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1 Introduction

This paper addresses the risk analysis and market valuatiaf collateralized debt obli-
gations (CDOs). We illustrate the e ects of correlation andprioritization for the market
valuation, diversity score, and risk of CDOs, in a simple ju-di usion setting for cor-
related default intensities.

A CDO is an asset-backed security whose underlying collagiis typically a portfolio
of bonds (corporate or sovereign) or bank loans. A CDO caslow structure allocates
interest income and principal repayments from a collaterglool of di erent debt instru-
ments to a prioritized collection of CDO securities, which @ shall calltranches While
there are many variations, a standard prioritization schem is simple subordination: Se-
nior CDO notes are paid before mezzanine and lower-subordiad notes are paid, with
any residual cash ow paid to an equity piece. Some illustrate examples of prioritization
are provided in Section 4.

A cash- ow CDO is one for which the collateral portfolio is not subjecte to active
trading by the CDO manager, implying that the uncertainty regarding interest and prin-
cipal payments to the CDO tranches is determined mainly by t number and timing
of defaults of the collateral securities. Amarket-valueCDO is one in which the CDO
tranches receive payments based essentially on the markst@rket returns of the collat-
eral pool, as determined in large part by the trading perforance of the CDO manager.
In this paper, we concentrate on cash- ow CDOs, avoiding annalysis of the trading
behavior of CDO managers.

A generic example of the contractual relationships involekin a CDO is shown in
Figure 1, taken from Schorin and Weinreich [1998]. The cotkral manager is charged
with the selection and purchase of collateral assets for tI&PV. The trustee of the CDO is
responsible for monitoring the contractual provisions offte CDO. Our analysis assumes
perfect adherence to these contractual provisions. The nmmaissue that we address is
the impact of the joint distribution of default risk of the underlying collateral securities
on the risk and valuation of the CDO tranches. We are also intested in the e cacy
of alternative computational methods, and the role of \divesity scores,” a measure of
the risk of the CDO collateral pool that has been used for CDQOgk analysis by rating
agencies.

Our ndings are as follows. We show that default time correlgon has a signi cant
impact on the market values of individual tranches. The prioty of the senior tranche, by
which it is e ectively \short a call option" on the performance of the underlying collateral
pool, causes its market value to decrease with the risk-neat default-time correlation,
xing the (risk-neutral) distribution of individual defau It times. The value of the equity
piece, which resembles a call option, increases with coatgbn. There is no clear Jensen
e ect, however, for intermediate tranches. With su cient over-collateralizaion, the op-
tion \written" (to the lower tranches) dominates, but it is t he other way around for



su ciently low levels of over-collateralization. Spreadsat least for mezzanine and senior
tranches, are not especially sensitive to the \lumpiness'f anformation arrival regarding
credit quality, in that replacing the contribution of di us ion with jump risks (of various
types), holding constant the degree of mean reversion andettierm structure of credit
spreads, plays a relatively small role. Regarding altern@e computational methods, we
show that if (risk-neutral) diversity scores can be evaluad accurately, which is compu-
tationally simple in the framework we propose, these scorean be used to obtain good
approximate market valuations for reasonably well collatalized tranches. Currently the
weakest link in the chain of CDO analysis is the availabilityof empirical data that would
bear on the correlation, actual or risk-neutral, of default
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Figure 1. Typical CDO Contractual Relationships

2 Some Economics of CDO Design and Valuation

In perfect capital markets, CDOs would serve no purpose; thests of constructing and
marketing a CDO would inhibit its creation. In practice, CDOs address some important
market imperfections. First, banks and certain other nand@l institutions have regu-
latory capital requirements that make it valuable for them b securitize and sell some
portion of their assets, reducing the amount of (expensiveggulatory capital that they
must hold. Second, individual bonds or loans may be illiqujdeading to a reduction in



their market values. Securitization may improve liquidity and thereby raise the total
valuation to the issuer of the CDO structure.

In light of these market imperfections, at least two classesf CDOs are popular.
The balance-sheet CDQtypically in the form of a collateralized loan obligation CLO),
is designed to remove loans from the balance sheets of bardkshieving capital relief,
and perhaps also increasing the valuation of the assets thigh an increase in liquidity*
An arbitrage CDO, often underwritten by an investment bank, is designeda capture
some fraction of the likely di erence between the total cosbf acquiring collateral assets
in the secondary market and the value received from managemdees and the sale
of the associated CDO structure. Balance-sheet CDOs are nmlly of the cash- ow
type. Arbitrage CDOs may be collateralized bond obligatiomn (CBOs), and have either
cash- ow or market-value structures.

Among the sources of illiquidity that promote, or limit, the use of CDOs are adverse
selection, trading costs, and moral hazard.

With regard to adverse selection, there may be a signi cantraount of private in-
formation regarding the credit quality of a junk bond or a bak loan. An investor may
be concerned about being \picked o " when trading such instrments. For instance, a
potentially better-informed seller has an option to trade pnot at the given price. The
value of this option is related to the quality of the seller'gprivate information. Given the
risk of being picked o, the buyer o ers a price that, on averge, is below the price at
which the asset would be sold in a setting of symmetric inforation. This reduction in
price due to adverse selection is sometimes called a \lem®premium"” (Akerlof [1970]).
In general, adverse selection cannot be eliminated by seitization of assets in a CDO,
but it can be mitigated. The seller achieves a higher total Vaation (for what is sold
and what is retained) by designing the CDO structure so as tooacentrate into small
subordinate tranches the majority of the risk about which tlere may be fear of adverse
selection. A large senior tranche, relatively immune to the ects of adverse selection,
can be sold at a small lemon's premium. The issuer can retaion average, signi cant
fractions of smaller subordinate tranches that are more sydrt to adverse selection. For
models supporting this design and retention behavior, seeeMarzo [1998], DeMarzo
[1999], and DeMarzo and Du e [1999].

For a relatively small junk bond or a single bank loan to a retavely obscure borrower,
there can be a small market of potential buyers and sellers.hiE is not unrelated to the
e ects of adverse selection, but also depends on the totaksiof an issue. In order to

LA synthetic CLO di ers from a conventional CLO in that the ban k originating the loans does not
actually transfer ownership of the loans to the special-pupose vehicle (SPV), but instead uses credit
derivatives to transfer the default risk to the SPV. The direct sale of loans to SPVs may sometimes
compromise client relationships or secrecy, or can be cogtbecause of contractual restrictions on trans-
ferring the underlying loans. Unfortunately, regulations do not always provide the same capital relief
for a synthetic CLO as for an standard balance-sheet CLO. SePunjabi and Tierney [1999].)



sell such an illiquid asset quickly, one may be forced to seit the highest bid among

the relatively few buyers with whom one can negotiate on shionotice. Searching for

such buyers can be expensive. One's negotiating position ynalso be poorer than it

would be in an active market. The valuation of the asset is cagspondingly reduced.

Potential buyers recognize that they are placing themselgeat the risk of facing the same
situation in the future, resulting in yet lower valuations. The net cost of bearing these
costs may be reduced through securitization into relativgllarge homogeneous senior
CDO tranches, perhaps with signi cant retention of smalleland less easily traded junior

tranches.

Moral hazard, in the context of CDOs, bears on the issuer's DO manager's
incentives to select high-quality assets for the CDO, to eage in costly enforcement
of covenants and other restrictions on the behavior of obbgs. By securitizing and
selling a signi cant portion of the cash ows of the underlyng assets, these incentives
are diluted. Reductions in value through lack of e ort are bane to some extent by
investors. There may also be an opportunity for \cherry pickg," that is, for sorting
assets into the issuer's own portfolio or into the SPV portl based on the issuer's
private information. There could also be \front-running" goportunities, under which a
CDO manager could trade on its own account in advance of trag@en behalf of the CDO.
These moral hazards acagainstthe creation of CDOs, for the incentives to select and
monitor assets promote greater e ciency, and higher valuabn, if the issuer retains a
full 100-percent equity interest in the asset cash ows. Thepportunity to reduce other
market imperfections through a CDO may, however, be su cietty large to o set the
e ects of moral hazard, and result in securitization, espéaly in light of the advantage
of building and maintaining a reputation for not exploiting CDO investors. The issuer
has an incentive to design the CDO in such a manner that the issr retains a signi cant
portion of one or more subordinate tranches that would be amg the rst to suer
losses stemming from poor monitoring or asset selection, naenstrating a degree of
commitment to perform at high e ort levels by the issuer. Lilewise, for arbitrage CDOs,
a signi cant portion of the management fees may be subordited to the issued tranches.
(See Schorin and Weinreich [1998].) In light of this commitemt, investors may be willing
to pay more for the tranches in which they invest, and the totavaluation to the issuer is
higher than would be the case for an un-prioritized structwg, such as a straight-equity
pass-through security. Innes [1990] has a model supportinigis motive for security
design.

One of a pair of CLO cash- ow structures issued by NationsB&nn 1997 is illustrated
in Figure 2. A senior tranche of $2 billion in face value is flmwed by successively lower-
subordination tranches. The ratings assigned by Fitch arelso illustrated. The bulk of
the underlying assets are oating-rate NationsBank loansated BBB or BB. Any xed-
rate loans were hedged, in terms of interest rate risk, by >@to- oating interest-rate
swaps. As predicted by theory, the majority of the (unrated)owest tranche was retained.
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NationsBank CLO 1997-1
3-Year Floating Rate Notes

OBLIGORS
$2,164m
\
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Figure 2: NationsBank 1997-1 CLO Tranches (Source: Fitch)

Our valuation model does not deal directly with the e ects ofmarket imperfections.
It takes as given the default risk of the underlying loans, ahassumes that investors are
symmetrically informed. While this is not perfectly realisic, it is not necessarily incon-
sistent with the roles of moral hazard or adverse selection the original security design.
For example, DeMarzo and Du e [1999] demonstrate a fully-gearating equilibrium in
which the sale price of the security or the amount retained bthe seller signal to all in-
vestors any of the seller's privately-held value-relevambhformation. As for moral hazard,
the e orts of the issuer or manager are, to a large extent, detmined by the security
design and the fractions retained by the issuer. Once thesee&known, the default risk
of the underlying debt is also determined. Our simple modelogs not, however, account
for the valuation e ects of many other forms of market imperéctions. Moreover, it is
generally di cult to infer separate risk premia for default timing and default-recovery
from the prices of the underlying debt and market risk-freenterest rates. (See Du e
and Singleton [1999].) These risk premia play separate rslen the valuation of CDO
tranches. We are simply taking these risk-premia as givenn ithe form of paramet-
ric models for default timing and recovery distributions uder an equivalent martingale
measure, as discussed in Section 3.



3 Default Risk Model

This section lays out some of the basic default modeling fohé¢ underlying collateral.
First, we propose a simple model for the default risk of one lifpor. Then we turn to
the multi-issuer setting.

3.1 Obligor Default Intensity

We suppose that each underlying obligor defaults at some atifional expected arrival
rate. The idea is that, at each timet before the default time of the given obligor,
the default arrives at some \intensity" (t), given all currently available information,
denotedF¢, in that we have the approximation

P <t+ t F' ()¢t 1)

for each \small" time interval t > 0. Supporting technical details are provided in
Appendix A. For example, measuring time, as we shall, in yesra current default
intensity of 0.04 implies that the conditional probability of default within the next three

months is approximately 0.01. Immediately after default, lte intensity drops to zero.
Stochastic variation in the intensity over time, as new contdoning information becomes
available, re ects any changes in perceived credit qualityCorrelation across obligors in
the changes over time of their credit qualities is re ectedypbcorrelation in the changes of
those obligors' default intensities. Indeed, our model hdke property that all correlation

in default timing arises in this manner. [See Appendix A for etails on this point.]

An alternative would be a model in which simultaneous defaid could be caused by
certain common credit events, such as a multivariate-expential model, as explained by
Du e and Singleton [1998]. Another alternative is a contagbn model, such as the static
\infectious default" model of Davis and Lo [1999]. We will cha stochastic process a

pre-intensity for a stopping time if, whenevert < : (i) the current intensity is ¢, and

(ii)

VA t+s

P >t+s Fy =E exp . du Fi ; s>0: (2)
t

A pre-intensity need not fall to zero after default. For example, default at a constant pre-
intensity of 0.04 means that the intensity itself is 0.04 unk default, and zero thereafter.
Regularity conditions for pre-intensity processes are fad in Appendix A.

We adopt a pre-intensity model that is a special case of the Vae" family of pro-
cesses that have been used for this purpose and for modelihgrs-term interest rates.
Speci cally, we suppose that each obligor's default time lsgasome pre-intensity process

solving a stochastic di erential equation of the form

d@®= ( (d+ pﬁdW(t)+ J(1); 3)



whereW is a standard Brownian motion and J(t) denotes any jump that occurs at time

t of a pure-jump process], independent of W, whose jump sizes are independent and
exponentially distributed with mean and whose jump times are those of an independent
Poisson process with mean jump arrival raté. (Jump times and jump sizes are also

independent.} We call a process of this form (3) a basic a ne process with parameters

(; 553 ). These parameters can be adjusted in several ways to contrbetmanner in
which default risk changes over time. For example, we can yathe mean-reversion rate
, the long-run meanm = + "= | or the relative contributions to the total variance

of . that are attributed to jump risk and to di usive volatility. The long-run variance
of . is given by

: m 2

vary = lim var( i(t) = ——+ —; (4)
which can be veri ed by applying Ito's Formula to computeE[ ;(t)?]; subtracting E[ (t)]?,
and taking a limit in t. We can also vary the relative contributions to jump risk of he
mean jump size and the mean jump arrival rate . A special case is the no-jump
(" = 0) model of Feller [1951], which was used by Cox, Ingersolhind Ross [1985] to
model interest rates. From the results of Du e and Kan [1996]we can calculate that,
foranyt and anys O,

Zt+S

E exp Jdu  F, =e® (0O, 5)
t

where explicit solutions for the coe cients (s) and (s) are provided in Appendix B.
Together, (2) and (5) give a simple, reasonably rich, and tcdable model for the default-
time probability distribution, and how it varies at random over time as information
arrives into the market.

3.2 Multi-Issuer Default Model

In order to study the implications of changing the correlatin in the default times of the
various participations (collateralizing bonds or loans) foa CDO, while holding constant
the default-risk model of each underlying obligor, we will»loit the following result,
stating that a basic a ne model can be written as the sum of inépendent basic a ne
models, provided the parameters, , and governing, respectively, the mean-reversion
rate, diusive volatility, and mean jump size are common to he underlying pair of
independent basic a ne processes.

2A technical condition that is su cient for the existence of a strictly positive solution to (3) is that
72. We do not require it, since none of our results depends on gttt positivity.



Proposition 1. SupposeX andY are independent basic a ne processes with respec-
tive parameters (; x;;; x)and (; v;;; v). ThenZ = X + Y is a basic ane
process with parameters (; ; ;- ),where = 'y + v and = x + v.

A proofis provided in Appendix A. This result allows us to maitain a xed parsimonious
and tractable 1-factor Markov model for each obligor's detdt probabilities, while varying
the correlation among di erent obligors' default times, asexplained below.

We suppose that there areN participations in the collateral pool, whose default
times q;:::; N have pre-intensity processes;:::; n, respectively, that are basic
a ne processes. In order to introduce correlation in a sim@ way, we suppose that

i = X+ X, (6)
where X; and X are basic a ne processes with respective parameters (i; ; ; ;) and
(; ¢ 3 o), andwhereXy;:::; Xy; X are independent. By Proposition 1, ; is itself
a basic a ne process with parameters ; ; ;- ),where = ;+ cand = i+ .. One

may view X . as a state process governing common aspects of economicgoerénce in an
industry, sector, or currency region, an; as a state variable governing the idiosyncratic
default risk speci c to obligori. The parameter

=2 (7)

is the long-run fraction of jumps to a given obligor's intengy that are common to

all (surviving) obligor's intensities. One can also see tha is the probability that |

jumps at time t given that ; jumps at time t, for any time t and any distinct i and

j. If Xc(0)=i(0) = then, for any distinct i and j, we may also treat as the initial

instantaneous correlation between; and ;, that is, the limiting correlation between
i(t) and ;(t) ast goes to zero. In fact, if =0, then, for all t,

lim r, i(t+s); (t+ =
40 COITg (t)( |( S), j ( S)) ,
where corg )( ) denotesF-conditional correlation. We also suppose that

c= (8)

maintaining the constant of proportionality between E (X((t)) and E( (t)) for all t,
provided that X.(0)= ;(0) = (or, in any case, in the limit ast goes tol ).

3.3 Sectoral, Regional, and Global Risk

Extensions to handle multi-factor risk (regional, sectofaand other sources), could easily
be incorporated with repeated use of Proposition 1. For exate, one could suppose that
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the default time ; of the i-th obligor has a pre-intensity ; = X; + Y + Z; where the
sector factorY;) is common to all issuers in the \sector't(i) f 1;:::;NgforSdierent
sectors, whereZ is common to all issuers, and wheréX;:::; Xn; Y1 :::;Ys; Zg are
independent basic a ne processes.

If one does not restrict the parameters of the underlying basa ne processes, then an
individual obligor's pre-intensity need not itself be a bas a ne process, but calculations
are nevertheless easy. We can use the independence of theeulythg state variables to
see that

Z tss

E exp i(uydu  Fr =exp ()+ i(Xi(t)+ «i)()Yey()+ z(S)Z(1) ;
(©)

where (s) = i(s)+ ¢i(s)+ z(s), and where all of the and coe cients are
obtained explicitly from Appendix B, from the respective paameters of the underlying
basic a ne processesX;, Yi), and Z.

Even more generally, one can adopt multi-factor a ne model# which the underlying
state variables are not independent. Appendix A summarizeoome extensions, and also
allows for interest rates that are jointly determined by an aderlying multi-factor a ne
jump-di usion model.

3.4 Risk-Neutral and Actual Intensities

In order to calculate credit spreads, we adopt a standard aitbage-free defaultable term-
structure model in which, under risk-neutral probabilities de ned by some equivalent
martingale measureQ, the default time of a given issuer has some \risk-neutral" ne-
intensity process, a basic a ne process @ with some parameters (Q; Q; Q; 9;°Q),
The actual pre-intensity process and the risk-neutral pre-intensity process © are dif-
ferent processe3. Neither their sample paths nor their parameters are requiceby the
absence of arbitrage alone to have any particular relationg to each other. As the
actual stochastic behavior of bond or CDO prices may be of cogrn, and as bond prices
depend on risk-neutral default intensities, it is sometinmseuseful to describe the stochastic
behavior of © under the actual probability measureP. For example, we could suppose
that, under the actual probability measureP, the risk-neutral intensity © is also a basic
ane process with parameters ( %; QP. QP. QP.*QP) Other than purely technical
existence conditions, the only parameter restriction is it ? = 9P because the di u-
sion parameter ? is determined by the path of < itself, and of course this path is the
same under bothP and Q.

3Both are guaranteed to exist if one does, as shown by Artznerrad Delbaen [1995].
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At this writing, there is little empirical evidence with which to di erentiate the pa-
rameters guiding the dynamics of risk-neutral and actual dault intensities, nor is there
much evidence for distinguishing the actual and risk-neusit dynamics of risk-neutral
intensities. Jarrow, Lando, and Turnbull [1997] provide sme methods for calibrating
risk-neutral default intensities from ratings-based trasition data and bond-yield spreads.
Du ee [1998] provides some empirical estimates of the actudynamics of risk-neutral
default intensities for relatively low-risk corporate-bad issuers, based on time-series data
on corporate bonds.

There is, however, some information available for distingghing the actual and risk-
neutral levels of default probabilities. Sources of inforation on actual default probabili-
ties include the actuarial incidence of default by credit riéng; statistically estimated em-
pirical default-probability studies, such as those of Altran [1968], Lennox [1997], Lund-
stedt and Hillgeist [1998], and Shumway [1996]; and industkEDF" default-probability
estimates provided to commercial users by KMV CorporationData sources from which
risk-neutral default probabilities might be estimated intude market yield spreads for
credit risk and credit-derivative prices. (See, for examp| Jarrow and Turnbull [1995]
Lando [1998] or Du e and Singleton [1999] for modeling.) Fo: [1994] and Fons and
Carty [1995] provide some comparison of term structures ofarket credit spreads with
those implied by actuarial default incidence (correspondg, in e ect, to expected dis-
counted cash ows, treating actual default probabilities a though they are risk-neutral,
and assuming that they do not change over time).

In this study, we use the same parametric default models footh valuation and risk
analysis. Where we are addressing initial market valuatiorour parametric assumptions
are with regard to the risk-neutral behavior of the risk-netral pre-intensity processes,
unless otherwise indicated. Indeed, in order to keep notati simple and avoid referring
back and forth to actual and risk-neutral probabilities, werefer exclusively throughout
the remainder to risk-neutral behavior, unless otherwiseated. It is intended, however,
that the reader will draw some insight into actual risk analgis from the results presented
in this form.

3.5 Recovery Risk

We suppose that, at default, any given piece of debt in the dateral pool may be
sold for a fraction of its face value whose risk-neutral coitobnal expectation given all
information F; available at any timet before default is a constanf 2 (0;1) that does
not depend ont. The recovery fractions of the underlying participations se assumed to
be independently distributed, and independent of defaultitnes and interest rates. (Here
again, we are referring to risk-neutral behavior.)

For simplicty, we will assume throughout that the recoveredraction of face value
is uniformly distributed on [0; 1]. The empirical cross-sectional distribution of recovegr
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of face value for various types of debt, as measured by Mooslyihvestor Services, is
illustrated in Figure 3. (For each debt class, a box illustrees the range from the 25-th
percentile to the 75-th percentile.) Among the illustratedclasses of debt, the recovery
distribution of senior unsecured bonds is the most similaotuniform.
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Figure 3: Recovery Distributions. (Source: Moody's Invests Services)

3.6 Collateral Credit Spreads

We suppose for simplicity that changes in default intensiéis and changes in interest rates
are (risk-neutrally) independent. An extension to treat caelated interest rate risk is
provided in Appendix A. Combined with the above assumptionsthis implies that, for
an issuer whose default time has a basic a ne pre-intensity process , a zero-coupon
bond maturing at time t has an initial market value of

Pt (0)= (e ® ©O+F t (u) (u)du; (10)

0
where (t) denotes the default-free zero-coupon discount to timeand

M= op(>t)= e VO[ Y+ Y (O
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is the (risk-neutral) probability density at time t of the default time. The rst term of
(10) is the market value of a claim that pays 1 at maturity in the event of survival. The
second term is the market value of a claim to any default recery between times 0 and.
The integral is computed numerically, using our explicit dations from Appendix B for

(t) and (t). This pricing approach was developed by Lando [1998] foigditly di erent
default intensity models. Lando also allows for correlatio between interest rates and
default intensity, as summarized in Appendix A. Lando [1998assumes deterministic
recovery at default; for our case of random recovery, see Da [1998D].

Using this defaultable discount functionp( ), we can value any straight coupon
bond, or determine par coupon rates. For example, for quartg coupon periods, the
(annualized) par coupon ratec(s) for maturity in s years (for an integers > 0) is
determined at any timet by the identity

IV - O RN
1=p(s; t)+Tj:lp 0t (11)

which is trivially solved for c(s).

3.7 Diversity Scores

A key measure of collateral diversity developed by Moody'sif CDO risk analysis is the
diversity score. The diversity score of a given pool of padpations is the numbern of
bonds in a idealized comparison portfolio that meets the folwing criteria:

1. The total face value of the comparison portfolio is the saenas the total face value
of the collateral pool.

2. The bonds of the comparison portfolio have equal face vaki

3. The comparison bonds are equally likely to default, and #ir default is indepen-
dent.

4. The comparison bonds are, in some sense, of the same awvedgfault probability
as the participations of the collateral pool.

5. The comparison portfolio has, according to some measurerizk, the same total
loss risk as does the collateral pool.

At least in terms of publicly available information, it is na clear how the (equal)
default probability p of default of the bonds of the comparison portfolio is deterimed.
One method that has been discussed by Schorin and Weinreid®98] for this purpose is
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to assign a default probability corresponding to the weigleid average rating score of the
collateral pool, using rating scores such as those illusteal in Table 1, and using weights
that are proportional to face value. Given the average rati score, one can assign a
default probability p to the resulting \average" rating. For the choice ofp, Schorin and
Weinreich [1998] discuss the use of the historical defauiefuency for that rating.

A diversity score ofn and a comparison-bond default probability op imply, using the
independence assumption for the comparison portfolio, thtéhe probability of k defaults
out of the n bonds of the comparison portfolio is

gl = — @ " 12)
’ (n  k)k! '
From this \binomial-expansion” formula, a risk analysis ofthe CDO can be conducted
by assuming that the performance of the collateral pool is stiently well approximated
by the performance of the comparison portfolio. Moody's wadi not rely exclusively on
the diversity score in rating the CDO tranches.

Table 2 shows the diversity score that Moody's would apply t@ collateral pool of
equally-sized bonds of di erent rms within the same industy. It also lists the implied
probability of default of one participation given the defalt of another, as well as the
correlations of the 0-1, survival-default, random varialds associated with any two par-
ticipations, for two levels of individual default probabilty (p= 0:5 andp = 0:05). Figure
4 presents the conditional probability information graphecally.

4  Pricing Examples

This section applies a standard risk-neutral derivative ‘aation approach to the pricing
of CDO tranches. In the absence of any tractable alternatiyewe use Monte-Carlo
simulation of the default times. Essentially any intensitymodel could be subsituted for
the basic a ne model that we have adopted here. The advantagef the a ne model
is the ability to quickly calibrate the model to the underlying participations, in terms
of given correlations, default probabilities, yield spreds, and so on, and in obtaining
an understanding of the role of di usion, jumps, mean reveirsn, and diversi cation for
both valuation and (when working under the actual probabilies) various risk measures.

We will study various alternative CDO cash- ow structures and default-risk parame-
ters. The basic CDO structure consists of a special purposehicle (SPV) that acquires a
collateral portfolio of participations (debt instruments of various obligors), and allocates
interest, principal, and default-recovery cash ows fromite collateral pool to the CDO
tranches, and perhaps to a manager, as described below.
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Table 1: Rating Scores Used to Derive Weighted Average Ragis

Moody's Fitch DCR

Aaa/AAA 1 1 0.001
Aal/AA+ 10 8 0.010
Aa2/AA 20 10 0.030
Aa3/AA- 40 14 0.050
AL/A+ 70 18 0.100
A2IA 120 23 0.150
A3/A- 180 36 0.200
Baal/BBB+ 260 48 0.250
Baa2/BBB 360 61 0.350
Baa3/BBB- 610 94  0.500
Bal/BB+ 940 129 0.750
Ba2/BB 1,350 165 1.000
Ba3/BB- 1,780 210 1.250
B1/B+ 2,220 260 1.600
B2/B 2,720 308 2.000
B3/B- 3,490 356 2.700
ccc+ NA 463 NA

Caa/CCC 6,500 603 3.750
ccc- NA 782 NA

<Cal/<CCC- 10,000 1,555 NA

Source: Schorin and Weinreich [1998], from Moody's Invests Service, Fitch Investors Service, and Du
and Phelps Credit Rating

4.1 Collateral

There are N participations in the collateral pool. Each participation pays quarterly
cash ows to the SPV at its coupon rate, until maturity or default. At default, a
participation is sold for its recovery value, and the procels from sale are also made
available to the SPV. In order to be precise, leA(k) f 1;:::;Ng denote the set of

surviving participations at the k-th coupon period. The total interest income in coupon
period k is then

X )
W= " oMk (13)

i2A(K)
where M; is the face value of participationi and C; is the coupon rate on participation
i. Letting B(k) = A(k 1) A(k) denote the set of participations defaulting between
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Table 2: Moody's Diversity Scores for Firms within an Industy

Number of Firms in Conditional Default Probability = Default Correlation
Same Industry Diversity Score  (=0:5) (p=0:05) (p=0:5) (p=0:05)
1 1.00
2 1.50 0.78 0.48 0.56 0.45
3 2.00 0.71 0.37 0.42 0.34
4 2.33 0.70 0.36 0.40 0.32
5 2.67 0.68 0.33 0.36 0.30
6 3.00 0.67 0.31 0.33 0.27
7 3.25 0.66 0.30 0.32 0.26
8 3.50 0.65 0.29 0.31 0.25
9 3.75 0.65 0.27 0.29 0.24
10 4.00 0.64 0.26 0.28 0.23
>10 Evaluated on a

case-by-case basis

Source: Moody's Investors Service, from Schorin and Weinieh [1998]

coupon periodsk 1 andk, the total total cash ow in period k is
X
Z(k) = W(k) + (Mi L), (14)
i2B (k)

whereL; is the loss of face value at the default of participation.

For our example, the initial pool of collateral available tahe CDO structure consists
of N = 100 participations that are straight quarterly-coupon 10year par bonds of equal
face value. Without loss of generality, we take the face vaduof each bond to be 1.

Table 3 shows four alternative sets of parameters for the @it pre-intensity ; =
X+ X; of each individual participation. We initiate X, and X; at their long-run means,

¢+ ¢= and ;+ ;= , respectively. This implies an initial condition (and long
run mean) for each obligor's (risk-neutral) default pre-itensity of 5.33%. Our base-
case default-risk model is de ned by Parameter Set Number and by letting = 0:5
determine the degree of diversi cation.

The three other parameter sets shown in Table 3 are designedliliustrate the e ects
of replacing some or all of the di usive volatility with jump volatility, or the e ects of
reducing the mean jump size and increasing the mean jump ami frequency . All
parameter sets have the same long-run mearr "= . The parameters; ;  ,and are
adjusted so as to maintain essentially the same term struatel of survival probabilities,
illustrated in Figure 5. (As all parameter sets have the same parameter, this is a
rather straightforward numerical exercise, using (5) for efault probabilities.) This in
turn implies essentially the same term structure of zero-opon vyields, as illustrated in
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Figure 4: Probability of default of one bond given the defatilof another, as implied by
Moody's diversity scores.

Figure 6. Table 3 provides, for each parameter set, the 10arepar-coupon spreads and
the long-run variance of ;(t). In order to illustrate the qualitative di erences between
parameter sets, Figure 7 shows sample paths of new 10-year gppreads for two issuers,
one with the base-case parameters (Set 1), the other with psjump intensity (Set 2),
calibrated to the same initial spread curve.

Letting d; denote the event of default by thei-th participation, Table 4 shows, for
each parameter set and each of 3 levels of the correlation gareter , the unconditional
probability of default and the conditional probability of default by one participation given
default by another. The table also shows the diversity scor the collateral pool that is
implied by matching the variance of the total loss of principl of the collateral portfolio
to that of a comparison portfolio of bonds of the same indivigal default probabilities.
This calculation is based on the analytical methods desceld in Section 5.

For our basic examples, we suppose rst that any cash in the S$Preserve account
is invested at the default-free short rate. We later considenvestment of SPV free cash
ows in additional risky participations.

17



Table 3: Risk-Neutral Default Parameter Sets

| Set| | | B | | Spread| var; ||

1 | 0:6]|0:0200| 0:141| 0:2000| 0:1000| 254 bp | 0:42%
0:6 | 0:0156| 0:000| 0:2000| 0:1132| 254 bp | 0:43%
0:6 | 0:0373| 0:141| 0:0384 | 0:2500| 253 bp | 0:49%
0:6 | 0:0005| 0:141| 0:5280| 0:0600| 254 bp | 0:41%

AIWN

Table 4: Conditional probabilities of default and diversiy scores

=0:1 =05 =09

Set| P(d;) | P(dijd) | divers.| P(dijd) | divers. | P(dijd;) | divers.
0.386| 0.393 58.5 0.420 21.8 0.449 13.2
0.386| 0.393 59.1 0.420 22.2 0.447 13.5
0386 0392 | 633 | 0414 | 252 | 0437 | 158
0386 0393 | 56.7 | 0423 | 205 | 0454 | 12.4

AW N

4.2 Sinking-Fund Tranches

We will consider a CDO structure that pays SPV cash ows to a poritized sequence of
sinking-fund bonds, as well as a junior subordinate residljas follows.

In general, a sinking-fund bond withn coupon periods per year has some remaining
principal F (k) at coupon period k, some annualized coupon rate, and a scheduled
interest payment at coupon periodk of F(k)c=n:In the event that the actual interest
paid Y (k) is less than the scheduled interest payment, any di erendé(k)c=n Y (k) is
accrued at the bond's own coupon rate so as to generate an accrued un-paid interest
at period k of U(k), where U(0) =0 and

Uk)= 1+ ; Uk 1)+ EF(k) Y (K):
There may also be some pre-payment of principdd (k) in period k, and some contractual
unpaid reduction in principal, J(k) in period k, in order to prioritize payments in light

of the default and recovery history of the collateral pool. $ contract, we haveD (k) +
J(k) F(k 1), so that the remaining principal at quarterk is

F(k)= F(k 1) D(k) J(K): (15)
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Figure 5: Term Structures of Survival Probabilities, With and Without Di usion

At maturity, coupon period number K, any unpaid accrued interest and unpaid
principal, U(K) and F(K) respectively, are paid to the extent provided in the CDO
contract. (A shortfall does not constitute defaulf so long as the contractual prioritization
scheme is maintained.) The total actual payment in any coupoperiodk is Y (k)+ D (k).

The par coupon rate on a given sinking- nd bond is the schededl coupon ratec with
the property that the initial market value of the bond is equa to its initial face value,
F (0). If the default-free short rater (k) is constant, as in our initial set of results, any
sinking-fund bond that pays all remaining principal and allaccrued unpaid interest by
or at its maturity date has a par-coupon rate equal to the defat-free coupon rate, no
matter the timing of the interest and principal payments. Wewill illustrate our initial
valuation results in terms of the par-coupon spreads of theespective tranches, which
are the excess of the par-coupon rates of the tranches ovee tefault-free par coupon
rate.

4As a practical matter, Moody's may assign a \default" to a CDO tranche even if it meets its
contractual payments, if the investors' losses from defaulin the underlying collateral pool are su ciently
severe.
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Figure 6: Zero-Coupon Yield Spreads, With and Without Di uson

4.3 Prioritization Schemes

We will experiment with the relative sizes and prioritizaton of two CDO bond tranches,
one 10-year senior sinking-fund bond with some initial proipal F1(0) = P, and one
10-year mezzanine sinking-fund bond with initial principaF,(0) = P,. The residual
junior tranche receives any cash- ow remaining at the end dhe 10-year structure. As
the base-case coupon rates on the senior and mezzanine CDénthes are, by design,
par rates, the base-case initial market value of the residutranche isP; =100 P; Ps.

At the k-th coupon period, Tranchej has a face value of; (k) and an accrued
unpaid interest U; (k) calculated at its own coupon ratec . Any excess cash ows from
the collateral pool (interest income and default recovers®}, are deposited in a reserve
account. To begin, we suppose that the reserve account eainterest at the default-free
one-period interest rate, denoted (k) at the k-th coupon date. At maturity, coupon
period K, any remaining funds in the reserve account, after paymentt quarter K to
the two tranches, are paid to the subordinated residual trache. (Later, we investigate
the e ects of investing the reserve account in additional pécipations that are added to
the collateral pool.) We neglect any management fees.

We will investigate valuation for two prioritization schemes, which we now describe.
Given the de nition of the sinking funds in the previous subsection, in order to com-
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Figure 7: New 10-year par-coupon spreads for the base-casgameters and for the
pure-jump intensity parameters.

pletely specify cash ows to all tranches, it is enough to dene the actual interest pay-
ments Y;(k) and Y,(k) for the senior and mezzanine sinking funds, respectivelgny
payments of principal, D1(k) and D,(k), and any contractual reductions in principal,
Jl(k) and Jz(k)

Under our uniform prioritization scheme, the interestW (k) collected from the sur-
viving participations is allocated in priority order, with the senior tranche getting

Y1(k) = min[ Ui (k); W (k)]
and the mezzanine getting
Y2(k) = min[U(k); W(k)  Y1(K)]:

The available reserveR(k), before payments at periodk, is thus de ned by
r (k)
R(ky= 1+ e [R(k 1) VYi(k 1) Yok D]+ Z(K); (16)
recalling that Z (k) is the total cash ow from the participations in period k.

21



Unpaid reductions in principal from default losses occur ineverse priority order, so
that the junior residual tranche su ers the reduction

J3(K) = min( Fa(k  1); H(K));
where 0 1

X
H (k) = max @ Li (W(k)  Yi(k) Yo(k));0A
i2B (k)
is the total of default losses since the previous coupon datess collected and undis-
tributed interest income. Then the mezzanine and senior treches are successively re-
duced in principal by

J2(Kk)
J1(k)
respectively. Under uniform prioritization, there are no arly payments of principal, so
Di(k) = Dy(k) = 0 for k < K . At maturity, the remaining reserve is paid in priority

order, and principal and accrued interest are treated iderdally, so that without loss of
generality for purposes of valuation we tak&’;(K) = Y,(K) =0,

D1(K) = min[Fy(K) + U (K); R(K)];

min( Fo(k  1);H(K)  J3(K))
min( Fy(k  1);H(K) Ja(k) JI(K);

and
Do(K) =min[ Fo(K) + U(K); R(K)  D1(K)I:

The residual tranche nally collectsD3(K) = R(K) Y1(K) Dy(K) Y2(K) Dy(K).

For our alternative fast-prioritization scheme, the senior tranche is allocated inter-
est and principal payments as quickly as possible, until matity or until its principal
remaining is reduced to zero, whichever is rst. Until the saior tranche is paid in full,
the mezzanine tranche accrues unpaid interest at its coupoate. Then the mezzanine
tranche is paid interest and principal as quickly as possigluntil maturity or until retired.
Finally, any remaining cash ows are allocated to the residal tranche. Speci cally, in
coupon periodk, the senior tranche is allocated the interest payment

Y1(k) = min [ Uy(k); Z (k)]
and the principal payment
Di(k) =min[Fy(k  1);Z(k)  Yi(K)];

where the total cashZ (k) generated by the collateral pool is again de ned by (14). Té
mezzanine receives the interest payments

Yo(k) =min[Uy(k); Z(k)  Ya(k)  Da(K)];
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and principal payments
Da(k) =min[Fa(k  1);Z(k) Yi(k) Da(k) Ya(K)I:

Finally, any residual cash ows are paid to the junior suborthated tranche. For this
scheme, there are no contractual reductions in principal{(k) = 0).

In practice, there are many other types of prioritization seemes. For example, during
the life of a CDO, failure to meet certain contractual over-gllateralization ratios in many
cases triggers a shift to some version of fast prioritizatio For our examples, the CDO
yield spreads for uniform and fast prioritization would preide upper and lower bounds,
respectively, on the senior spreads that would apply if oneaene to add such a feature to
the uniform prioritization scheme that we have illustrated

4.4 Simulation Methodology

Our computational approach consists of simulating pieceige linear approximations of
the paths of X and X ;:::; Xy, for time intervals of some relatively small xed length

t. (We have taken an interval t of one week.) Defaults during one of these intervals
are simulated at the corresponding discretization of the tal arrival intensity ( t) =

i i(t)1aGt); where A(i;t) is the event that issueri has not defaulted byt. With
the arrival of some default, the identity of the defaulter isdrawn at random, with the
probability that i is selected as the defaulter given by the discretization appximation
of (t)1a¢r)=(t). Based on experimentation, we chose to simulate ;M@0 pseudo-
independent scenarios. The basis for this and other multisigor default-time simulation
approaches is discussed by Du e and Singleton [1998].

Table 5: Par spreads ( = 0:5).

Principal Spread (Uniform) Spread (Fast)
Set| P1 [Py [si(bp) [ s2(bp) si(bp) |s2(bp) |
9255 | 18.7(1) 636 (16) | 13.5(0.4) | 292 (1.6)
9255 |179(1) 589 (15) | 13.5(0.5) | 270 (1.6)
9255 | 15.3(1) 574 (14) | 11.2 (0.5)| 220 (1.5)
9255 |19.1(1) 681 (17) | 12.7 (0.4) | 329 (1.6)
80 10 | 1.64 (0.1) | 67.4 (2.2) | 0.92 (0.1) | 38.9 (0.6)
80 10 | 1.69 (0.1) | 66.3 (2.2) | 0.94 (0.1) | 39.5 (0.6)
80 10 | 2.08 (0.2) | 51.6 (2.0) | 1.70 (0.2) | 32.4 (0.6)
80 10 | 1.15(0.1) | 68.1 (2.0) | 1.70 (0.2) | 32.4 (0.6)

BIWIN R BAWDN P
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4.5 Results for Par CDO Spreads

Table 5 shows the estimated par spreads, in basis points, bktsenior ;) and mezzanine
(sz) CDO tranches for the 4 parameter sets, for various levels ofer-collateralization,
and for our two prioritization schemes. In order to illustrae the accuracy of the simu-
lation methodology, estimates of the standard deviation dhese estimated spreads that
are due to \Monte Carlo noise" are shown in parentheses. Tadd 6 and 7 show estimated
par spreads for the case of \low" ( = 0:1) and \high" ( = 0:9) default correlation. In
all of these examples, the risk-free rate is 0.06, and thereeano management fees.

T T T T T T

Senior
Mezzaning
Junior

0:5+ -

Premium (Market value net of par)

=01 =05 =09
Initial Correlation

Figure 8: Impact on market values of correlation, uniform poritization, Parameter Set
1, high overcollateralization P; = 80).

Figures 8 and 9 illustrate the impacts on the market values ahe 3 tranches of
a given CDO structure of changing the correlation parameter. The base-case CDO
structures used for this illustration are determined by urform prioritization of senior
and mezzanine tranches whose coupon rates are at par for thesb-case Parameter Set
1 and correlation = 0:5. For example, suppose this correlation parameter is moved
from the base case of 0.5 to 0.9. Figure 9, which treats the ea®; = 92:5) of relatively
little subordination available to the senior tranche, show that this loss in diversi cation
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Figure 9: Impact on market values of correlation, uniform poritization, Parameter Set
1, low overcollateralization P, = 92:5).

reduces the market value of the senior tranche from 92.5 toaist 91.9. The market value
of the residual tranche, which bene ts from volatility in the manner of a call option,
increases in market value from 2.5 to approximately 3.2, a @matic relative change.
While a precise statement of convexity is complicated by thiming of the prioritization

e ects, this e ect is along the lines of Jensen's Inequalifyas an increase in correlation
also increases the (risk-neutral) variance of the total lgsof principal. These opposing
reactions to diversi cation of the senior and junior trancles also show that the residual
tranche may o er some bene ts to certain investors as a def#risk-volatility hedge for
the senior tranche.

The mezzanine tranche absorbs the net e ect of the impacts obrrelation changes on
the market values of the senior and junior residual tranchg#n this example resulting a
decline in market value of the mezzanine from 5.0 to approxately 4.9), as it must given
that the total market value of the collateral portfolio is na a ected by the correlation
of default risk. We can compare these e ects with the impactfacorrelation on the par
spreads of the senior and mezzanine tranches that are showables 5, 6, and 7. As we
see, the mezzanine par spreads can be dramatically in uedcby correlation, given the
relatively small size of the mezzanine principal. Moreoveexperimenting with various
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mezzanine over-collateralization values shows that the ect is ambiguous: Increasing
default correlation mayraise or lowermezzanine spreads.

Table 6: Par spreads ( =0:1).

Principal | Spread (Uniform) Spread (Fast)
Set | P1 | P2 [ s1(bp) | s2(bp) | si(bp) [s2(bp) ]

1 9255 6.7 487 2.7 122
2 925|5 6.7 492 2:9 117
3 9255 6:3 473 2.5 102
4 925|5 7.0 507 2:7 137
1 80 10 | 0:27 17:6 0:13 7:28
2 80 10 | 0:31 17:5 0:15 7:92
3 80 10 | 0:45 14:9 0:40 6:89
4 80 10 | 0:16 19.0 0:05 6:69

Table 7: Par spreads ( =0:9).

Principal | Spread (Uniform) Spread (Fast)
Set | P1 [ P2 [si(bp) | sz (bp) | s1(bp) [s2(bp) |
1 9255 307 778 239 420
2 9255 295 687 237 397
3 925|5 253 684 20:6 325
4 9255 321 896 231 479
1 80 10 | 3:17 113 1:87 68:8
2 80 10 | 3:28 112 1:95 70.0
3 80 10 | 4:.03 90 3:27 60:4
4 80 10 | 252 117 1.06 65:4

4.6 Risky Reinvestment

We also illustrate how one can implement a contractual proso that recoveries on de-
faulted participations and excess collected interest aretbe invested in collateral of
comparable quality to that of the original pool. This methodcan also be used to allow
for collateral assets that mature before the termination othe CDO.

The default intensity of each new collateral asset is of theg/pe given by equation (6),
where X; is initialized at the time of the purchase at the initial basecase level (long-
run mean of ;). Par spreads are computed for these bonds. Figures 10 and shibw
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the e ect of changing from safe to risky reinvestment. Givenhe \short-option" aspect

of the senior tranche, it becomes less valuable when reinveent becomes risky. It is
interesting to note that the mezzanine tranche bene ts fronthe increased variance in
this case.

30 ‘ \
: Safe Reinvestment
Risky Reinvestment

25- A

15 8

Spread (bp)

Parameter Set

Figure 10: Senior Tranche spreads in the uniform prioritizeon and risky reinvestment
schemes P, = 92:5; P, = 5).

5 Analytical Results

Here, exploiting the symmetry assumptions of our special @mple, analytical results are
provided for the probability distribution for the number of defaulting participations, and
the total of default losses of principal, including the e ets of random recovery.

The key is an ability to compute explicitly the probability of survival of all par-
ticipations in any chosen sub-group of obligors. These expt probabilities, however,
must be evaluated with extremely high numerical accuracy gn the large number of
combinations of sub-groups to be considered.

For a given time horizonT, let d; denote the event that obligorj defaults by T.
Thatis, dj = f j <T g. We let M denote the number of defaults. Assuming symmetry
(invariance under permutation) in the unconditional joint distribution of default times,
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Figure 11: Mezzanine Tranche spreads in the uniform prioi#tation and risky reinvest-
ment schemes®; = 92:5; P, = 5).

PM=Kk= " P\ \ de\ d,, )\ dg),

where 'E = NIE(N  Kk)Kk!]. Let g(k;N) = P(d;\ \ dc\ di,;\ \ df). The
probability p, = P(di[ [ d;) that at least one of the rst j names defaults byT is
computed later; for now, we take this calculation as given.

P .
Proposition 2:  q(k;N) = szl( 1)+ k+N+1) N"j pj , using the convention that 7 =
Oifl<Oorm<l.

A proof is provided in Appendix A. Using the fact that the preintensity of the rst-
to-arrive 0) =min( 1;:::; ;) of the stopping times 4;:::; jis 1+ + j (Due
[1998a]), and using the independence &f;;::: ; Xn; X, We have

" Z 1y I#
1 E exp i(1)) dt (17)
0 =1

= 1 e (M c(MXcO+] i(T)+] i(T)Xi(O); (18)

p=1 P(9D>T)

where (T) and (T) are given explicitly in Appendix B as the solutions of the OIEs
(B.1)-(B.2) for the casen = ,pP= 2q= j, ="'gandm= ¢ while ;(T)
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and ;(T) are the explicitly-given solutions of (B.1)-(B.2) for thecasen = ,p= 2

g= 1, = ,andm= ;.

It is not hard to see how one would generalize Proposition 2 &8 to accommodate
more than one type of intensity | that is, how to treat a case with several internally
symmetric pools. Introducing each such group, however, igases by one the dimensions
of the array p and the summation. Given the relatively lengthy computatio required to
obtain adequate accuracy for even 2 sub-groups of issuense anay prefer simulation to
this analytical approach for multiple types of issuers.
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Figure 12: The probability of k defaults, for high and low correlation (base case).

Based on this analytical method, Figure 12 shows the probaity qg(k;100) of k
defaults within 10 years, out of the original group of 100 isers, for Parameter Set
1, for a correlation-determining parameter that is high (0.9) or low (0.1). Figure 13
shows the associated cumulative probability functions, aluding the base case of = 0:5.
For example, the likelihood of at least 60 defaults out of theriginal 100 participations
in 10 years is on the order of 1 percent for the low-correlatiocase, while roughly 12
percent for the high-correlation case.

Figure 14 shows the corresponding low-correlation and higlorrelation probability
g(k; 100) ofk defaults out of 100 for the no-di usion case, Parameter Set Figures 15,
16, and 17 compare the probabilityg(k; 100) of k defaults for all 4 parameter sets. The
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Figure 13: The cumulative probability of the number of defalts, high and low correlation
(base case).

low-correlation distributions are rather more similar aonss the various parameter sets
than are the high-correlation distributions.

One can also compute analytically the likelihood of a totablss of principal of a given
amount x. This is done by adding up, over, the probabilities g(k; 100) of k defaults
multiplied by the probabilities that the total loss of principal from k defaults is at leastx.
For the latter, we do not use the actual distribution of the tdal fractional loss of principal
of a given numberk of defaulting participations. For ease of computation, weubstitute
with a central-limit (normal) approximation for the distri bution of the sum ofk iid
uniform-[0; 1] random variables, which is merely the distribution of a nonally distributed
variable with the same mean and variance. We are interested this calculation for
moderate to large levels ok, corresponding for example to estimating the probability o
failure to meet an over-collateralization target. We haveeri ed that, even for relatively
few defaults, the central-limit approximation is adequatgor our purposes. A sample of
the resulting loss distributions is illustrated in Figure B.

One can also analytically compute the variance of total lossf principal, whence di-
versity scores, as tabulated for our example in Table 4. A dafption of the computation
of divesity score on a general pool of collateral, not necasly with symmetric default
risk, can be found in Appendix C. Given a (risk-neutral) divesity score ofn, one can
then estimate CDO vyield spreads by a much simpler algorithnwhich approximates by
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Figure 14: The probability ofk defaults, for high and low correlation (Parameter Set 2).

substituting the comparison portfolio ofn independently defaulting participations for the
actual collateral portfolio. The default times can be simated independently, directly
from an explicit unconditional distribution, rather than using a much more arduous
simulation of the pre-intensity processes. The algorithnsiroughly as follows:

1. Simulate a draw from the explicit distribution of the numker M of defaults of the
comparison portfolio ofn bonds, with probability g(k; n) of k defaults.

2. For each of theM comparison defaults, simulate, independently, the cornesnding
default times, using the explicit default-time distribution of each particpation.

3. SimulateM fractional losses of principal.

4. Allocate cash ows to the CDO tranches, period by period,@ording the desired
prioritization scheme.

5. Discount the cash ows of each CDO tranche to a present vauat risk-free rates.

6. For each tranche, average the discounted cash ows ovedapendently generated
scenarios.
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Figure 15: Probability of k defaults, all parameter sets, low correlation (= 0:1).

A comparison of the resulting approximation of CDO spreads ith those computed
earlier are provided, for certain cases, in Figures 19 and.21or well-collateralized
tranches, the diversity-based estimates of spreads are seaably accurate, at least rela-
tive to the uncertainty that one would, in any case, have regding the actual degree of
diversi cation in the collateral pool. For highly subordinated tranches and with moder-
ate or large default correlation, the diversity-based spegls can be rather inaccurate, as
can be seen from Figure 20 and Table 8.

Figure 22 shows the likelihood of a total loss of principal at least 24.3 percent of
the original face value, as we vary the correlation-determing parameter . This is also
illustrative of a calculation of the probability of failing to meet an over-collateralization
target.

Appendices

A Default Probabilities and Pricing for the Ane
Model

This appendix provides some technical background and exwaons for a ne default
probability and bond valuation models. A probability space( ;F;P) and Itration
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Figure 16: Probability of k defaults, all parameter sets, moderate correlation (= 0:5).

fF ¢ :t Og satisfying the usual conditions are xed. For details, seerBtter [1@90]
A stopping time has an intensity process (non- neg&tlve predictable, with

o sds<
1 for all t) if a martingale M is de ned by M; = Y, g sds, whereY; =0 for t <
and Y; = 1 for t . For a given Markov processX valued in some state spac,
the point processY associated with is said to be doubly-stochastic, driven byX with
pre-intensity , if, conditional on X, is the rst jump time of a Poisson process with
deterministic intensity f (t) :t 0g, for { = ( X{), where : X! [0;1). This in
turn implies, by the law of iterated expectations that, on tke event that >t , for any
s > 0 we have

Z t+s
P >t+s F =E exp u du Fe - (A1)
t
For our case of stopping timesy;:::; N with respective intensities 1;:::; n, We
suppose that the corresponding multivariate point proces¥ = (Yy;:::;Yy) is doubly
stochastic driven by X, in the sense thatY; is doubly stochastic driven byX , and that,
conditional on X, the processe¥;;::: ;Yy are independent.
Our state processX = (X1;:::;Xn; X¢), consisting of independent basic a ne pro-

cesses, is a special case of a general multivariate a ne jurapusion process X val-
ued in a subsetX of <9, formulated by Du e and Kan [1996]. We can suppose that
i() = & + b X; and that the short rate processr is of the formr, = a. + i X;.
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Figure 17: Probability of k defaults, all parameter sets, high correlation (= 0:9).

Under regularity conditions, and working under an equivald martingale measure, this
implies a default-free zero-coupon discount at timg for maturity date T, of the form
eAETIFBET) XM for coe cients A(t; T) and B(t; T) in <9 that satisfy ordinary di eren-
tial equations (ODESs). As for the defaultable discount, thericing formula (10) extends
to obtain a zero-coupon price of the form

Z t

p(t; X (0) = e W OXO 4+ 1 W WXO[a(u)+ blu) X(0)]ds;
0

where , , a, and b, solve given ordinary di erential equations. See Lando [P8] and
(for computation of the coe cients in the general a ne jump- di usion case) Du e, Pan,
and Singleton [1998].

B Solution for The Basic A ne Model

For the basic a ne model, the coe cients (s) and (s) determining the solution (5) of
the survival-time distribution are given as solutions of tle ordinary di erential equations
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(ODEs)
1
$= nstoplita; (B.1)
O = mg+° : . (B.2)
1 s
with boundary conditons (0)= (0)=0,forn= ,p= 2,g= 1,andm=
The solutions are given by:
1 érs
= B.3
s C + dlebls ( )
S
= m( Cy dl) C+ d]_eb1 + TS"‘ (B4)
bycidy c+ dg C
(e dy) Co + dpes + _ < g
pcod; C+ dp G '
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Figure 19: Senior Tranche spreads and diversity-based apgimate spreads, with high
correlation ( = 0:9) and low subordination P, = 92:5).

where
P
n+ n? 2pq
C =
2q
P 2
4 = n+ n? 2pq
1 2q
b, = n(d, c)+2qgd; p
c+dy
_ 4
o = C_l (B.5)
b = b (B.6)
c =1 C_l (B7)
g = B (B.8)
C1

More generally, for constantsg, u, and v, under technical integrability conditions we
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Figure 20: Mezzanine Tranche spreads and diversity-basedpaoximate spreads, with
moderate correlation ( = 0:5) and low subordination P; = 92:5; P, = 5).

have
Z

S
E exp q (t)dt e*v ) =g O ), (B.9)

0
where and solve the same ODEs (B.1)-(B.2) with the more general boundacon-
ditions (0) = vand (0) = u. For this general case, the solutions (barring degenerate
cases, which may require separate treatment) are given by

_ 1+ alebls
m(a]_C]_ dl) C+ dlebls m
= + + —s+ B.11
° b oy c+d; Cls ( )
N S
(a2c;  dy) lo Co + 0™ + s:
pc,d; C+ dp C
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where
p
n+ n2 2pq
C =
2q
n+ pu+ P n2 2pq
dl = (1 C]_U) 2nu + pu2 + 2q
ap = (di+cyhu 1
b, = %(n*296)+ au(nc, + p)
a;Cy d]_
_d
= o
b = by
= 1 _
C o
_ i ag
d, = o

With this, we can compute the characteristic functiond ( ) of (s) given (0), de ned
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Figure 22: Likelihood of total default losses of at least 238% of principal within 10 years.

by
' (Z) - E eiZ (s) = e (s)+ () (5)’ (812)

by taking g = 0 and by taking u = iz, treating the coe cients (s) and (s) as complex.
The Laplace transformL( ) of (s) is computed analogously:

L(z)=E e2® =e0® B0, (B.13)

this time taking u = z. For details and extensions to a general a ne jump-di usion
setting, see Du e, Pan, and Singleton [1998].

Proof of Proposition 1:

Since both X and Y are (weakly) positive processes (see Feller [1951%),is, and
hence it su ces to verify that its Laplace transform coincides with that of a basic a ne
process with parameters ( ; ; ;° ) and initial condition Z(0) = X (0) + Y (0). To this
end, one needs to compute the Laplace transform of a basic aerprocess at an arbitrary
time t, which is easily done according to equation (B.13) and the ptanation following
it. In order for equations (B.1)-(B.2) to characterize the tansform, it is su cient that,
when applying Ito's Formula toU; = e (T 0+ (T DX the Brownian integral term is a
martingale (not merely a local martingale). This martingag¢ property holds if

t

E e (%2 (9X(9) (g)2X (s)ds < 1 :
0
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This condition is clearly satis ed from Fubini's Theorem, gnce (s), (s), and E (X (s))
are continuous ins, while is negative, andX is positive. Now it is a simple matter to
veri y that the sum of the Laplace transform of X andY equals the transform of the basic
a ne process with parameters (; ; ; ;” ) and initial condition Z(0) = X (0) + Y (0),
using the explicit solutions in (B.10)-(B.11).

Proof of Proposition 2:

The argument proceeds by induction irk and N. Assume, therefore, that the claim
holds for all positive pairs k;n) such thatn <N andk n. Now letn = N. First of
all, as an immediate consequence of the inclusion-exclusiorinciple (see, for instance,
M. Hall [1986]),

P .
o= (1 ] p,

which is clearly consistent with the claim. Assume now thathe claim holds for k +
1;n);:::;(n;n). We have

ak +1;n)
ack; n)

Adding these two equations,

P\ \ der\ i\ \df)
P(di\  \ e\ dE, V)

gk+1;n)+ qk;n)=P(d\ \ d\ d,,\ \ d)=qk;n 1) (B.14)

whenceq(k;n) = q(k;n 1) qg(k+1;n). Itis now a simple matter to verify the proposed

formula for q(k; n), using the factthat [ 1 + " * = @ . This completes the proof.

k 1 k

C Computation of Diversity Scores

We de ne the diversity scoreS associated with a \target" portfolio of bonds of total
principal F to be the number of identically and independently defaultig bonds, each
with principal £, whose total default losses have the same variance as thegitrportfolio
default losses. The computation 06 entails computation of the variance of losses on the
target portfolio of N bonds, which we address in this appendix.

Perhaps because of the goal of simplicity, any interest-rate ects on losses have
been ignored in the calculation of diversity, and we shall deo here as well, although
such e ects could be tractably incorporated, for example byhe discounting of losses.
(With correlation between interest rates and default lossg the meaningfulness of direct
discounting is questionable.) It is also problematic thatdst-coupon e ects are not sepa-
rately considered in diversity scores. These e ects, whidould be particularly important
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for high-premium bonds, can also be captured along the line$ the following calcula-
tions. Finally, diversity scores do not account directly fothe replacement of defaulted
collateral, or new investment in defaultable securities ding the life of a product, except
insofar as covenants or ratings requirements stipulate a mimum diversity score that is
to be maintained for the current collateral portfolio, for the life of the CDO structure.
This might argue for a short-horizon, say 1-year, diversitgcore, even for long-maturity
collateral. That can also be accomodated in our calculatign

Letting \ d;" denote the indicator of the event that participation i defaults by a given
time T, assumed to be after its maturity, and lettingL; denote the random loss of
principal when this event occurs, we have

! 2 1,3 " #!
X X ? ?
var Lidi = E4 Lidi S E Lidi

i=1 i=1 i=1

X Xy
E L?E & + E(LiL)E (did) (E (L))?(E (d))?: (C.1)

i=1 i6] i=1

Given an a ne intensity model, one can compute all terms in (C1). In the symmetric
case, lettingp) denote the marginal probability of default of a bond, andg, the joint
probability of default of any two bonds, the above reduces to

|

X
var Lidi = NpyE LZ + N(N  1pg (E (Li)* N?pd (E[Li])?:

i=1

Equating the variance of the original pool to that of the comprison pool yields

N
S PwE LY phy(E [Li])?

= pyE LZ +(N  1pgy (E[LD> Npd (E[LD: (C.2)

Solving this equation for the diversity scoreS, one gets

.- N pyEL?T PGy (ELLD |
" pwELZ+(N  Dpy (EMLD® Npg (E[LD>

To end the computation, one uses the identities:

Py = P
P = 2p1 P2
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where p; and p, are computed according to equation (17), as well as the fachdt
E[L?]= L and (E[L])* = %, assuming losses are uniformly distributed on [0,1]. (Othe
assumptions on the distribution ofL;, even allowing for correlation here, can be acco-
modated.)

More generally, suppose;(t) = b X(t) and ;(t) = i X(t), where X is a multi-
variate a ne process of the general type considered in Appelix A, and b and ly are
coe cient vectors. Even in the absence of symmetry, for anyimest(i) and t(j ), assum-
ing without loss of generality thatt(i) t(j), the probability of default by i beforet(i)
and ofj beforet(j) is

h r. [ h r. [ h r. [
E(dd)=1 E e o i(u)du E e o0 jWydu E e 600 b(t) X (1) du : (C.3)

whereb(t) = b+ b fort<t (i) andb(t) = b fort(i) t t(j). Each of the termsin (C.3)
is analytically explicit in an a ne setting, as can be gatheed from Appendices A and B.
Beginning with (C.3), the covariance of default losses betégn any pair of participations,
during any pair of respective time windows, may be calculatie and from that the total
variance of default losses on a portfolio can be calculatemhd nally the diversity score
S can be calculated. With lack of symmetry, however, one mustke a stand on the
de nition of an \average" default to be applied to each of theS independently defaulting
issues of the comparison portfolio. We do not address thatsise here. A pragmatic
decision could be based on further investigation, perhaps@mpanied by additional
empirical work.
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Table 8: Par spreads obtained from simulation based on dity scores

Corr. | Divers. | Principal | Spread (Uniform) Spread (Fast)
Set Score | P1 | P> | si(bp) | s2(bp) | si(bp) | s2(bp) |
1 0.1 59 925| 5 6.58 604.0 0.99 150
1 0.5 22 9255 | 17.2 973.6 8.14 340
1 0.9 13 925| 5 29.5 1172 19.1 452
1 0.1 59 80 10 | 0.01 14.5 0.00 1.05
1 0.5 22 80 10 | 0.57 59.3 0.04 18.0
1 0.9 13 80 10 | 2.15 116 0.77 51.2
2 0.1 59 9255 | 6.58 604.0 0.99 150
2 0.5 22 925| 5 17.2 973.6 8.14 340
2 0.9 14 9255 28.1 1148 17.7 442
2 0.1 59 80 10 | 0.01 14.5 0.00 1.05
2 0.5 22 80 10 | 0.57 59.3 0.04 18.0
2 0.9 14 80 10 | 1.93 108.8 0.68 47.5
3 0.1 63 9255 | 6.19 585 0.78 140
3 0.5 25 925| 5 15.6 916 7.04 313
3 0.9 16 9255 | 24.2 1107 14.2 405
3 0.1 63 80 10 | 0.02 12.5 0.00 0.81
3 0.5 25 80 10 | 0.43 52.2 0.05 15.5
3 0.9 16 80 10 | 1.34 90.3 0.44 36.4
4 0.1 57 9255 6.76 605 1.04 153
4 0.5 21 925| 5 18.6 996 9.46 367
4 0.9 12 9255 | 320 1203 21.3 474
4 0.1 57 80 10 | 0.02 14.5 0.00 1.14
4 0.5 21 80 10 | 0.68 65.0 0.11 22.0
4 0.9 12 80 10 | 2.71 126.8 1.25 56.5
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