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Abstract:  A diffusion approximation for a network of continuous time reservoirs with power law 
release rules is examined. Under a mild assumption on the inflow processes, we show that for 
physically reasonable values of the power law constants, the system of processes converges to a 
mnlti-dimensionM Gaussian diffusion process. We also illustrate how the limiting Gaussian process 
may be used to compute approximations to the original system of reservoirs. In addition, we study 
the quality of our approximations by comparing them to results obtained by simulations of the 
original watershed model. The simulations offer support for the use of the approximation developed 
here. 
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1 I n t r o d u c t i o n  

The linear reservoir plays a centra] role in hydrology (Nash, 1957, 1959). Although 
this model  has been successfully used for many applications, a more genera] system of 
reservoirs with a power law storage-runoff relation can more accurately represent the 
physical characterist ics of a natura l  storage system. The nonlinear reservoir has been 
examined by Laurenson (1964), Mein et al (t974), Kleme~ (1978), Hughes and Murrel 
(1986), and Glynn (1989)) among others. The natural  extension of this model  to a 
nonlinear cascade of reservoirs has also been investigated (Klemeg et al. (1975,1985)). 
Unfortuaately closed form formulae for the stat ist ical  propert ies of these reservoirs 
are only available for special cases (e.g. the linear reservoir, the fixed release reservoir, 
the power law release rule, for a single reservoir, with special inflow distr ibution and 
exponent less than one). 

Two approaches have generally been used to model  the continuous t ime reservoir. 
In the first case, the inflows are directly modeled as diffusion processes and the prob- 
lem requires solving nonlinear stochastic differential equations (Unny (1984), Unny 
and Karmeshu (1984)). Such models have also been used to s tudy opt imal  con- 
trol problems associated with reservoirs (Harrison and Taylor (1978), Pliska (1975)). 
The second approach assumes that  inflows follow a compound Poisson process. The 
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linear cascade with general additive homogeneous inflows has been investigated by 
Moran (1967). Exact solutions for the single reservoir with a power law release rule 
are available for the case of compound Poisson inflows where the power is less than 
one (Harrison and Resnick (1976)). Approximate solutions for general inflows have 
been obtained by Smith and Yeo (1981) using methods based on Hermite polynomial 
expansions. 

In this paper, we adopt a different approach to the analysis of complex reservoir 
models. Based on a careful mathematical analysis of the underlying non-linear reser- 
voir model, we show that our watershed model can be approximated by a certain 
diffusion process. The nature of the approximation is similar to that encountered 
in applying the central limit theorem (CLT) of statistics. The CLT basically asserts 
that when a certain parameter, namely the sample size, is large, then the correspond- 
ing sample mean has a distribution that can be approximated by that of a Gaussian 
random variable (r.v.) with parameters depending only on the population mean and 
variance of the sample. One consequence is that when the sample size is large, the 
influence of the third and higher moments on the distribution of the sample mean 
must necessarily diminish. Our approximation is similar in spirit. Namely, when a 
certain parameter, known as e., (see Section 3 for its precise definition), is small, we 
establish that the network of nonlinear reservoirs can be approximated by a certain 
Oaussian process having parameters that depend on the underlying inflow process 
only through their mean and (time-average) variance constants. As in the CLT, the 
impact of skewness, kurtosis, and higher order moments evidently decreases as the 
parameter e. gets smaller. The close correspondence of our results to those associ- 
ated with the classical CLT arises, in part, because of the fact that we appeal to 
the CLT in one step of the derivation of the approximation. (See the Appendix for 
details.) In any case, such diffusion approximations have been successfully applied 
to biology, physics, computer science, and many other areas (see, for example, Karlin 
and Taylor (1981)). In particular, such approximations have been used by Yamada 
(1983, 1984) to study a single continuous time non-linear finite capacity reservoir with 
Poisson inflows. In a similar spirit, Harrison and Shepp (1984) develop a diffusion 
approximation for a cascade of two discrete time reservoirs. 

Our diffusion approximation starts from a watershed network of continuous time 
nonlinear reservoirs with general (possibly correlated) inflows and power taw release 
rules. This work differs from that of Yamada, Harrison, and Shepp both because we 
study an entire watershed of reservoirs (rather than a single reservoir) and because 
the power law release rule used here does not fit into their mathematical framework. 
(In particular, their diffusion limits apply to reservoirs in which the mean inflow rate 
is close to that of the maximal outflow rate, which is assumed to be finite.) Our 
approach leads to a diffusion limit that is especially tractable from a computational 
viewpoint, primarily because the approximating diffusion process turns out to be 
Gaussian. In addition, the mathematical condition under which our approximation 
is valid, namely that e, be small, appears to coincide with a physically reasonable 
subset of the parameter space that defines the family of power law release rules. Con- 
sequently, we believe that this approach offers a comprehensive means of developing 
approximations to large-scale watersheds. 

This paper is organized as follows. In Section 2, we describe the basic watershed 
model, followed by a description of the diffusion approximation in Section 3. The 
diffusion approximation requires that the user supply some mean and covariance infor- 
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marion for the exogenous inflow processes to the reservoirs in the watershed. Section 
4 provides some background on how to calculate these model parameters.  In Section 
5, we discuss the numerical computat ion of the transient and steady-state distribu- 
tions of the approximating diffusion process. Because the process is Gaussian, this 
reduces to calculating the mean and covariance of the corresponding Gaussian random 
variables. We show how the transient version of these quantities can be calculated 
by solving a certain deterministic system of linear differential equations, the dimen- 
sion of which equaIs the number,  d, of reservoirs being studied. Approximating the 
steady-state distribution of the d reservoir watershed model is particularly easy; one 
merely needs to compute the solution to a d x d  system of linear equations. Section 
6 illustrates a different type of computation,  namely that  associated with developing 
an approximation for the expected t ime required for a reservoir to exceed a given 
level. Here, one needs to solve a (deterministic) linear partial differential equation in 
at most d + t  variables. In Section 7, we specialize our discussion to that  of a water- 
shed consisting of a single reservoir. In this simpler setting, closed-form formulae are 
available for several quantities of interest. Section 8 offers some numerical evidence 
which support  the quality of our approximation. Section 9 provides a discussion of 
our results and Section 10 describes our conclusions. 

2 D e s c r i p t i o n  of  t h e  m o d e l  

The drainage network model consists of d reservoirs. In addition, the following no- 
tational conventions will be used: 
P(j) - the collection of reservoirs flowing directly into reservoir j 
Ij(t) - the cumulative exogenous inflow into reservoir j (l<_j_<d), and 
Sj(t) - the storage content of reservoir j at t ime t. 

We will assume that  the storage levels follow "power law" release rules. The con- 
tinuity equation then states that  

Sj(t) = sj +I j ( t )+  E akSk(u)bkdu-- ajSj(u)bJdu, 1 < j  <2 d,  (l) 
kEP(j) 

where sl, al, bl,  s2 a2, b2, ..., Sd~ aa, ba, are positive (deterministic) constants. 
An example of such a network of reservoirs is given in Figure 1. In this case the 

system of equations given by Equation (1) takes the following form: 

Sl(t) = sl + 11(t) - a lS l (u)b ldu ,  

S2(t) s2 + I2(t) b2 = - a2S2(u) d u ,  and 

S3(t) = s3 + I3(t) + alSl(u)b~du + a2Sx(u ) du - &aSa(u)badu. (2) 

We pointed out, in the Introduction, that  our approximation depends on the in- 
flow processes only through their means and variances. Specifically, the approx- 
imation depends on the vector # = (#j : 1 _< j < d) and covariance matrix C = 
(Cjk : 1 _< j, k G d) defined below: 
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Figure 1. A storage system consisting of three reservoirs where reservoirs one and two feed into 
reservoir three. 

#j = lim -1 EIj(t) (1 < j < d ) ,  and 
t--+OO t - -  - -  

1 
Cjk = lim - cov(Ij(t) ,Ik(t))  (1 _< j, k _< d) . (3) 

t "-+¢~ t 

3 T h e  d i f fus ion  a p p r o x i m a t i o n  

The application of the diffusion approximation is quite straightforward and follows a 
sequence of steps which will be described in this section. A basic assumption of the 
approximation is that  the a.i(1 < i < d) appearing in (1) are small in a certain sense. 
To calculate the approximations then requires applying the following steps: 

A-1. Calculate e, where 

A 1 / b k  
g ,  ~ m a x  a k 

l < k < d  

Our approximation requires that  e, should be "small". Storage-runoff models assum- 
ing a small value of a (and hence small e,) have been cited in the literature (see, for 
example Laurenson, (i964, p. 145) where the release rule, r(x), is given by r(x) = 
0.0445 x 1at and 0.128 x 1at) indicating that  this model may be a reasonable approxi- 
mation in some realistic situations. In any case, the storage continuity equations (1) 
can then be written in the form 

/o /0 Si(t) = sj + l j ( t )  + E ake.bkSk(u)bkdu - aje,b'Sj(u)bMu, (4) 
k e P ( j )  

for l < j  < d ,  w h e r e o k ~ a k e 2  b~, (~k_<l ,  l < k < d ) .  
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A 
A-2. Let x j=e . s j ,  l < j < d .  
equations: 

Solve the following system of ordinary differential 

:~j(t) = # j+  E akXk(t)bk--ajxj(t)bi ' l _ < j _ < d ,  
kcPO) 

and such that xj(0) = xj, l _ < j _ < d .  (5) 

A-3. Solve the following system of stochastic differential equations: 

dZj(t) = E a~bkXk(t)b~-lZk(t)dt-- aibjxj(t)bi-lZJ(t)dt + dBj(t), (1 < j < d) (6) 
keP(j) 

(where (B~(t), B2(t) ..., Ba(t)) is a d-dimensional Brownian motion process with zero 
drift and covariance matrix C = (C~j: 1 _< i, j < d)). 

We note that since (6) comprises a linear system of stochastic differential equations, 
it follows that the solution (Zl(t), ..., Zd(t)) is a Gaussian process. Such processes 
possess the convenient property that they are completely characterized by their (time- 
dependent) mean and covariance functions. 

A-4. The approximation is then given by the formula 

D 1 1 
sj(t) xj(~.t) + z/~.t) (7) 

(~  dellotes "has approximately the same distribution as the process"). This approx- 
imation is mathematically justified in the Appendix. 

It is clear that the right hand side of (7) inherits the Gaussian structure of the 
Zi(t)'s. Furthermore the approximating process appearing in (7) must necessarily be 
a Markovian diffusion process, since the solution to the stochastic differential equation 
(6) is Markovian. 

4 Ca lcu la t ing  the  m e a n  and covar iance s t r u c t u r e  of the  exogenous  inflow 
process  

As inentioned in the Introduction, our approximation depends on the exogenous inflow 
processes only through their mean vector # and time-average covariance matrix C. 
We will first discuss how" these parameters are computed for several theoretical inflow 
models, and then discuss how they can be estimated from actual measured inflow 
data. It should be noted that the specific examples described in our discussion of the 
relevant computation for theoreticM inflow models are intended primarily to illustrate 
the nature of the calculation. In any concrete application of our approximation, the 
user is free, of course, to supply an inflow model that reflects the user's own modelling 
preferences. 

We start with a discussion of inflow modelling in the setting of a single reservoir. 

Model 1: Let Tk be the time at which the k' th storm group begins. We assume 
a "shot-noise" formulation (see, for example, Papoulis (1965)) in which the rate at 
which rainfatl (attributable to the k ' th storm group) occurs at time Tk + t is given 
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by hk(t), where b-k(') is itself (possibly) a stochastic process. If N(t) is the number 
of storm groups to arrive by time t, then 

N(t) = m a x { n > 0 :  T n _ < t } .  

Furthermore, the total inflow up to time t is 

N(t) r t  
I(t)= E [ hk(s--Tk)ds 

k=l JO 

= N(t_~) / t _ T k  h k ( u ) d u  

k=l Jo 

Set To = 0, 7k = Tk - Tk-1, and A = 1/ETa, and assume that ((9"k, hk(')) : k > I) 
is an ergodic stationary sequence in k. (In particular, we do not require that the 
(7k, hk)'s be independent in k). Then, Tn/n -* Er~ as t ~ oc, so TN(t)/N(t) -* E~-x 
as t ~ oo. Since TN(t) ~ t, it follows that N( t ) / t  -~ ), as t ~ oo. Hence, 

]),t] t-T~ 
I(t) ~ E ~ hk(u)du 

k=l 

latl oo 

~ f0 G(u)du 
k=l 
latl 

= E X k  
k=l 

where 

i = Xk = hk(u)du 

is the total rainfall attributable to the k ' th  storm group. Clearly, 
AE(X1) as t -+ oc, so we may conclude that # = AE(X1). Note that 

N(t) 
I ( t )  - - 

k = l  

J~tl 

k=l 

It is therefore evident that the time-average variance constant is given by 

t - lvar(I ( t )  = t - lvar(I ( t )  - #t) 

j=l 

I(t)/t 
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In particular, if the (rk, hk)'S are independent and ilk is independent of rk, then the 
time-average variance is just A(var(X1) + #2vat(r1)). 

Model 2: Our second model is a generalization of the Neyman-Scott process that 
has been widely referenced in the hydrology literature; see, for example, Puente et 
al. (1993) and Rodriguez-Iturbe et al. (1987). Let Tk be the initiation epoch for the 
k' th storm origin. The k' th storm consists of Mk secondary rainfall cells; the j ' th  cell 
associated with the k ' th storm has a duration/3kj with an intensity of Ykj per unit 
time; and it is initiated at t ime Tk + rkj. Set To = 0, rk = Tk -- Tk-1, A ------ 1/Erl ,  
and assume that 

{Vk ~ (rk, Mk, flkl,..-,~kMk,Pkl,..-,FkMk,Ykl, . . . ,Y~k)  : k _> 1} 

is an ergodic, stationary sequence of random variables. (In particular, we permit the 
Vk'~ tO be dependent random vaxiables.) Note that the total rainfall Xk associated 
with the k'th storm group is given by 

Mk 

= E 
j= l  

We can now appeal to the derivation of Model 1 to conclude that # = AE(X1) and 
the time-average variance constant is given by 

c = a vat(X1 - ~ 1 )  + 2 ~ cov(X~ - ~ ,  Xj+I - ,n+~)  
j= l  

In the Neyman-Scott process, it is typically assumed that the random variables 
rk, Mk, /~kl, " - ,  flkj, t~t,1, --., Pki, Ykl, .-., Ykj, ..- are independent in k and j and that the 
t3kj'S, Pki's and Yki's are identically distributed families of random variables. (In fact, 
it is also usually assumed that rk, ilk, and !Pk are exponential random variables.) In 
this case, # = AE(Mk/)E(Yki)E(/3kj ) and the time-average variance constant is given 
by A(var(Xk) + #2var(rk)). But 

E(V~)var(Yk~&) + var(M~)(E(Y~jakj)) ~ var(Xk) = 

and 

var (Yki/3ki) = var(Ykj)var(/3kj) + (g(,3kj))2var(Yki))2var(flkj) 

and thus the time-average variance constant is given by 

C = A {E(Mk) [var(Ykj)var(/3kj) + (E(flkj))2var(Ykj) 

+ (E(Ykj))2var(flkj)] + var(Mk)(E(Ykj))2(E(flkj)) 2 

+ .~var(~k)} . (s) 

Model 3: Our third model assumes that the inflow process is given by an autoregres- 
sire moving-average (ARMA) model. Specifically, we assume that over the interval 
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[nh, (n+t)h], the inflow rate is equal to # + Yn, where the Yn's are stationary and 
satisfy 
p q 

E ajYn-j -- E bken-k 
j=O k=O 

with the en's independent and identically distributed (i.i,d.) with mean zero. Note 
that 

t-tvar(I(t)) ~ t-lh2var (~l,k=0 Yk) 

--+ h var(Yn) + 2 cov(Yi, Yj) 
j=0 

as r --+ oo. The latter quantity is just 2rrhf(0), where 

1 +oo 
f(k) = ~ E eiaJc°v(Y°'YJ) 

j=-oo 

is the spectral density of the Y,'s. It follows that 

(see Anderson, (1971), p. 409), and hence the time-average variance constant is given 
by 

We turn now to a discussion of inflow modelling for multiple reservoir systems. This 
is a more challenging exercise, since the spatial, as well as the temporal, variation of 
the inflows must be captured. Again, we provide our examples primarily as illustra- 
tions of the calculation. 

Ii(t) 

where 

Model 4: We first consider a d-reservoir version of the Neyman-Scott process. The 
k'th storm system produces Mik secondary cells over the i'th reservoir's watershed; 
the j ' th such secondary event has duration fliki, has a rainfall intensity of Yikj per unit 
time, and begins at time Tk + Fikj. As in the single reservoir case, it is evident that 
when t is large, the total exogenous inflow Ii(t) into reservoir i satisfies 

N(O 

E Xik 
k=l 

Mik 
Xik = E /~ikjXikj 

j=l 
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and N(t) = max{n >_ 0 : Tn <_ t}. Set rk = Tk -- Tk-1 and assume that the rk's a~d 
Yik'S are stationary in k and ergodic. Let A = 1/E71, Xk = (Xlk, ..., X&)', and observe 
that # = AE(Xk). Also, the time-average covariance matrix C of the exogenous inflows 
is given by 

C = E[X l - #'/l)(Xl - #T1) s] 

+ ~ E [ x i  - ~ q ) ( x j + l  - .~j+~) '  + (xj+~ - ~ + l ) ( x ~  - ~ 1 ) ' ]  . 
j=l 

A case of special interest is when all the random variables associated with a given 
storm system are independent of those associated with other storm systems. Then, 
the time-average covariance matrix C reduces to 

C = E [Xk - ~ l ) ( X k  -- ~ ) ' ]  

If we further assume that  the flikj's, Yikj's, and rikj'S are independent random variables, 
with distributions depending only on i, then 

cii = ~ {E(M~k)[var(Yikj)var(k~j)+ (E(~ikj))~var(Y~u) 

+ E(Y~kj))~var(k~j)] + varMik(E(Y~j))~(E(k~j)) ~ 

+ ,~ var(.~)} 

and 

+ ,~,~ var(.~)} 

for i ¢ j. 

Model 5: Our final model assumes that the inflow process is given by a d-dimensional 
vector ARMA model. Specifically, assume that over the interval [nh, (n+l)h] ,  the 
inflow rate into the i ' th reservoir is equal to #i + Yin, where the vector sequence 
Y~ = (Y1,, ..-, Yd~)' is stationary and satisfies 

p q 

j=0 k=0 
with the e~'s independent and identically distributed with mean zero. Here, the 
time-average covariance matrix is 

C = Qj=~0 aJ) -1 (k=~o Sk) ~ (k=~0 Bk)(j=~0 a~) -1 

where 0 is the covariance matrix of the random vector e~. 
We conclude this section with a brief discussion of how the mean vector # and the 

covariance matrix C may be statistically estimated directly from actual measured 
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exogenous inflow data. The statistical discussion assumes no model structure such 
as that associated with Models 1 through 5. (If we want to exploit such a model 
structure a more efficient statistical estimator for C could be developed.) Suppose 
that (I~(t) : 0 < t < T, 1 < j < d) is observed. Then, for 1 < j < d,/;j = I j (T) /T is 
an appropriate estimator for #j. To estimate the covariance matrix C, let ij(t) be the 
measured rate at which the exogenous inflow into the j ' th  reservoir occurs at time t. It 
is often reasonable to assume that the d-dimensional process ((( i l , . . . , ia( t))  : t > 0) 
is stationary. In this case, 

/ J  /?  Cjk = cov(ij(0),ik(t))dt + cov( ik(0) , t j ( t ) )d t .  

We note that Cjk is related to the cross-spectral density of the two processes 
(Ij(t) : t > 0) and (Ik(t) : t > 0) evaluated at the frequency 0. Consequently, es- 
timators from the theory of spectral density estimation can be used to calculate 
Cjk for 1 < j, k _< d. (See Brillinger (1981) for details.) One class of such estimators 
takes the form 

/0 • /0 • 0jk = wr( t )c6v( i j (0 ) , ik ( t ) )d t  + wT(t)c~v(ik(0) , i~( t))dt ,  (10) 

where WT (t) is an appropriately chosen weighting function having the properties that 
w~(t) --, 0 as t -*  oc and ww(t) --* 1 as T ~ ~o, and where 

1 ~0 T-t 
chv(Ij(0),ik(t)) -- T - t  ( i , ( s ) - f l , )  ( i k ( s + t )  /).k)ds. 

5 D i s t r i b u t i o n a l  c h a r a c t e r i z a t i o n  of  t h e  a p p r o x i m a t i o n  

As noted in Section 3, the diffusion approximation for the vector storage process 
(S(t): t >0) is a Gaussian process, and so it follows that 

S(t) D N(m(t ) ,K( t ) )  

where re(t) and K(t) are (respectively) the mean and the covariance of the d- 
dimensional normal random variable that approximates S(t). We will now describe, 
in a step-by-step fashion, how to calculate the functions re(t) and K(t), thereby com- 
pleting the characterization of the approximation. (For additional detail, we refer 
the reader to Chapter 8 of Arnold (1974).) 

Let A(t) = (Aij(t) : 1 _< i, j _< d) be the dxd matrix with elements given by 

{ olkbkxk(t) bk-1, if k E P(j), 

akj(t) = -ajbjxj(t)b~ - t ,  if k = j, and 

0, else, 

where (xl(t)..., xa(t)) '  is the solution of the system (5) of ordinary differential equa- 
tions. 

The rows of the matrix A are numbered in such a way that the further upstream 
the reservoir, the lower its number; in other words we require that k E P(j) =:> k < j 
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for l_<j_<d. This numbering convention will be used throughout the remainder of the 
paper. 

Our procedure is to: 

B-1. Solve the following deterministic matrix-valued differential equation for ¢(t): 

O(t) = A(t)c_5(t) 

such that ~5(0) = I .  

B-2. Calculate 

/0 r(t) = ,~(t) ¢ (u ) - 'C(¢ (u) - l ) 'du¢( t )  ' 

where A' denotes the transpose of A. 
The matrix F(t) can alternatively be calculated by solving the matrix-valued dif- 

ferential equation 

l)(t) = A(t)P(t) + r(t)A(t)'  + C 

such that F(0) = 0 . (11) 

B-3. Then, 

re(t) = _1 x(e~t) 
£, 

K(t) = 2 r (~ . t ) .  (12) 
C, 

Of particular interest is the steady-state distribution of the storage. It is easily 
seen that rn(t)--~m as t--~ oo, where m = (mj : 1 < j < d) is the stable solution of 
the differential equation (5) and is given by 

#J + ~keP(j) O~kmk (13) rnj = aj 

We note that the above system can be solved recursively in closed-form by solving 
first for the furthest upstream reservoirs and then working one's way downstream. 

It is clear that A(t)--+A as t--+ oo, where 

{ c~kbkmk(t) bk-1, if k E P(j), 

Aki = -albjmj(t) uj-1, if k = j, and 

0, else. 

It is then reasonable (see (11)) to expect that P ( t )~  r as t ~  cx~, where F solves 
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0 : AF + FA' + C .  (14) 

Since A is lower triangular (due to the numbering system adopted at the beginning 
of this section), and has negative diagonal elements, it therefore has strictly negative 
eigenva]ues and is hence stable. Consequently a unique solution to the above matrix 
equation is guaranteed (see Arnold (1974)). 

If S(oc) is the &dimensional random variable representing the steady-state vector 
storage of the system, the above discussion then suggests using the approximation 

S(o~) g N(m/~., r / e . ) .  (15) 

Equation (15) gives a mathematically valid approximation for the steady-state that is 
valid when e. is small, and is calculated directly from the model parameters, requiring 
only that one solve the dxd linear system of equations (14). 

6 An approx ima t ion  for the  expec ted  t ime  for a reservoir  to exceed a given 
level 

In this section, we exploit the fact that our approximating process is a diffusion. 
(This is in contrast to Section 5, where our analysis relied on the Gaussian character 
of the approximation.) The Markov structure of a diffusion process permits one 
to develop (deterministic) partial differential equations (P.D.E.'s) that describe a 
variety of different quantitative characteristics of the process. We shall illustrate 
the power of this property by applying this idea to a specific calculation, namely 
the development of an approximation for the expected time for a reservoir to exceed 
a given level, Specifically, we shall be interested in calculating the expected time 
required for reservoir d's content to exceed level ¢~. (We note that any other reservoir 
can be viewed as the furthest downstream reservoir to the reservoirs that feed into 
it. Consequently, if one is interested in reservoir j (jCd), one can replace the original 
system by the appropriate smaller system of reservoirs. Thus, our assumption is 
without loss of generality.) 

If T is the time required for reservoir d's level to exceed/~, then T can be defined 
as T = inf{t>0: Sa(t) > fl}. Using the approximation (7), we conclude that 

D 
T ~ inf {t > 0: Xd(C.t)/e, + Zd(e.t)/x/~-. _> fl} 

1 
= --  inf{u >_ 0: xd(u)/e. + Za(u)/x/Z2~. _> fl} 

C, 

1 
= - - i n f { u _ > 0 :  Wa(u)/fl} 

where W(u) = (Wl(u), ..,,Wd(u)) : u _> 0) is the diffusion process with i'th compo- 
nent given by 

1 1 
W~(u) = --  x~(n) + Z~(u). 

Let Tt = inf{u _> 0 : Wd(u + t) > fl} be the elapsed time for reservoir d's level 
to exceed fl, taken relative to a re-defined time origin at t. Then, we can set. u(w,t) 
= E[TdW(t) = w] for t>0, wE J-C a. The diffusion w(.) has infinitesimal generator L 
given by the linear partial differential operator 
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~ (  e ~  -l- E OlkbkXk(t)bk-lWkv~ * o~jbjxj(t)bj-lwj~-- (9" 
L ( - ) =  

1 Cij 02. 

+ 2 e. 0wi0wj " 

The theory of diffusion processes (see Karlin and Taylor (1981)) establishes that  u 
satisfies the P.D.E. given by 

0 
a-~u + Lu = - 1  (16) 

subject to u(w,t) = 0 for Wd _> /~. Hence, we can calculate an approximation to 
the expected t ime E(T) required for reservoir d's level to exceed/3 by following the 
procedure: 

C-1.  Solve the (deterministic) P.D.E. 

011 _~t (:~j(t) olkbkXk (t)bk-lwk ctjbjxj(t)bi-lWj / OR 
+ + E 0wj kEP(j) ~ ] 

1 +~ Cij 02u 
e. 0wi0wj 

- -  - - 1  

for u(w,t) in. the domain w E T~ a, t > 0, subject to u(w,t) = 0 for Wd >_ ft. 

1 
C -- 2. E(T) ~ - -  U(Sl, . . . ,sd,0).  (17) 

7 T h e  s ingle  r e s e r v o i r  case  

The m ~ s  balance equation for a single reservoir is given by the following relation 

S(t) = So + I ( t ) -  aS(u)bdu 

where so, a, b > 0, and I(t) is a non-decreasing process that  represents the cumu- 
lative input to t ime t. As required by assumption (3), we assume that  the limits 
# = lim EI ( t ) / t  and C = lim var I ( t ) / t  exist. t-~c~ t-+oO 

Following the procedure outlined in Section 3, it is first necessary to solve the 
ordinary differential equation given by 

±(t) = # -  c~x(t) u , with 

×(0)  = ~o 

where x0 = al/bs0 and of = 1. 
by 

The solution to the differential equation is then given 
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x(t) = ¢- l ( t ) ,  where 

f × du 
¢(t)= o  -ub 

In particular, if b = 1, then 

¢(x) = log ( # - x 0 ~  
\ # - x /  

and so the solution of the differential equation becomes x(t) = # - e - t (#  - x0). The 
next step in the procedure is to solve the stochastic differential equation for the 
diffusion approximation which is given by dZ(t) = -bx(t) b-1 Z(t) dr+ dB(t) where 
B(-) is a Brownian motion having a variance parameter C. Then, in the linear case, 
we can apply (11) to obtain the result F(t) = C(1-exp(-2t))/2. Since e, = a, the 
transient approximation (7) becomes 

D 
S(t) N((# - e-at(# - s0a))/a, C(1 e-2~t)/2a) (18) 

In the case where b is not equal to one, we can easily supply a closed-form solution 
for the steady-state storage S(oc). In particular, (14) takes the form P = C#(i-b)/b/2b. 
Then (15) yields 

~,~D ((~)l/b C (~)l/b ~ )  (19) s(oo) N , 

8 N u m e r i c a l  e x a m p l e s  

We now consider two numerical examples. In the first case we will compare the 
diffusion approximation to exact known results from Harrison and Resnick (1976), 
and in the second case we witl compare the diffusion approximation to simulations 
for a cascade of two reservoirs. 

Example 1. The behavior of the system for a single reservoir with Poisson inflows 
and exponentially distributed jump sizes will first be exarnined. The statistics of the 
inflow process can then be calculated as in Section (4). This case has been solved 
in closed form by Harrison and Resnick in the special case where the storage system 
empties in finite time i.e. for the case where b < 1. In this case define two functions 
p(x) and K(x) by the formulae 

p(×) = and 

K(x) - yp(x)exp(-u (1 - p(t))dt) , 

where )~ and u are defined as in Model 1 of Section 4. 
The steady-state density, f~(x), of the storage process is then given by the formula 

i~(x) = K(x)/  1 +  K(t)dt . (20) 
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Similarly the density of the runoff process f~(x) is given by the formula f~(x) = 
abxb-lf~(axb). It  is clear from these formulae and from the fact that  the storage is 
depleted in finite t ime that  the distributions of the storage and runoff processes have 
atoms at 0. A comparison of the exceedence probabilities of runoff for the diffusion 
process and for the exact solution of the storage process for various values of a is 
shown in Figure 2. In this case the inflow parameters  ~ and # are each set equal to 
o n e .  

Example 2, Consider a cascade of two storage systems fed by a single exogenous 
inflow process I1(') into the first storage system. In this case the matr ix  A (see 
Section 5) takes the form 

--~,~1u1±111 
A = . (21) 

I. b l - 1  _a2b2mb2-1 O ~ l e l m  1 

We can calculate the steady-state variance of the storage process by solving Equa- 
tion (14) for I', which results in the following formula 

r' = ---C X7 a .+A= (22) 
2 i 

Ala +A22 A22 (A1 a +A22 ) 

where C is determined using equation (8) and the Ali'S are the corresponding elements 
of the matr ix  A defined in (21). The steady-state distribution of this nonlinear cascade 
can then be approximated as in (15). 

The diffusion approximation for the cascade was compared with simulation runs for 
the process. The simulation model was based on approximating the continuous time 
model given by equation (1) with the following approximate discrete t ime model 

Sl(n + 1) - Sl(n) = I~(At) - a12xtS~(n + 1) b~ 

S2(n + 1) -- S2(n) : a l A t S l ( n  + 1) b, - a=AtS=(n + 1) b, . (2a) 

where {S l (n )  : n _> 0} and {S=(n) : n _> 0} are the  storages of the first and second 
system respectively. Such a discretization is necessary in order to solve the system of 
integral equations (1) numerically. The inflow process {In(At) : n _> 0} was simulated 
using the formula 

Io(~Xt) = I((n + 1)ZXt) - t(nZx) (24) 

where I(t) is the Neyman-Scott  process described by the second model in Section 4. 
In our cascade example, the t ime of the k ' th  storm origin is a Poisson process with 

parameter  ~ equal to one, the number, Mk, of cells per storm origin parameter  is 
equal to Nk q- 1 where N k is a sequence of i.i.d. Poisson random variables with mean 
equal to four. The Fki , /3kj and Yki are all assumed to be i.i.d, exponential random 
variables with means 0.5, 0.1, and 20.0 respectively. The t ime increment, At,  was 
set equal to 0.1, and the process was simulated up to t ime 100000, i.e. 1000000 t ime 
steps. Figure 3 compares the stationary exceedence probabili ty for the simulation 
with the diffusion approximation as b goes to zero and Figure 4 compares the 
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F i g u r e  2. Exceedence probabilities for runoff from single reservoir with b = 0.7; solid line represents 
diffusion approximation and dashed line is exact solution. 
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F i g u r e  3. Exceedence probabilities for runoff from downstream reservoir with al = a2 = 0.1; solid 
line represents diffusion approximation and dashed iine is simulation. 
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Figure 4. Exceedence probabilities for runoffffom downstream reservoir with bl = 52 = 0.5; solid 
line represents diffusion approximation and dashed line is simulation. 

s tat ionary exceedence probabil i t ies as a goes to zero. The diffusion approximation 
falls within the 95% confidence interval for the simulation for all the cases shown. The 
confidence intervals for the es t imated parameters  were calculated using an assumed 
t distr ibution based on 10 replications of each simulation. The justification for this 
confidence interval methodology is given in Law and Kelton (1981). 

9 D i s c u s s i o n  

The results of the simulation indicate that  the stat ionary behavior of the diffusion 
approximation is close to the simulation tbr a small, and for b small when a is less 
than one. This is what  one expects from the theory since the  behavior of the  system 
of stochastic integral  equations (1) converges to that  of the diffusion process (6) as 
e. goes to zero. Small values of a are physically plausible according to Laurensen 
(1964). 

Of course, since our diffusion approximation is based on ideas related to the central 
limit theorem, similar problems occur in applying this result as in applying the CLT 
in statistics. In the statistical context, while the theory states that the "normal- 
ized" sample mean has a distribution which is asymptotically Gaussian as the sample 
size gets large, there is no guarantee, for any fixed and finite n, as to how good the 
approximation will be. The quality of the approximation, for a given finite sample 
size, depends on the skewness, kurtosis, and higher order moments of the underlying 
population from which the sample is being gathered. (In particular, the more non- 
Gaussian the higher order moments, the slower the rate of convergence in the CLT 
and the worse the Gaussian approximation, for any given finite sample size.) In a 
similar spirit,  while the Appendix  establishes that  our nonlinear watershed can be 
approximated,  as e. goes to zero, by a certain Gaussian process, there are no guar- 
antees, for any fixed and positive value of e., as to the quali ty of the approximation.  
For example, one would expect that  our Gaussian approximation degrades as one 
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moves to inflow processes for which the time-averaged inflow has large skewness and 
kurtosis. The magnitude of the degradation is, however, difficult to predict a priori. 

Consider the following example from statistics, in which one uses the CLT to ap- 
proximate the probability that the sample mean differs from the population mean by 
at least x. It is well known that the absolute error of the Gaussian approximation to 
this probability tends to decrease as the sample size gets large. On the other hand, 
the relative error will generally tend to decrease, but then increase at some point. 
The reason for this is that the CLT only gives good approximations so long as x is of 
the order of 1/v/K, where n is the sample size. As n gets (very) large, x becomes of a 
larger order than 1/V~, and the relative error begins to degrade. (On the other hand, 
as the sample size gets large, both the CLT approximation and the probability itself 
are predicting that deviations larger than x are becoming successively rarer, and the 
absolute error of the approximation tends to zero.) A similar behavior is observed in 
our simulations of the watershed. Specifically, as ¢, gets smaller, the absolute error 
of our approximation gets smaller but the percentage relative error tends to decrease 
and then increase. As in the standard CLT, the underlying reason is that our Gaus- 
sian approximation only gives good (relative error) approximations when the random 
fluctuations of the runoff, under consideration, are of the order of x/~.. 

Despite the above approximation problems (which are characteristic of any appli- 
cation of CLT methods), we believe that our diffusion approximation offers several 
distinct advantages over numerical simulations: 

1. For determining the stationary distribution of runoff, the diffusion approximation 
is easier to apply, only requiring the solution of the system of linear equations 
(14). On the other hand, the simulation may be fairly difficult to implement, 
particularly for relatively complex inflow processes such as the Neyman-Scott 
process. 

2. When running simulations to estimate steady-state characteristics, a common 
problem is the need to determine the duration of the ';warm-up" period, during 
which the initial condition of the simulation may have a particularly large impact 
on the measured values of the process. This problem is completely avoided when 
using (14). 

3. When simulation is used to study the watershed (1), one must perform cer- 
tain numerical integrations. These integrations require that one discretize the 
integrals, thereby creating an unknown and systematic error in the answers com- 
puted. Again, these discretization issues are avoided with equations such as (14). 

4. With an analytical approximation such as ours, certain qualitative behaviors can 
be predicted a priori. For example, our analysis suggests that the parameter ¢. 
is a key parameter when dealing with "power law" watersheds. Our theory 
suggests that the storage of such watersheds will be of order 1/¢., with random 
fluctuations that are substantially smaller, namely of order 1/v~. .  

5. In reservoir management contexts, it is often of interest to solve certain optimiza- 
tion problems. The availability of a simple-to-evaluate steady-state solution such 
as (14) makes the numerical solution of such problems significantly more viable. 
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10 C o n c l u s i o n s  

In this paper,  we have developed a diffusion approximation for a watershed consisting 
of d reservoirs with non-linear power law release rules. Our simulation experiments 
suggest that  it works reasonably well for some values of the release rule parameters  
which are physically plausible. Of course, the assumptions guaranteeing the validity 
of our approximation are not universally applicable, and further research is therefore 
necessary to more fully delineate its domain of applicability. 

A p p e n d i x  - J u s t i f i c a t i o n  for  t h e  d i f fus ion  a p p r o x i m a t i o n  

We wish to show that  when the parameter  e. is small, then the diffusion approximation 
is mathematical ly  justified. To :formulate this problem mathematically, let 

/o /0' Sj(e,t) = Sj(e,0) + Ij(t) + ~ akeb~Sk(e,u)bkdu-- ajcb~Sj(e,u)b~du, 
keP0) 

l _ < j < d ,  

(25) 

be the storage content, s processes associated with the parameter  e. We need to show 
that  Sj(e,t) can be approximated as in (1-4) when ¢ ;0. 

To study the behavior of {Sj(e, t) : 1 _< j < d, t >__ 0} as e ~ 0, we need to strengthen 
the hypothesis (3) on the inflow processes somewhat. (In particular, we need to say 
something about the distribution of the inflow processes.) In addition, since our 
approximation requires a rescaling of the spatial coordinates, our initial condition for 
Sj(¢, 0) ought to reflect this. Our precise mathematical  requirement is: 

e -1/2 [eSl(e, 0) - xl, ..., eSd(e, 0) -- Xd, eIl( t /e)  -- #I t ,  ..., rid(t/e) -- #dt] 

[ZI(0), ..., Zd(0), Bl( t ) ,  ..., Bd(t)] , (26) 

as e $ 0, where ~ denotes convergence in distribution and the process (Bl(t) ,  ..., Bd(t)) 
is assumed to be a Brownian motion with zero mean and covariance matrix C. From a 
practical standpoint,  the strengthening of (3) to the above distributional requirement 
is quite mild. Virtually all stochastic processes that  exhibit the behavior (3) also 
exhibit the Brownian behavior a~ssumed above (see, for example, Ethier and Kurtz 
(1986)). 

Under the assumption (26), we can now proceed to analyze Sj(e, .) as e $ 0. Note 
that  (25) can be rewritten as 

/0 /o eSj(e,t/e) : £Sj(e, 0 ) + I j ( t / ¢ ) +  ~ Oek(eSk(e,u/e))bkdu-- c~j(eSj(£,u/e))bidu. 
keP(j) 

By assumption, we have eIj(t/e) => #it as e J. 0, and so assuming in addition that  the 
limit process 

xj(t) = lim eS](e,t/e) (27) 
eiO 

exists for 1 _< j < d, the limit must satisfy the integral equation 
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/o t /0' xj(t) = xj -t- #st + ~ akXk(u)b~du -- OzjXj(u)bidu, 1 < j < d .  
keP(j) 

Expressed as a differential equation, the above result becomes 

i j ( t )  = # j +  ~ akxk(t) b k - a j x j ( t )  hi, l _ < j < d ,  and 
kEP(j) 

xj(0) = xj l<_ j  <_d.  

In order to establish the existence of the limit, one needs to prove the relative 
compactness of the family of processes {eSj(e,t/e) : e >_ 0}. This can be done by 
appealing to standard tools from, for example, Ethier and Kurtz (1986). We caaa 
view (27) as a law of large numbers for Sj(e, .). To develop a "central limit theorem" 
we rewrite (25) as 

c -1/2 [eSj(c, t /e)  - xj(t)] = c -1/2 [cSj(c, 0) - xj] + e -1/2 [clj(t/c) - #jt] 

/o' + ~ ~kc -1/~ [(csk(c, u/c)) bj - xk(u) b,] du 
keP(j) 

-- ~0 t ~jC -1/2 [ (cS j (c ,u /c ) )  bj -- Xj(U) uj] d u .  

A Taylor series expansion to one term then establishes that  

~-~/~ [(cs~(c, ~/~))~, - ×k(n) ~] = b~¢~(~, u) ~-~ [C~/~(~Sk(c, u/c) - ~(u))]  

,,,here Ck(C,u) lies between Xk(U) and c Sk(e, ufc) and hence tends to Xk(U) as c ~ 0. 
Assume, for the moment,  that  we can establish the existence of the limit 

c-U2(cS1 (c, t /e))  - xl( t) ,  ..., cSd(¢, t /c) - xd(t)) :~ (Zl(t),  ..., Zd(t)) . 

Since c-1/2[cS1(c, 0) - xl..., cSd(e, 0) - Xd] ~ [z~(0), ..., Zd(0)], the limit process 
(Z~(t), ..., Zd(t) must then satisfy the following stochastic differential equation 

i' 2 Zj(t) = Zj(0) + Bj(t) + ~ ~kbkXk(~)b~-~Zk(u)du -- ~jbjxj(u)bJ-~Zj(u)du. 
kEP(j) 

As before, the existence of the limit may be justified by using a relative compactness 
argument (Ethier and Kurtz (1986)). 
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