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LIMIT THEOREMS 
FOR THE METHOD OF REPLICATION 

Pe te r  W .  Glynn 

Mathematics Research Center 
U n i v e r s i t y  o f  W i  scons i  n  

Madison, W I  53705 

ABSTRACT 

The method o f  rep1 i c a t i o n  i s  f r e q u e n t l y  used by sirnul a t o r s  t o  
es t imate  s t eady - s ta te  q u a n t i t i e s .  I n  t h i s  paper,  we o b t a i n  
c o n d i t i o n s  under which t h i s  method y i e l d s  asympto t i ca l  l y  v a l  i d  
con f idence  i n t e r v a l s  f o r  s t eady - s ta te  means. I n  p a r t i c u l a r ,  we 
show t h a t  t h e  l e n g t h  o f  a  r e p l i c a t i o n  must be l a r g e  r e l a t i v e  t o  
t h e  number o f  r e p l i c a t i o n s ,  i n  o r d e r  t h a t  t h e  method work 
e f f i c i e n t l y .  We a l s o  c o n t r a s t  v a r i a n t s  o f  t h e  method i n  which t h e  
number o f  r e p l i c a t i o n s  s t a y  f i x e d  w i t h  r u n  l e n g t h  w i t h  those  i n  
which t h e  number tends t o  i n f i n i t y .  Procedures i n  which t h e  
number o f  r e p l i c a t i o n s  i nc rease  t o  i n f i n i t y  w i t h  t h e  sample s i z e  
produce con f idence  i n t e r v a l  s which have smal l  e r  expected ha1 f -  
w id th  and a re  l e s s  v a r i a h l  e. 

1. INTRODUCTION 

L e t  Y = {Y( t )  : t > 0) be a  r e a l - v a l u e d  s t o c h a s t i c  process 

such t h a t  

as t + -, where V ( t )  = t-' j k  Y (s )ds  and = =  denotes weak 

convergence. The parameter r i s  c a l l e d  t h e  s t eady - s ta te  mean 

o f  Y. S imu la to rs  a r e  f r e q u e n t l y  i n t e r e s t e d  i n  e s t i m a t i n g  s teady-  

s t a t e  means. F o r  example, when Y ( t )  corresponds t o  t h e  r a t e  a t  

which c o s t  i s  i n c u r r e d  a t  t ime  t, r i s  t h e  l ong - run  average c o s t  

Copyright @ 1987 by Marcel Dekker, Inc. 
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3 44 GLYNN 

o f  runn ing  t h e  system; t h i s  parameter i s  f r e q u e n t l y  d i f f i c u l t  t o  

c a l c u l a t e  a n a l y t i c a l  l y  and must then  be c a l c u l a t e d  numer i ca l l y  . 
To es t imate  r, observe t h a t  ( 1 )  suggests t h a t  

f o r  T  l a r g e ;  Monte Ca r l o  s i m u l a t i o n  can then be used t o  es t ima te  

EV(T ) .  S p e c i f i c a l l y ,  g i ven  a  computat ional  budget o f  s i z e  t, 

one can generate k (  t )  independent r e p l  i c a t e s  o f  V ( t / k (  t )  ) . The 

r e s u l t i n g  sample mean r ( t )  o f  t h e  k ( t )  r e p l i c a t e s  i s  t hen  used 

t o  es t ima te  r. I f  k ( t )  s 1 f o r  a l l  t, t h e  r e s u l t i n g  

procedure i s  c a l l e d  a  s i n g l e - r u n  method; o therw ise ,  i t  i s  known as 

a  mu1 t i p 1  e  r e p l  i c a t i o n  procedure. 

The method o f  m u l t i p l e  r e p l i c a t e s  has two p r i n c i p a l  

advantages f o r  t h e  s i m u l a t o r  over  s i n g l e  r un  methods: 

i )  It f r e q u e n t l y  l eads  t o  a  ( s l i g h t )  r e d u c t i o n  i n  mean 

square e r r o r  (MSE) o f  t h e  p o i n t  e s t i m a t o r  f o r  r. 

i i ) It simp1 i f i e s  t h e  c o n s t r u c t i o n  o f  con f idence  i n t e r v a l  s  

f o r  t h e  parameter r. 

The f i r s t  p o i n t  i s  d iscussed i n  KELTON [9]. It i s  shown t h e r e  

t h a t  f o r  s i m u l a t i o n  o f  s t a t i o n a r y  processes Y w i t h  p o s i t i v e  

c o r r e l a t i o n ,  m u l t i p l e  r e p l i c a t i o n  methods a r e  p r e f e r a b l e  t o  

s i n g l e - r u n  procedures i n  which r i s  es t ima ted  from one l o n g  r u n  

o f  Y. 

I n  t h i s  paper, we w i l l  focus on t h e  con f idence  i n t e r v a l  

genera t ion  aspec t  o f  t h e  method o f  mu1 ti p l  e  r e p l  i c a t i o n s .  

Conf idence i n t e r v a l s  p l a y  a  c e n t r a l  r o l e  i n  t h e  t heo ry  and 

p r a c t i c e  o f  s i m u l a t i o n  o u t p u t  a n a l y s i s ,  s i nce  t hey  a re  t h e  p r imary  

t o o l  used t o  assess e r r o r  i n  t h e  s i m u l a t i o n  con tex t .  As we s h a l l  

see i n  Sec t ion  2, t h e  c o n s t r u c t i o n  o f  con f idence  i n t e r v a l s  i n  t h e  

mu1 t i p l e  r e p l  i c a t i o n  s e t t i n g  i s  r e l a t i v e l y  s t r a i g h t f o r w a r d .  I n  

p a r t i c u l a r ,  con f idence  i n t e r v a l s  f o r  t h e  method o f  mu1 ti p l  e  

r e p l  i c a t i o n s  do n o t  r e q u i r e  s p e c i f i c a t i o n  o f  a d d i t i o n a l  user-  

suppl i e d  parameters (beyond s p e c i f i c a t i o n  o f  k (  t )  ) and need 

1  i ttl e  a d d i t i o n a l  computat ion overhead. These f a c t o r s  c o n t r a s t  
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METHOD OF REPLICATION 345 

s t r o n g l y  w i t h  t h e  demands imposed by most o f  t h e  competing s teady-  

s t a t e  con f idence  i n t e r v a l  methods. For  exampl e, s p e c t r a l  

a l go r i t hms  (see  Chapter 3 o f  BRATLEY, FOX, and SCHRAGE [ 2 ] )  

r e q u i r e  a  user-suppl  i e d  "bandwidth" f o r  t h e  s p e c t r a l  window, and 

i n v o l v e  s i g n i f i c a n t  a d d i t i o n a l  computat ion. 

Th is  paper i s  o rgan ized  as f o l l ows .  Sec t i on  2  descr ibes  t h e  

main r e s u l t s  o f  t h i s  paper; p r o o f s  o f  t h e  more d i f f i c u l t  res i r l  t s  

a re  de fe r r ed  t o  t h e  Appendix. 

2. THE MAIN RESULTS 

To p r e c i s e l y  d e f i n e  a  mu1 t i p l e  r e p l  i c a t i o n  es t ima to r ,  we need 

t o  cons ider  a  sequence Y : i > 1 o f  i .i .d. r e p l  i c a t e s  o f  t h e  

cont inuous- t ime process Y. ( I n  o rde r  t o  i n c o r p o r a t e  d i s c r e t e - t i m e  

sequences U = {Un : n  > 0) i n t o  our  framework, we s e t  Y ( t )  = 

"[tl, where [t] denotes t h e  g r e a t e s t  i n t e g e r  l e s s  t han  o r  equal 

t o  t . )  Given a  computat ional  budget t, suppose k ( t )  i s  t h e  

number o f  r e p l i c a t e s  t o  be s imulated;  each r e p l  i c a t e  i n v o l v e s  

independent ly  s i m u l a t i n g  Y up t o  t ime  m ( t )  = t / k ( t ) .  The 

r e s u l t i n g  p o i n t  es t ima te  r ( t )  then takes  t h e  fomi 

where V i ( t )  = t-I 16 Yi(s)ds. 

I n  o rde r  t h a t  r (  t )  c o n s i s t e n t l y  es t ima te  r, i t  shou ld  be 

c l e a r  t h a t  m ( t )  + w as t + w i s  g e n e r a l l y  necessary. (To see 

t h i s ,  observe t h a t  i f  m( ) = c  and E  I T ( c )  l < =, then  

r ( t )  + EY(c) a.s. as t + w. )  One obv ious way t o  a r range  t h a t  

m ( t )  + w i s  t o  l e t  k ( * )  = k ( >  11, i n  which case 

m ( t )  = t / k .  To ana lyze  t h e  r a t e  o f  convergence o f  r (  t )  t o  r, 

we need t o  make t h e  f o l l o w i n g  assumption: 

H1. There e x i s t  f i n i t e  cons tan t s  r and o such t h a t  

X ( t )  z t?2 ( y ( t ) - r )  ==> aN(0, l )  

as t + CO, where N(0,l) i s  a  s tandard  normal r . v .  
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Assumpt ion H1 i s  a  m i l d  r e q u i r e m e n t  on t h e  s i m u l a t i o n  o u t p u t  

process Y. I n  p a r t i c u l a r ,  m i x i n g  processes,  r e g e n e r a t i v e  

processes,  and a s s o c i a t e d  sequences a l l  s a t i s f y  H1 ( s e e  ETHIER and 

KURTZ [6], p. 350-353, SMITH [121, and NEWMAN and WRIGHT [ l o ]  f o r  

p r o o f s ) .  

From HI ,  r e l a t i o n  (1) f o l l o w s ,  and t h e  c o n s t a n t  r appear ing  

i n  H1 can be i d e n t i f i e d  as  t h e  s t e a d y - s t a t e  mean o f  Y. N o t i n g  

t h a t  r (  t )  can be  expressed as t h e  sum o f  k ( t )  i ndependen t  

c o p i e s  o f  Y ( m ( t ) ) ,  t h e  c o n t i n u o u s  mapping lemma (Theorem 5.1 o f  

BILLINGSLEY [ I ] )  y i e l d s  t h e  f o l l o w i n g  r e s u l t .  

THEOREM 1. Assume ti1 and suppose t h a t  k  = k 1. Then, tl/2 

( r (  t ) - r )  ==>  a N ( 0 , l )  as t + a. 

Theorem 1 shows t h a t  t h e  r a t e  o f  convergence o f  r ( t )  t o  r i s  

independent  o f  t h e  c h o i c e  o f  t h e  number o f  r e p l  i c a t e s  k .  T h i s  

imp1 i e s  t h a t  t h e  c l a s s  o f  mu1 t i p l e  r e p l i c a t i o n  p rocedures  

d e s c r i b e d  by Theorem 1 e n j o y s  t h e  same r a t e  o f  convergence as  a  

s i n g l e  r u n  method. However, as n o t e d  e a r l i e r ,  more p r e c i s e  

a s y m p t o t i c s  sugges t  t h a t  f o r  p o s i t i v e l y  c o r r e l a t e d  processes,  

mu1 t i p 1  e  r e p l  i c a t i o n  p rocedures  a r e  p r e f e r a b l e .  

We now t u r n  t o  t h e  q u e s t i o n  o f  c o n s t r u c t i n g  c o n f i d e n c e  

i n t e r v a l s  f o r  t h e  e s t i m a t o r s  c o n s i d e r e d  i n  Theorem 1. L e t  

The f o l l o w i n g  r e s u l t  i s  e a s i l y  e s t a b l i s h e d ,  a g a i n  by a p p e a l i n g  t o  

t h e  c o n t i n u o u s  mapping 1  emma. 

THEOREM 2. Assume HI ,  a2 > 0, and suppose t h a t  k ( . )  = k  > 1. 

Then, as t + = 
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METHOD OF REPLICATION 34 7 

where xz-, and tk-l a r e ,  r e s p e c t i v e l y ,  a  chi-square r e v .  and 

Student- t  r e v .  with k-1 degrees of freedom. 

Confidence i n t e r v a l s  f o r  r can e a s i l y  be cons t ruc ted  from 

Theorem 2;  such an i n t e r v a l  i s  c l e a r l y  based on t h e  S tudent - t  

l i m i t  d i s t r i b u t i o n .  I t  i s  d e s i r a b l e  t o  employ a  Student- t  l i m i t  

d i s t r i b u t i o n  with k  a s  l a rge  a s  pos s ib l e ,  s i n c e  t h e  asymptot ic  

expected half-width and v a r i a b i l i t y  a r e  both decreas ing  func t ions  

of k ( s e e  SCHMEISER [ 111 ) .  This sugges ts  t h a t  i t  i s  d e s i r a b l e  

t o  consider  mul t ip le  r e p l i c a t i o n  procedures i n  which k ( t )  

i nc reases  with t h e  computation e f f o r t  t. To analyze t h e  

r e s u l t i n g  e s t ima to r  r ( t ) ,  we need t o  add two a d d i t i o n a l  

hypotheses: 

H2. The process  { x 2 ( t )  : t > 0) i s  uniformly i n t e g r a b l e .  

H3. E Y ( ~ )  = r + O ( l / t )  a s  t + m. 

Assumption H Z  i s  a  mild t e c h n i c a l  s t r eng then ing  of H1; p r e c i s e  

condi t ions ,  guaranteeing H2 f o r  r egene ra t ive  processes ,  may be 

found i n  GLYNN and IGLEHART [81.  Assumption H3 i s  a l s o  v a l i d  f o r  

a  l a r g e  c l a s s  of r egene ra t ive  processes ,  a s  t h e  fo l lowing  

p ropos i t i on  shows. 

PROPOSITION 1. Let Y be a non-delayed r egene ra t ive  p roces s  wi th  

regenera t ion  t imes 0 = T ( 0 )  < T ( 1 )  <... and assume t h a t  

E ( J ; ( ~ ) ( ~ + I Y ( S )  / ) d ~ ) ~  < m .  Then, H3 holds.  

For many Markov processes ,  i t  can be shown t h a t  t h e  r a t e  of 

convergence t o  t h e  s t eady - s t a t e  i s  exponent ia l ly  f a s t  ( s e e  p. 221 

of DOOB [S]), s o  t h a t  t h e r e  e x i s t s  a > 0 f o r  which 

I f  ( 2 )  ho lds ,  then 

where b  = / ; (EY(s) - r )ds .  For such processes ,  t h e  fo l lowing  

strengthened vers ion  of H3 i s  then  i n  fo rce .  
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GLYNN 

H4. ~ i?( t )  = r + b / t  + o ( l / t )  a s  t + m. 

We now r e t u r n  t o  t h e  a n a l y s i s  of r ( t )  when k ( t )  i s  

allowed t o  i nc rease  with t. Theorem 3 shows t h a t  t h e  behavior  of 

t h e  es t imator  r ( t )  depends c r i t i c a l l y  on t h e  manner i n  

which m ( t )  and k ( t )  j o i n t l y  converge t o  i n f i n i t y .  

THEOREM 3. 

i)  Assume H1 - H3. I f  m ( t ) / k ( t )  + - I  then,  

2/2 ( r ( t ) - r )  ==> aN(0 , l )  . 
ii) Assume HI, H2 andH4  wi th  b  # 0. I f  m ( t ) / k ( t )  + 0  

and m ( t )  + m, then  

1  
t/2 l r ( t )  - rl ==> m . 

iii) Assume H I ,  H2 and H4 with b  f 0. I f  

r n ( t ) / k ( t )  + c(O < c  < a), then  

( r ( t ) - r )  ==> aN(OI 1 )  + b/c% . 
Theorem 3 a s s e r t s  t h a t  t h e  length  of a  r e p l i c a t e  should be l a r g e  

r e l a t i v e  t o  t h e  number of r e p l i c a t e s ,  i n  order  t h a t  a  reasonable  

convergence r a t e  be achieved. In  p a r t i c u l a r ,  we r e q u i r e  t h a t  

k ( t )  = 0 ( 2 h  ) and m ( t ) - l  = ~ ( t -  ) .  Note t h a t  m ( t )  - (ct//2 

i s  a  " c r i t i c a l  r a t e "  f o r  t h i s  r e s u l t ,  i n  t h e  sense  t h a t  any slower 

r a t e  of i nc rease  of m ( t )  r e s u l t s  i n  a  suboptimal r a t e  of 

convergence f o r  r ( t ) .  

To produce confidence i n t e r v a l s  i n  t h e  cu r r en t  

which k ( t )  + =, w e  need t o  c o n s i s t e n t l y  e s t ima te  

candida te  f o r  e s t ima t ing  a2  i s ,  of course,  m ( t ) r  
2 

t h a t  E I ' ( t )  a var  Y( rn( t )  ) a  / m ( t ) .  ) 

s e t t i n g  i n  

2 a  . A n a t u r a l  

( t ) .  (Note 

THEOREM 4. Assume t h a t  t h e  p roces s  { x 4 ( t )  : t > 0) i s  uniformly 

i n t e g r a b l e  and t h a t  H I  - H2 a r e  i n  fo rce .  I f  r n ( t ) / k ( t )  + - 
and k ( t )  + -, then  

m ( t )  r ( t )  ==> a  2 
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See GLYNN and IGLEHART [ 8 ]  f o r  cond i t i ons  guarantee ing  

uniform i n t e g r i b i l i t y  of ( x 4 ( t )  : t > 0}  when Y i s  

regenera t ive .  

Combining Theorems 3 and 4 ,  we o b t a i n  t h e  fo l lowing  

c o r o l l a r y ,  from which confidence i n t e r v a l s  a r e  e a s i l y  produced. 

COROLLARY 1. Under t h e  assumptions of Theorem 4 ,  

a s  t + m, provided u 2  > 0 .  

Corol lary 1 and Theorem 2  t o g e t h e r  confirm t h e  claim, made i n  

t h e  In t roduct ion ,  t h a t  confidence i n t e r v a l s  can be e a s i l y  

cons t ruc ted  when t h e  method of r e p l i c a t i o n  i s  employed; i n  

p a r t i c u l a r ,  no a d d i t i o n a l  user -suppl ied  parameters  need be 

s p e c i f i e d  t o  genera te  confidence i n t e r v a l s .  

The r e p l i c a t i o n  schemes descr ibed  above, i n  which t h e  number 

of r e p l i c a t e s  k ( t )  + m ,  permit  e s t ima t ion  of t h e  parameter a 2  

( s e e  Theorem 4 ) ;  f o r  schemes i n  which k ( t )  5 k < m, no such 

es t imat ion  i s  p o s s i b l e  ( s e e  Theorem 2 ) .  In add i t i on  t o  i t s  

importance i n  t h e  confidence i n t e r v a l  s e t t i n g ,  t h e  a 2  

i s  i t s e l f  of some i n t e r e s t .  The parameter a2  measures t h e  - 
asymptot ic  v a r i a b i l i t y  of ~ ( t ) ;  i f  Y ( t )  measures t h e  c o s t  of 

running a  s t o c h a s t i c  system a t  time t ,  then  r i s  t h e  long-run 

average c o s t ,  and a 2  measures t h e  e x t e n t  t o  which t h e  average - 
c o s t  Y ( t )  may dev ia t e  from r over  t h e  i n t e r v a l  [ O , t ] .  

Thus, a 2  may i t s e l f  be important  i n  determining t h e  s u i t a b i l i t y  

of a  po l i cy  t o  be eva lua ted  over  a  planning horizon of t t ime 

u n i t s  durat ion.  

We conclude t h a t  schemes i n  which k ( t )  + o f f e r  two main 

advantages over t hose  i n  which k ( t )  i s  f i x e d ;  improved 

confidence i n t e r v a l  asymptot ics  ( s h o r t e r  expected l eng th  and 

v a r i a b i l i t y )  and t h e  oppor tuni ty  t o  e s t ima te  t h e  parameter  a2 .  
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METHOD OF REPLICATION 

APPENDIX : 

Proof of ~ r o p o s ' i t i o n  1: I t  i s  e a s y  t o  s e e  t h a t  

where Zk  - 
T(k-1)  

( Y ( s ) - r ) d s  and N ( t )  = max{k>O : T ( k ) < t }  . 

From t h e  moment c o n d i t i o n ,  it i s  obvious t h a t  E( I Z 1 + r ) < - 
and by Wald's i d e n t i t y  

( s e e  p.  137 of  CHUNG [ 3 ] ) .  S i n c e  r = E ( / : ( ~ )  Y ( s ) d s ) / E T ( f ) ,  

EZk = 0 and t h u s  t h e  f i r s t  t e rm i n  t h e  r igh t -hand  s i d e  o f  ( A l )  

van i shes .  For t h e  second term,  set  

A s imple  renewal  argument shows t h a t  a  s a t i s f i e s  t h e  renewal  

equa t ion  

wi th  

S ince  

by Wald's e q u a l i t y  and t h e  moment h y p o t h e s i s ,  it i s  c l e a r  t h a t  

a ( * )  i s  bounded over  f i n i t e  i n t e r v a l s .  Hence, by Theorem 2 .3  o f  

0 

where U ( t )  = 1 
k=O 
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and thus  l b ( t )  1 < c l  min{l, t - 2 )  f o r  some c, .  So, t h e r e  e x i s t s  

a and c 2  such t h a t  

t h e  f i r s t  term above i s  bounded i n  t by r e l a t i o n  (1.71, p.  360, 

of FELLER [ 7 ] ,  whereas t h e  second i s  bounded by t h e  elementary 

renewal theorem ( s e e  Theorem 5.5.2 of CHUNG [ 31 ) . From (A2 ) and 

(A3), it is  evident  from (Al)  t h a t  

i s  a  bounded func t ion  of t ,  proving t h e  p ropos i t i on .  

Proof of Theorem 3: Se t  v ( t )  =  EX^(^) and note  t h a t  H2 impl ies  

t h a t  v ( t )  + a2 a s  t + a. 

To prove i ) ,  suppose f i r s t  t h a t  a2  > 0, and no te  t h a t  

s o  t h a t  H2 and H3 imply t h a t  {vL(  t )  ) i s  uniformly i n t e g r a b l e ;  

t h u s ,  (A81 goes t o  zero  a s  t + a, v e r i f y i n g  (A7). Combining 

(A61 and (A71 y i e l d s  i when a2 > 0. 

I f  uL = 0, we can reduce t h i s  case  t o  t h e  one preceding  by 
N 

applying t h e  above r e s u l t s  t o  Y, where 

and N ( 0 , l )  i s  independent of Y ;  we leave  t h e  d e t a i l s  t o  t h e  

reader .  
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METHOD OF REPLICATION 353 

The p roo f s  of ii) and iii) a r e  s i m i l a r  t o  t h a t  of i ) ;  only  

~ ( t )  ls behavior  i s  d i f f e r e n t .  For i i ) ,  

1  

B ( t )  = E m t  r - b/m( t )  = b %- + m 

m ( t )  

whereas f o r  i ii), 

Proof of Theorem 4: Note t h a t  

2  
By Theorem 3 ,  t ( r ( t )  - r12 ==> o N ( O , I ) ~  a s  t + - s o  t h a t  

a s  t + a, s i n c e  k ( t )  + m. For t h e  o t h e r  term i n  (A8),  we no t e  

t h a t  

and 

k ( t )  
m ( t ) ( y i ( m ( t ) )  - rI2)  v a r  (- 

k ( t )  i = l  
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3 54 GLYNN 

a s  t + m. Also, a ( t )  + a a s  t + m. To t r e a t  t h e  sum i n  (A5) ,  

we view t h e  fami ly  of r . v . ' s  { Z i ( t )  : 1 < i < k ( t ) ,  t > 0) a s  a  

t r i a n g u l a r  a r r a y .  Note t h a t  E Z i ( t )  = 0  and 

Furthermore,  by Chebyshev's i n e q u a l i t y ,  

2  
2 E Z i ( t )  

+ o  max P { Z i ( t )  > E )  < = -  
l < i < k ( t )  

E k ( t ) €  

a s  n  + m, s o  we conclude t h a t  { Z i ( t ) )  i s  ho lospoudic  ( s e e  p.  

196-206 of CHUNG [ 3 ]  f o r  r e s u l t s  and d e f i n i t i o n s ) ;  h o l o s p o u d i c i t y  

r e q u i r e s  t h a t  each of t h e  summands make a  v a n i s h i n g l y  s m a l l  

c o n t r i b u t i o n  t o  t h e  t o t a l  sum. To show t h a t  a s  t + -, 

k ( t )  
2 .  ( t )  ==> ~ ( 0 ~ 1 )  , 
1 

i= 1  

we need t o  v e r i f y  L i n d e b e r g ' s  c o n d i t i o n .  Observe t h a t  f o r  n > 0, 

4 Since {X ( t )  : t 0) i s  u n i f o r m l y  i n t e g r a b l e ,  i t  f o l l o w s  t h a t  
4 E X  ( 0 )  i s  a  bounded f u n c t i o n  (see  (5 .1)  o f  [ I ] )  so t h a t  t h e  

va r iance  te rm (A91 tends t o  ze ro  as t + m. Thus, 

as  t + -. Combining H2, (A9) ,  (A lO) ,  and ( A l l )  y i e l d s  t h e  

r e s u l  t. 
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