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ABSTRACT. We study the dissipation mechanism of a stochastic particle sys-
tem for the Burgers’ equation. The velocity field of the viscous Burgers’ and
Navier-Stokes equations can be expressed as an expected value of a stochastic
process based on noisy particle trajectories (Constantin, Iyer, Comm. Pure
Appl. Math, 2008). In this paper we study a particle system for the viscous
Burgers’ equations using a Monte-Carlo version of the above; we consider N
copies of the above stochastic flow, each driven by independent Wiener pro-
cesses, and replace the expected value with % times the sum over these copies.
A similar construction for the Navier-Stokes equations was studied by J. Mat-
tingly and the first author (arXiv:0803.1222, to appear in Nonlinearity).

Surprisingly, for any finite IV, the particle system for the Burgers’ equations
shocks almost surely in finite time. In contrast to the full expected value, the
empirical mean % Ziv does not regularize the system enough to ensure a
time global solution. To avoid these shocks, we consider a resetting procedure,
which at first sight should have no regularizing effect at all. We however prove
that this procedure prevents the formation of shocks for any N > 2, and
consequently as N — oo we get convergence to the solution of the viscous
Burgers’ equations on long time intervals.

1. INTRODUCTION
The viscous Burgers’ equation
(1.1) Oru + udpu — v2u =0

has been studied extensively from several different points of view. Here v > 0 repre-
sents the viscosity, making the equation dissipative in nature. The inviscid Burgers’
equation, (equation (1.1) with v = 0) is studied as the basic example of a scalar
conservation law (see e.g. [5,[7]). The Burgers’ equation is also linked to the KAM
and Aubry-Mather theories [8,12]. It is the simplest PDE that models the Euler
and the Navier-Stokes nonlinearity. As such, it has been extensively studied as the
first step in understanding the two key unresolved issues in fluid mechanics: turbu-
lence and regularity of the Navier-Stokes equations in three dimensions. In the first
category the objective is to characterize an statistical properties of turbulence [6].
In the second category the objective is to understand the regularizing mechanism
of dissipation [1l[13]. This paper falls into the latter category: we study the reg-
ularising mechanism of a particle system for the Burgers’ equations, analogous to
the particle system for the Navier-Stokes equations developed in [4,11].
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In [4], a class of second order non-linear transport equations (the Navier-Stokes
and viscous Burgers’ in particular) were formulated as the average of a stochas-
tic process along noisy particle trajectories. Explicitly, for the viscous Burgers’
equation consider the stochastic flow

(1.2) dX; = up(Xy) + V20 dW;

with initial data X;(a) = a. Here W denotes a standard 1D Wiener process. If we
require that the velocity u satisfies

(1.3) u = E [ugo (X; 1]

where E denotes the expected value with respect to the Wiener measure, then u
satisfies! the viscous Burgers’ equation (1.1) and initial data up. The formulation
for Navier-Stokes developed in [4] involves recovering the velocity u via the average
of a non-local functional of the initial data.

Observe that when v = 0, the system (1.2)—(L.3) is exactly the method of char-
acteristics for the inviscid inviscid Burgers’ equation. Indeed trajectories of the
flow X are now characteristics, and equation (1.3) states that the velocity is trans-
ported along characteristics. Thus, the v > 0 case could be viewed as a stochastic
generalization of the method of characteristics: we transport the initial data along
noisy characteristics, and then average with respect to the Wiener measure.

The usual Monte-Carlo method of solving (1.2)—(1.3) numerically [18,[19] is to
replace the flow X with N different copies X%, each driven by an independent
Wiener process W¢, and replace the expected value in (1.3) by the empirical mean:

% Zi\;l Explicitly, the system in question becomes

(1.4) dXN = ulN(X,) dt + V2v dW},
(1.5) Xy (a) = a,
(1.6) AN = (xp™)T,
1 & :
(1.7) u) = NZUQOA?N,
1=1

where ug is the given initial data, W* a sequence of independent Wiener processes
and v > 0 the viscosity. Throughout this paper, with the exception of section [3,
we impose periodic boundary conditions on the above, and assume the initial data
is periodic.

For the Navier-Stokes equations, the particle system in [11] involves using a
higher dimensional Wiener process, and replacing (1.7) with the average of vorticity
transport and Biot-Savart:

(1.8) WwN=E [((VXZ’N)(,«)O) o A;‘;N} :
(1.9) u) = (=0)7V x Wl

where wy = V X ug is the initial vorticity. In [11], the authors considered the
system (1.4)—(1.6) & (1.8)—(1.9), with spatially periodic boundary conditions, and
proved global existence in two dimensions, local existence in three dimensions,
convergence to the correct limit as N — oo, and described the asymptotic behaviour
for fixed N as t — oc.

IThis is only valid for spatially periodic or decay at infinity boundary conditions.
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The techniques of [11] however fail for the system (1.4)—(L.7). One heuristic
explanation is as follows: The particle system (1.4)—(1.7) (and also the system (1.4)—
(1.6) & (1.8)—(1.9)) is dissipative only for short time [11, Theorem 5.2]. Once the
system (1.4)—(1.7) stops dissipating energy, the growth from the non-linear term
forces the system to shock, in a manner similar to the inviscid Burgers’ equation.
In contrast, no dissipation is required to prove global existence (at least in 2D)
for (I.4)-(1.6) & (1.8)-(1.9), as was shown in [11, Theorem 3.5]. This is to be
expected, as (1.8)—(1.9) are structurally similar to Euler equations, for which 2D
global existence is well known [21] (see also [2,/17]).

The main content of this paper is to show that the shocks in the system (1.4)—
can be completely avoided by resetting the Lagrangian maps. Namely, we
solve (1.4)-(1.7) for short time ¢;. Then we replace the initial data with v, and
restart the system (1.4)—(1.7) with this new initial data. Explicitly, consider the
system

(1.10) dXY = uN (XY, dt + V20w,
i, N
(1.11) Xis, ks, (@) = a,
i N PN \—

(1.12) Akét,t = (Xkémt) g

1 N

i, N
(1.13) up = N Zujkvét o Ay, o0
1=1

where k € N, and ¢ is always assumed to be in the interval [kd;, (k + 1)d;).

If §; is small enough, we show that (time) global solutions to this system exist
with arbitrarily large probability, and as N — oo these solutions converge to the
smooth solutions of the viscous Burgers’ equation.

The fact that the shocks can be avoided by resetting is indeed unexpected! The
system (1.2)—(1.3) is Markovian; if we reset it at regular intervals (as above), then
the new solution obtained will be no different from the original solution without
resetting. Fortunately, this is not true for the system (1.4)—(L.7). If we reset often
enough, the generic short time dissipative effect is strong enough to overcome the
nonlinear growth, and with large probability prevents the formation of shocks. We
observed numerically that even for large d; (i.e. comparable to half the shock time
of the inviscid Burgers’ system) is enough to ensure that the system (1.10)—(1.13)
is globally well posed. With the techniques in this paper however, we are only able
to prove a global existence result for (1.10)—(1.13) when ¢; is small. The question
for large J; remains open, and can not be addressed using techniques in this paper.

Finally, we mention that our technique can be used to show global existence of
the analogue of (1.10)—(1.13) for the Navier-Stokes equations in two dimensions.
As this is already known [11], without resetting, we do not carry out the details
here.

One interesting application would be to the 3-dimensional Navier-Stokes equa-
tions. There are numerous results showing global existence of solutions to the
Navier-Stokes equations with small initial data. One new, interesting question that
can be asked in this framework is the existence of solutions for arbitrary initial data,
which are time global for some small (non-zero) probability. The McKean type
nonlinearity prevents us from asking this question for the stochastic Lagrangian
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formulation for the Navier-Stokes equations [4, equations (2.3)—(2.6)]. For the sys-

tem (1.4)—(1.6) & (1.8)—(1.9), the empirical mean 3; Zf[ provides no regularisation,
so it is unlikely to expect small probability time global solutions. However, the re-
peatedly reset version of (1.4)—(1.6) & (1.8)—(1.9) is free of the McKean nonlinearity,
and is dissipative, making it a better candidate for small probability time global
solutions. Unfortunately, there are obstructions in proving this result directly with
the techniques used here, and we are working on addressing this issue.

The plan of this paper is as follows: In Section[2]we establish our notational con-
vention, and prove our main regularity result. This proof relies on a few auxiliary
technical results, the proofs of which we postpone to end of the paper (Sections[5—
[7). In Section[3 we prove that the system (1.4)—(1.7) (without resetting) develops
shocks almost surely, for any N. In section 4] we discuss why the classical conser-
vation law / entropy solution techniques can not be used for (1.4)—(1.7).

2. THE MAIN THEOREM AND PROOF.

Throughout this paper, we assume N > 2 to be fixed, and W}!,..., W} to be N
independent Wiener processes with filtration F;. We assume subsequently, without
loss of generality, that v = 1. We use C*, to denote the space of all periodic
functions on R (with period 1) which have k continuous derivatives. We use LP, H®
to be the Lebesgue p-space, and the Sobolev space of order s respectively, consisting
of periodic functions. Statements about processes being C*, LP or H*® will refer
only to the spatial regularity.

Definition 2.1. Given tg € R, we define Sg?i, to be the solution operator of (1.10)—
(1.13), starting at time ¢y and with periodic boundary conditions.

Explicitly, given uy, (assumed to be Fy,-measurable), the process u; = Stjg)tuto,

t > to is the unique fixed point of the system
(2.1) dX;7 = u (X)) dt + dW
iN
(22) Xto,t() (a’) =a
. |
(2:3) A= (x)
1 & -
(2.4) w =5 Z Uy, © Aioj\i
i=1

For notational convenience, we omit N from the superscript superscripts for the
remainder of this section. Given ug and d; > 0, the system (1.10)—(1.13) can now
be iteratively defined by

(2.5) ult = Skét,tuitgt for k € N such that ké, <t < (k+1)d;.
Thus for times which are integer multiples of §; we have
(2.6) U((;;;Jrl)at = Skét,(kﬂ)étui"bt-
We show global existence of (2.5), provided our resetting time is small enough.

Theorem 2.2. LetT >0, >0, s > 6+ %, and suppose ug € H®. Then there

exists o7 = op(T, e, s, ||uol| =) such that if 0y < o, then the solution of (2.5) has
an C® solution on the interval [0,T)] with probability at least 1 — e.
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Note that the operator Sy, : is not a smoothing operator. This is because the
SPDE satisfied by u; = So tup is which is not a dissipative SPDE [14]. One can
immediately verify this as the diffusive term in (5.2) does not necessarily dominate
the noise.

Another (perhaps more intuitive) way of understanding the regularity properties
of Sy, + is via time splitting. The S;, can be time split into two parts: S’tlo, the non-
linear solution operator associated with the inviscid Burgers’ equations, and S’fo
the operator corresponding to resetting. By considering time split version of (1.10),
one can see that 5’30 corresponds exactly to the operator

(2.7) gtzo,to-f-étf(x) = % i f (‘T - (Wtj(-)-i-ét - Wtjo))
j=1

The operator 5’,}0 causes growth on the Fourier modes. It is well known that
the damping provided by vd?2, for any v > 0, is enough to overcome this growth,
and this gives us global existence for the viscous Burgers’ equations for any strictly
positive viscosity. Thus if the operator 5',520 provides damping comparable to v92,
then the usual methods can be used to prove Theorem[2.2. However, the operator
S’fo provides no damping, as can immediately be checked from (2.7): the operator
norm of 5’,520 is exactly 1 (surely) in all Sobolev and Holder spaces. This is the main
difficulty in proving Theorem 2.2.

We overcome this difficulty by considering the limit as §; — 0. It turns out that
the limit as §; — 0, of u% satisfies a dissipative SPDE. If the initial data is regular
enough, we obtain convergence in a strong norm to this (dissipative) limit. This is
the key to the proof of Theorem [2.2.

Lemma 2.3 (Key Lemma). Let u’* be the solution of (2.5) with initial data uo,
and v be the solution of the SPDE

N
1 Oy -
(28) d’l}t + vtﬁmvt dt — iaivt dt + ]\;Ut E thj =0

j=1

with initial data v|i—9 = ug, and spatially periodic boundary conditions. Let 3 €
NU {0}, and assume>

2.9 sup ||ult <U a.s.,

(2.9) tgz% t | gare S

(2.10) sup ||ve|lcass U  a.s.,
t<To

and let w? = u*—v;. Then there exists a constant C = C(3,U, N, Ty) (independent
of 0;) such that

3,0t

awls || < s>,

L2

max E
To
k<52

2The assumptions (2.9)—(2.10) can be weakened slightly at the expense of a lengthier, more
technical proof. The weakened assumptions however, still require more than 3 derivatives. While
replacing (2.9)—(2.10) with a condition involving only 3 derivatives would be of sufficient interest
to warrant a more technical proof, reducing 44 3 to 4+ (3 —¢ only obscures the heart of the matter.
Since sufficient regularity on our initial data will guarantee (2.9)—(2.10) anyway, we assume they
hold and avoid unnecessary technicalities.
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Our main interest in this lemma will be for 3 = 2, as it will enable us to obtain C!
bounds on u from a C! bound on v. A C' bound is all that is needed to continue a
solution locally, thus a uniform in time C'! bound will prove our theorem. Since (2.8)
is dissipative, uniform in time bounds of strong norms are readily obtained.

Lemma 2.4. Let s € N, ug € H®, and v be a solution to the SPDE (2.8) with
initial data ug and periodic boundary conditions. Then there exists a constant

V =V (||uwollgs,s) such that
(2.11) loell e < Vs aus.
forallt > 0.

Lemma [2.4 and Lemma will now allow uniform in time control a strong
norm of u%. The only remaining ingredient is obtain a C' local existence result,
and guarantee that the inequality (2.9) is satisfied uniformly in ;.

Lemma 2.5. Suppose ug € C™, and let u® be the solution of (2.5) with initial
data ug. There exists Ty = To(||uol|c1) such that the solution to (2.5) exists on the
interval [0,Ty]. Further, there exists constant U, = Uy (||uolcn,n) independent of
0y such that

<U, as.
Cn

(2.12) sup ||ult

0<t<To

for all 0y < Tp.

As usual, the existence time Tj only depends on a certain norm (in this case
C1) of the initial data. On this existence interval, any additional smoothness of the
initial data is preserved.

We are now ready to prove the main theorem, and we postpone the proofs of the
above propositions and lemmas to subsequent sections.

Proof of Theorem[2.2. Let v; be the solution of (2.8). By Lemma 2.4 and the
Sobolev embedding theorem there is a constant Vi, such that ||vi||cr < Vi for
all t > 0. Let Ty = Tp(2V1) be the local existence time in Lemma [2.5; namely
for any initial data ug with ||ugllcr < 2V4 the operator Sy, ;ug is defined for all
te [to,to + To]

Note that our assumption ug € H'3/?t, Lemmal(2.4 and the Sobolev embedding
theorem implies the assumption (2.10) is valid for 8 = 2 (in this case, the supremum
can in fact be taken over all ¢ € R). Similarly Lemma [2.5] guarantees that the
assumption (2.9) is valid for § = 2 and all §; < Typ. Thus Lemma [2.3] can be
applied.

Let ©; be the event {Hu‘st lcr <2Vi}. Then

> P (| = on |, < V)
(HuTO , S %) [Sobolev embedding]

V2

Csl/2
>1- VtQ [Lemma [2.3],

2
>1- i —F <HuTO — g, H2> [Chebyshev’s inequality]
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where constant ¢; above is the constant arising in the Sobolev embedding theorem.
Thus for small enough d;, P(21) can be made arbitrarily close to 1. (Note that
while the bound on P() is independent of d;, the event €y may itself depend on
5¢.)
Now this procedure can be iterated: Let ﬁgfo = Xmu%}, and for ¢ > Ty define @.*
by
ﬁft = Skét,tﬂitgt for k € N such that ké; <t < (k+ 1)d:.

Note that ||115T'[')Hcl < 2V; almost surely. Thus by Lemma (2.5, and our choice

of Ty, ﬁgfo is defined (and spatially C%) for all ¢t € [Tp,2T,]. Further, since the
equations (2.1)—(2.4) are all almost sure relations (specifically, since they don’t
involve the law of the processes), uniqueness of solutions will guarantee that the
processes 4% = ud are indistinguishable on 3, on the time interval [Ty, 27}).
Using Sobolev embedding, Chebyshev’s inequality and Lemma [2.3] as above, we
can find an event 3 C €y such that P(Qg) is arbitrarily close to P(€;), and
the solution u¢ can be continued to the interval [2T}, 3Tp]. Iterating, finishes the

proof. ([

Finally we address the question of N — oco. For this purpose, we introduce the
superscript of N to indicate the dependence on N of the process considered. Using
techniques similar to [11], we show that the solution vV of (2.8) converges to the
solution of the viscous Burgers’ equations as N — oo.

Proposition 2.6. Let vV be the solution of (2.8) with initial data ug, and u? be
the solution of the wviscous Burgers’ equation with the same initial data. If
ug € H%, s > %, then for any T > 0

i, sup Bl =t =0

Now Proposition Lemma 2.3/ and an argument similar to the proof of Theo-
rem[2.2 will show that for small enough &;, as N — oo, u™V:% converges to the same
limit on an event of almost full probability.

3. ALMOST SURE EXISTENCE OF SHOCKS WITHOUT RESETTING

In this section we show that the system (1.4)—(1.7) develops shocks almost surely,
for any N. For simplicity, we work with functions on the line, instead of on the
Torus. For this section we will assume all functions spaces refer to functions defined
on the real line.

Definition 3.1. We say a stopping time 7 is an C! existence time of the system
(1.4)—(1.7) if there exists a C! solution of (1.4)-(1.7) defined on the (random)
interval [0, 7).

Definition 3.2. We say 7 is a maximal C' existence time of the system (1.4)—(1.7)
if for any C! existence time 7/, we have 7/ < 7.

Proposition 3.3. Suppose ug € C'(R) is a decreasing function, and 7' be the

mazimal C* existence time of (1.4)~(1.7). Then
N

(3.1) T e

Vo[ oo

almost surely.
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Remark 3.4. The numerically observed shock time is of the order m with
large probability, indicating that our bound (3.1) is far from optimal. Further,
this is also (numerically) observed without the assumption that the initial data is

monotone.

Remark. One can show? that as N — oo the solution to (1.4)-(1.7) approaches the
solution to at a rate of \/LN However, it is well known that the solution to
(TI.1) is smooth for all time and no shock develops, provided the initial data is for
instance C! and bounded [7].

Thus Proposition [7.1] (or more precisely Remark[3.4) shows that no matter how
large N is, the system (1.4)—(1.7) will only be a good approximation to the true
solution of (1.1) for short time in the order of

VuollLoo

Proof of Proposition[3.3. Assume for simplicity that |[Vug|lr~ = —Vuo(0) = 1.
We first show that VXtZ’N becomes 0 almost surely in finite time. Differentiating
(1.4) in space gives

(3.2) AVXIN) = vud

XI_,NVXZ"N dt

t

For i = 1, equation gives

1
Vu X?NVX,}’N - [V(uo o Ai’N)‘XtLNVth’N—f—
N

+ ; Y (up 0 A?N)‘X?NVXLN}

v (A;vN ° xng)]

1 N
(3.3) = —|Vug+ > Vv

APNoX LN

Now note that as long as we consider a C* solution of the system (1.4)—(1.7), the
flow X; NOR S Ris homotopic to the identity map via C' diffeomorphisms of R.
The same can be said about AP, and thus V(A2Y o X/'™) > 0. Finally since ug is
assumed to be decreasing, we know that Vuy < 0. Using this along with equations

(3.2), (3.3) yield

-1
VXN (0) < ~

Since at time 0, VX&’N =1, Vth’N(O) becomes 0 in time at most N. Consequently

VAN || L~ approaches infinity in time at most N.
Now differentiating (1.7) gives

N
1 iN
Vul¥ = N E_l Vuo‘At .

We know the first term (when ¢ = 1) approaches —oo in time at most N. The
remaining terms are all negative, so Vul¥ approaches —oo in time at most N. [

3See for instance [11, Theorem 4.1], where the analogous result is proved for the Navier-Stokes
equations.
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4. THE FORMAL FAILURE OF CLASSICAL TECHNIQUES TO CONTINUE PAST
SHOCKS

In this section show that the classical techniques used to continue solutions of
the inviscid Burgers’ equations past shocks will not apply here. As we shall see, the
Rankin-Hugonit [7] condition now involves dyu on the shock, making it impossible
to use here.

T

FIGURE 1. A possible shock separating two regions where the so-
lution is classical.

Using the computations from [4,11] (described briefly in Lemma [5.1), we see
that for a classical solution of the system (1.4)—(1.7), the velocity u” satisfies the
SPDE

1N
(4.1) dul +ulN ol dt — 102ul dt + ¥ >0, awi =0
j=1
where ugN =g o A{"N. For notational convenience, we subsequently assume N is
fixed, and omit it as a superscript.

If we impose a decay at infinity boundary condition on (4.1), the natural notion

of a weak solution to (4.1) would be to require that for all v € C2°(R x [0,T]),

T 2 Var XL T _ .
U v
/0 /R <ut8tvt + [7’5 — V@zut] vt> dx dt + N 1;/0 /Ruéazvt dx dW{ =0

almost surely. Proceeding in the classical manner, we divide R x [0, 7] into two
regions V7 and V, (as in Figure [4), along a (random) shock parametrized by by
x = Y;. We assume that u is a classical solution of (4.I) on the interior of the
regions V7 and V3, and u is a weak solution of (4.1) on V; UV, = R x RT. Now

formally treating dW; = W, dt and applying Stokes theorem? gives

2 /2 N
// ugOpvy + u—2t Y Oxvy =
\%1

n=1
4This can of course be made rigorous by splitting the boundary of V; into piecewise linear
segments, and using the It6 isometry.
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2

T 2 o N o )
u v i i
= ‘/O Vt ([?t — I/aw’u,t:| dt + T nEZI Uy d”/t — Ut dY;,)

almost surely. Repeating the same computation for V5, and using the fact that
ffvluvg(' -+) =0, we have

T, 2 Vor Lo
u 4 2 L
= ‘/O [—t — I/amut + N — ut t‘| Ut dt — UtV dX/t

T Nom, N T ) ) T
(4.2) / [3T(uf) — v (Opup)] dt + ~—— Z/ J(u}) dWy —/ J(u)dY; =0
0 N =170 0
almost surely, where J(v) denotes the jump in the function v across the random
shock = = Y;.

Now if there is a jump in u across the shock, then d,u will involve a delta func-
tion and it will be meaningless to talk about a jump in d,u. Thus to balance (4.2),
we must have J(u) = 0. In this case the remaining nonzero terms in (4.2) are
J(ul) dW}, and J(dus)dt. Since the former are all independent martingales, and
the latter is the only nonzero term of bounded variation, they must all be 0 indi-

vidually. This forces our solution u to in fact be classical! Thus a theory of entropy
solutions can not be developed using these techniques.

5. PROOF OF THE KEY LEMMA (LEMMA [2.3).

In this section we prove convergence of u% to v as §; — 0. The basic idea is
to show that the velocity in our reset system (1.10)—(1.13) satisfies the limiting
SPDE (2.8)) with a small error which is controlled as d; — 0.

For this section, we always assume ug is fixed, u; is defined by (2.5), and the
processes Xjs ,, Ais, . are all as in (1.10)-(1.13), and v is the solution of the
SPDE (2.8) with initial data ug (and periodic boundary conditions). For notational
clarity, we will omit the N and §; as superscripts throughout this section.

We need a few lemmas before we can prove Lemma [2.3. Our first lemma com-
putes an SPDE satisfied by u; on the interval [kd:, (k + 1)d:).

Lemma 5.1. Fort € [kd;, (k +1)8;), we let uf = uys, o A}, , be the i summand
in equation (1.13). Then uy, ut satisfy the SPDE’s

. u‘—l—ut mui t — 1024l dt + wui P =
5.1 duf + uOyul dt — 202u} dt + dyuy dW) = 0
AR

j=1

on the interval [kd:, (k + 1)6:).
Proof. From [4,11] (see also [15,20]) we know that A? satisfies the SPDE
dAys, o + Oy Aps, dt — 202 A55, , dt + 0, Ajs, , AW
Equations (5.1) and (5.2) are now a direct application of Itd’s formula. O

Now we show that u satisfies the SPDE (2.8), with a small error, and obtain
bounds on this error. Let Ef,; Y denote the conditional expectation of ¥ given
Fis,- Given any function of time f, we define the increment Ay f by

Axf = frerr)s, — frse-
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Finally, let L be the (non-linear) operator defined by
Lu = u0yu — %(’ﬁu
Lemma 5.2. Suppose (2.9) holds for some 8 € NU {0}, and let €}, be defined by

eh(2) = ws1rs, () — sy () + Lugs, (2) 8 + Opur, (@ ( Z AW)

Then there exists a constant C' = C(8,U,Ty) (independent of k, (5,5) such that

(5.3) sup E |0 ()" < €82,
z€[0,1]
(5.4) sup E’E]—‘ké el (x )‘ <083,
z€[0,1]

for all k < 32

Remark. Since uw and all derivatives of u are a priori uniformly bounded almost
surely, the proof of this lemma is straightforward. Without this a priori bound, we
would only obtain similar bounds on E||07es |3, and E|Ex,, 0J¢); |12, which
is still sufficient for Lemma[2.3.

Proof of Lemmal5.2. We assume throughout this section that C' is a constant only
depending on U and Tj which could change from line to line. Our assumption
and local existence (Proposition 7.1) will give short time almost sure C4**# bounds
on the displacement of the flows X,iéht, A}'ﬂ;ht and hence a short time almost sure
bound on |[uf||cats. Thus we can assume (2.9) holds for u? as well.

For any t € [kd;, (k+ 1)dy),

t
ut—ukgt:—/ Lug 5——2 8ugdWSj.
k

o ko

Hence for any z € [0, 1], we have

(5.5) E (0} uy(x) — O urs, (@) < C ([ullgnre s [0 i) 82
for any n € NU {0}. Similarly for any n € NU {0}, we obtain
n z n 2 j
(5.6) E |07 ui(z) — Oyuns, ()] < C ([ullgn s [0 || i) 00
as ugs, = Uj,s,. We will only use (5.5) and (5.6) for n <2+ §.
Now

)

N
1 4
€ = U(kt1)5, — Uks, + Lugs, 0¢ + Ozurs, (N Z Asze])
—1

(k+1)6, 1 (k+1)6¢ ) )
(5.7) = / (Lugs, — Lus) ds + — Z/ (Ontugs, — Ozul) dW.
ks: = ke

Hence

9 (k+1)5; 2
E|Ef,0jc| =E 85/ (Lugs, — Lug) ds
ks,
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(k+1)6 9
< 6 / E [02 (Luks, — Lus,)]” ds
kd¢

< Cs}

where the last inequality follows from (5.5) with n = 2 + (. This proves (5.4).

For , note that the expected value of the square of the first term in
has already been bounded by C§? < C6Z. For the second term, the It6 isometry
gives

2
k41)6;

N
1 ( . .
E|— 8% (Oyuns, — Opul) dWI | =
FL L, o s )

t

1 N (k+1)6; 8 9
-+ ;/M E [0° (yuns, — 0,u)]” ds
and using with n = 1+ [ the proof is complete. O

We now prove that a time split version of the SPDE satisfies the same error
estimates as in Lemma[5.2]

Lemma 5.3. Suppose (2.10) holds for some 8 € NU{0}, and let €} be defined by
1 & :
(5.8) ey = V(k41)5; — Vks, + Lks, 0t + OpUss, (N Zl AkWJ)
i=

Then the bounds (5.3) and (5.4) hold for €}..
Proof. First note that

t 1 N (k+1)5t .
vt—vk(gt:—/ Lvsds——Z/ 0vs AW,
ko i—1 ko
J_
Thus for any = € [0, 1], t € [k, (k + 1)d;] we have
(5.9) E |0} vi(x) — 9vks, ()] < C([[0]l gusa) -

for any n € N. We will only use (5.9) for n < 2+ .
By definition (5.8),

(k+1)8: 1 M«
E// — / ka5t — LUS ds + = /
A s> [

k+1)6: )
(6mvk§t — (9IU5) dWSJ.

o t

The remainder of the proof is now identical to the proof of Lemma [5.2. O

We are now ready to prove Lemma Before beginning the proof, we remark
that the constant C' can be chosen independent of N, and Lemma 2.3]is true even
when N = 1. However the assumptions (5.10) and (5.11) will not be satisfied when
N=1.

We also remark that, the assumptions and are stronger than we
require for the Lemma. We only need

(5.10) max ([|uks, [[civs + [[vrs,lcrvs) < U, as.
k<o

\\ﬂ
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(5.11) sup max E (’32+ﬁuk5,( ’ + ‘aiJrﬁ’Ukét (@’2) < U?,

z ogkg T
and the bounds on &', 5’ " provided by Lemmas 5.2 and above (we wrote U2
in above only for dimensional correctness). The proof we provide below
depends only on these weaker assumptions.

Proof of Lemmal2.3. Let €}, = ¢}, — ¢}, where ¢}, €] are defined by Lemmas [5.2|
and [5.3] respectively. Using equations (5.3), (5.4) and the corresponding estimates
for ¢}, we have

(5.12) sup EdPe(x)? < €62
z€[0,1]
(5.13) sup E|Eg,;, ep(x )’ < e}
z€[0,1]
for all £ < Tf. We remark that we only require the corresponding bounds on

E|lek|35 and E||Ex,; k|3, for the proof of this Lemma.
We know, wg = 0 and

PN jw = 0P Aju — 0% Ao

N
1 .
(5.14) = —65 (Lugs, — Logs, ) 01 — 6£+1wk6t (N Z AkWJ) + 85%
j=1
We first estimate E(92Apw)? where k is any integer such that k&, < T,
By independence of increments,
2

N
1 .
E 8f+1wk5t (N E . AkWJ> (aﬁJrlwk(;, 2E( E AkWJ)
j=

Ry

N
On squaring and taking the expectation of (5.14), Lemmal5.2land Cauchy-Schwartz
show that the product of the last and second last term is bounded by 053/ % Thus
Ot
N
as the remaining terms are of order 67 or higher. Note that the quadratic term in
Lu, Lv appearing in will contain at most # + 1 derivatives of u, v, and thus
can be bounded using (5.10). The second order term in Lu, Lv appearing in (5.14

only needs to be controlled in the mean square sense to obtain (5.15), and thus can

be bounded by (5. 11)
Now for any K <

E(0  wgs, )?

(5.15) E(0°Aw)? < “LE(0P  wye,)? + €522

K—-1
(0Pwies,)* =2 w08 Apw + Y (92 ARw)”
k=0

Py, ( — 9P (Lugs, — Los, ) 6¢ —

N
- 6f+1Akw<% > Aij) + afgk> +

Jj=1
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+3 0 (90Aw)”.

k

Taking expected values, integrating in space and using (5.15) gives
(5.16)

K-1
Bofuns s < =20 Y B [ 0Funs, 0 (uns, s, — vus, Dovus,) da +
k=0 ®

K-1
+2 Z E/agwkgtagé‘kdx—
k=0 b

K—1
1
G+1 2 3/2
_ (1 — N) Oy ,;ZO E/z([?m wgs, )~ dx + C K0,

For the first term,
OPwis, 02 (ups, Optins, — Vs, Oaks,) = 0P Wis, 00 (Wrs, Dptins, — Vks, OxWis, ) -

For the term involving u,

< C|08wrs, [ lus.llos -

/ 8mﬁwk5t 85 (wk5t aEuk5t)
x

For the term involving v, note
2
05 wis, ks, 0y wis, = Furs, On (95 wis,)

and so we can integrate by parts to avoid the extra derivative on w. Thus

< C[[0fwns, [ oo

/ Pwis, 0P (vis, Dwwrs, )

and hence using we have

(5.17) - 25tE/8fwk5t 85 (uks, Oxurs, — Vgs, OzVks, ) dx < OO E H@fwkgt HQLZ .

For the second term in (5.16), we know wys, is Fis,-measurable. Thus using[5.13
and Cauchy-Schwartz gives

|Ea£wk5t85€k| = |E (8£wk5tEfk5t8£ek)\ < 053/2.

Replacing K with ?—f, and using equations (5.17) and (5.18) in equation (5.16
give
K—1 )
<08+ 03 E|0%ws,| ot
k=0
The remainder of the proof is an elementary discrete Gronwall argument: Let

E |[0fwrcs, ||

K-1
yk = C8> +C Y E 08w, ||} 0.
k=0
Then )
ki1 — Yk = C6,.E ||0Jwes, || . < Cory
and hence
Yrr1 < (1 + C6) yr.-
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Iterating, and using yo = 053/2 gives
ur < (14 C68,)F s>
Since k < :g—f this gives
;2%_)5 yr < C5;/° ;uﬁ)(l + C8)To/0%

concluding the proof. O

6. PROOF OF LEMMA AND PROPOSITION [2.6

In this section we establish uniform in time bounds for the solution of (2.8), and
prove Proposition [2.6.
We prove Lemma 2.4, via the following two Lemmas:

Lemma 6.1. Let ug € H®, 5 € ZT and v be the solution to with initial data
ug and periodic boundary conditions. Then for any T > 0, there exists a constant
V =V (3,7, ||uollms) such that

sup [urll s <V

almost surely.

Lemma 6.2. Let ug € L?, 5 € Z* and v be the solution to (2.8) with initial data
ug. Then for any T > 0, there exists a constant Vs = V5(T) such that

sup [[vg| s < Vs
T

=

almost surely.
Proof of Lemma|2.4. From Lemmas[6.1 and [6.2 O

Proof of Lemmal6.1. We prove Lemma [6.1 via energy estimates. Since § > 1 by
assumption, ug € L by the Sobolev embedding theorem. By the maximum prin-
ciple [16] we obtain ||v¢]|r~ < ||uollr= almost surely. Differentiating (2.8) with
respect to 2 and applying Itd’s formula for (9,v;)? we obtain

d(az’Ut)Q = 2811),5 d(@zvt) + % |8§vt‘2 dt

8%’015 N j 1 2 2
5 > dw; + 7 107w dt

1
= —28m1)t 81 (vtazvt) dt — 585’015 dt +

j=1

Integrating with respect to = on [0, 1], and noting that fol 0,v:0%vy dx = 0, gives

1 1
- (1 - N) |020|[% dt + (2 /0 aimvtamvt)dx) dt

d [0, v172

1
= 0 0ot 72 < ~1 Hagth; + 8 [0zt |7 2
1
<=7 82 + 8 el 10s0rl 72
1
(6.1) < = 192ur]l72 +8 lluollZ~ l10svellZ
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which gives us
vl ;1 < Cre®"  ass.

for some constants C; = C;(||uo||g1) and co = co(||uo]|p=). We also obtain

¢
/ ||vt/||§{2 dt' < Cret
0

almost surely.

For the remainder of this proof we adopt the convention that ¢, C' denote absolute
constants, Cs = Cs(8, ||uo|| mrs) denotes a constant depending only on s, ||ugl| s and
co denotes a constant depending only on ||ug|| L. The exact value of these constants
are immaterial, and we will allow them to change from line to line.

Differentiating with respect to z twice, applying Itd’s formula for (92v;)?,
and integrating gives

/

1
olozulls < - (1= 1 ) o2uls + 2 ke 0 (i)

< —c@ull}s + O (100l + el 320015,
< —clj2ulfis + € (I0unl2e + IellEe ) 22003
< —cl|ou2, + C Jorl%e [020r][3

where the last inequality is obtained by Sobolev embedding. This gives
lvell = < Czef“tl‘vt”i’zdt < 02601800“
and

t
/ e |3 dt’ < Cpere™”,
0

where Cy = Ca(||uol|g2) and C1 = C1(JJuo||lgr) and co = co(||ug||r=). Proceeding
inductively, suppose we know

(6.2) lve]| = < Csexp (Cs—1exp (Cs—2---exp (cot) -+ -))

and .
/ ||y ||§15+1 dt' < Csexp (Cs_1exp (Cs_o - -exp (cot) - +))
0

hold almost surely for some s < 5. Differentiating (2.8) s+ 1 times with respect to
x, applying Ito’s formula for (9571v;)?, and integrating we obtain

d HaiJrlthiz == (1 - %) H3§+2vtuiz dt + 2 H8§+2thL2 102 (v:0yv1)|| 2 dt
and hence
Oy Haindvt”iz < —c¢ H3§+2th2Lg + C(H@ivtnim ||amvt||i2 NI
F10sl 10500 + ol 02002
< —cl|ozt?u);, + C(H@ivtnim S P
ol ) 1o

< —c¢ "3;+2vt"i2 +C ||Ut||§1s+1 ||8;+lthiz
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almost surely. Thus by Gronwall’s Lemma

t
folgeon < Corenp ([ el ar
0

< Csy1exp (CS exp (Cs—l --exp (cot) - ))

almost surely. Further

t
/ HUt’ ||§{3+2 dt’ < CS+1 exp (Cs exp (Cs—l <o exp (Cot) .- )) a.s.
0

completing the inductive step. By induction, holds for s = 5, which immedi-
ately implies the Lemma. 0

Proof of Lemmal6.2. We prove Lemma 6.2 via a bootstrapping argument. Taking
the Fourier transform of (2.8) gives the system of SDE’s

2min

N
N 0t (n) Z AW} +212n%0s(n) dt +min Z D¢(n—m)oy(m)di =0

j=1 mez

(6.3) diy(n)+

on the Fourier coefficients.
By Itd’s formula applied to

4m%n?

d|6:(n)|* = 9¢(n) dy(n) dt + by (n) dog(n) + |6(n)|? dt

(6.4) = 4r?n? (1 - %) |6¢(n)[? dt + min (WBt(n) - ﬁt(n)m) dt,

Bi(n) = Z O¢(n — m)os(m),
meZ
is the non-linear Fourier coupling in (6.3). Using Young’s inequality in (6.4) gives

. 1y, .
oulin()f* <~z (1= ) o)l + 2 ou(o)] B

(65) < e (1= ) ool + (o)

almost surely. By Parseval’s identity we know |B;(n)| < |lv¢||72 < |luo||32. Thus,
1
15:(n) > < |ao(n)|* exp {—2#2712 (1 - N) t} +

+Almj%ﬁfQ—%)w4ﬂwmmﬁw

almost surely. Integrating out, we can arrange

) C
(6.6) |6(n)|* < n_g a.s.

provided ¢ > Z say, for some constant Cy = Co(|luo||z2,T). This is because we

only need to bound the term that comes from initial conditions. This can of course
be done provided t is bounded away from 0, since

1 C
o (n)|? exp [—2w2n2 (1 - N) t} < uol2 e < n_g a.s.
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and our choice ¢t > % above was arbitrary. For convinience, we let ¢; = % Here
¢ = ¢(T) denoted a constant depending only on T

Now we bootstrap, and use (6.6]) to obtain a better estimate on B;. Note

|Bi(n Z|Ut n —m)| |oy(m)]

mEZ

<2 Y fiuln—m)|[iu(m)
|m|=|nl|/2
1/2

~ 2
2ol | Do [oe(m)]

[m|>[n|/2
1/2
Co
<2uollpa | Do 5
Im|=>[n|/2

< S
Vin|
for all t > t1.

Using the estimate (6.7) in the differential inequality (6.5), we obtain

X C,
6 (n)]? < ﬁ a.s.

(6.7)

for all t > ty, where to can be chosen to be any number strictly larger than ¢;
(say t2 = 2L). Note that this is better than our previously obtained decay of
Fourier coefficients. In general, if we know that

C
~ 2 0
|’Ut(n)| < |n|T+1, a.s.

then
1/2
Co Co
1Bi(n)| <2uoll- | D) —ar ST AS
mizpi/2 7 In|
and hence
t
1
9, (n))* < O(e™ ") +/ exp {_zww (1 - N) (t — t’)} | By (n)|* dt’
0
Co
~ |n|a+2
almost surely. Thus, for any o € Z*, we choose t, = ;‘—_fl, and we can find a

constant Co = Co(||uol|r2, T, ), so that
C
. 2 0
[0:(n)]” < WTH’

for all ¢ > t,. Note that the last inequality implies that for a = 2s + 1 we have
almost surely

2 25 b |
[vellzre < Co Z m| < Go |2(s+1) Co Z

m m
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for all t > t,. O

We now reintroduce an N as a superscript to explicitly keep track of the depen-
dence of our processes on N, and prove convergence as N — c0.

Proof of Proposition[2.6. Consider the difference w) = v} — u?. It satisfies the
SPDE

1 N o
6.8)  dw) +w) 0,0y dt +ubd,wl dt = 0% di+ % S awi =o.

Jj=1

Thus, by It6’s formula

gl + ( [ Poueiar) are g lof |, ar+

N
+ (/ wivﬁmv,fvd:v> %Zdwg dt = % HawngH; dt.

j=1

Taking expectations we obtain

E 0,0 2 1
OE |w¥ |7, = —E || 0.w) ;. + W —-2FE </0 (th)28mv£Vda:> :

By Lemma 2.4/ and Sobolev embedding, [|0,v{¥ ||z~ is (almost surely) bounded
uniformly in time. Using this, and Poincare’s inequality we obtain
2 2 1

o w2 < € (Bl o+ ).
for some constant C' = C(||lug|/gs). Gronwall’s lemma, applied to the previous
equation gives
2 C
7= < Nem’
which concludes the proof. ([

EHwiv

7. PROOF OF LEMMA 2.5

In this section, we prove the almost sure C™ bounds on u stated in Lemma [2.5.
We need a few preliminary results first.

Proposition 7.1 (Local existence without resetting). Suppose u, € C' be Fy, -
measurable, and ||u,||cr is bounded almost surely. There exists To = To(||ut,]lc1),
independent of N, such that the solution to (2.1)—~(2.4) exists on the interval [to, to+
To]. Further if for some n > 1, ||ug,||cn s almost surely bounded, then there exists
U, = Un(|lug,||cn,n) such that

(71) sup ||ut||cn <U,
to<t<to+To

almost surely.
Proposition [7.1 can be proved using standard iterative techniques. A similar

result for the Navier-Stokes equations appeared in the appendix of [11] (see also [9,
10]), and we do not provide the proof here.
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Lemma 7.2. Let I denote the identity function, and A € C™ be a periodic function
such that ||0zA||L~ < d < 1. Then there exist a constant ¢,—1 depending only on
102=X\|| L, d and n such that

(7.2) o7 [f o (T + Mg <NOFfllpoe (XTA+ 10eM )" + en—1 107 M <
(7.3) 03T+ N7 e < cn1 [107A] <
forn > 1.

Proof. First note that A is periodic, and for any k& > 1, O\ has mean 0. Thus
for any k € {1,...,n}, we have [0F\| < ¢(n)||0P\| L=, for some constant c(n)
depending only on n and the period of A, which is always assumed to be 1. (For
k = 0, we need to subtract the mean of A for this bound to be valid.)

Now for any two C™ functions f, g, we have

(74) (fog)=> @ NHog >, Jloke
m=1 ki+-+km=ni=1
ki>1

To prove (7.2)), we set ¢ = I + A. The term in corresponding to m = n gives
the first term of When m < n, we notice that k; > 1 for at least one 4, and
kj < n—1 for all other j. Thus 0% (I + ) = 0%\ < ¢(n)]|0%\||L~, and the
remaining terms in the product can be bounded by ¢,_1. This proves (7.2).

For (7.2), set X = I+ Xand A = X~ 1. Sincen > 1, 9%(Ao X) = 0, and
using (7.4) gives

. B 1 n—1 . m ks
%A, = o mZ::la Al M;m:ngam A

iz

By induction, one can assume that 8§A < cpoq forall k < m—1. Since d < 1,

ﬁ < ﬁ, and remaining terms can be bounded by the same argument as before.
This proves (7.2). ([

Lemma 7.3. Let uy, € C™, and u the solution of (2.1)—~(2.4). Ifn > 1, there exists
To = To(Jlutllcr) > 0 and a constant cpn—1 = cn—1(||ut,||cn-1,n) such that

(7.5) 0 uel e < 1020 e (14 cama(t— 1))

almost surely for t € [to,to + Tp]. For n =1, (7.5) holds with ¢y to be an absolute
constant.

Proof. For simplicity, we assume ty = 0. As can be seen below, it does not affect the
proof. We first obtain C* estimates on the Eulerian and Lagrangian displacements.
Throughout this section, we use the convention that c¢,_1 is a constant depending
only on n and |Jug||cn-1 (or an absolute constant for n = 1), which could change
from line to line.

Let I denote be the identity map, X¢, A’ be as in (2.1), (2.3) respectively, and
define \i = X} — I, 00 = AL — 1. Let Ty = To(|luo||cr) be the local existence time,
and ¢; = ¢1(JJugl|cr) the almost sure bound on |Ju||cr provided by Proposition[7.1.

Now

t
0.3, < / 100t e (14 (|22,
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and by Gronwall’s lemma,

t
(7.6) H(?w)\iHLoo < co/ |0zus]| e ds  a.s.
0

for ¢t € [0,Tp], where ¢ = exp(fotHamuSHLoo ds). Note that Ty is allowed to depend
on ||ugl|c1, which for short time controls ||ut||c1. So making Ty smaller if necessary,
one can make ¢y an absolute constant, and fot |0sus|| Lo ds < % almost surely. This
will ensure ||0,;A{[| L~ < & almost surely for ¢ < Ty. Now

1 - (0:XF) 0 AS

0ti = (0. X))o A; — (8,X]) o Al

so we must have
(7.7) 102 oo < 20N
almost surely for ¢t € [0, Tp]. Using we have

[P

1 :
10t < 55 D NOollpee (1+ 193] )

=1

t
< 10stoll + 260 [ 00l
0

almost surely for ¢ € [0, Tp]. This proves (7.5) for n = 1.

For n > 1, local existence (Proposition [7.1) guarantees that ||u¢]|cn-1 < ¢p—1
almost surely on [0, Tp], where ¢,—1 = ep—1(]|uo|lgn-1,n). We subsequently allow
¢n—1 to vary from line to line, provided it only depends on n and |Jug||gn-1. Our
bound on ||u||c=-1 and equation (2.1) immediately implies that |0z A || cn—2 < ¢t
almost surely for ¢ € [0, Tp]. Equations (7.6) and (7.3) will imply [|0,0i||cn-2 < cp—1
almost surely for ¢ € [0, Tp).

Thus using equations (2.1) and (7.2) we obtain

t
024l < [ 02 [0 (4 A

t
< ons / (102 ull e + 02X ,] ds

almost surely. Using Gronwall’s lemma this implies

t
(7.8) L Py A

Cn—1t

almost surely. Here we absorbed the constant e into ¢,_1, which is valid as

t < To = To([|uollcr). Now

n 1 n i n n i

107wl oo < N (HaacUOHLoo (14 1028e]| o)™ + €na HazEtHLx)
1 . .

< (107 ol e (142 [[0eL][ o)™ + en1 |05 A )

2|

N
i=1
N
=1

t
< 107 u0ll e (14 cnst) + ens / 100wl ds
0
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where we used and (7.7) to obtain the first inequality, and equations
and (7.8) to obtain the second. Now Gronwall’s Lemma gives (7.5), where we again
absorb the exponential factor et into (1+c¢,_1t), by replacing ¢, 1 with a larger
constant, which by our convention we still denote by ¢,,—1. ([

Proof of Lemma|2.5. By Proposition|7.1} existence will follow if we establish (2.12)
for n = 1. We prove (2.12) by induction. Since the constant ¢y in Lemma [7.3] is
absolute, the proof for n = 1 is identical to the proof of the inductive step. Thus
we only prove the inductive step.

Assume that holds for n—1, choose ¢,,—1 = ¢;,—1(Un—1) to be the constant
from Lemma Thus whenever §; < T,

(7.9) ‘

5?“?12+1)&HL30 < (A +en-1dy) ‘

n_ Ot
am “k&t

holds for all k < ?—S. Iterating this we have

for all t < Ty. Thus we choose U, to be given by

n, O
az Uy

é.
<+ Cn160) 7% 0% ug) e aus.

Uy = (02| oo sup (1 + cn_18)"7% .
>0

From (5.2) we see that fm uf‘ is conserved almost surely. Since uft is periodic, a
bound on [|87ud*|| L~ will give us a bound on [[ud*||cn. O
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