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Abstract

DS-CDMA is a popular multiple access technology for wireless communications. However, its per-

formance is limited by multiple access interference and multipath distortion. Multiuser detection and

space time processing are two signal processing techniquesemployed to improve the performance of DS-

CDMA. Two minimum probability of error based space-time multiuser detection algorithms are proposed

in this paper. The �rst algorithm, MJPOE, aims to minimize the joint probability of error for all users. The

second algorithm, MCPOE, minimizes the probability of error of each user conditioned on the transmit-

ted bit vector, for each user individually. In both the algorithms the optimal �lter weights are computed

adaptively using a gradient descent approach. The MJPOE algorithm is blind and offers a BER perfor-

mance better than the non-adaptive MMSE algorithm, at the cost of higher computational complexity. An

approach for reducing the computational overheads of MJPOEusing Gram-Schmidt orthogonalization is

suggested. The BER performance of the MCPOE algorithm is slightly inferior to MMSE, however it has

a computational complexity linear in the number of users. Both blind and training based implementations

for MCPOE are proposed. Both MJPOE and MCPOE have a convergence rate much faster than earlier

known adaptive implementations of the MMSE detector, viz. LMS and RLS. Simulation results are pre-

sented for synchronous single path channels as well as asynchronous multipath channels, with multiple

antennas employed at the receiver.
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I. INTRODUCTION

Direct Sequence Code Division Multiple Access (DS-CDMA) iswidely used for multiplexing

users in a wireless scenario [1]. However, its performance is limited by multiple access inter-

ference (MAI) and multipath channel distortion. The conventional DS-CDMA matched �lter

detector fails to combat these problems. Many advanced signal processing techniques have been

proposed to enhance the performance of DS-CDMA systems, andthese techniques fall into two

broad categories:multiuser detection[2], [3], [4] andspace-time processing[5], [6]. The former

exploits the underlying statistical structure of MAI for interference cancellation, while the latter

employs an antenna array at the receiver to optimally combine the different multipath signals
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of users. Combined multiuser detection and space-time processing has also been addressed in

literature. The initial focus was on systems with a single transmit antenna and multiple receive

antennas [7], [8]. Recently, much research has focused on systems with multiple transmit and

receive antennas, employing space-time coding at the transmitter to achieve higher diversity gain

[9], [10]. Blind multiuser detection for systems employingAlamouti space-time block codes at

the transmitter has been investigated in [11].

Adaptive multiuser detectors are especially attractive because they can potentially adapt to

unknown and time varying channel parameters [12]. Amongst these, blind adaptive multiuser

detectors have the advantage that they eliminate the need for a training sequence in adaptation

mode, which translates to savings in bandwidth [13], [14], [15]. Although not many wireless

standards today use blind algorithms, it shall de�nitely bean advantage, in terms of lesser band-

width consumption, if we can develop blind multiuser detection algorithms which have a per-

formance comparable to training sequence based algorithms. A space-time multiuser detector

exploits the signal structure in both time domain and spatial domain for interference cancella-

tion. Two adaptive space-time multiuser detectors based onthe criterion ofminimum probability

of error (MPOE) are proposed in this paper, for multipath asynchronous DS-CDMA channels,

with multiple antennas at the receiver.

The �rst algorithm,minimum joint probability of error(MJPOE) minimizes the joint prob-

ability of error for all users. The algorithm is blind, i.e.,no training sequence is required in

adaptation mode. MJPOE offers a BER performance better thanthe non-adaptive MMSE detec-

tor [16], [?]. It, however, has a computational complexity which is exponential in the number of

users. A scheme based on the Gram-Schmidt orthogonalization procedure is proposed to reduce

the computational burden of MJPOE. In order to further reduce the computational complexity

we propose theminimum conditional probability of error(MCPOE) algorithm, which minimizes

the probability of error conditioned on the transmitted bitvector, for each user individually [19],

[20]. It has a BER performance that is slightly inferior to the MMSE detector, however at a
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convergence rate comparable to MJPOE and a computational complexity linear in the number of

users. Both MJPOE and MCPOE have a convergence rate much faster than adaptive implemen-

tations of MMSE, viz. LMS and RLS. In fact, MCPOE offers a convergence rate faster than RLS

with computational complexity comparable to LMS. We also propose a blind MCPOE algorithm,

whose performance is comparable to the training based MCPOEalgorithm.

The rest of this paper is organized as follows. Section II provides a mathematical description

of an asynchronous multipath DS-CDMA channel with multipleantennas at the receiver. An ex-

pression for the received signal vector in terms of the system parameters is obtained. In Section

III, the receiver structure is explained, probability distribution for the decision statistic vector

is derived, and expressions for conditional and joint probability of error are also derived. The

adaptive algorithms MJPOE and MCPOE are presented in Section IV. Adaptation equations for

�lter weights based on gradient descent are derived in this section. Section V presents simula-

tion results, and comparisons of MJPOE and MCPOE with other multiuser detection algorithms

proposed in literature. The paper concludes in Section VI.

II. SIGNAL MODEL

Consider a DS-CDMA channel withK users sharing the same bandwidth. A schematic of

the channel model described in this section is depicted in Fig. 1. The signaling interval of each

user isT seconds, and the input alphabet is antipodal binary:f� 1; 1g. During thei th signaling

interval, the input bit vector1 b(i ) = [ b1(i ); : : : ; bK (i )]T , wherebk (i ) denotes thei th input symbol

of thekth user and(�)T denotes the transpose. Userk is assigned a spreading waveformck which

is supported on[0; T] and is normalized to 1. Letsk = [ sk1; : : : ; skN ]T (N � 1 vector) denote the

corresponding spreading chip sequence, so that the spreading waveform can be expressed as

ck(t) =
1

p
N

NX

n=1

skn rect(t � (n � 1)Tc) ; (1)

1All vectors and matrices are displayed in boldface
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whererect(t) is a rectangular waveform with unit amplitude in[0; Tc], andskn 2 f� 1; +1g

(1 � k � K , 1 � n � N ). The transmission amplitude of thekth user is denoted byAk , which

is real. The processing gainN is de�ned as the number of chips in a signaling period. The chip

periodTc is thus equal toT=N. The baseband signal of thekth user in thei th bit interval can now

be expressed as

xk(t) = Akbk (i )ck(t � iT ); iT � t < (i + 1) T : (2)

At the receiver an array ofP elements is employed. Assuming that each transmitter is equipped

with a single antenna, the baseband signal between thekth user's transmitter and the base station

receiver can be modeled as a single input multiple output (SIMO) channel with the impulse

response

h k(t) =
MX

m=1

akm gkm � (t � � km ) ; (3)

whereM is number of multipaths in each user's channel,gkm and� km are respectively the com-

plex gain and delay of themth multipath of thekth user's signal, andakm = [ akm; 1; : : : ; akm;P ]T

is the array response vector corresponding to themth path of thekth user's signal. The total

received signalr (t) at the receiver is a superposition of the signal from theK users plus the

additive noise given by

r (t) =
X

i

KX

k=1

xk (t) ? h k(t) + � n (t)

=
X

i

KX

k=1

Akbk(i )
MX

m=1

akm gkm ck(t � iT � � km ) + � n (t) ;

(4)

where? denotes the convolution operation,n (t) = [ n1(t); : : : ; nP (t)]T is a P � 1 vector of

independent zero-mean complex Gaussian noise processes, each with unit variance, and� 2 is the

variance of the ambient noise at each antenna element.

Let r p(i ) denote the received signal vector at thepth antenna in thei th signaling interval,

obtained by samplingrp(t) at chip rate. Since we have considered an asynchronous channel, r p(i )

contains contributions from bits transmitted in the(i � 1)th interval as well as thei th interval.

Let us assume that the maximum multipath delay of any user does not exceed the symbol period,
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so that contributions from(i � 2)th and all preceding signaling intervals are zero. Also, let us

assume that multipath delays are resolvable upto the accuracy of a chip period, i.e,� kl is an

integral multiple ofTc (8k; l). Now de�ne the following:

s(n)
kL = [ skN � n+1 ; : : : ; skN| {z }

; 0; : : : ; 0| {z }]T

n N � n

(5)

s(n)
kR = [0; : : : ; 0| {z } ; sk1; : : : ; skN � n| {z }

]T

n N � n

(6)

Now, the received signal vectorr p(i ) can be expressed as

r p(i ) =
KX

k=1

Akbk(i � 1)
MX

m=1

akm;p gkm s(nkm )
kL +

KX

k=1

Akbk(i )
MX

m=1

akm;p gkm s(nkm )
kR + � n p(i ) ; (7)

wherenkm = � km =Tc andn p(i ) denotes the sampled noise vector, obtained by chip rate sampling

of receiver noise in thei th bit interval. Since the multipath delays are assumed to be multiples

of the chip period,nkm is an integer. In (7), the �rst term represents contributionfrom the

previous bit interval or inter-symbol interference (ISI),the second term represents contribution

of the bits transmitted in thei th bit interval, whereas the last term represents AWGN. For ease of

representation, de�ne the following:

� kp;L =
MX

m=1

akm;p gkm s(nkm )
kL (8)

� kp;R =
MX

m=1

akm;p gkm s(nkm )
kR : (9)

Thus,r p(i ) can be expressed as

r p(i ) =
KX

k=1

Akbk (i � 1)� kp;L +
KX

k=1

Akbk(i )� kp;R + � n p(i ) : (10)

This can further be expressed using matrix notation as

r p(i ) = SpL Ab (i � 1) + SpRAb (i ) + � n p(i ) ; (11)

whereSpL = [ � 1p;L : : : � Kp;L ] (N � K matrix),SpR = [ � 1p;R : : : � Kp;R ] (N � K matrix), and

A = diag(A1; : : : ; AK ) (K � K matrix).
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III. PROBABILITY OF ERROR

A. Probability Density of the Decision Statistic

Let w k (NP � 1 vector) denote the linear �lter used to demodulate the bits transmitted by the

kth user.w k operates on the augmentedNP � 1 signal vectorr (i ) = [ r 1(i )T ; : : : ; r P (i )T ]T . Let

w k be represented asw k = [ w T
k1; : : : ; w T

kP ]T , where eachw kp (1 � p � P) is anN � 1 vector.

The soft output of the �lteryk(i ) in thei th bit interval is given by

yk(i ) = w H
k r (i )

=
PX

p=1

w H
kpr p(i )

=
PX

p=1

w H
kpSpL Ab (i � 1) +

PX

p=1

w H
kpSpRAb (i ) + � w H

k n (i ) ;

(12)

where(�)H denotes the Hermitian andn (i ) = [ n 1(i )T ; : : : ; n P (i )T ]T . The bit decision for the

kth user is given by

bbk(i ) = sgn[< (yk(i ))] ; (13)

wheresgn[�] denotes the signum function and< (�) denotes the real part.

For notational ease, we can drop the indexi and representb(i ) asb, yk(i ) asyk andn (i ) asn .

Thus,

yk =
PX

p=1

w H
kpSpL Ab (i � 1) +

PX

p=1

w H
kpSpRAb (i ) + � w H

k n (i )

= � k +
PX

p=1

w H
kpSpRAb + � w H

k n ;

(14)

where

� k =
PX

p=1

w H
kpSpL Ab (i � 1) (15)

represents the contribution of the(i � 1)th bit to the decision statistic. It must be noted here that

yk depends onb(i � 1), which is not known to the receiver. However, since the receiver has

estimatedb(i � 1) in the(i � 1)th bit interval, we can form an estimate ofyk , denoted bybyk and
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given by

byk =
PX

p=1

w H
kpSpL A bb(i � 1) +

PX

p=1

w H
kpSpRAb + � w H

k n

= b� k +
PX

p=1

w H
kpSpRAb + � w H

k n ;

(16)

wherebb(i � 1) denotes the estimate ofb(i � 1) at the receiver, and

b� k =
PX

p=1

w H
kpSpL A bb(i � 1) : (17)

Although, all subsequent results are derived in terms ofyk , it must be noted that in practice the

receiver would usebyk for all its computations, becauseb(i � 1) is unknown at the receiver. The

simulation results presented in Section V are also based on the estimate ofyk given by (16).

Let y = [ y1; : : : ; yK ]T (K � 1 vector). Since the bit decisions depend on the real part ofy ,

we are interested in the probability distribution of the decision statistic vector< (y ). Conditioned

on vectorb, < (y ) is Gaussian with mean given by� = [ � 1; : : : ; � K ]T and covariance matrixC .

Thekth entry of� is given by

� k = <

 

� k +
PX

p=1

w H
kpSpRAb

!

: (18)

The(k; l)th entry of matrixC is given by

Ckl = � 2<
�
w H

k w l
�

=

8
>><

>>:

� 2
k if k = l

� kl � k � l if k 6= l ;
(19)

where� 2
k = � 2kw kk2 and� kl =

<
�
w H

k w l

�

kw kkkw lk
.

B. Joint Probability of Error

Let bb = [bb1; : : : ;bbK ]T denote the estimated bit vector, wherebbk (1 � k � K ) is given by (13).

Assuming all bit vectors are equally likely (with probability 1
2K ), the joint probability of errorPE
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can be expressed as

PE =
X

8b
P r

�
bb 6= bjb

�
P r(b)

=
X

8b

h
1 � P r

�
bb = bjb

�i 1
2K

= 1 �
1

2K

X

8b
P r

�
bb = bjb

�
;

(20)

where the summation is over all possible bit vectors of length K , with entries� 1. Since< (y )

conditioned on vectorb is Gaussian with mean� and covariance matrixC , its probability density

function is given by

f < (y )jb(x jb) =
1

p
(2� )K jC j

exp
�

�
1
2

(x � � )T C � 1(x � � )
�

; x 2 (�1 ; 1 )K ; (21)

wherejC j denotes the determinant ofC .

The conditional probability of correct demodulationP r
�

bb = bjb
�

can be expressed as the

integral of the multi-variate Gaussian distribution givenby (21), with appropriately chosen inte-

gration limits. For instance, ifb = [1; : : : ; 1]T , P r
�

bb = bjb
�

is given by

P r
�

bb = bjb
�

=
1

p
(2� )K jC j

Z 1

0
: : :

Z 1

0
exp

�
�

1
2

(x � � )T C � 1(x � � )
�

dx1 : : : dxK

(22)

The joint probability of errorPE can be expressed as a weighted sum of2K integrals of the above

form. If all bit vectors are equally likely to be transmitted, then each of the weights is12K . Thus,

using (20) and (22),PE is given by

PE = 1 �
1

2K
p

(2� )K jC j

X

8b

Z u1

l1

: : :
Z uK

lK

exp
�

�
1
2

(x � � )T C � 1(x � � )
�

dx1 : : : dxK

(23)

wherelk = 0 , uk = 1 if bk = 1 andlk = �1 , uk = 0 if bk = � 1.

Now consider the situation when� kl = � k � l , where� k and� l are arbitrarily chosen real numbers

at this moment, and will be obtained as outputs of the adaptive algorithm, MJPOE, to be described

in a subsequent section. Since the random variable< (yk) conditioned onb is N (� k ; � 2
k), it can
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be expressed as [21]

< (yk) = � k +
�
� kV +

q
1 � � 2

kUk

�
� k ; k = 1; : : : ; K ; (24)

whereU1; : : : ; Uk andV are i.i.dN (0; 1) random variables.

Next, consider the following joint probabilityPJ :

PJ = P r (� L 1 < < (y1) � � U1 ; : : : ; � L K < < (yK ) � � UK ) (25)

From (24) we have,

Uk =
< (yk ) � � k

� k
� � kV

p
1 � � 2

k

(26)

Substituting (26) in (25),PJ can be expressed as

PJ = P r

( � L k
� � k

� k
� � kV

p
1 � � 2

k

< U k �

� Uk
� � k

� k
� � kV

p
1 � � 2

k

; k = 1; : : : ; K

)

: (27)

SinceUk 's andV areN (0; 1), (27) can be simpli�ed to yield

PJ =
Z 1

�1

KY

k=1

"

Q

 
� L k � � k � � k � kv

� k

p
1 � � 2

k

!

� Q

 
� Uk � � k � � k � kv

� k

p
1 � � 2

k

!#
1

p
2�

e� v2 =2dv ; (28)

whereQ(x) is given by

Q(x) =
1

p
2�

Z 1

x
exp

�
�

t2

2

�
dt : (29)

B.1 Illustration

For the purpose of illustration consider the two user case (K = 2). f � L k g2
k=1 andf � Uk g2

k=1 for

different transmitted bit vectorsb = [ b1; b2]T are shown in Table I.

The joint probabilityPJ , evaluated by appropriately substituting� L k and� Uk in (28), gives the

probability of correct demodulation conditioned onb, i.e., P r
�

bb = bjb
�

. For instance, in the

2 user case, the conditional probability of correct demodulation given bit vectorb = [1; 1]T is

transmitted is given by

P
J f � L k

=0 ;� Uk
= 1 g2

k =1

=
Z 1

�1
Q

 

�
� 1j[1;1]T + � 1� 1

� 1

p
1 � � 2

1

!

� Q

 

�
� 2j[1;1]T + � 2� 2

� 2

p
1 � � 2

2

!

�
1

p
2�

e� v2=2 dv ;

(30)
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where the subscript ofPJ denotes the values of� L k and� Uk at which the expression forPJ given

by (28) is evaluated, and

� 1j[1;1]T = <

 

� 1 + A1

PX

p=1

w H
1p

MX

m=1

a1m;p g1ms(n1m )
1R + A2

PX

p=1

w H
1p

MX

m=1

a2m;pg2m s(n2m )
2R

!

; (31)

� 2j[1;1]T = <

 

� 2 + A1

PX

p=1

w H
2p

MX

m=1

a1m;pg1m s(n1m )
1R + A2

PX

p=1

w H
2p

MX

m=1

a2m;pg2ms(n2m )
2R

!

; (32)

wheres(�)
iL ands(�)

iR (i = 1; 2) are given by (5) and (6) respectively. Expressions similarto (30) can

be obtained for different transmitted bit vectors, and be summed up (with appropriate weights) to

obtain the joint probability of error (20).

C. Conditional Probability of Error

The motivation for deriving an expression for the conditional probability of error will become

clearer in Section IV-B. LetPkjb denote the probability of error in demodulation of the bits

transmitted by thekth user, conditioned on the transmitted bit vectorb. Assuming that bits+1

and� 1 are transmitted with equal probability,Pkjb can be expressed as

Pkjb =
1
2

P r
�

< (yk) < 0jb(k� ) ; bk = +1
�

+
1
2

P r
�

< (yk) � 0jb(k� ) ; bk = � 1
�

; (33)

whereb(k� ) = [ b1; : : : ; bk� 1; bk+1 ; : : : ; bK ]T . Since< (yk) conditioned onb is Gaussian with

mean� k (18) and variance� 2
k (19), its probability density function is given by

f < (yk ) jb(xjb) =
1

� k

p
2�

exp
�

�
(x � � k)2

2� 2
k

�
; �1 < x < 1 (34)

The conditioning onb is implicit in � k . Let � k be represented as� kj1 whenbk = +1 and as� kj� 1

whenbk = � 1. We have,

� kj1 = <

0

B
@� k +

KX

i =1
i 6= k

A i bi

PX

p=1

w H
ip

MX

m=1

aim;p gim s(n im )
kR + Ak

PX

p=1

w H
kp

MX

m=1

akm;p gkm s(nkm )
kR

1

C
A (35)
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and

� kj� 1 = <

0

B
@� k +

KX

i =1
i 6= k

A i bi

PX

p=1

w H
ip

MX

m=1

aim;p gim s(n im )
kR � Ak

PX

p=1

w H
kp

MX

m=1

akm;p gkm s(nkm )
kR

1

C
A :

(36)

From (33), the conditional probability of error for userk can be expressed as

Pkjb =
1
2

Z 0

�1

1

� k

p
2�

exp
�

�
(y � � kj1)2

2� 2
k

�
dy +

1
2

Z 1

0

1

� k

p
2�

exp
�

�
(y � � kj� 1)2

2� 2
k

�
dy ;

(37)

which can be simpli�ed to obtain

Pkjb =
1
2

Q
�

� kj1

� k

�
+

1
2

Q
�

�
� kj� 1

� k

�
; (38)

whereQ(x) is given by (29).

IV. A DAPTIVE ALGORITHMS

A. Minimizing Joint Probability - MJPOE

The aim of the minimum joint probability of error (MJPOE) based detector is to minimize

the joint probability of error expression (23) with respectto the �lter weightsw 1; : : : ; w K . The

�lter weights are iteratively adapted using a gradient descent technique, until the minimum is

attained. The minimization problem is subject to the constraint < (w H
k w l ) = � k � lkw kkkw lk

(1 � k; l � K ). This constraint results from the de�nition of� kl in Section III-A, and from the

assumption that� kl = � k � l . The expression for joint probability of error is however complex and

its constrained minimization with respect to the �lter weights is a computationally intensive task.

In order to overcome the computational overhead in minimizing the joint probability of error,

we have explored possibilities of approximations and constraints. We �rst carried out extensive

simulation studies for computing minimum joint probability of error using gradient based tech-

niques. We noticed an interesting occurrence: at convergence the �lters of different users were

nearly orthogonal to each other, i.e.,w H
k w l � 0. This is depicted in Fig. 6. To a certain extent
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this result is intuitively expected. This is because at convergence we want the �ltersw k andw l

to be well separated, so that we can detect the bits of thekth user and thel th user. In casew k

andw l are close to each other (almost co-linear), then in the limiting casew k = 
 w l (where


is a scalar), both of them will detect the same user. The observation,w H
k w l = 0 can be incor-

porated as apriori into the minimization problem, and this then leads to signi�cant reduction in

computational overhead.

Forcing �lters of different users to be orthogonal is equivalent to making� k = 0. It is worth

mentioning here that in the non-orthogonal �lter case,� k (1 � k � K ), which were arbitrarily

chosen when �rst de�ned in Section III-B, are obtained via simulation. However, in the orthog-

onal �lter case we force them to be zero. Now, from (19), the covariance between the decision

statistics of userk and userl is given byC kl = � 2w H
k w l . Sincew H

k w l = 0, the entries of the

decision statistic vector become uncorrelated. Thus we have from (25),

PJ = P r (� L 1 < < (y1) � � U1 ; : : : ; � L K < < (yK ) � � UK )

=
KY

k=1

P r (� L k < < (yk) � � Uk )
(39)

Thus, using (39) the joint probability of correct demodulation can be expressed as a product of

individual probabilities of correct demodulation. The joint probability of error is then given by

PE = 1 �
1

2K

X

8b

KY

k=1

Q
�

�
bk � k

� k

�
; (40)

where� k and� k are given by (18) and (19) . The expression can be easily obtained by substituting

� k = 0 in (28) and choosing� L k and� Uk suitably.

A stochastic gradient descent approach can be now be used to minimize the joint probability of

error expression given by (40) with respect to the �lter weights. Orthogonality of �lter weights

can be executed at each step of the iteration by using the Gram-Schmidt orthogonalization pro-

cedure. Letw (i )
k denote the �lter of thekth user at thei th iteration of the algorithm. In gradient

descent, the �lter weights are updates according to the rule

w (i +1)
k = bw (i )

k � � k
@PE
@w k w k = cw ( i )

k
; (41)
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where� k is an appropriately chosen step-size parameter and in general could be different for

different users.bw k denotes the �lter obtained after Gram-Schmidt orthogonalization. It can be

shown that the partial derivative ofPE (40) with respect to �lterw k is given by

@PE
@w k

= �
1

p
2� � 2K

X

8b

0

B
@bke� � 2

k =2� 2
k � k

KY

i =1
i 6= k

Q
�

�
bi � i

� i

�
1

C
A ; (42)

where� k = [ � T
k1; : : : ; � T

kP ]T is anNP � 1 vector, such that� kp (1 � p � P) is anN � 1 vector

given by

� kp =
1
� k

�
<

�
SpL A bb(i � 1)

�
+ < (SpRAb ) �

� kw k

w H
k w k

�
p = 1; : : : ; P: (43)

After gradient descent adaptation, the �lters of differentusers are made orthogonal to each other

using the Gram-Schmidt procedure. The set of non-orthogonal vectorsf w kgK
k=1 is transformed

into a set of orthogonal vectorsf bw kgK
k=1 using the relation

bw k = w k �
k� 1X

i =1

P(w k j bw k) ; (44)

whereP(x jy ) denotes the projection ofx ony and is given by

P(x jy ) =
�

< x ; y >
kyk2

�
y : (45)

A.1 Further Simpli�cation

The expression for joint probability of error (40) is a sum of2K terms (each term corresponding

to one bit vector of lengthK ). A further reduction in computational complexity can be made by

noting that a term corresponding to a particular bit vector in this sum remains unchanged ifb is

replaced by� b, i.e., all the+1s are changed to� 1s and vice-versa. Thus, instead of summing

over 2K bit vectors, we need to sum over only2K � 1 bit vectors, which implies a reduction in

computational complexity by a factor of2.

B. Minimizing Conditional Probability - MCPOE

Although forcing the orthogonality of �lters of different users leads to a reduction in the com-

putational complexity of the algorithm, it still continuesto be exponential in the number of users.
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The computational complexity can be further reduced, albeit at the cost of some degradation in

BER performance, by minimizing the conditional probability of error for each user individu-

ally, the expression for which was derived in Section III-C.The adaptive algorithm thus obtained

(MCPOE) has a convergence rate comparable to MJPOE and a computational complexity linear

in the number of users. Of course, there is a minor degradation in BER performance as compared

to MJPOE.

The aim of the MCPOE algorithm is to minimize the conditionalprobability of error,Pkjb

(38), conditioned on transmitted bit vectorb for each user individually. Here too a gradient

descent approach is adopted for adaptively computing the optimal weights which minimize the

conditional probability of error. De�ne theNP � 1 vectorsu k = [ u T
k1; : : : ; u T

kP ]T andv k =

[vT
k1; : : : ; vT

kP ]T such thatukp andvkp (1 � p � P) areN � 1 vectors and

u kp =
@�kj1

@w kp
v kp =

@�kj� 1

@w kp
p = 1; : : : ; P : (46)

Then it can be shown that

u kp = <

0

B
@SpL A bb(i � 1) +

KX

j =1
j 6= k

A j bj

MX

m=1

ajm;p gjm s(n jm )
jR + Ak

MX

m=1

akm;p gkm s(nkm )
kR

1

C
A

v kp = <

0

B
@SpL A bb(i � 1) +

KX

j =1
j 6= k

A j bj

MX

m=1

ajm;p gjm s(n jm )
jR � Ak

MX

m=1

akm;p gkm s(nkm )
kR

1

C
A :

(47)

Also, it can be shown that

@
@w k

�
� kj1

� k

�
=

kw kk2u k � � kj1w k

� kw kk3=2

@
@w k

�
� kj� 1

� k

�
=

kw kk2v k � � kj� 1w k

� kw kk3=2
:

(48)

Thus the derivative of the conditional probability of errorof thekth user,Pkjb, can be computed

using (47), (48) and the following:

@Pkjb
@w k

=
1

p
2�

exp

 
� � 2

kj1

� 2
k

!
@

@w k

�
� kj1

� k

�
�

1
p

2�
exp

 
� � 2

kj� 1

� 2
k

!
@

@w k

�
� kj� 1

� k

�
: (49)
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B.1 Blind Adaptation

The MCPOE algorithm can be modi�ed such that the adaptation of �lter weights is blind, i.e.,

the need for a training sequence to be transmitted by each user is eliminated. Instead of using

training bits from each user in adaptation mode, the output of a space-time matched �lter can be

used. The probability of error is now conditioned on the output of a space-time matched �lter

rather than on the received bits. This eliminates the need ofhaving each user to transmit a training

sequence. The space-time matched �lter can be thought of as aspace-time counterpart of the code

matched �lter. Details of its implementation can be found in[8]. The detector thus becomes blind

in the sense that it does not require a known bit sequence for training; a knowledge of spreading

codes of the users is still essential. This modi�cation doesnot have a signi�cant impact on the

performance of MCPOE. The same modi�cation, however, when extended to LMS or RLS, leads

to a substantial degradation in performance. The claim is substantiated by results presented in

the following section.

V. SIMULATION RESULTS

Simulation results are presented both for synchronous DS-CDMA channels and asynchronous

DS-CDMA channels with multiple antennas at the receiver. BPSK modulation was assumed,

with the bits+1 and � 1 being equiprobable.m-sequences with spreading gain 15 were used

as spreading sequences. The channel model used here has beenprimarily taken from [8]. The

channel for each user was assumed to have 3 multipaths (M = 3). The receiver was assumed to

consist of a linear antenna array with three elements (P = 3) and half wavelength spacing, with

response given by

akm;p = exp[j (p � 1)�sin (� km )] ; (50)

wherej =
p

� 1 and� km is the direction of arrival (DOA) of thekth user along themth path with

respect to the antenna array. The multipath gains, DOA and propagation delays were randomly

generated for all users and kept �xed for the simulations. All users were assumed to have equal
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transmit power. However, the received signal powers are unequal due to unequal strength of the

multipath gain for each user. This creates a near-far situation at the receiver.

Fig. 2 depicts the convergence curves for the MCPOE algorithm for different SNR levels,

for an asynchronous multipath channel. The �lter weights converge to a steady value in 10-15

iterations. Fig. 3 depicts the corresponding convergence plots for the MJPOE algorithm. The

algorithm converges in 15-20 iterations. Convergence plots for training based LMS and RLS [22]

for a multipath channel are shown in Fig. 4 for comparison. The LMS algorithm converges in

300 iterations whereas the RLS algorithm requires roughly 50 iterations for convergence. Thus,

the convergence rates of both MCPOE and MJPOE are signi�cantly faster than other well known

adaptive algorithms such as LMS and RLS.

Fig. 5 depicts the steady state BER performance of the MCPOE and MJPOE algorithms,

vis-a-vis the non-adaptive MMSE algorithm, for a multipathchannel. It is seen that the BER

performance of the MCPOE algorithm is inferior to the MMSE algorithm, whereas the MJPOE

algorithm has BER performance superior to the MMSE algorithm. MJPOE is expected to perform

better than the MCPOE algorithm because it accounts for the non-zero cross-correlation between

the decision statistics of various users by minimizing the joint probability of error.

Fig. 6 represents the cross-correlation between the �ltersof two different users in MJPOE

when Gram-Schmidt orthogonalization is not used, i.e., the�lters of different users are assumed

to be non-orthogonal in general. It is seen that the cross-correlation dies down to zero as the �lter

weights attain a steady state, providing empirical proof for the assumption made in Section IV-A

(� k = 0 8 k).

Fig. 7 depicts the comparison between training based MCPOE and blind MCPOE (using a

matched �lter front end). It is seen that there is no substantial change in performance even if the

output of a matched �lter instead of a training sequence in adaptation mode. However, as shown

in Fig. 8, the same modi�cation when applied to the RLS adaptive algorithm, yields poor results.

The mean squared error at convergence for “blind RLS” is muchhigher than that for training
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based RLS.

VI. CONCLUSIONS

Two new adaptive multiuser detectors, based on the criterion of minimum probability of er-

ror (MPOE) have been proposed in this paper. The former, MJPOE, aims to minimize the joint

probability of error for all users simultaneously, while the latter, MCPOE, aims to minimize the

probability of error conditioned on the transmitted bit vector for each user individually. Both

detectors comprise of a linear �lter bank at the receiver, the weights of which are adapted us-

ing a stochastic gradient descent technique. The MJPOE algorithm is blind, whereas both blind

and training based implementations are proposed for MCPOE.MJPOE offers a steady state BER

performance better than the MMSE algorithm, although at a high computational complexity. A

method to reduce the computational complexity of MJPOE, based on the Gram-Schmidt orthog-

onalization procedure is suggested. The BER performance ofMCPOE is inferior to the MMSE

algorithm but it has a computational complexity comparableto the LMS detector (linear inN ).

The convergence rates of both MCPOE and MJPOE are signi�cantly faster than well known

adaptive algorithms such as LMS and RLS. Thus, the MCPOE algorithm has advantages of a fast

convergence rate and low computational complexity, but thedisadvantage of having a relatively

poor BER performance. The MJPOE algorithm on the other hand has the advantages of a fast

convergence rate and a BER performance better than the MMSE detector, but at the disadvantage

of being computationally intensive. Ideally, one would like to achieve MJPOE-like performance

at MCPOE-like complexity. Comparative results are summarized in Table II.
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b1 b2 � L 1 � U1 � L 2 � U2

1 1 0 1 0 1

1 -1 0 1 �1 0

-1 1 �1 0 0 1

-1 -1 �1 0 �1 0

TABLE I

� L k and � Uk for the 2 user case for different transmitted bit vectors

Comparison Metric Comparison

Steady state BER MJPOE< non-adaptive MMSE< training based MCPOE< blind MCPOE

Convergence rate MJPOE� MCPOE (both blind and training based)> RLS> LMS

Computational complexity MJPOE> RLS> MCPOE> (both blind and training based)> LMS

TABLE II

Comparison of various algorithms in terms of steady state BER, convergence rate and computational

complexity



21

Output
Bits

s1

sK

User 1

User K

1

P

g11 t 11

g

g

g

1L

K1

KL

t

t

t

1L

K1

KL

b

b

1

K

.

.

.

.

.

.

.

.

.

.

.

.

Multipath Model (Complex Gain, Delay)

M
C

P
O

E
/M

JP
O

E
 R

E
C

E
IV

E
R

Fig. 1. DS-CDMA Channel Model for an asynchronous multipath channel with multiple antennas at the

receiver

5 10 15 20 25 30 35 40 45 50

10
-2

10
-1

C
on

di
tio

na
l p

ro
ba

bi
lit

y 
of

 e
rr

or
 fo

r 
us

er
 1

 (
lo

g 
sc

al
e)

SNR=10dB
SNR= 7dB

K=4, N=15, P=3, M=3 

Number of Iterations 

Fig. 2. Convergence curves for the MCPOE algorithm for an asynchronous multi-path channel, for 2 different

SNRs



22

5 10 15 20 25 30 35 40 45 50

10
-1

Jo
in

t p
ro

ba
bi

lit
y 

of
 e

rr
or

 (
lo

g 
sc

al
e)

SNR=10dB
SNR= 7dB

K=4, N=15, P=3, M=3 

Number of Iterations 

Fig. 3. Convergence curves for the MJPOE algorithm for an asynchronous multi-path channel, for 2 different

SNRs

0 50 100 150 200 250 300
0

20

40

60

80

100

120

140

Number of Iterations

M
ea

n 
S

qa
ur

ed
 E

rr
or

LMS
RLS

K=4, N=15, P=3, M=3 

Fig. 4. Convergence curves for LMS and RLS for an asynchronous multi-path channel



23

0 1 2 3 4 5 6 7 8 9 10

10
-3

10
-2

Signal to Noise Ratio (dB) 

B
it 

E
rr

or
 R

at
e 

(lo
g 

sc
al

e)

MCPOE
MMSE
MJPOE

K=4, N=15, M=3, P=3 

Fig. 5. Comparison of BER performance of MCPOE, MJPOE and MMSE for different SNRs

5 10 15 20 25 30
0

0.05

0.1

0.15

0.2

0.25

0.3

Number of Iterations

C
or

re
la

tio
n 

be
tw

ee
n 

w
1 a

nd
 w

2 (
<

w
1,w

2>
)

K=2, N=15, SNR=10dB

Fig. 6. Correlation between �lters of 2 different users for MJPOE; t he correlation decays to zero



24

5 10 15 20 25 30 35 40 45 50
0

0.1

0.2

0.3

0.4

Number of Iterations

C
on

di
tio

na
l P

ro
ba

bi
lit

y 
of

 E
rr

or
 (U

se
r 1

)

Blind MCPOE
Training Based MCPOE

K=6, N=15, SNR=10dB, SIR=-8.45dB 

Fig. 7. Convergence curves for training based MCPOE and blind MCPOE

10 20 30 40 50 60 70 80 90 100
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of Iterations

M
ea

n 
S

qa
ur

ed
 E

rr
or

 

Blind RLS
Training Based RLS

K=6, N=15, SNR=10dB, SIR=-8.45dB 

Fig. 8. Convergence curves for training based RLS and blind RLS


