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Abstract This paper discusses the rate of convergence to equilibrium for one-
dimensional reflected Brownian motion with negative drift and lower reflecting
boundary at 0. In contrast to prior work on this problem, we focus on studying the
rate of convergence for the entire distribution through the total variation norm, rather
than just moments of the distribution. In addition, we obtain computable bounds on
the total variation distance to equilibrium that can be used to assess the quality of the
steady state for queues as an approximation to finite horizon expectations.
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1 Introduction

This paper is concerned with the convergence to equilibrium of the reflected Brownian
motion (RBM) process X = (X (¢):¢ > 0). This process can be characterized as the
unique solution of the stochastic differential equation (SDE)
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dX(t) = —rdt + 0dB(t) + dL(2), (1.1

subject to X(0) = x > 0, where r > 0, B = (B(t):t > 0) is standard Brownian
motion, and L = (L(¢):t > 0) is a continuous non-decreasing process for which
I(X(t) > 0)dL(t) = O for all # > 0. The boundary process L is often called the local
time of X (at the origin). The parameter —r represents the drift of X and o > 0 its
volatility.

As is well known, RBM arises naturally as an approximation to the single-server
queue in heavy traffic. To illustrate, suppose that W = (W,:n > 0) is the wait-
ing time (exclusive of service) sequence for the first-in first-out (FIFO) single-server
queue having inter-arrival times (x,:n > 1) and service times (V,,:n > 0). If
((xn+1, Vi):n > 0)is astationary sequence, then heavy-traffic approximation asserts

that
@
Wn ~ X (n), (1.2)
where & denotes has approximately the same distribution as (and has no rigorous
meaning), and X is an RBM with drift —r and volatility o given by

—r=EW— x1),

o
o = Var(Vo — x1) +2)_ Cov(Vo — x1, Vj = xj41)- (1.3)
j=1

A key result giving theoretical support to (1.3) is the limit theorem, due to Iglehart
and Whitt [20], that holds as r N\ 0; see also Borovkov [8].
When r > 0, both W and X have finite-valued steady states, in the sense that

W, = Weo (1.4)

and
X (1) = X(00) (1.5)

as n, t — oo, where = denotes weak convergence. Furthermore, Kingman [21]
proved a limit theorem supporting the approximation

9
Weo & X (00)
when 7 is small. The random variable X (co0) has an exponential distribution:
P(X(00) € dx) 2 7(dx) = 2ne~2""dx
for x > 0, where n = r/az; see Harrison [19] p.102.
It is common, in many queueing applications, to approximate various transient
performance measures by their corresponding more analytically tractable steady-state

limits. Steady-state analysis also avoids the need for the modeler to specify a time
horizon or initial distribution in pursuing his or her model analysis. Either one of these
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modeling choices can be problematic, since there may be no natural candidate for
either one.

A key issue that arises in replacing a transient analysis by an equilibrium formulation
is the quality of the resulting approximation. In view of (1.2), it is natural to use
the rate of convergence to equilibrium for RBM as a vehicle toward approximating
the rate of convergence for the pre-limit queueing model. Accordingly, Abate and
Whitt [1,2] study the rate of convergence of Ey X (HOF to EX(c0) as t — oo (for
k=1, 2,...),where E,(-) is the expectation operator associated with the probability

P.() e P(-| X(0) = x). This was supplemented by an accompanying paper [3]
on moment convergence for the M/M /1 queue, thereby extending earlier work of
Cohen [10]. In addition, Abate and Whitt [4] considered the transient behavior of the
workload process of the M /G /1 queue, but without a focus on utilizing the results to
study the question of the rate of convergence to equilibrium.

This paper provides a further complement to this body of theory on rates of conver-
gence, by comprehensively studying the rate at which the entire distribution of X (¢)
converges to that of X (co) ast — oo. In Sect. 2, we obtain both asymptotic and finite-
time bounds for the rate at which X (¢) converges to X (0o) in the total variation norm;
see (2.14) and (2.13). The total variation norm is the most widely used metric within
the Markov process context for studying rates of convergence to equilibrium (see, for
example, Roberts and Rosenthal [25], Meyn and Tweedie [23], and Diaconis [11]).
We further generalize our results to the #-norm distance between X (¢) and X (00); see
Theorem 2. Given (1.3), these results translate immediately into a recommendation
for the time ¢t = #(¢) associated with guaranteeing that the “distance to equilibrium”
be less than some given € > 0; see (2.21).

In Sect. 3, our focus is on the time ¢ at which a tail probability P,(X(¢#) > y) can
be well approximated by P (X (co0) > y). Our theoretical vehicle here is the use of
large deviations, so that the suggested approximation (3.1) is likely to be especially
relevant when the event {X (r) > y} is “rare” under P,.

While Sect. 2 considers the rate at which instantaneous performance measures of
the form E, f(X(¢)) converge to Ef (X (c0)) (for a given real-valued performance
functional f), Sect. 4 studies their integrated counterpart, namely E, f(; f(X(s))ds.
Such integrated performance measures are especially relevant in cost/reward settings
where the costs and rewards are aggregated over a given operational time horizon.
Again, we develop approximations and bounds that can be used to assess when such
finite horizon integrated performance measures can be replaced by an equilibrium
expectation; see (4.9).

In Sect. 5, we change our perspective somewhat, re-interpreting the results of
Sects. 2 and 4 to help assess how long a steady-state simulation must be run, in
order that the bias introduced by the initial distribution be smaller than some given
tolerance. Our recommendations differ, depending on whether the steady state is com-
puted by simulating a single long replicate, or by generating p shorter replicates (as
is natural in the parallel computing context).

Finally, Sect. 6 discusses RBM from the standpoint of its spectral representation.
This representation is intimately connected to the Hilbert space of functions L ()
that are square-integrable with respect to RBM’s stationary distribution. The fact that
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the convergence to equilibrium includes an algebraic non-exponential factor arises as a
consequence of the fact that the spectrum has a continuous component. One interesting
subtlety has to do with the fact that the spectral representation provides a description
of the rate of convergence only for a subset of L2(7); see (6.6) and (6.7).

It should be noted that the companion paper Glynn and Wang [16] considers rates of
convergence to equilibrium for two additional diffusion processes that arise naturally
in queueing theory: two-sided RBM and the Ornstein—Uhlenbeck process.

2 Total variation convergence to equilibrium for RBM

In this section, we study the rate of convergence for instantaneous performance mea-
sures of the form E f (X (¢)) to the equilibrium expectation E f (X (00)). We start by
recalling that the (conditional) cumulative distribution of function of X (¢) is given by

o —ytx—rt\ o, (—y—x—}-rt)
PX()<y) =1 (p(—oﬁ ) e —7 ) @2.1)

where P, (-) 4 P(-] X(0) = x) and @ (-) denotes the cumulative distribution function
associated with a standard normal random variable (rv) N (0, 1); see, for example,
Harrison [19], p. 48. It follows immediately that the transition density of X is given
by

_ rt—x—y 1 —rt+x—y
tx,y) =2ne e + ( )
pt, x, y) =21 ( o i ) UJE(P o

I L, (rt—x—Y
+——e " <—> , 2.2
it P\ 22
where ¢ (-) denotes the standard normal probability density function.

We consider first the most widely adopted “distance measure” used to study con-
vergence rates for Markov processes, namely the fotal variation distance given by

d(r, x) 2 |Pe(X (1) € ) — P(X(00) € )|

= sup |E,f(X(1)) — Ef(X(c0))|
0=f=1

=sup | Py (X (t) € A) — P(X(00) € A)|,
A

where the final supremum is taken over all measurable subsets A of [0, co). This is
easily seen to equal

2

A well-known property of the total variation distance for Markov processes, mono-
tonicity in time (see, for example, Proposition 3 of Roberts and Rosenthal [25]), makes
it especially convenient for the study of convergence rates. Indeed,

1 o0
! /0 P, %, ¥) — pO)Idy. 23)

@ Springer



Queueing Syst

d(s +1, x) = f ‘/ (p(t, x, z2) — p(2))p(s, z, y)dz|d

1 o0
< 5/ Ip(t, x, 2) — p(z)I/ p(s, z, y)dydz
0 0
= d(z, x)

fors, t > 0.

To explore the rate of convergence of d(z, x) to zero, it is convenient to find an
alternative representation to (2.2) for p(z, x, y) — p(y). In particular, we will now
derive the spectral representation for the transition density of RBM. Because of the key
role it will play in our analysis, we provide a direct proof. (As we shall discuss in Sect. 6,
the existing proof of the spectral representation for RBM relies on functional analysis
ideas associated with the self-adjointness of the infinitesimal generator associated with
X; see Linetsky [22].)

Throughout this paper, we will state our results for general RBM, but often prove
the results only for the special case of canonical RBM. The RBM X = (X (t):t > 0)
is said to be canonical if r = o = 1. In particular, the self-similarity of Brownian
motion ensures that

where Z denotes equality in distribution and v = r2/o%. It then follows that the
transition density p for an RBM with drift —r and volatility o can be expressed in
terms of the transition density p for X, namely

p(t, x, y) =npvt, nx, ny). 2.4)

Consequently, our derivation of the spectral representation will focus on canonical
RBM.
Let @(-) = 1 — @(-), and note that (2.1) implies that

Py(X(t) <y)— P(X(0) <y)

— _/ ' e_% dv +e—2y/00 w2 dw
—oo V2r =1y V2r
Z/‘X’y—x—z (¥7V7)2£+672y/00y+x+z (ﬂjnz&
t 22% V2w t ZZ% V2
2.5)
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We now observe that

_n? i) MO
T Ee (x+y) =
2z W/ 271

/ -5 (COS(xS)COS(yE) — sin(x&) sin(y§))d§ -

—/ - (COS(XS)COS(yg) — sin(x§) sin(y§))ds, (2.6)

where we use the evenness of the cosine and sine products in the last step.

A similar expression to (2.6) holds for e ==Y )?/22) /~/2m z. Taking the difference
between these two expressions yields the identity

_—p? ‘)z _atp?

) "o T sin(ee) sin(yé)de = S @7)
— sin(x&) sin(y = . .
7 Jo zz«/_ 32w
Differentiating (2.7) with respect to x, we find that
2 [ e G0 @ pe E
—/ e 7 £ cos(x&) sin(y€)dE = Y p + 2) . (238)
0 724/21 724/27m

Substituting (2.7) and (2.8) into the right-hand side of (2.5) then shows that

Py(X(r) = y) = P(X(00) =)

= lex_y /oo /oo - — sin(x€)) sin(y&)dédz
1 i RG]
== / (§ cos(x§) — Sm(xf‘E))Sln(yE)f dzd§
2 <s22+1>t
= 7'[ Y/ (& cos(x&) — sin(x&)) sm(yE) 11 dé.
Differentiating the above expression with respect to y shows that
p(tv X, y) - P(y)
(Ez+l>r
= —ex y / (& cos(x§) — sin(x§))(& cos(y§) — Sln(yé)) 211 ——d§. (29

(All of the above interchanges of differentiation with integration are easily justified
via the dominated convergence theorem.) Substituting A = —(& 24D /2 into (2.9)
yields Proposition 1, our desired spectral representation (stated for general RBM).
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Proposition 1 Forallx, y > 0andt > 0,

3 s(1)
p, x, y) —p(y) = P(y)/ e us (u; (y) <—2n—)\) da, (2.10)
where s(A) = /—2) —v/o for A < —v/2, and
w (x) = e (cos(s(x)x) _ sin(s(A)x)) 2.11)
s(A)

for . < —v/2.
Formula (2.10) expresses the difference p(t, x, y) — p(y) as an integral of decaying

exponentials. As we shall see in the proof of Theorem 1, this significantly simplifies
our convergence analysis.

Remark 1 We shall also later need the quantity

u_y(x) = lim wu(x) = e™ (1 — nx). (2.12)

li
-

We use the notation o(a(¢)) to denote a function g(z) such that |g(¢)|/a(¢) — 0 as
t — oo. For p > 0, let

LP () = {h: /OO [h(x)|P7(dx) < oo}
0

and write

(f. &) :/o J(x)g(x)m(dx)

whenever fg € L'(x).

Theorem 1 Foreacht > 0and x > 0,

2 3 _w .
d(z, x) </ =)~ 2e”2 (1 + nx)e™ min(vz, 1), (2.13)
bid
and

2 V, V.
d(t, x) = |/ Zn)3e F |1 = pxle™e ! 4o (f%e*%) (2.14)
T

ast — oQ.

Furthermore, if f is a continuous function for which fu_,, € L'(7), then

Ex[(X())) = Ef (X (00)) + J;_nwr)—ie—”z’u_;(x)(f, u_y)+o (r—ie—(”;’)ls)

ast — oQ.
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Proof As noted earlier, we can specialize our proof to canonical RBM. Note that the
substitution —z = (A + %)t into (2.10) yields

t 2z

e 2 o0 T
— — _— -z z b4
pt, x, y)—py) = p(y)zm /0 e Uz 1 (u_: 17 n dz

1
t 2
22 3 ©
= it‘%e_ze"_»"/ Jze%k(t, x, v, 7)dz, (2.16)
v 0

where

() ((5) )
(o) em(5)

Because | sin(w)/w]| < 1 for all w, it follows that

=

1

< (14+x)(1+) min (Ll z2> . @17)
1 2z

Z
2z
13

22kt x, v, 2)] < (+x)(1+y)

[N]

Consequently,

232

3 t
Ip(z, x, y) = p(WI = Tt_fe_fe"_y(l +x)(+y)

*© t
. 11
/ e ‘min| =z 2, z2 ) dz
0 2

22 _;
lt_%e_%e"_y(l +x)(1+y)
T

(6 () ()
-min|=0I"(=), | =
2" \2 2
- —Zf;—ie—éex—y(l + )1+ y)

IA

N VT
- min (Eﬁ, T) , (218)

where I () denotes the gamma function; the values for I"(1/2) and I"(3/2) can be
found on p. 19 of Artin [5]. Integrating over y, we obtain the bound (2.13) on d(¢, x).

As for (2.14), note that we can multiply both sides of (2.16) by e%t%, and use the
bound (2.17) to establish the required domination needed for the application of the
dominated convergence theorem, thereby obtaining the limit
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o0

e 22 ©
/ Ip(t, x, y) — p(y)ldy — Te’cll —XI/ zfe*zdz/ [1—yle™ dy
0 0 0

(ST
NI~

t2e

as t — 00. The limit (2.14) then follows from the fact that

oo 1
/ |1—y|e_ydy=2/ (1—yeYdy =2¢".
0 0

For the final assertion, note that the continuity of f implies that f is bounded
over finite intervals, so that the bounded convergence theorem yields the correct limit
behavior for the integral (in y) over [0, 2/7]. For the integral in y over [2/7, 00), we
note that (1 + y)/|u—,/2(y)| is bounded there, and exploit the dominating function
(2.17) and the dominated convergence theorem to finish the proof. O

Remark 2 We note that the total variation distance d(#, x) is always guaranteed to be
less than or equal to 1, so that the right-hand side of (2.13) is interesting only when
the value of ¢ is large enough that the bound is less than 1.

Evidently, for > 1/v, (2.13) implies that

2 3 _w
d(t, x) < | 2~ 3e ¥ (1 + nx)e’™. (2.19)
i

In particular,

d(t, 0) < \/g(w)—ie—”{ (2.20)

for + > 1/v. This latter upper bound is within a factor of e of the correct long-term
behavior described by (2.14) when x = 0.

Theorem 1 provides a solution to the practical question of how large ¢t must be in
order that the distance of X (¢) be within € in total variation norm from X (c0). In
particular, (2.19) suggests that we choose ¢ = t(¢) according to the formula

2 2
€)=~ (log (\/;(”:—H)) + nx) , 2.21)

provided that € < \/g (nx 4 1)/e (since this choice guarantees that () > 1/v).

We can now use (2.21) as a guideline for determining when the pre-limit queue has
a distribution within € of its equilibrium.

We observe that (2.14) asserts that the total variation convergence rate is minimized
asymptotically at x = 1/n = 2E X (00). Note that (in the case of canonical RBM)
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via a Taylor expansion in 1/¢. Hence

k(1 _ 2z -y !
, 1, y, z)——ggu_%_;(y)e +o "

ast — 00. Because

| 5 3
2eidz=IT=-)==
/0 z2e7%dz <2) 4ﬁ,

a dominated convergence argument similar to that used in the proof of Theorem 1

shows that
2 _5 _u 5 _w
e, 1/n) = | =) ~3e~% —I—o(t Se z)
T

as t — oo, thereby yielding the total variation convergence rate associated with the
exceptional state x = 1/n = 2E X (00).

We now generalize our total variation result to the more general weighted variation
h-norm defined by

IPe(X(1) € ) — P(X(00) € )l & If‘?ph |Ex f(X (1)) — Ef (X (00))].

The total variation distance d(z, x) is one half the #-norm corresponding to the enve-
lope function &7 = e, where e(x) = 1 for x > 0. Such A-norms are natural in the
queueing context where one is interested in studying convergence rates for unbounded
performance measures f (such as E, X (¢)). In contrast to the total variation norm, h-
norms are typically non-monotone in .

Theorem 2 Suppose that h > 1 is a continuous function for which hu,% e L'(m).
Then
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[Pe(X (1) €-) — P(X(00) € )llp

2 3w o0
<4/ —(vt)_%e_Te"x(l + nx) min (vt, 1) / ne (1 + ny)h(y)dy (2.22)
T 0

fort > 0and x > 0, and
[P (X (1) € ) — P(X(00) € )l

1 o 3w
= w5 )| [ s hpmay +o (e )

ast — oQ.

_3 _u
(vt) 2e" 2

The proof of this result is similar to that of Theorem 1 and is therefore omitted.

In many applied settings, modelers choose to simplify a transient analysis by making
an equilibrium approximation to the transient performance measure. In particular, if
the modeler wishes to be assured that all performance functionals f sitting within an
envelope function 4 have expectation E, f (X (¢)) within € of their equilibrium values,
the upper bound (2.22) can be used to determine the magnitude of the approximation
eITor.

Example I 1f h(x) = 1 + x for x > 0 (so that both indicator functions and E, X (¢)
are covered), then the upper bound (2.22) is given by

342n
r’ b

2 _3 _w .
=" 2e” 2™ (1 + nx) min (vz, 1)
T

whichis 1+ 2%7 times as large as that for the total variation distance analogue (in which
h = e). The time required to make this #-norm less than € is then increased additively
by an amount equal to log(1 + 23—,]) relative to the time ¢ (¢) given by (2.21) for the total
variation norm. So, the approximation “cost” to the envelope 4 (x) = 1 + x relative to
the total variation norm is small when E X (c0) is of moderate size. This suggests that
the formula (2.21) is still useful even when dealing with unbounded functionals f.

Example 2 If h(x) = &% for x > 0, then we need to choose < 7 in order to
satisfy the condition of Theorem 2. In this setting, the factor of 1 + 23_7/ in Example 1

is replaced by n(2n — 0)/(2(n — 0)?). Again, the time required to make this A-norm
less than € relative to the total variation norm is increased additively by the amount
log(n(2n—0)/2(n— 0)2)), again showing that (2.21) is typically a good convergence
guideline even for many unbounded functions.

We conclude this section by noting that an easy consequence of (2.16) is that

2 vt 3 vt
pt,x,y)—p(y) = n\/;(vt)_%e_2en(x_)’)(nx—l)(ny—l)+0 (t_fe_T) (2.23)
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ast — oo, uniformly in x and y on compact intervals. We note that this relation implies
that p(¢, x, -) crosses p(-) at a point converging (ast — oo0)toy = %, and that the

crossing is from above to below when x < L (and from below to above when x > 1).
So, the transition density allocates more mass to [0, 1/#n] for all ¢ sufficiently large
when X starts in that interval (with a similar conclusion when X starts in [1/n, 00)).

3 Rates of convergence for tail probabilities

We now briefly discuss rates of convergence to equilibrium for tail probabilities of
the form P, (X () > y) to P(X(c0) > y). Such probabilities arise naturally in many
application settings, as quality-of-service constraints often involve such probabilities
(for example, the requirement that no more than a given proportion of customers
experience a delay greater than y).

To provide some additional insight into this question (beyond that of Sect. 2), we
consider a “large deviations” setting in which x, y, and ¢ are large. Specifically, we
consider an asymptotic regime in which (x, y, t) = (X, y, f)T with T — oo. Let
a VvV b denote max(a, b) fora, b € R.

Theorem 3 If (x, v, t) = (X, ¥, 1)1, then

0, 0<i<*Ivo,
1 S zapR)2 o - = /32
~log Po(X(1) > y) > { ~U5Tt £ vo<i< VI
- S\2

as T — OQ.

Given that ! log P(X (c0) > y) — —2ny as T — 00, Theorem 3 suggests that
P, (X(t) > y) equilibrates to P(X (c0) > y) roughly when

N

r

@3.1)

when x, y, and ¢ are reasonably large. We note that the time to equilibrium is increasing
in x. This suggests that when P, (X (¢) > y) is small (and {X (#) > y} is a rare event),
it can take longer for the probability to reach the equilibrium value when the system
is initialized with a large workload.

Proof (of Theorem 3) Recall that when X is a canonical RBM,

_ —y+x—t 2y <—y—x+t>
PX(X(z)>y)_q><—ﬁ >+e @ —):
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In our large deviations scaling, it follows from the Mill’s ratio asymptotic for @ (-)
(see, for example, Grimmett and Stirzaker [18], p. 98) that in this canonical context,

1 - —t 0, 0<f< -3y VO,
—10g¢<—y+x ) ey oSt (3.2)
T Vi —E, T = (F -9 VO,
and
1 o [~y —x+1 Y G o ) i P U
—log (e_ ) (—)) — g a7 (3.3)
T Jt -2y, t=x+y,

as T — 00. Observe that =25 — (f —X — )2 /(21) < —(5+1 —%)%/(21) forf < ¥ +7,
and hence

1 y+1—%)?
“log Po(X (1) > y) — max (—u —2§>
T 2t

for 7 > (¥ — ) v 0. The function —( + 7 — %)%/(2f), viewed as a function of 7,
crosses below —27 precisely atf = Wi+ \[5))2’ thereby proving the theorem in view
of (3.2) and (3.3). O

The monotonicity in x of the equilibrium time ¢ given by (3.1) can be explained as
follows. When {X (t) > y} is “rare,” the most likely path (when viewed as a function
of time) associated with this event is one in which X roughly follows a straight line
path from x to y in which X never touches the reflecting boundary at 0. However, when
t is large enough, a competing path becomes dominant. In particular, for 7 sufficiently
large, a more probable trajectory generating {X (#) > y} is one in which X drifts down
from x to the reflecting barrier at O according to its natural drift —r and stays in a
vicinity of the origin until time ¢ — y/r, after which the process increases linearly from
level O to level y, crossing level y just before time 7. The equilibrium time associated
with (3.1) is exactly that time ¢ at which the probability of the second competing path
that empties the queue overtakes the probability associated with the straight line path.
Since the time required for the system to empty is increasing in x, we find that the
equilibrium time (3.1) must be monotone in x.

Our next result makes this explanation rigorous. Let

015 =x—rs, 0<5<i,
#25) =F+G -z 0=5=].
i -3, 0<§=<4i,
$3(6) = {0, Tes<i-?,
y4r@G-1n, 1-2<§i<i,

and put I} = (0, & — 3)/r v 0), L = (& — )/r V0, (W% + /3)%/r), and
I = (WE +3)?/r, o).
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Theorem 4 Suppose that (x, v, s, t) = (X, 3, §, )T with0 < § < {. Then, for all
€>0i=1,2 3, andt eI

<€

Logp, (’X(” —$:5)
T T

X(t)>y>—>0

as T — OQ.

Proof We only outline the argument, since it is straightforward. Consider, for example,
the case in which 7 € I3. For 0 < § < X/r, note that, for € > 0,

X(s) -
Py <‘ . —¢3(5)| <€, X(1) >y)
— P, <‘X(S) — G —r5)
T

> Py (‘ X) _ (X —r§)

<€ X(t) > y)

T

< 6) Py —rs—ec(X(t —5) > y).
For all € > 0 small, (v/X —rs — e + ﬂ)z/r < f —§, so Theorem 3 implies that

1 -
;IOg Py s (X(t—5)>y) = —2ny

as T — oo. Since Py (|X(s)/t — (x —r§)| <€) = 1 as T — 00, the result follows
for this combination of § and 7. The other cases can be similarly handled. O

4 Rates of convergence for integrated performance measures

Modelers frequently replace the exact integrated performance measure
t
Ey / Jf(X(s))ds
0
by its steady-state approximation. In particular, it is common to use the approximation
1
Ey / Jf(X(s))ds ~ tEf (X (00))
0

when the time horizon ¢ is large.

While one could approach this problem mathematically by directly integrating the
spectral representation (2.10), a more natural vehicle here is to use Poisson’s equation
to study this problem. Specifically, we can seek a function g so that

t
g(X(t))Jr/(; (f(X(s)) — Ef (X(00)))ds 4.1
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is a Py-martingale adapted to (%;:t > 0), where .%; = o (X (5):0 < 5 < t) is the
o-algebra generated by X to time 7. In the presence of such a function g, it follows
that

t
Exfo f(X(s))ds —1Ef(X(00)) = g(x) — Exg(X(1)). (4.2)
We can then use the results of Sect. 2 to analyze the right-hand side of (4.2).

Indeed, suppose that g is twice continuously differentiable. It6 calculus allows us
to express (4.1) as

t t t
/O(i”g)(X(S))der/O é.”(X(S))UdB(S)Jr/0 g/ (X (s)dL(s)
t
+/O (f (X () = Ef(X(00)))ds, (4.3)

where . is the second-order differential operator given by

d o?%d?
L= T
"a Tt 7

Recalling that L increases only when X is at the origin, we find that

t
/0 g/ (X(s)dL(s) = g'(0)(L(r) — L(0)).

Given that the stochastic integral involving the integrator dB(s) is always a local
martingale, if we choose g to satisfy

(Zg)(x) =—(f(x) — Ef(X(00)))
st. g'(0) =0, (4.4)

then (4.3) will be a local martingale; (4.4) is Poisson’s equation (see Glynn and Meyn
[15] and the references therein) corresponding to the right-hand side — f,., where

fe(x) 4 f(x) — Ef(X(00)). Conveniently, Eq. (4.4) can be solved explicitly (for all
nonnegative measurable functions f), yielding

1 [* !
gx) =g(0) -~ /0 Fe) (21079 — 1)dy. (4.5)

Because Ef.(X (00)) = 0, result (4.5) can further be rewritten as

e2

nx oo 1 x
g(x) =g(0) + / fe(y)e ™ dy + ;/0 Je(y)dy. (4.6)

r

We are now free to choose g(0) = 0.
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Consider the special case in which f:[0, co) — [0, 1] is continuously differen-
tiable. Then, g is twice continuously differentiable and (4.3) is a P,-martingale (not
just local martingale), since the boundedness of f and result (4.6) ensure that

t
/ E g (X(s))%ds < 00
0

for all + > 0. Moreover, by relation (4.2),

9] t
/ f@ (%/ P (X(s) € dz)ds — P(X(00) € dz))
0 0
= / g(Z)%(Px(X(O) €dz) — P (X(t) € d2)),
0

where g admits the integral representation in terms of f as specified by (4.5). Since this
equality of measures holds for every bounded continuously differentiable f, it holds
for all nonnegative measurable functions f. Hence, for all (measurable) indicator
functions f,

1 t
';EX/O f(X(s))ds — Ef (X (c0))
1
=< ;(Ig(X)I + E[g(X(00))| + |Exg(X (1)) — Eg(X(00))]), 4.7

where g is computed via relation (4.5).
To obtain an upper bound for the right-hand side of (4.7), we note that if f is an
indicator function, then | f.(x)| < 1 and

1 oo
g0l <~ / eI gy
rJo
X 1
20

where a A b E min(a, b) fora, b € R. Moreover, (2.18) implies that

|Exg(X (1)) — Eg(X(00))]

2 [V o0 _ y 1
<yze 7eM A +nx) [ onem (A +ny) | =+ 5 | dy
b4 0 r 2v

4 12 _wu
=—,/—e 2™ (1 + nx)
vV

for vt > 1. So, we are led to Proposition 2.
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Proposition 2 Forall x > 0 and vt > 1,

t
”;/ Py (X(s) € )ds — P(X(oc0) € )”
0

1 (x 3 4 12 _w o,
<-|-4+=+-/=e 2e"U+nx)].
t\r 2v vVwm

From Proposition 2, we can easily compute a bound on the time # = 7 (¢) needed for
the total variation distance of ! fé Py (X (s) € -)ds to equilibrium to be smaller than
any given € > 0.

Remark 3 We derive our theory here for general RBM (as opposed to the canonical
case), because the additional notational burden is light, and the theory here does not
deal with density-related issues where the scaling relationship (2.4) applies. (Of course,
scaling relationships for Sect. 4’s quantities could also be derived if we wished, again
reducing the calculations to the canonical setting.)

We can similarly compute the /#-norm distance between 1! f(; P.(X(s) € -)ds and
the stationary distribution i, allowing us to develop uniform bounds on the rate of con-
vergence to equilibrium for time averages of all unbounded performance functionals
f bounded by a suitable continuous envelope function % for which

o0
/(; yh(y)e ™dy < oo. (4.8)

In particular, for any continuously differentiable f for which | f| < h, (4.6) implies
that if we set g(0) = 0, then

2 o0
lg(x)| < ;/ h(y)e 2 +2GAY) gy
0

We now apply (2.18) to obtain the bound

2 v o 2
—e 2e™(1 + nx) ne 1+ ny)—
T 0 r

./oo h(z)e 210D qzdy
0

402 . 00 _
=—/—e 2e™(1 + nx) h(z)(1 + nz)e”"*dz.
rym 0

Finally, in view of the fact that

|Exg(X (1)) — Eg(X(00))]

IA

2 [ .,
Elg(X (o)) < - /0 (1+ 2ny)e 2P h(y)dy,
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we obtain Proposition 3. (As in the proof of Proposition 2, although the upper bound
in Proposition 3 is derived for continuously differentiable functions, it in fact holds
for general nonnegative functions.)

Proposition 3 Forall x > 0 and vt > 1,

t
H;/ Py (X (s) € )ds — P(X(o0) € 1)
0

h

12 (> , 2 [ ,
< (;A Mw€”””“”my+;A (1+2ny)e *Ph(y)dy  (4.9)

402 _w . o0 .
+ —y e ze™(1 +nx)/ h(z)(1 +nz)e”"dz | .
0

As in the total variation context, we can use (4.9) to obtain an upper bound on the time
t = t(e) required for the #-norm to be less than any given € > 0.

Of course, the dominant terms in the bound (4.9) are the first two terms on the
right-hand side. Below we compute these two terms for several important envelope
functions.

Example 3 When h(x) = 1 + x? for p > 0 (as occurs with performance measures
that correspond to moments),

lg(xX)| + Elg(X(c0))]

2 X ean oo yp
5—/ (14 yP)dy + / <1+ )e‘ydy
rJo nrJonx (277)”

2 o0
T / (14 2ny)e 27 (1 + yP)dy
0

2x1+p 2x 1
=a oty ;eZ"X(e—Z"x + @ "I+ p, 2nx)
1 2n)"PI' (3
<2 L @I +p>>’

v 1+ p

where I'(s, x) = xoo yS~le=Ydy denotes the incomplete Gamma function. In partic-

ular, if p = 1, then

2@ 2 3ro2 4+ 204
8001 + Elg(X (oop)| < = ¢ GLE TN o 120

3
For p = 2,

2x3 X2 @2rt4+o0YHx  6r2c? 4500
g+ Elg(X (o)) < —+ — +
3r v r3 2r4
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Example 4 For exponential moments, an appropriate envelope function is one of the
form h(x) = e with & < 2p. (If we were imposing the conditions needed for
E,g(X(t)) to converge to Eg(X (0c0)) exponentially fast at rate v/2, then we would
require the stronger condition 6 < 1.) In this case,

220 —1)+60)  2(4n—0)

g0l + Elg(X (o)) = =200 — o=+ 0

We conclude this section by noting that the distance to equilibrium for integrated
performance measures of RBM decreases in proportion to !, whereas for instanta-
neous performance measures, it tends to zero exponentially fast. Related results can be
found in Thorisson [26]. So, when € is small, the time horizon at which an integrated
performance measure can be replaced by its equilibrium analogue is much larger than
that required for an instantaneous performance measure.

5 Simulation implications

In Sects. 2, 3 and 4, we have discussed approximations for the distance to equilibrium
for instantaneous performance measures, tail probabilities and integrated performance
measures. These results were motivated by operations management and queueing
applications in which the natural decision horizon leads to consideration of transient
quantities, and the intent is to determine the approximation error induced when the
transient quantity is replaced by its corresponding steady-state quantity.

In this section, we change our perspective somewhat. In particular, computing
transient performance measures via simulation is often easier than computing steady-
state quantities via simulation, because transient quantities can easily be generated
in finite time. On the other hand, generating rv’s from the steady-state distribution is
impossible in general (see Asmussen et al. [7]), so that in the simulation setting, the
natural question is how long a transient simulation must be run, in order that a good
approximation to the steady state be obtained. This question is variously known, in
the simulation literature, as the warm-up problem, the start-up problem, or the initial
transient problem (see Wang and Glynn [28] and the references therein for additional
discussion).

This problem also arises in the setting of Markov chain Monte Carlo (MCMC).
In that context, the goal is to sample from a Bayesian posterior distribution, and the
computational approach involves simulating a Markov process chosen in such a way
that its stationary distribution coincides with the desired posterior. In the MCMC
setting, one can always construct the sampler so as to guarantee that it is a reversible
Markov process. This ensures a spectral representation for the transition density and
allows for the development of special-purpose mathematical tools (such as Cheeger’s
inequality) for bounding the “spectral gap” that separates the dominant eigenvalue 0
(associated with the stationary distribution) from the rest of the spectrum. With the use
of such tools, one can now sometimes obtain useful bounds on the rate of convergence
to equilibrium.
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In simulating queueing models, the typical model is not a reversible Markov process.
Thus, it is unclear how one can use Markov process theory to usefully generate insights
into the initial transient problem in this simulation context. The approach we take in
this paper is to use the RBM as a mathematical vehicle for generating practically
useful guidelines that can be used for such steady-state simulations. Specifically, we
take the view that if our underlying queue can be weakly approximated via RBM,
then one can use the time to equilibrium for the RBM to generate a guideline for
the underlying queueing model. This perspective is very similar in philosophy to
the approach followed by Whitt [29] and Asmussen [6] in analyzing the interaction
between heavy-traffic effects and steady-state simulation run-length determination in
queues.

In computing o 2F f (X (00)), the single replication strategy involves generating
X (0) from a distribution u (say), simulating X to time ¢, and utilizing the time average
! fot f(X(s))ds as an estimator for «. An alternative is to delete the first s(z) time
units from the observed time series, and to instead use the modified quantity (¢ —
s(t)~1 f;(t) f (X (s))ds as an estimator for «. Not surprisingly, unless X (0) is chosen
badly (for example, much larger than E X (00)), very little is gained through the deletion
of the observations associated with the time interval [0, s(7)], because the biggest
issue governing the quality of the estimator is its variability, rather than its bias. From
a variability viewpoint, we wish to average over as much data as possible, leading to
the conclusion that s(¢) should be small or even zero. Mean square error calculations
supporting this “no deletion” conclusion can be found in Section 6 of Wang and Glynn
[27]; see Grassmann [17] for further discussion of this point.

However, the situation changes in the multiple replication setting, because bias due
to initialization effects can then have a substantial effect on estimator quality. Such
multiple replication strategies are becoming increasingly attractive, because of the
emerging prevalence of multi-processor computing platforms on which independent
replications can potentially be run on each of the available processors. Assuming that
one estimates a steady-state expectation « = E f (X (00)) by simulating independent
and identically distributed (iid) replicates Xy, ..., X, of X to time ¢ on each of p
processors and retains all the simulated data, the corresponding estimator for « is then
given by

P A
a(p, t)_ﬁi; /0 F(X;(s))ds.

Suppose that | f| < h, where h satisfies (4.8). If all p simulations are initialized with
X;(0) = x, then the bias of a(p, t) is

Ea(l. 1) —a = Sg.x) + 0 (e—%’) (5.1)
’ t Cc .

as t — oo, uniformly in p, where O(c(¢)) is a function such that O (c(¢))/c(t) is
bounded as t — o0, and g.(-) is defined as in Sect. 4.
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Furthermore, if we strengthen (4.8) so that
h(y) = 0(”) (5.2)
asy — ooforsomef < n,then weareinaposition to analyze the variability of «(p, t)
via the central limit theorem (CLT). Our proof uses a mixing argument rather than the
martingale representation (4.1) (followed by an application of the martingale CLT) so

as to avoid a need to assume that f, is sufficiently smooth so that It6’s formula can be
applied directly to g.. (Note that (4.4) means that g.’s second derivative is essentially

—fe)
Let P, () = fooo P, ()7 (dx) and let E (-) be the corresponding expectation oper-
ator.

Theorem 5 Suppose that f satisfies (5.2). Then,
NG G /Ot F(X(s))ds — a> = aN(0, 1) (5.3)
ast — oo, where
=2 /O " Ex (X O) fu(X ()

Furthermore, if p is such that \/pt(Exa(1, t) —a) = 0ast — oo, then
Vpi(a(p, 1) — Ea(l, 1)) = aN(0, 1) (5.4)

ast — oQ.

Proof We first apply (2.13), thereby allowing us to conclude that for each (measurable)
subset A andn > 0,

n+1 1
P, ( / fo(X(s))ds € A) _p, ( / F(X(s)ds e A)‘
n 0

< c1e™(1+nx)e” 7

for some constant ¢; > 0. So, for 1 < g < 2,

bq(n)

q

n+1 1
Py (/ fe(X(s))ds € A | X(O)) — P, (/ fo(X(s))ds € A)
n 0

1
< e 2 Efe"* 01 49X (0))

1

A 1

=sup E;
A
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for some constant ¢; > 0. We now choose § > 0 sufficiently small so that 0(2 +§) <
2n. Ifwesetqg = (2+6)/(1 + 8), we find that

3 ()™ < oo.

n=1
In addition,

2+48

1
< f | fe(X (s))]*ds,
0

1
'fo Je(X(s))ds

SO

2+48

1
. f SeX@)ds| < Exl fe(XO)FPF < oo,
0

Hence, Theorem 3.1, p. 351 of Ethier and Kurtz [13] can be applied, yielding the
CLT (5.3) under P,. Because X (¢) converges in total variation to X (co0) under Py
(see Sect. 2), X can be coupled to a stationary version of X; see Thorisson [26]. The
coupling then easily leads to (5.3) under P,.

To prove (5.4), we first develop an additional mixing result to complement those
of Sect. 2. Let w satisfy 0 +n < w < 25, where 0 is given as in (5.2). Set v(x) =
2e¥* — 2wx + 1, and note that we have constructed v so that v/(0) = 0 and it is
positive over [0, 00). In fact, v(x) > e"* for x > 0. Furthermore,

(Zv)(x) < —cv(x) +d

for some ¢, d > 0 and all x > 0. Consequently, Theorem 6.1 of Meyn and Tweedie
[24] can be applied, so that there exist constants k > 0 and ¢3 > 0 such that

1Py(X (1) € ) = P(X(00) € )y < c3(v(x) + De™ (5.5

forall ¢, x > 0.

To now verify (5.4), we apply the Lindeberg—Feller theorem; see p.214-215 of
Chung [9]. This theorem can be applied to obtain (5.4), provided that (¢ (x(1, t) —
Ea(l, )%t > 0)is P, -uniformly integrable. In view of our assumption on p, this is
equivalent to proving that (r(a(1, 1) — @)?:t > 0) is P,-uniformly integrable, which
is, in turn, equivalent to showing that

t 2
;Ex (/ fC(X(s))ds> —a° (5.6)
0

as t — oo; see p. 101 of Chung [9].
Note that (5.2) allows us to apply Theorem 2, thereby yielding

|E, fo(X(0))] < cqe™ 7™ (1 4 1x)
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for some constant ¢4 > 0. Hence,

e? () Ex fo(X(0)] < ese®F ¥ (1 + )
< cGewx
for suitable constants c5, cg > 0. The bound (5.5) therefore implies that, for 0 < s <
u,

T By fo(X(9)) fo(X () — T Ex £o(X(0)) fo(X (1 — 5))
<)+ De ™

S C7ef/<sewx

for some constants ¢7 > 0. It follows that there exists 8 > 0 for which
|Ex fe(X () fe(X () = Ex fo(X(0) fo(X (u — 5)) < c7e™ P e (5.7

An immediate consequence of (5.7) is that
2

1 ' 2 '
YE, ( / fc(X(S))dS> L, ( / fc(X(S))dS> ~0
t 0 t 0

as t — oo. Finally, it is straightforward to show that

1 t 2
—E, (/ fC(X(s))ds) —a?
t 0

as t — oo, proving (5.6) and completing the argument to justify (5.4). O

Related CLTs are discussed in Whitt [29] and Asmussen [6], but their discussion
focuses exclusively on f(x) = x (and on interchanging the heavy-traffic limit and
t — 00).

Note that (5.1) and (5.4) together imply that when the number of processors p is
of the order ¢ or larger, the bias becomes a dominant source of error in the estimator
a(p, t)’s ability to accurately compute «. In this case, choosing a good starting state
S0 as to minimize |g.(-)| becomes important. The examples below show that the best
possible starting state x depends heavily on the choice of f.

Example 5 When f(x) = x,

@) x2 1
X)=— — ——
8¢ 2r  4n?r

and the unique zero of g.(-) occurs at x = ﬁ (x ~#0.7071 whenr = o = 1).
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Example 6 Let f(x) = x2. Then,
@) x3 n x2 1
X)=— 4+ — — ——
ge 3r  2pr 2n3r
and the unique zero of g.(-) occurs at x =~ 0.8064 (whenr = o = 1).
Example 7 Suppose that f(x) = e?* for § < . Then,
—60% + @n> —20m) (e —ox — 1)
Or(2n — )2 '

ge(x) =

If r =0 = 1and 6 = 1/2, then the unique zero of g.(-) occurs at x ~ 0.7645.

Example 8 Let f(x) = I(x > b) for b > 0. In this setting,

e 21b(e21x _1_2n(b+x
( n( >), x < b,

_ 2nr
8¢(X) =\ e-2ub (€206 Loy 4 2t =2 (b4)—1)
T ., Xx=b,

The unique zero of g.(-) occurs at x &~ 0.7526 whenr = 0 = 1 and b = 1. When
b=2(andr =0 =1),x 2 0.9684. Whenb = 10 (andr = o = 1), x ~ 1.5929.

Of course, in implementing these recommended starting values in a queue that can
be well approximated by RBM, one substitutes the values of r and o given by (1.3)
into the above formulae.

An alternative strategy is to delete the initial time segment [0, s(¢)] from each of
the independent simulations generated by the p processors, thereby yielding

1 2ot
x(p, t) = ——— Xi(s))ds.
&(p, 1) p(t_s(mgfmf( (s))ds

Ifs(t)/t — 0ast — oo, then (5.4) holds with &(p, t) substituting for a(p, ) (and
Ea(1, 1) substituting for Ex(1, 1)). So, this deletion has no asymptotic effect on the

variability of a(p, t) — Ea(1, t) (which is of order (pt)_%). However, the bias is
significantly reduced. In particular,

1

Ea(l,t) —a = F=s0)

t
/ Ex fo(X(s))ds. (5.8)
s(t)

Under condition (5.2), (2.22) applies, so that

1 ¢ 3 Vs
Ea(l, 1) —a = / 0 (s*feﬁ)ds
* t—s() Jso

0 ((sty~3e"")
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ast — oo.
Suppose now that the number of processors p is large and that t = p* for w > 0.
If we choose s(t) = klogt with k > (1 4+ w)/(vw), then the bias of a(p, t) is of

smaller asymptotic order than its variability ( pt)_% . Because we can now choose w as
small as we wish (by choosing k correspondingly large), we note that the completion
time ¢ for such a parallel computation can be made small, provided that one uses such
an initial bias deletion strategy.

So, in the multiple replication setting, deletion of the segment [0, s(#)] is a sensible
strategy (unlike the single replication context). For queues that are well approximated
by RBM, we note that the bias (5.8) can be made uniformly small over all functions f,.
satisfying (5.2); see Theorem 2. (This uniformity is important when we wish to estimate
multiple expectations E f (X (c0)) from the same simulation runs.) Theorem 2 further
suggests that an especially good choice of starting state is then given by x = 1/ =
2 E X (00) and that this choice will work uniformly over all functions f dominated by
an envelope function satisfying (5.2). This is in sharp contrast to our earlier analysis
of a(p, t), where the choice of starting state depends heavily on the specific choice
of f.

In implementing these ideas in a queueing context, one could either approximate
2EX(00) via o2/r or estimate 2E X (00) (crudely) by running a few preliminary
simulation runs to obtain a rough estimate of 2E X (00), followed by simulating the
“production runs” described above.

6 Spectral theory for RBM

The spectral representation of Sect. 2 is a special case of the more general spectral
representations that are typically available for one-dimensional reversible Markov
processes. However, as we shall see below, there are several subtle issues that arise in
the RBM setting that are worth illuminating.

The simplest setting in which spectral representations arise is that of an irreducible,
aperiodic and reversible finite state Markov chain ¥ = (¥,:n > 0) having one step
transition matrix R = (R(x, y):x, y € S), where S is the state space of Y. The
reversibility implies the existence of real eigenvalues Ay, ..., Ay of R (withd =
IS|), and corresponding real column eigenvectors uy, ..., ug, such that the u; are
orthonormal with respect to the inner product induced by the stationary distribution
(7w (x):x € S) associated with R. In other words, (u;, u;) = 0ifi # jand (u;, u;) =
1ifi = j, where

(f &) 2D 7@ )W),

x€eS

Because R is stochastic, one of the eigenvalues, say A, must be equal to one, and
its corresponding orthonormalized eigenvector is u1(x) = 1 for x € S. We can then
assume that the eigenvalues have been indexed so that 1 = A1 > A2 > --- > |Ag]. It
follows that, for any f,
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R"f (f, ui)R"uj

Il
.M&

1

Il
.M&

(fs ui)riu,
1

and hence (by specializing f to an indicator on the state y), we find that

d
R'(x, y) =7 (y) =7() ) Mui(x)ui (y). (6.1)
i=2

The spectral representation (6.1) makes the computation of the rate of convergence to
equilibrium relatively straightforward. Much of the literature on Markov chain Monte
Carlo rests on this observation; see, for example, the Cheeger bound of Diaconis and
Stroock [12].

The finite state perspective generalizes, in a natural way, to one-dimensional dif-
fusions (which are an especially tractable class of reversible Markov processes). In
this context, the transition matrix R is replaced by the infinitesimal generator of the
diffusion, together with whatever restrictions must be placed on the domain of the
generator. In the RBM setting, . replaces R, and the domain consists of twice con-
tinuously differentiable functions having a vanishing derivative at the origin.

In view of our finite state discussion, we are therefore led to the consideration of
the eigenvalues of .Z, so that we wish to find values of A for which there exists a
corresponding twice continuously differentiable eigenfunction u; for which

fux = )»Lt)L
subject to  u}(0) = 0. (6.2)

If there exists a solution to the eigenvalue problem (6.2), then we say that X is a formal
eigenvalue of £ .

Remark 4 As in Sect. 4, we derive the theory directly for the general case, because
the additional notational burden is light.

Proposition 4 Every A € R is a formal eigenvalue of £.

Proof The functions u, defined in (2.11) and (2.12) solve (6.2) for A < —v/2. For
A > —v/2, the corresponding eigenfunction

_ (1 BN TIE) — (5 — ()t T

() 26(1)

solves (6.2), where B(A) = /2L +Vv/o. ]

If A is such that e ™*u, (X (7)) is a P,-martingale, then we call A a probabilistic
eigenvalue of £ .
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Proposition 5 Every A € R is a probabilistic eigenvalue of L.

Proof According to It6’s formula,

de™Mup(X (@) = e (Lup — ) (X (0))de + ¢ u (X (1))odB(@)
+e Mul (X ()dL(1),

so that (6.2) implies that

t

e Mun(X (1) = u; (X (0)) + / e MU (X ()0 dB(s).
0

Since u; (-) grows (at most) exponentially, and X (-) has tails that are uniformly dom-
inated on compact time intervals by Gaussian tails, it follows that

t
/ e P E i) (X (5))%ds < o0
0

for each t > 0, so that e ~*"u; (X (t)) is a square-integrable martingale with respect to
P, foreach x > 0. O

It turns out that these approaches to defining the spectrum of ¢ are not appropriate
from a functional analysis perspective. Recall that our finite state development rests
on the inner product (f, g), so that the appropriate generalization to the RBM setting
naturally relies upon the Hilbert space L () and its associated inner product (f, g).
Hence, a better definitional approach takes the view that X lies in the spectrum of .£
whenever . — A fails to have a bounded inverse on L2(r), where I is the identity

operator. Put || f|| = /{f, f) for f € L*().

Theorem 6 Let . = {0}U (— 00, — %] For ) & .7, there exists a twice continuously
differentiable function g = g,  solving

Lg—rg=—f
subject to g’ (0) =0, (6.3)

whenever f € L*>(r) is a continuous function. Furthermore,

llgx, 7l
sup <
M

(6.4)

On the other hand, when A € .7, there exist continuous functions f € L*(x) for
which no g € L2 () solves (6.3).

Proof For A ¢ .77, put

Glx. y. 3) = —enn=p@lx—yl ¢ AHTBO) TV iy
» Y 28N 20BN
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and set -
&, r(x) =f0 G(x, y, M) f(y)m(dy). (6.5)

Then, g, r = g satisfies (6.3). Furthermore, for A > 0, It6’s formula and (6.3) imply
that

gx) = / e ME f(X(1))dt,
0
and hence

1
8(x) = 7 Ex f(X (&),

where £ is an exponential rv with rate parameter A independent of X. The Cauchy—
Schwarz inequality therefore implies that

2 1 2
87(x) = F Ex f7(X(§)

and hence
1
22

1
= A—zllfllz;

gl < /Ooo /OOO re M E, £A(X (£))dem (dx)

in particular, G(-, -, A) induces a bounded linear operator on L2(x) for A > 0.
On the other hand, for A € (—v/2, 0),0 < B(}) < n and

e+ (—=B()

— e 2BMxAY) < 1,
en(x+y)=BR)x—yl -

so there exists a constant ¢ such that
IG(x, y, V)| < C]e"(x"'y)_ﬁ()‘)‘x_y‘.

It follows that, when f € L2(n),

o0 0 2
lell? < & /0 (/0 e"x—ﬁ“”—ye—"yf(y)dy) ().

Again, the Cauchy—Schwarz inequality can be applied, thereby yielding

2
fooo e*ﬁ(k)leylefnyf(y)dy _ fooo efﬁ(k)\xfy\efznyfz(y)dy
fooo e~ PMlx—yidy fooo e PMIx=yldy ’
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and consequently

2 2 *© *© 2 2 *© 2
lgll> < CI/O /0 e—ﬂ(K)IX—YIe— 'Wf (y)dy /0 e—ﬂ(K)IX—z\dze ¥ 7 (dx).

But, for x > 0,
o0 o0
/ e P0—alg, 5/ POl gy < oo,
0 —00

so there exists ¢, for which

o0 o0
|MF§Q/(/C#kaW4Wﬂ®®M
0 0
o0 o0
=m/ ﬂmmfmf eI drdy
0 0

o0
5@/ e FPIlgy | £12,
—00

proving (6.4) for —v/2 < A < 0. (We have given here a direct proof of a result that
can also be established via a convolution inequality due to Young; see, for example,
Folland [14], pp. 240-241.)

When A = 0 € ., the general solution to (6.3) for f(x) = —x € L?() is given
by

e2™ — 2nx(nx + 1)
o) +c

4rn

forc € R,sothatg ¢ L'(7) (and hence is not in L2(7)). Furthermore, for A = —v/2,
the general solution to (6.3) with f(x) = —x takes the form

2nx(1 —e™) +4

5 +ce™ (1 — nx)
rn

for ¢ € R, so that g is never in L2 (). Finally, for A < —v/2, (6.3) with f(x) = —x
admits the family of solutions

ellx cos}ES()»)x) N r ;szx te (enx (cos(s(k)x) _ % sin(s()»)x)))

for ¢ € R. Again, there is no choice of ¢ for which ¢ € L?(xr), proving our final
assertion. O

We note that .# is a mixed spectrum that has both a continuous part (—oo, —v/2]
and a discrete component {O}. Furthermore, even for A € ., u, ¢ L?(7). In addition,
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since u) — u, as A — y, the u, cannot be orthonormal. Nevertheless, despite these
complications, an analogue to (6.1) holds, namely (2.10).

Because spectral theory is built upon L2 (1), we have no reason to expect that the
convergence rate theory of Sect. 2 generalizes to convergence rates to equilibrium
for functions f € L! (7r) that are not in Lz(n). Indeed, for A € (—v/2, 0), we have
already established that e Mu, (X)) is a martingale, so that

E,u; (X (1) = eMuy (x) = 0 = Eu; (X (00)) (6.6)

as t — oo. Hence, u; € L'(xr) and the rate of convergence of Eyu; (X (¢)) to its
equilibrium value is precisely exponential with rate parameter A. Thus, depending on
how close A is to 0, the exponential rate can be arbitrarily close to 0.

Note that u; (x) is of order e*"A®) as x — 00. When A 7 0, n + (L) 7 21.
So, an alternative interpretation is that exponential moments in which f(x) = efx,

with n < 6 < 27, have exponential convergence rates to equilibrium with rate

29_ 2 _
o —m="CT

On the other hand, when 6 < 7, the theory of Sect. 2 applies, and E f (X (¢)) con-
verges to Ef (X (00)) at the rate 173/2¢71/2 specified there.

We have just argued that (2.15) does not describe the rate of convergence to equilib-
rium for functions f € L'(r) that are not in L2 (). The rate of convergence for such
functions must be analyzed on a case-by-case basis. But, despite the fact that spec-
tral theory is built upon L% (1), there are also some functions f € L?(rr) for which
(2.15) is not descriptive of the rate of convergence. In particular, the asymptotic (2.15)
includes the limiting quantity ( f, u_y ). Note that there exist functions f € L () for
which (f, u,%) = 00. This suggests that the rate of convergence for such functions

3 vt . . .. .
can be slower than the order t~2e™ 2 described in Sect. 2. Proposition 6 makes this
rigorous.

Proposition 6 Let f(x) = "™ (1 + nx)~2 for x > 0. Then, f € L*() and
3wt
li[minfﬂe7 |E; f(X(t)) — Ef (X (00))| = o0. (6.7)
—00

Proof We focus on the case of canonical RBM, in which f(x) = e*(1 + x) 2.
Obviously,

Ef*(X(00)) = 2/000 )4y < oo,
0
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so f € L?(). Also, since E,| f(X(1))| < oo and f € L' (x), (2.16) implies that

b 3

) (2l
(o) ) (2

dy
1+

Because |cos(w)| < 1, |% sin(wx)| < |x|, and

o0
/ Ve %dz < o0
0

fory > —1 and w > 0, (6.7) follows if we establish that

.. 2z 2z dy
lltrggf/ / e~ Zz\/75m (\/7 ) (1 + — ) dZ(1+y)2 =o00. (6.8)

For € > 0, choose § > 0 so that % sin(w) >1—efor0 <w < /25. Then,

\/7, \/Z _—
2_zsm s > -9y

fory < 8\/5 . Hence, the double integral in (6.8) can be lower bounded by m (¢, x),

where
A (et 22\ dy
t, = z2(1 — 1+ — —d
m(t, x) / / e “z2( 6)y< +t) (l+y)2z

L e
[ 22012 Z. .

I\)

Moreover,

1 — S
it = 26/8 Zz/[(ljyﬂd”_\[/ f+af
1—¢ 2
- — /0 e~ Z/o (1+y)2 /fe dz

= X
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as t — oo, where we used the monotone convergence theorem for simplifying the
first integral at the last step. This proves (6.8). O

As a consequence, we see that some “extra condition” (such as f u_y € L' ()
beyond just requiring f € L?(xr) is indeed needed for the results of Sect. 2 to hold.
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