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ABSTRACT
Three-dimensional large-eddy simulations were carried out

to determine the dynamic response of a turbulent cylinder wake
to forced excitation at a subcritical Reynolds number of 2580.
The excitation frequency was varied across the primary lock-
on range while the amplitude of sinusoidal velocity perturbation
and the mean velocity imposed at the in�ow boundary were kept
constant. The velocity �uctuations in the wake and the �uctu-
ating forces on the cylinder are analyzed employing spectral,
time-domain and phase-portrait methods. The results show that
the dynamic response of the inline force is different than that
of the transverse one on the border of the lock-on range; while
the inline force exhibits a phase-locked response, the transverse
force indicates an intermittent response. This behavior islinked
to the wake dynamics which is similar to that of the transverse
force. This result is explained on the basis of the Morison
equation which shows that the inline force is biased by the
inertial components associated with the added mass and pressure
waves in unsteady �ows. It is further shown that the existence
of a mean velocity component alters radically the dynamics
of the inline force and appropriate ranges of a dimensionless
parameter are proposed to describe the response.

NOMENCLATURE
a Dynamic component in phase with velocity
b Dynamic component in phase with acceleration
Ca Added mass coef�cient
Cd Drag coef�cient

� Address all correspondence to this author.

Cm Inertia coef�cient
Cx Inline force coef�cient
Cy Transverse force coef�cient
D Cylinder diameter
fe Frequency of forced excitation
fm Natural shedding frequency in the unforced wake
fx Frequency of inline force
fy Frequency of transverse force
fw Frequency of velocity �uctuations in forced wake
Fx Inline force
n Fluid kinematic viscosity
r Fluid density
t Time
Um Mean component of the in�ow velocity
Uo Oscillatory component of the in�ow velocity
ui Velocity components(i = x;y;z)
x;y;z Cartesian coordinates

INTRODUCTION
The response of a cylinder wake to forced excitation may be

viewed as a nonlinear dynamical system involving the interaction
between a self-excited �uid oscillator and external perturbations.
Such interactions give rise to phase-locked, quasi-periodic and
chaotic wake states. However, the above classi�cation comes
mostly from laminar wakes and cannot readily be extended to tur-
bulent wakes which exhibit random characteristics superimposed
on a globally unstable �ow with some degree of low-dimensional
order. Clari�cation of the dynamic response in turbulent wakes
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is important in understanding the interaction between the near-
wake �ow structure and the forcing on the cylinder. It is also
important in engineering practice because it may lead to better
modeling of these nonlinear interactions which typically occur
in turbulent �ow environments.

The con�guration of interest here is that of a �xed cylinder
in an unsteady �ow with nonzero mean velocity. This category
excludes purely oscillatory - tidal - �ows for which a large body
of published literature exists. Some previous studies havead-
dressed the �uid dynamics of cylinders in oscillatory plus mean
�ow or, in other terms, wave plus current [1, 2]. In these studies
the mean velocity (current) is of the same order of magnitude
as the maximum velocity of the oscillatory component (wave)or
less in order to study the effect of a small current on the �uid
loading and the vortex patterns. More relevant to the present
work is the study of non-reversing �ows where a small-amplitude
oscillatory component acts as a perturbation to the mean �ow,
sometimes refered to as pulsating or perturbed �ow. Most of
the previous work on this category has concentrated on vortex
shedding lock-on and a summary of related observations can be
found in Refs [3–5].

In the present work, the dynamic response of turbulent wake
from a �xed circular cylinder forced by in�ow velocity perturba-
tions is investigated. Three-dimensional large-eddy simulations
were carried out to provide data on the unsteady wake �ow and
loading on the cylinder for excitation frequencies across the vor-
tex shedding lock-on range at a constant perturbation amplitude
and Reynolds number. Spectral, time-domain and phase-portrait
methods are employed to analyze the computational data.

COMPUTATIONAL METHOD
A large-eddy approach is employed in order to model the

turbulence in the unresolved scales and simulate the �ow around
a circular cylinder for Reynolds numbers where transition occurs
in the separating shear layers [6]. Applying a low-pass spatial
�lter to the incompressible Navier–Stokes equations and assum-
ing that the �ltering and differentiation operations commute,
the following equations written in tensorial Cartesian form are
obtained:
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where i = x, y, z represents each direction in the coordinate
system while the tilde denotes �ltered quantities. The subgrid-

scale Reynolds stressest i j are given by

t i j = guiu j � eui eu j : (3)

The last term is modeled using the standard Smagorinsky model,
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wherefSi j is the resolved-scale rate of strain tensor andnT is the
eddy viscosity [7]. The trace of the subgrid-scale stressest kk
is incorporated in the pressure resulting in a modi�ed pressure
term. The eddy viscosity is modeled as

nT = ( CsD)2
�
�
� eS

�
�
� ; (5)

where the magnitude of the strain rate tensor is given by

�
�
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�
�
� =

�
2fSi j fSi j

� 1=2
: (6)

The �lter length D is evaluated usingD = W1=3 whereW is the
volume of the computational cell. Lilly [8] showed that the
value of the Smagorinsky constant for high-Reynolds number
turbulence in local equilibrium, i.e., when the transfer ofenergy
to the residual motions is balanced by dissipation, is equalto
Cs = 0:17. However, several other investigators have found that
in the presence of shear this value should be reduced [9, 10].
The shortcomings of the standard Smagorisnsky model in the
near-wall regions can be avoided using a dynamic model where
the Smagorisnsky constant is computed dynamically from the
resolved �ltered velocity �eld [11]. However, the dynamic model
has its own drawbacks associated with the use of an appropriate
test �lter for which no generally applicable result exists.More
information about the Smagorinsky constant can be found in
[12, 13]. In addition, comparison of the standard and dynamic
models in previous work indicated that both models produced
similar results for the �ow considered here [14]. In the end,it was
deemed that the extra computational time for the implementation
of the dynamic model (approx. 30–40%) was not justi�ed and
the standard model was employed in the present investigation
with a Smagorinsky constantCs = 0:1.

The spatially �ltered Navier–Stokes equations are dis-
cretized using the �nite-volume method on an unstructured
collocated grid. The spatial terms in the momentum equations
are discretized using second-order central differencing while the
second-order accurate Crank-Nicolson scheme is employed to
advance in time. The pressure term is treated fully implicitly,
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Figure 1. COMPUTATIONAL GRID IN NEAR CYLINDER WALL RE-

GION.

i.e., it is evaluated at the new time instant. The PISO scheme
is used to deal with the pressure-velocity coupling between
the momentum and the continuity equations [15]. In order to
avoid the check-board pressure �eld, the velocity interpolation
method at the cell faces is employed [16]. Figure 1 shows the
computational grid in the locally-re�ned region near the cylinder
wall. Along the periphery of the cylinder, 256 cells are placed.
A constant expansion factor of 1.11 is used for the cell spacings
in the radial direction away from the cylinder wall. The smallest
cell thickness in the radial direction isDrmin=D = 1:75� 10� 3,
which is comparable to the �nest resolution used in [17] for an
unforced cylinder �ow at a slightly higher Reynolds number.The
normalized time step size isDtU=D = 0:025 for all simulations.
The maximum CFL number is 4 while the mean is 0.8 approxi-
mately. About 19 iterations are required for convergence ofthe
equations at each time step to within a prescribed toleranceof
10� 3 for the normalized residuals. Computations were executed
on a DELL Workstation 490, with a dual-core Xeon processor
(3.06GHz and 4GB RAM) and each run takes approximately 720
hours to complete 30 vortex shedding cycles.

The computational grid comprises 746,688 cells in a three-
dimensional domain of dimensionsLx � 19D, Ly = 10D, and
Lz = pD. The grid is locally re�ned only in the inlinex and
transversey directions whereas in the spanwisez direction, 32
identical layers are used. The number of layers is the same as
in [18] for the majority of computations of a steady cylinder
�ow. At the in�ow boundary of the computational domain a
uniform velocity pro�le is prescribed. The in�ow velocity is
either steady in unforced �ow or time dependent in forced �ow.
A sinusoidal forcing functionU(t) = Um + Uosin(2p fet) of the
in�ow velocity acts as an external excitation whose effect on the
wake dynamics is the subject of the present work. A convective

Table 1. GLOBAL WAKE PARAMETERS IN UNFORCED FLOW.

Re St CD

Experiments [4,5] 2140 0.215 1.19

Computations 2580 0.225 1.24

boundary condition suggested in [19] is employed at the out�ow
boundary while periodic boundary conditions are employed at
end-span. No-slip boundary conditions are used at the cylinder
and lateral side walls. Side walls were implemented in this study
in order to emulate the �ow con�guration used in a previous
experimental investigation [4, 5]. The normal derivative for the
pressure correction is set to zero at the boundaries.

Table 1 shows a comparison of the global wake parameters
in steady (unforced) �ow obtained from the present computa-
tional method with available experimental data. The Strouhal
number and the mean drag coef�cient show a good agreement
with only small differences that can be readily attributed to three-
dimensional effects; in the experiment the vortex �lamentsform
at an oblique angle with respect to the spanwise axis of the
cylinder (estimated to about 10� 15� ) while in the computer
simulations the vortex �laments are enforced to form more or
less parallel to the cylinder axis due to the short aspect ratio and
the periodic boundary conditions employed at the cylinder ends.
According to the cosine law [20], the experimental value of the
vortex shedding frequency in the unforced wake is expected to be
slightly lower than that determined from the computations.More
extensive comparisons of the wake velocity �eld have also been
made and good agreement was found as reported elsewhere [14].

FORCED FLOW RESULTS
A number of computations were carried out for excitation

frequencies spanning the primary vortex shedding lock-on range
fe=fm = 1:57� 2:19 for which a strong interaction is expected
[4]. The objective is to study the wake dynamics as a functionof
the excitation frequency over relatively small increments. For the
present computations, the Reynolds number based on the mean
in�ow velocity is 2580 and the amplitude of the perturbation
velocity is kept constant atUo=Um = 0:05 in all cases examined.

Spectral Analysis
In this section we employ spectral analysis of the �uctuating

velocity in the wake and the �uctuating forces on the cylinder in
order to study the wake dynamics. The idea here is to document
the spectral characteristics in detail.
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Velocity spectra. The velocity �uctuations were mon-
itored at two different locations which provide a robust diag-
nostic signal for the streamwise and the transverse components,
f x=D;y=Dg = f 1:2;0:5g and f 2;0g, respectively. These loca-
tions correspond approximately to the maximum r.m.s. �uctua-
tion of the streamwise and transverse velocity components.It
should be emphasized that the selection of the monitoring loca-
tions is a critical parameter particularly in forced �ows asit has
been found to have a considerable effect on the observed spectral
characteristics [21]. Figure 2 shows representative spectra of the
wake �uctuations for different excitation frequencies. Itshould
be noted that the frequency resolution in the spectra is limited
to 2-3% of the excitation frequency due to the �nite length
of the velocity records. Furthermore, the resolution is notthe
same in all of the spectra shown due to differences in the total
integration time for each simulation. The magnitude spectra of
the normalized streamwise velocityux=Um display a dominant
peak at the vortex shedding frequencyfw that deviates from
the Strouhal frequency in the unforced wake. A hardly visible
peak exists at the excitation frequencyfe owing to the fact that
the forced velocity perturbation acts in the streamwise direction.
The relative difference in the magnitude of the spectral peaks
at fw and fe indicates that the effect of forced excitation is not
associated with a simple superimposition of the imposed velocity
perturbation on the wake �uctuations but rather it involvesa
strong nonlinear interaction between the wake and the excitation.
The spectra of the transverse velocityuy=Um are similar to that
of the streamwise component. However, a secondary spectral
peak occurs at three times the shedding frequency while there
is none at the excitation frequency. The former observation
might be attributed to the waveform of the velocity �uctuations
transverse to the wake axis which deviates from a pure harmonic.
The characteristics of the spectral peaks are notably different
for the highest and lowest excitation frequencies (fe = 1.63 and
2.19) whereby the dominant peak is less marked than in the
rest of the cases and another peak occurs on the side of the
dominant peak with a frequency equal to difference between
the excitation frequency and the shedding frequency,fe � fw.
This behavior is consistent with a previous experimental study of
wake �uctuations by laser-Doppler velocimetry [4]. It signi�es
the transition between lock-on and non-lock-on states thatis
explored below.

Figure 3 provides a comparison of the normalized wake
frequency predicted from the present computational study to that
measured in a previous experimental study [4] as a function of
the normalized excitation frequency. The shedding frequency
is �rst entrained by the excitation frequency and then locks-
on at 1

2 fe over a range of excitation frequencies. At the
end of the lock-on range, a gradual transition seems to occur
towards the unforced shedding frequency. The present data
compare favorably with the experimental data. However, a
careful view might indicate that lock-on is initiated and ends
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Figure 2. SPECTRA OF THE VELOCITY FLUCTUATIONS IN THE

NEAR WAKE.

at slightly lower values of the normalized excitation frequency
fe=fm in the computations. There are two possible reasons for
this difference: Reynolds number and three-dimensional effects.
However, previous analysis has indicated that the effects of
Reynolds number on the lock-on limits is negligible for Reynolds
numbers above 350 [4]. Therefore, it is suggested that the
origin for the small difference in the lock-on limits between
the computations and the experiments is most likely the value
of the unforced shedding frequencyfm which is expected to be
overestimated in the simulations due to three-dimensionaleffects
as discussed above.
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Figure 3. VARIATION OF THE NORMALIZED WAKE FREQUENCY

WITH THE EXCITATION FREQUENCY RATIO.

Force spectra. Figure 4 shows spectra of the �uctuating
inline and transverse forces for different excitation frequencies.
The magnitude spectra of the inline forceCx display a single
marked peak at the excitation frequency in all cases in contrast
to the velocity spectra discussed above. On the other hand, the
Cy spectra display a peak at the vortex shedding frequency,fw.
It should be clari�ed that the nominal frequency for alternating
vortex shedding refers to the frequency of vortices shed from one
side only, i.e., two vortices are actually shed from alternate sides
of the cylinder in one period. At the lowest and highest excitation
frequency (fe = 1.63 and 2.19) a secondary peak occurs at
fe � fw in the Cy spectra as was also observed in the velocity
spectra described above. The spectra of the �uctuating forces
indicate that the behavior of the inline component is different to
that of the transverse one. The origin of this behavior is discussed
in a separate section further below.

The spectral analysis of the velocity �uctuations in the
wake and the forces on the cylinder discussed above cannot
fully characterize the dynamical response of the wake to forced
excitation. This stems from the limitations inherent in the
�nite Fourier transformation that cannot cope with modulated
signals. Therefore, the above results provide informationon the
wake dynamics as if a statistically stationary state exists. To
circumvent these limitations, time-domain analysis followed by
phase-portrait analysis are employed next. We note beforehand,
however, that these two methods of analysis can be safely applied
only on the �uctuating force signals which are far less sensitive to
turbulent �uctuations than the velocity �uctuations because these
represent a spatially-integrated effect of the wake dynamics.
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Figure 4. SPECTRA OF THE FLUCTUATING INLINE AND TRANS-

VERSE FORCES ON THE CYLINDER.

Time-Domain Analysis
A different approach to study the wake dynamics is to

compute the time interval between successive characteristics in
a �uctuating signal, e.g., the interval between zero crossings
or peaks in the signal provided that these can be tracked un-
ambiguously. One of the advantages of this approach is that
the period of vortex shedding can be computed more accurately
than with spectral analysis due to the �nite number of cycles.
Furthermore, the variability of the shedding period and/orof the
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VERSE FORCE COEFFICIENTS.

amplitude of the �uctuating forces from one cycle to the nextcan
be quanti�ed.

Figure 5 shows the time traces of the �uctuating inline
and transverse force coef�cients where the peaks and the zero-
crossings, respectively, have been marked. The force signals
were low-pass �ltered using a second-order Butterworth �lter
with a cut-off at 20% of the Nyquist frequency. The cut-off
frequency is at least twenty times higher than the frequencies of
interest. From visual inspection of the time traces it is evident
that both the inline and transverse forces exhibit amplitude-
modulated behavior which is a typical feature for the Reynolds
number examined. It is expected that under vortex shedding
lock-on this modulation is minimized. The aim here is to
quantify this effect. Figure 6 shows the instantaneous force
frequencies determined from the time-domain analysis for three
representative cases. It can be seen that the normalized frequency
of the inline forcefx=fe is very close to unity on average with
only minor deviations from this value. On the other hand, the
normalized frequency of the transverse force 2fy=fe is biased
to either lower or higher values on average and exhibits strong
modulations from cycle to cycle. This modulated behavior
suggests that the instantaneous phase between the �uctuating
wake and the forced excitation is not constant even though there
is a speci�c phase-difference on average. The average bias and
the modulation are pronounced on the border of the lock-on
range (fe=fm = 1.63 and 2.47) whereas a mild effect is observed
near the middle of the lock-on range( fe=fm = 1:88).

To further explore the above results for the entire range
of parameters studied, Fig. 7 shows the ratio of the inline to
transverse force frequenciesfx=fy as a function of the normalized
excitation frequencyfe=fm. For comparison, the plot includes
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QUENCIES WITH THE NORMALIZED EXCITATION FREQUENCY.

the results from both the spectral (open symbols) and time-
domain (solid symbols) analyses. It is known that the frequency
ratio fx=fy has a value of two in the absence of external forcing
since the forces on the cylinder originate from the vortex dynam-
ics in the wake. When the in�ow is forced by the superimposition
of a velocity perturbation then additional hydrodynamic forces
arise that are associated with added mass and pressure wavesdue
to the relative acceleration between the �ow and the cylinder.
These additional force components act in the direction of the
excitation only, i.e., inline with the �ow. As a result, the inline
force is biased by these components which is demonstrated by
the deviation of the frequency ratio from the expected value.
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The time-domain analysis employed for this particular prob-
lem provides a clearer description of the temporal dynamicsthan
the spectral analysis because modulation can be quanti�ed.Fur-
thermore, the determination of the average period (or frequency)
of vortex shedding is more accurate. However, it does not offer a
link between frequency and amplitude modulation embedded in
the signals.

Phase-Portrait Analysis

The wake response to forced excitation can be further
characterized using dynamical system concepts such as phase
portraits. In the present study, we employ an approach that
has been previously employed to describe the wake response
to rotational oscillations of a circular cylinder for Reynolds
numbers in the laminar regime [22]. Individual phase portraits
of the inline Cx(t) and transverseCy(t) force coef�cients are
shown in Fig. 8 for �ve selected cases. The abscissaa(t) and the
ordinateb(t) in these plots is computed from the time-dependent
force coef�cients as

ax(t) = Cx(t) sin(2p fet); bx(t) = Cx(t) cos(2p fet) (7)

for the inline component, and

ay(t) = Cy(t) sin(p fet); by(t) = Cy(t) cos(p fet) (8)

for the transverse component. Such phase portraits providein-
formation on the instantaneous magnitude, equal to the distance
from the origin= ( a2+ b2)1=2, and the instantaneous phase-angle
= arctan(b=a), of time-dependent signals with respect to forcing.
It should be noted that the embedding frequency in the inline
component is twice that of the transverse one. The phase portraits
of the inline force display a limit-cycle behavior but the response
is clearly modulated as shown by the different paths delineated
in each forcing cycle for all cases examined. This indicates
phase locking between the excitation and the response. On the
other hand, the phase portraits of the transverse force exhibit a
limit-cycle behavior only for some excitation frequencies. For
fe=fm = 1.63 and 2.19 a seemingly chaotic behavior is observed.
However, a careful examination of the portraits for these two
cases shows that there is a tendency towards a speci�c phase rela-
tionship as identi�ed by the phase angle at maximum magnitude.
When the phase angle at maximum magnitude occurs at this
predominant value, then the magnitude of the transverse force
is substantially higher than that for cycles where the phaseangle
is different. This observation indicates an intermittent rather than
a chaotic response.

-2

0

2

-1

0

1

-2

0

2

-1

0

1

-2

0

2

-1

0

1

-2

0

2

-1

0

1

-2 0 2

-2

0

2

-1 0 1

-1

0

1

 

f

e 

/ f

m

 = 

1.63

1.73

 

 

 

 

 

 

 

 

 

1.88

b

x

( t )

 

b

y

( t )

 

2.09

  

2.19

 a

x

( t )

 

a

y

( t )

 

Figure 8. PHASE-PORTRAITS OF THE FLUCTUATING FORCES.

DISCUSSION
Consider a �xed bluff cylinder placed normal to a mean plus

oscillatory �ow. The inline �uid force per unit length can be
considered as the sum of an inertial and a drag terms in the so-
called Morison equation,

Fx = 1
4rp D2Cm �U + 1

2r DjUjUCd; (9)

whereCm andCd are the inertia and drag coef�cients in phase
with acceleration and velocity, respectively [23, 24]. Thedot
denotes derivative with respect to time. The inertia term accounts
for two different mechanisms: a) a component due to the pressure
gradients induced by velocity gradients in unsteady �ows known
as the Froude-Krylov force, and (b) a component due to the
hydrodynamic or “added” mass. The coef�cientsCm andCd in
Eq. (9) are assumed constant over a number of cycles but they
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will generally be functions of three independent dimensionless
parametersRe= UmD=n, Uo=feD, and feD2=n. For purely
oscillatory �ows with no mean or whenUm � Uo there exist
two different regimes depending on the relative magnitude of
the drag and inertia components: for relatively low amplitudes
(Uo=feD < 5) the total force is dominated by the inertia force
while for high amplitudes(Uo=feD > 25) the drag force dom-
inates. For intermediate amplitudes(5 < Uo=feD < 25), both
the inertia and drag components are important [2]. In the
present study, however, we are concerned with problems where
the oscillatory component acts as a small perturbation to the
mean �ow Uo � Um and the above classi�cation does not hold
true. Taking a mean plus oscillatory �ow prescribed byU(t) =
Um + Uosin(2p fet), substituting into eq. (9) and separating
time-dependent terms one obtains after some mathematics the
�uctuating part of the inline force

F0
x(t) � 1

2rp 2D2Cm feUocos(2p fet) + r DCdUmUosin(2p fet)
(10)

where second order terms of the perturbation velocity are ne-
glected. Therefore, the inertia or drag components dominate the
inline force depending on the ratio

r DCdUmUo
1
2rp 2D2Cm feUo

=
2CdUm

p2Cm f D
(11)

From potential �ow theory, the inertia coef�cient in oscillatory
�ows is Cm = Ca+ 1 whereCa(= 1) is the added mass coef�cient
and the unit value is due to the Froude-Krylov force induced by
pressure waves. Experiments show that the drag coef�cient in
steady �ow isCd � 1 over a wide range of Reynolds numbers.
Using the above estimates, it is found that

Um

feD
=

8
<

:

> 12:5 drag-dominated regime

< 5:5 inertia-dominated regime
(12)

For the present simulations the maximum value of the ratio
Um=feD is 2.8 at the lowest excitation frequency considered.
According to the above analysis, the inline force is dominated
by the inertial components. As a consequence, the response of
the inline force is biased by inertial effects which mask thewake
dynamics. It should be noted that the above regimes are de�ned
based on the dimensionless parameterUm=feD involving the
mean velocity. This parameter is not the same as the Keulegan–
Carpenter number KC= Uo=feD typically employed for purely
oscillatory �ows (no mean component). For comparison to data
in purely oscillatory and/or high amplitude oscillatory plus mean
�ows KC = 0:136 in the present study, i.e., very small.

CONCLUSION
The present paper describes a computational study of the

turbulent wake dynamics from a �xed circular cylinder subjected
to forced excitation in the form of a sinusoidal velocity per-
turbation at the in�ow boundary. Different excitation frequen-
cies were considered at a constant perturbation amplitude and
Reynolds number. Spectral analysis of the velocity �uctuations
in the wake resulted in a vortex shedding lock-on range and
a transition before and after in close agreement with previous
experiments [4]. The main �nding from the present study is that
the dynamic response of the inline force is different than that
of the transverse one as demonstrated by spectral, time-domain
and phase-portrait analyses. It is shown, using the Morison
equation, that the inline force is dominated by inertial effects
due to hydrodynamic loading by pressure gradients and added
mass in unsteady �ows which act `independently' of the viscous
dynamics in the wake. The response of the transverse force
follows faithfully the wake dynamics as might be expected since
there are no additional components in its direction. However, in
the absence of a theoretical model for the transverse force similar
to the Morison equation, it is not known whether this behavior
holds true at higher perturbation amplitudes than those employed
in the present study, or not. The present �ndings have some
important consequences for the understanding of �uid-structure
interactions in either externally or self-excited forced cylinder
wakes. For example, it might be noted that predictions of the
response frequency and amplitude of freely-vibrating cylinders
excited by vortex shedding are commonly based on the phase
between the motion of the body and the force on the cylinder
[23]. This approach is possibly problematic on the border of
vortex shedding lock-on which might explain the existence of
different response branches in vortex-induced vibration.
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