il ] L |t = vesal?

LT
=(1- ak)[% + fkllxk - Uk||2] + o

Fnen) + 37 Il

2
Tkl

2

1
[(1 — ) TR0 + 5 gty — agh(xy)
Tk+1 2

1
S|

2

. T
= (1= ) @ + aeF (o) + (1= ) 5 e = el + e

Tkl
2

X —
Tk+1

1
[(1 — o) Tr(O — X + X)) + 5 QX = akh(xk)]
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The expression on the right can be further simplified as follows:
. . Tk 2 1 2
Brer = (1= @) G + acF Wia) + (1= i) o Il = oull” + e - x|
. 2
T
- k; [—(1 = a)te(or — xi) + axh(xi)]
Th+1
. T 1 1 — o)’ 72
= (1= )+ axBlyn) + (1 o) = o0l + ol G| - 55 oy
a? 1— o)yt
o P+ BT 1,
+1 Tk+1
= (1= a0+ Pl + (1 =) Bl ol + (35— 2 g
(1 - a)*c? 1 - ap)agt
A T
Th+1
. . T 1-ap)t
= P = (1= ) P + axF(yin) + (1 - ak)ik(l - ﬂ)ﬂxk - ol
Tk+1
g (1 - ap)ayy T
(8- 22 e + 0 g,
. )T
~ (1= a0 + Pl + T D g (8 Oy
1 - )yt
+wh(xk)T(Uk - xx)
Th+1
. 1-ap)a o
= (1= a0+ Pl + % B P o - 0) (85 el
Next, we inductively prove that ¢ > F(yx) — pr, where py is defined in (A.16). This holds for k = 1, where p; =0. Assum-

ing, it is true for k, we prove it holds for k + 1 by invoking Lemma A.3 for x = y;:

oty > (1—a)(Flye) - pk)+akF(ym>+( )||h(xk)||

4L 274

DO P ) - x0)  (Since 6 2 F) —p)
Tl 4
1
>(1- ak)(F(yk+1) +h(xe) (v — i) + i (el + % Iy = il

(1= )Ty

Thk+1

~[F+ 2l = 1 - it ) + - 57 )uh( IR+

X (% Ik = ol + (i) (v — xk))

= Fly)+ (g~ 5 el + 1 = e (7 0+ =)
i

2 1)\ _
1= api = 1= o P )+ (= =P+

Term (a) Term (b)

> F(yesn) + (1= a)h(x)" ( 8 (o =100 + (e — xk)) (1

e e

2 1),_ 2 1),_
~ =) 4 P F = 0= ap = F) = =0+ il = (1=,
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where the last inequality follows noting that terms (a) and (b) are zero from recalling that 2La? = 7441 and x; = Tkiw
2

(kTkvk + Tkr1yk)  (by Lemma A4). By choosing prs=(1- ak)(%+%)||z?)k,Nk||2 + (1 —ax)pr, we have that* Gry1 =

Term (c)

F(yk+1)_ Pke1 - U

Before analyzing the rate of convergence, we proceed to examine the limiting behavior of the sequence {A;} and show
that Ay — v/, where x denotes the condition number of the problem.

Lemma A.6 (Properties of {Ay}). Suppose sequence {A}s, is defined by the recursion
A A
It (1 - —) +4A3 (A.20)
2 7

Agy1 =

where Ay € (1,2+/k]. Then, {Ay} is an increasing and bounded sequence such that limy_,cAx = 2v/x.

Proof. First, by induction, we show that sequence {A;} is bounded above by 2+/x. By assumption, A1 <2+v/k, we assume
Ak < 2+/x and proceed to show that Ay < 24k

2 2
1—ﬂ+ (1 }‘) +4A2

4 4 Ap1(Agp1 =1
Nt = K S K o= k1 ( I;{rlir1 )
1-
4x
Ar1(Agpr — 1
ﬁAkSZﬁQL;l)S‘lK@/\%HS4K<:>/\k+1ﬁ2\/E.

1- +1
4x

Because the sequence is increasing and bounded above, its limit exists. Suppose limy_,coAri1 =A, implying A=

2
1—£+ (1——) +4)2
—t = A =24/x. Second, we show that sequence {As} is increasing, that is, Ax.1 > Ay, which can be written
equivalently by replacing the recursive rule A; as follows

A2 g A2
+4A7 > (41< 1+2/\k) <:>4Ak(1—4—)<0<:>)\k<2\/— 0

/\2
>Ak®(1_ﬁ

We are now in a position to provide our main proposition that provides a bridge toward deriving rate statements and
oracle complexity bounds.

Proof of Lemma 1. We have that

120 - ap)E[¢, (0)] + i

E[ 1 (%) Flyien) + 7 ICIP + e = P + 1) (e - xk>]

< (1 - ap)E[pp(x)] + acB[F(x)] +

2 1\
Pt
By rearranging terms and setting x = x* in the preceding inequality, we obtain

E[¢pon () = F@)] < (1 - ap)E[ 6, (x") ~ F()| + (% oL

E|log I

< (1= 03001 =Bl ) = )7 B+ 1 =7+ el |

< (ﬁ(l —a;)
i=1

s10,) - Fw )]+ 5 10 - |2+ Lo om 1]

i=0 \j=0
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From Lemma A.6, o) = Alk €la,1), where a = and by recalling that E[||@_;n,_ ,” | H_i] <v?/Ni_;, we obtain the follow-

2\/— 4
ing sequence of inequalities:

Eldy,, (¢) — Fr)] < (H(l o )E[cpl(x) Fv >J+Z(<l a))( )[E[||wk_,-,Nk,f||2|Hk_f]]

e klz 1\v*(1-a)
S(L—l[u al)) [, (x*) = F(x")] +Z( );NH : (A.21)

By using Lemma A.5 and (A.21), we may obtain

F(ye) - F(x") < E[¢} + pe] = F(x") < E[(x") — F(x")] + E[pi]

k=1 21— 8)
< (1;[(1 - af)) [¢,(x") — F(x")] + Z( )W Elpi]

k-1 k B
<(1—5z)"’1(D+EC2) kZ_i(2+ )MHE[ ] (A22)
- 2 L 1) Nico Pil .

where we use the fact that 7y =pu and a;€[a,1). Next, we derive a bound on E[pi]. By definition, we have

pr=(1- 07)(% +%)||&Jk,u\,H ||2 + (1 - &)px-1, implying that

|
—
—

|
=]
S

Pr = I

k-2 w12 1), - 2
_a Z+ﬁ ki1, N 4 7

By taking expectations and invoking Assumptions 1 and 3(i),

1\ _ _
" ﬁ)nwk_l,wk,l P+ -ay

2 1\ _ _
2, ;)uwk_z,Nk,z P+ (1= a)pcs

I
11
—~
[N
1
~
s
—

k-2

2 2 i+1
Elpd <> (1- ’”(2 %)E[E[llwkfifl,wk_,_l||2|H,H1 Z( )& (A23)

i=0 i=0 Nk—z—l

By substituting (A.23) in (A.22), we obtain the desired result. O

Proof of Theorem 1.
i. From (3) and by the definition of 6, we may claim the following:

2 K=2 2
E[F(yx) - F*]<(D+HC2)9K1+2161(2 1) LA— 9“1(2+1) Y

L u/Nkj1 & 1) Ni-j1
_ H 2\ pk-1 %lK_zj‘LVz B 2\gk-1 4 (2, 1) 27
_(D+2C )9 +(L+u)6 6 N (D+ C )9 Ze LN (A.24)

Where, in the last inequality, we use the fact that & +20=2—a <2. If Nx_j1 = Lp‘(K‘f‘l)J, by using Lemma A.1, we have
the following;:

“21 2012 2521 6"2<2
AL )l = LT ) =\

= (i " ﬁli)((pv pG)) ' (A.25)

=

i=0




Downloaded from informs.org by [45.15.140.130] on 04 April 2023, at 00:08 . For personal use only, all rights reserved.

Jalilzadeh et al.: Smoothed Variable Sample-Size Accelerated Proximal Method
404 Stochastic Systems, 2022, vol. 12, no. 4, pp. 373-410, © 2022 The Author(s)

By substituting (A.25) in (A.24), the bound in terms of K is provided next, where C is defined in (4):

E[F(yx) - F] < (D +H cz)eK 1

sz\/—pK L Epkt
U

L
. 2 2 2
where C = (D + yzC ) (2 )21/2\/— K< yC )+% + # (A.26)
Furthermore, we may derive the number of steps K to obtain an e-optimal solution:

1 1 2a+/x log(C) — log(e)

. = =K>—2" S~ O(x)log(Wk/e€).

P (o) Ve loglijp) - C(Vlog(Vi/e) (427)

aVK

ii. To compute a vector yx,; satisfying E[F(yx.1) — F'] <€, we have CpX < ¢, implying that K = [og, p)(é /€)1. To obtain the

optimal oracle complexity, we require K Nj gradients. If Ny =|p™] <p7*, we obtain the following because (1-p)=
(1/(avi)).
S < ;(1) L ;(1)”) S (g); _aviC
= (1 ) p (1_1) p e/p*(l=p)  pZe
p

4%k —darx +1 - 4a*x —8ax _ (a* —2a)k
4a2x T 4’k T Pk

= p? =1-2/(2aVx) +1/(4a’x) =

=

(€)1 -
Vi Pk OBz ¢ 2a%4/xC
LIRS A S E <
p? ~ (a* - 2a)x (a— )‘/—:> po= (a—-2)e

= ((D + FTCZ) + 4‘%2+ ZVZVE)O(ﬂ). a

u €

k=1

Proof of Lemma 3.

i. limqﬁoé(n) = +o0 and limr,_>+mé(17) = 400 because lim;_,g%(17) = +co0 and lim,_, 1% (1) = 1. In other words, C(n) is a coer-
cive function on the set {n: 1 > 0}.

ii. We observe that, for n >0,

1
R =1+—>0, &) =-—5-<0, &’()=—5->0.

Furthermore, Q(17) = max{n*M?, 4A?} and ne ZA . Therefore, we have that Q(7) is a.e. twice differentiable, and its Clarke gen-
eralized gradient and Hessian are defined as follows

Mm%y, n>7q 2M2, n>1
2,Q(n) =110,2AM?], n=17 and J; Q(n) = { {2aM?|a €[0,1]} n=7, (A.28)
{0}, n<n 0. n<n

From Facchinei and Pang (2003, proposition 7.1.9) and by recalling that %(n) is continuously differentiable in 1, we may
define 9C(n) as follows.

2,C(n) = d[2Dni] + A[8% (1)**Q(n)a] = 2Dk’ +2DF + 208>2%’ Q(n)a + 8%>/2adQ(n)

{2Dnk’ + 2D + 20%°/2%' Q(n)a + 8%°/2aQ’ (1)}, n>
=1{ (2DA&’ + 2D« + 20&%2%' Q(7)a + 8% 2a(2anM?)|a € [0,1]}, n=7 (A29)
{2Dn&’ +2Df + 20%°/2%’ Q(n)a}, n<f
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We may then define the Clarke generalized Hessian of C as follows.

{4Dr" +2DnR” +30&%2(%")*Q(n)a + 20%%2%" Q(n)a + 208°/*%’ (2nM*)a )

{ +20%5/2% (2nM?)a + 8%>/2(2M?)a} } e

P = { {4DR’ +2DnR" +30RY2(R")*Q(n)a + 20832 " Q(n)a + 207>/ 2%’ 2anM?)a } .
+20%°2%" (2anM?)a + 872 (2aM?)a|a € [0,1]}

{4Df</ +2Dni” + 30 V2(k'2Q(n)a + 20732k Q(n)a}. n<i

We now proceed to show that H > 0 for all H € 3*C(1)) and for all > 0.

Case 1: 0 < 1) < 7. In this setting, Q’(17) = Q"' (1) = 0. It follows that 9*C(n)) is a singleton given by the scalar H, and it suffices to
show that H > 0. This follows as shown next.

H=4DR’ +2Dni" +30&2(®'*Q(n)a + 2072’ Q(n)a

2 2
=2D(———)+301~<1/2(1~<’)2Q( )a +20%%%%"" Q(n)a > 0.
Py Py L ~ 1

Case 2: 1) > 7}. Because Q’(n) = 2nM? and Q"’(n) = 2M? for 11 > 7}, we have that *C (n) = {H}, where it suffices to show that H >
0. This follows as shown next.

H = 4DR’ +2Dni"’ +30&2(&'?Q(n)a + 20%*/ 2" Q(n)a + 40%°%' Q' (n)a + 8%>2Q" (n)a

= ZD(% 7]2#) + 30K1/2(1<’) Q(ma+ 81<5/2Q”(17)a +&3220% " Q(n) +40%'Q’(17))a

2A /42 2
> 30121/2(1%/)2Q(n)a + 87~<5/2Q//(r))a + 1~%3/2(4017]]3ﬁ/1 )IZ _ 1-%3/2(8071]\/1 )(1

-y

1 \(40M?>
> 30% /2 r)]VL a+16%°*M2a + Kl/z(l + @)(ﬂ)a 1/2(80M )a

nu 7 u?

Here, the first term follows from Q(n) =2r?M? and %’ = —-L, and the last term follows from —%%/ 2(8(3]'71;?2)11 <V 2(%01\;12)11

n”u
)(40M2) 2172 (SOM )
nu n*u?

2 2
121/2(3(le )a + 161%1/2(1 s 2. —1 )Mza + 1%1/2(4—2”12 ) —& 1/2(80M )
N nuo e’ i P

- - ~12
becau —K3/2=—K1/2(1 +i)<—“—.
ceause )=

% 1/2(3OM )a + 16752 M?%a + K1/2(1 + (1 +—
7 U

[\

v

al/Z(SﬂAﬂz)a+,~<1/z(162M22)a+,~<1/z(4427Mj)a_,%1/2(821\422)“
P P P P

— 12 6M?
/(szo
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Case 3: 1 = 7). Suppose Q' (7)) € dC(7) and H € 9*C(7}), where Q'(7}) = 2aiM? and H = 2aM? and « € [0,1]. It suffices to show
that H > 0 for a € [0, 1], as we proceed to do next.

H =4DR’ +2Dnk"” +30&2(%')>Q(7)a + 208%/2&" Q(n)a + 40%>/2%' Q' (n)a + 8%°2Q"" (7)a

:ZD(%_%)+30’~‘1/2(’~</)2Q(’7)a+81?5/2Q”(f7)a+123/2(201%"62(1‘7)+401~<’Q’(1‘7))a
’u

=2A/12 2
> 308 V2R PQ()a + 8752Q (i + &2 (R M), oya(B00NMT),

UNT nu

2 2 2
> kl/z(?iOzMz )11 + 167> aM?a + 121/2(1 +_i)(49M )11 - 121/2(89‘2*]\;1 )a
nu nu\ ny nu
2 2 2
> 1%1/2(3_02]\/[2 )a +16%°2aM?2a + 121/2(4_—02]\42 )a - 1%1/2(—8_02]\42 )a
nu nu nu
2 2 2
> 1%1/2(32]\42 )a + 161%1/2(1 2y %)aMza + fcl/z(%)a - kl/z(%)a
Ty e P N N
2 A 1), () 1000
nu? nu? nu? nu?
_ = 1/2(30M2)u " 1‘%1/2(4OMZ)LI _ 1’%1/2(6411]\42)[1
iy nu? mu
2 2 2
5 a0 S, a0,
nu? nu? nu?
2
K 1/2(?2—Mz)a > 0.
nu

Consequently, we have that H > 0 for H € d*C()) and 1> 0. It follows that C(n) is strictly convex for >0 (cf. Hiriart-

Urruty et al. 1984, example 2.2). Because C(0) = +o0, we may then conclude from the definition of convexity that Cisa
strictly convex function on {n|n > 0}.

iii. By part (i), a minimizer of C exists in {n: 7 > 0}. By part (ii), this minimizer is necessarily unique because C is strictly con-
vex. Therefore. C has a unique minimizer on {n|n>0}. O

Proof of Proposition 1. a. Because E[F(s,w) +2in||xk — o] is fi-strongly convex, where [i = +% and x; is Fy-measurable,
we may utilize the proof technique in Shapiro et al. (2009, section 5.9.1) to obtain the following for j > 0.

Elllzi 41 =z | Fid < (1= 20;0)Elllzi; = 217 | Fel + 77 (MIElzi I | Fl + Ml * + M3)

(20) » 22 0 2
< (1 =205t + 20 My)E[| |z, — 2l | Fi]
+ 07 MIE[Z41 | Fe] + M3l ? + M3). (A.30)
If ¢; 2 Ellzi,; — zl* | Fi] and di 22M2E[||z; 17| Fi] + M3llxel* + M3, for any t; > 0, we have that
ejr1 < (1205 + 20“].2M%)e/ + afdk = tjep <t (1-2050 + Zan%)e]- + t]-+1a].2dk. (A.31)

We intend to show that t]‘+1(1 —20;i +20]2M%)ej <te. Let f, t;, and o; be defined as
i . 1 i .=
a2\ - min{———————, = <]
_ M2 1t i { i+ 1)1 '+1'M2}'
jof B -afue (18] 1<7) s ] " DR 0 . (A32)

_ 1 L=
j iz] (+ Diogj+ 1)’ /=)
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For j > ], we have the following.
t:
tjoa (1= 20jft +207M}) < = (1 - 20,1 + 207 M) <
j+1

t:
fi + [ —2M§(1 ——f)

1= 25 +202M8 fim A
= —t]:— ojfi +20;Mi| < 0=0; < 2NE (A.33)
From (A.32), we have that t/t—il = (1 —]%]) for j > J. Consequently,
t: 2 2
2M§(1——1)=%522M715[12=> ~2—21\/1%(1— ! )>o
twa ] J+17 |2M7 41
—t—1|+1
o
Using (A.33), we may show that (A.31) is bounded as follows for j > J:
<cj
—
J-1 j
tj+1€j+l < tj+1(1 — 20/[1 + 20]2M§)€]' + t]'+10']2dk < t,-e]- + t]'+10']2dk < tgeg + Z O%f(+1dk di + Z O'%t{.;.]dk
=0 g:j
d j ¢ d d j ! d
< topep + cidy + ——————d < toeg + c5d + —_——————
0TI [Z:;(€+1)210g2(£+ 1) TR l,z:;(m Diog(t+1) ¢
< toeg + (C7 + 3)dk 4 toeo + E_ik, (A34)

where (A.34) follows from ¥72, (]H)ISW < 3. Next, we derive a bound on ey = E[||zo — z,jll2 | Fr]-
Elllzx0 — 2l [Fi] = Ellbee — 2l [ Fi] < 2l = x| + 2Bl = I [ 7]
= 2l = x"|I* + 2E[l[prox, (") — prox,  (x)I* | Fe] < 4llxe = x°|%,

where the last inequality is a result of x; being Fi-measurable and nonexpansivity of the prox. operator. Similarly, d; can
be bounded as follows.

d = @MIE[IIzI | Fi] + M|l ? + M3)
<AMEE[|lz; — '[P Fi] + AME [P ]+ 2M3 i = °[F + 2M5 | + M3
< (4M32 + 2M32)||xg — | + (4M3 + 2M32)||x°|1* + M3,
where the last inequality follows from ||z; —x'|| = ||proan(xk) - proxnl_-(x*)ll <|lx¢ —x*||. Therefore, using (A.34), we may
claim that E[||z; — ZIP | Fil < ‘}ZH’I"_JM, where 4 = 4 +4M3 +2M3 and b = @M +2MR) P+ MR O
Proof of Theorem 3.

i. By using theorem 3.10 in Bubeck (2015) to bound |41 — x*||* < gllxy — x*||*, where & = m;;l, g=1-1= Wlﬂ €(0,1) if n>0,

and y =1, we may obtain the following in which (1 +06) <5 +5.

* ! ] o
Elllvess - P | 4] < (1 +5)E[||xk+1 el 1F] + (14 OBl X 7]

| =

<[1+ —,)E[nxm el + (1 + O)gEl - x°IP]

2

| Fe| + (1 +0)qllx = x|

%(xk —zn) — %(xk -z)

2
=[1 +f)%E[||(zk,Nk —Z)IP | Fil + (1 + 8)gllxe — x|

= (142 Gy, — 2P 17 + (1 + gl — xTP, (A35)
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where (A.35) follows from y, = 1. By Proposition 1, the first term on the right can be bounded as

a2 a2, 72
o2 allg - x|+ b
ElllGzin, =2l 1 Fel < ==
k
where N denotes the number of stochastic subgradient steps taken at major iteration k. Then, by taking unconditional
expectations, we have

1+1/8)b"

E[|lx —x7|*] +
[ =11+

1+1/6)a®
Bl - x'IP] < [(1+6)g +%

Let pp 2(1+6)g + (“1/ 9% and Ni = [Nop~*] for k>0, where Ny > g“éfg’;; Note that pp <1 and {pi} is a decreasing sequence

based on the choice of Ny and {N}. We consider two cases.
a. Let p # pp and p € (0,1). In this instance, we obtain the following result.

+1/006°T ] Opk_]]

k
Elllxe1 = €11 < Elllxo — < P1] Jps + Z[
i=0

i=0 Ni-i
. K1+1/6)b° & (po) o (1+1/6)b°/N
< Bl 1P+ PSR SR < cmatp, o)), where €2 g~ + L
max{p, po}

b. Let p = pp. Consequently, we obtain the following result.

P +1/0)b°

No (k+1)= ap’é” + bk + 1)p’5+1.

Elllxgsr = x| < p6™ Elllxo - 1] +

It can be shown that there exists p such that py <p < 1. By analyzing maxzzoz(’;—[’)z, we may claim that kpf < Dp* for k>0

and D> 1n(p DR Consequently, for p € (py,1) and D > e

n(po /v
(1+1/8)h°D

E[llves1 — '] < Cp*", where Cé(JE[leO—x*IIZ] MR

ii. Suppose p = pp and p € (po, 1) and to compute a vector xi satisfying E[|lxx — x*||*] < €, we have Cp* < ¢, where C depends

on p. This implies that K = [log; / ,a)(C /€)]. From the definition of p, py, 4 and by choosing Ny = 2(11:}114 ‘2)";' Z, we obtain that
1 log(1/po) 1 log(l/po) 1 log(1/po) 1
log(1/p) log(1/p) log(1 ~ log(1 1- log(1/p a2
og(1/p) ~ log(1/p) log( /po) og(1/p) (1—po)  log(1/p) 1—(a +6)q+(1 +1/6)a
No
< log(1/po) 1 log(l/po) 1 log(l/po) 1_ 410g(1/po)1~<
= log(1/p) i 1-(1+06)g log(1/p) |1 (1 +6)q < log(1/p) |1 ¢ log(1/p)
1-[A+0)g+———-——
2 2 2 4 4
where the last inequality follows from mé)q <1+1. Therefore, the iteration complexity is bounded as log(C/€)/log(1/po) <

(410g(1 /po)

Tog(1/p) )fclog(C /€). Similarly, if p # po, because ¢ max{p, po}* < ¢, the iteration complexity is O(klog(C/e)).
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iii. Suppose p = po and p € (po, 1). To obtain the oracle complexity, we require ¥X | Nj gradients in which K = [log, /ﬁ)(C /€)].

Noip_k S No (1)2+K L No (1)3+log“/ﬁ)(c/e) p 2 No (1)10g1/,ﬁ((3/e)
pam (1_1) p (1_1) p pP(L=p)\p
P P
No (1)1081/,,(0/5)1081/,2; 1/p) Np (0)1081 5 A/p) (p%) No (C)10g1 55 (1/p)
S pA1-p)lp pA(l-ple \p?pt(1-p)le
2 ~2 log;
p2\16(1+1/6)a> (C\'°8
< (3)7(1 - q)2 < (l/P)
R R SV ,
It follows that the oracle complexity is O« (E) . Similarly, it can be shown that, when p > pg (or p <py), the oracle

complexity is O(%C) (or C)(f<3 (g)logl’/p“(]/m)).
Proof of Lemrpa 4. Because fq(x,a)) <flx,w) < fv(x, w) +np(w) for any x, by taking expectations on both sides and recalling
that E[f(w)] < B, we have that
E[f,(x,@)] <E[f(x,0)] <E[f,(x, @) + 1E[f@)]  Vx.
Suppose f, is defined as
Fr0) 2E[f, (x, 0)], (A.26)

implying that f,(x) < f(x) <f,(x) + 1. In addition, because ||for’(x, w) — foq(y,w)ﬂ < #
ations on both sides and invoking Jensen’s inequality, we have that

IV £ () = Vi Il = IVLELF, (x, )] = VAE[ £, (y, @)

|x—yl|, for all x, y, by taking expect-

(Jensen’s inequality) < E[|[V. f, (x, @) - fo'n(y,a))ﬂ]

a(w)

f~77("“)) is aTw) -smooth) <E

llx = yll

a
<—lx-vll Vxy,
1 Y Yy

Where, in the first inequality, we use theorem 7.47 in Shapiro et al. (2009) (interchangeability of the derivative and the
expectation). It follows that f; is &/n-smooth. We may conclude that (&, B)-smoothability of f follows. [

Endnotes
! We thank P. Dvurechensky for alerting us to Tran-Dinh et al. (2018) and Van Nguyen et al. (2017).

2 The Lambert function W(x) is the inverse function of ye! =x and is denoted by y = W(x). This function has two real branches: an upper
branch Wy(x) for x € [-1, + co] and a lower branch W_(x) for x € [-1,0] (Veberic 2010).

3 While pursuing submission of the present work, we were informed of related work by Jofré and Thompson (2017) through a private
communication.

“ The update rule for x;, according to Lemma A 4, is equivalent to that in the algorithm. Also, compared with the approach by Nesterov, we
employ inexact (rather than exact) gradients; the key difference in the proof is term (c).
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