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Large eddy simulation of the flow over a circular glinder at Reynolds number Rg = 2580 has been studied
with a high-order unstructured spectral difference method. Grid and accuracy refinement studies were
carried out to assess numerical errors. The mean anfluctuating velocity fields in the wake of a ciralar
cylinder were compared with PIV experimental measuements. The numerical results are in an excellent
agreement with the measurements for both the meanelocity and Reynolds stresses. Other wake
characteristics such as the recirculation bubble tegth, vortex formation length and maximum intensity of the
velocity fluctuations have also been predicted accately. The numerical simulations demonstrated the
potential of the high-order SD method in large eddysimulation of physically complex problems.
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. Introduction

The flow around bluff bodies is very complex andh ¢avolve regions of laminar, transitional and tuldnt
flows, unsteady separation and reattachment, aadidimation of coherent structures, particularlytle wake
region of the flow. The understanding of bluff bogyrtex shedding is of great practical importancd the uniform
flow over a circular cylinder is a classical exampf bluff body flow. The configuration is quitengple but the flow
is characterized by a very complex wake at Reynoldaber Rg=2580 examined in this paper. In this paper, we
try to show the importance of using high order rodthto study the numerical and physical aspechsfeady wake
flow involving separation, recirculation, unsteadgrtex shedding and large complex flow structures asub-
critical Reynolds number. The near wake structuieintd a bluff body plays an important role in thell vortex
formation and shedding processes and determinegndfgeitude of mean and fluctuating forces exertethe body.
Direct numerical simulations (DNS) of the Naviepists equations, in which all eddy scales have toaptured, is
almost impossible for problems with moderately hiBleynolds number because of the huge computational
requirements in resolving all turbulence scalesidéea less expensive and accurate method is rdglir&eynolds
averaged Navier-Stokes (RANS) approach, all edaliesaveraged over to give equations for varial#psesenting
the mean flow. But RANS has proved to be geneiiatylequate in predicting the effects of turbulseparating
and reattaching flows, because the large eddigmnsible for the primary transport are geometryetielent. For
any turbulent flow, the largest scale is of theesrdf the domain size and the small scales arderkl the
dissipative eddies where the viscous effects bequm@e@ominant. Large eddy simulation (LES) is a radtiwhere
the three-dimensional and unsteady motion of ttgeladdies is computed explicitly and the non-linateractions
with the smaller eddies, which are assumed to deoigic and universal, are modeled. LES is an actirea of
research and the numerical simulation of complewsdl is essential in the development of the method ool to
predict flows of engineering interest.

In this paper, implicit LES computations were pemied without any sub-grid scale model in order to
investigate the effectiveness of the spectral difiee method. These simulations were deliberattcalled direct
numerical simulations because they did not comptia the resolution requirements of DNS. Turbuldat past a
circular cylinder has been the subject of a largmlmer of experimental and numerical investigatiGnin recent
years a good understanding of the physics of flolow Reynolds number of below a few hundred, hasnb
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obtained. But at higher Reynolds number, still sitisal though, considerably less is known. A coefmnsive
review of the flow characteristics for a wide rarafeReynolds numbers was studied by Willianisdn addition, a
number of simulations at various Reynolds numbersstly LES, have been carried dutThe cylinder flow at
Reynolds number Re3900 has become a common test case for LES phnmecause of the availability of the
experimental results of Lourenco and $Shihd Ong and WallaéeThe calculations were performed on structfired
" and unstructured mesh&s® Beaudan and Mofn Mittal and Moirt®, Kravchenko and Moii were among the
first to perform LES studies at R€3900. Motivated by the direct simulation resulfsRai and Moift®, Beaudan
and Moir? used high-order upwind-biased schemes for the rizatsimulations of the compressible Navier—Stokes
equations. The profiles of mean velocity and Regsditresses obtained in these simulations wereagsonable
agreement with the experimental data. Howeverdashe recirculation region, the streamwise vejopitofiles
differed in shape from those observed in the expenf. These differences were attributed to the experiaie
errors as manifested in the large asymmetry ofetkgerimental dafa A new experiment at the same Reynolds
number was carried out by Ong and Wallaaed provided the mean flow data at several lonatio the near wake
of the cylinder downstream of the recirculationioemg Even though fair agreement between the sinaunstof
Beaudan and Moihand the experiment was observed in the mean welpuifiles, turbulence intensities at several
downstream locations did not match the experimesdadd. Also the Reynolds stresses were not prefaerectly
when compared to experimental data. Similar problemre observed with Mittal and Moin's w8tk In the two
mentioned simulations, they showed a shape of ttearmwise velocity profile inside the recirculatioagion
different from that observed in the experiment afutenco and ShihA new experiment at the same Reynolds
number was carried out by Ong and Wallaaed provided the mean flow data at several lonatin the near wake
of the cylinder downstream of the recirculationio®eg Even though fair agreement between the sinauigtof
Beaudan and Moihand the experiment was observed in the mean welpuifiles, turbulence intensities at several
downstream locations did not match the experimeadidh. Several other researchers have examinedetyvaf
aspects that affect the quality of LES solution®e$=3900. The numerical and modeling aspects whiduénte
the quality of LES solutions were studied by Brélede had also carried out LES computations withanyt sub-
grid scale model.

DNS of the cylinder flow at R&3900 was performed by Mt al'®. The mean velocity profiles and the power
spectra are in good agreement with the experimelatal in the near wake as well as far downstreamatticular,
the velocity profiles agree well with those frometbexperiments in the vicinity of the cylinder. Coangd with
LES", the pressure coefficient in DNS is a little loyweshile the recirculation bubble length is largEranke and
Frank® found out that this is an effect of the averagiimge in computing statistics. In DNSthe statistics is
accumulated over 600 convective time units (D/WUjlevin LES™ the statistics is accumulated over 35 convective
time units. The numerical issues raised in theiptesvlarge eddy simulations prompted us to attesiptilations of
the flow over a circular cylinder using a high araeethod. Second-order simulations for unperturindet flow
conditions at Rg=2580 were performed by Liatlg The length of the recirculation bubble was unpedicted
probably due to under-resolution. The primary netion for using a high order method is to accuyastlidy the
wake flow at Reynolds number R2580. The numerical results obtained were compaitddthe PIV experiment
performed by Konstantinidist al .

II. Numerical Approach: The Spectral Difference Method

High-order methods capable of handling unstructuggdis are highly sought after in many practical
applications with complex geometries in LES, DNSwbulence, computational aero-acoustics, to narfiesv. The
spectral difference (SD) methdd* is a high order, conservative and efficient metfmdconservation laws on
unstructured grids>. The SD method is similar to the finite-differenogethod and it utilizes the concept of
discontinuous and high order local representatiorachieve conservation and high accuracy in a easimilar to
discontinuous Galerkin (DG) methdd® or spectral volume (SV) meth8d. For quadrilateral and hexahedral
grids, the SD methd#* is identical to the staggered-grid multi-domairecpal methot. The method is very
simple to implement since it involves one-dimenalasperations only, and does not involve any serfacvolume
integrals. The SD method is based on the diffeaéftirm. The basic idea is presented next for theid-Stokes

equations.
Consider the unsteady compressible 3D Navier-Stegaations in conservative form written as
IQLIF ,IG H ¢, @
ft x Ty 1z
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whereQ is the vector of conserved variables, @dG, H are the total fluxes including both the invis@dd
viscous flux vectors, i.eF =F'- F', G=G'-G', H=H'- H".

We employ non-overlapping unstructured hexahede#is or elements to fill the computational domadlim.
order to handle curved boundaries, both linear qualdratic iso-parametric elements are employed) lirear
elements used in the interior domain and quadediments near high-order curved boundaries. Inrdodachieve
an efficient implementation, all elements are tfamsed from the physical domaifx,y,2) into a standard element
(x,h, V)1 [0,1]x[0,1]x[0,1]. The governing equations in théwygical domain are then transformed into the
computational domain (standard element), and #resformed equations take the following form

E+£+E+E=O

2
it Ix 14 TV @

In the standard element, two sets of points are

defined, namely the solution points and the fluingo r- - l
The solution unknowns or degrees-of-freedom (DOFs) e u o e
are the conserved variables at the solution pouldle u m H
fluxes are computed at the flux points. In order to

construct a degregN-1) polynomial in each coordinate e = ® HE oW
direction, solutions alN points are required. In a recent

study, Van den Abeelet af* found that the SD method - - -
does not depend on where the solution points a&add,

while the location of the flux points determinese th

method. Therefore, the solution points can be ahdse T g u A n e T
maximize efficiency. It was also found that the ude Hl

Chebyshev-Gauss-Lobatto points as the flux points

results in a weak instability by Van den Abeeleaf* Fig. 1. Distribution of solution points (circles) ad
and Huynf. In the present simulation, the solutiofiux points (squares) in a standard element for a'3
points are chosen to be the Chebyshev-Gauss poantier SD scheme

defined by

2s-1
2N

0 , s=12, ,N. (€]

S

X :1 1- cos
2

The flux points are selected to be the Legendres&guadrature points plus the two end points, 0 Bnéds
suggested by Huyrifi Using theN solutions at the solution points, a deghéé polynomial can be built using the
following Lagrange basis defined as

N -
h(X)= O X- X

4a
srei X - X (4a)

Similarly, using theN+1 fluxes at the flux points, a degrékepolynomial can be built for the flux using a siamil
Lagrange basis defined as
N X- X
lap(X)= O stz (4b)
e s=0,sti xi+l/2 - Xs+l/2
The reconstructed solution for the conserved véefain the standard element is just the tensorymtsdof the three
one-dimensional polynomials, i.e.,

N N N Qi,j,k

k=1 j=1 i=1| i,j,k|

Qx.hV) =

h (x) h; (7) 0, (V) - (®)

Similarly, the reconstructed flux polynomials take following forms:
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Ena 1) = E ook hra GO0, () 0 (1) (62)
k=1 j=1i=0

G = G N0 K aa) 0 (1) (6b)
k=1j=0i=1

Hm = Hjes ROOR () 4 (W) (6c)

The reconstructed fluxes are only element-wiseinants, but discontinuous across cell interfaces.tke inviscid
flux, a Riemann solver, such as the Rusanov or fRoe is employed to compute a common flux at ifdees to
ensure conservation and stability. In summary aligerithm to compute the inviscid flux derivativesnsists of the
following steps:

1.

Given the conserved variables at the solution po{rfﬁiijk}, compute the conserved variables at the flux

points

Compute the inviscid fluxes at the interior fluxims using the solutions computed at Step 1

Compute the inviscid flux at element interfacesngsa Riemann solver, in terms of the left and right
conserved variables of the interface.

Compute the derivatives of the fluxes at all thieithon points according to

1 =

ﬂ_X = Foag e d820%), 17a
ijk r=0

1G N

ﬂ_/? = Gk ’4r¢+1/2(/71) ) (7b)
ik 10

™H N

W = Hijne AL, (W) - 17c
ik r=0

The viscous flux is a function of both the consérvevariables and their gradients, e.g.,

—V

i+1/2,] k

= EV(Qi+1/2,j,k'NQi+l/2,j,k) . Therefore the key is how to compute the solugradients at the flux points. The

following steps are taken to compute the viscousef$:

1.
2.

Same as Step 1 for the inviscid flux computations;
When computing the derivatives, the solut@mt the cell interface is not uniquely defined. Botution at

the interface is simply the average of the left eght solutions,é =(Q +Qr)/2.

Compute the gradients of the solution at the smupoints using the solutions at the flux pointseil the
gradients are interpolated from the solution poitdsthe flux points using the same Lagrangian
interpolation approach given in.

Compute the viscous flux at the flux points usihg solutions and their gradients at the flux poiAgain

at cell interfaces, the gradients have two valoeg from the left and one from the right. The geats
used in the viscous fluxes at the cell interfacee asimply the averaged ones, i.e.,

F'=FY((Q +Qy)/2.(NQ, +KQy)/2).

More details of the SD method can be found in Refees 31 and 32.

[1l. Problem Definition and Computational Details

The simulation was performed to match the geometrihe experiment performed by Konstantinidisaf®.
The experiments were performed using the PIV tephmiin a stainless steel water tunnel with a csession of
72mm x 72mm. The origin and size of the computaticdomain are shown in Fig 2. The x-axis is alohg t
streamwise flow direction and the z-axis is alohg tylinder axis i.e. the spanwise direction. Thiinder has a
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non-dimensional unit diameter. The upstream vejasifixed at U=0.1 m/s and is assumed to be umifacross the
inlet. The Reynolds number based on the cylindemeiter and upstream velocity is 2580.
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Fig. 2. The geometry of the flow over cylinder

The size of the computational domain in the y-ditetis equal to 7.2 cylinder diameters, whichgsi& to the
one used in the experiment. The required sizedrsfanwise direction is estimated from the pricovidedge of the
sizes of the streamwise vortex structures. It heenbreported in the experimental studies by Maetsgl*® and
Williamsonet al® that the wavelength of the streamwise structuréké near wake of a circular cylinder scale as

J/D ~ 25 Rg°? (8)

For the present case of 2580, the wavelength is approximately 0.5D. Furttiewnstream, large scale
structures were observed by Wiliamsen al®” with wavelengths /D ~ 1. No experimental information was
available about the size of streamwise structweshe length of the domain in the spanwise dioeds taken to be

D which is the same as the one used by Kravchenédvioin™, and Breugt

High-order spectral difference method is employedsolve the problem. Implicit scheme with® Drder
accuracy in time was used. Bot!f and &' orders of spatial accuracy were tested with quadbmundary for the
cylinder surface. Although the explicit schemeasyeto implement and has high-order accuracy ie titnsuffered
from too small time step, especially for viscouglgmwhich are clustered in the viscous boundaredalt is well-
known that high-order methods are restricted tonaller CFL number than low order ones. In additibmy also
possess much less numerical dissipation. The catipatcost of high-order explicit methods for matgady-state
problems is so high that they become less effidieah low-order implicit methods in terms of théatocCPU time
given the same level of solution error. Therefonee#ficient implicit lower-upper symmetric Gaussigs (LU-
SGSJ#*° solution algorithm is used to solve viscous corsgitdle flows for the high order spectral difference
method on unstructured hexahedral grids.

As shown in Fig. 3 and Fig. 4, two meshes are .uSkd coarse mesh has 86,680 cells and the finé s
189,448 cells. For third order spatial accuracg, cbarse mesh has 2.34 million degrees-of-freedd@F§) while
the fine mesh has 5.12 million DOFs. The fine missproduced by refining the coarse mesh by abdutithes in
the wake region of the cylinder.

As mentioned earlier, the length of the domairhim $panwise direction iD and 12 layers are used for coarse
mesh while 18 layers are used for the fine mesborstant expansion of 1.1 was used in the radiattion away
from the cylinder. The smallest cell spacing in tadial direction is rm/D = 1.75 x 1C for the fine mesh and 3.5
x 10° for the coarse mesh. Beaudan and Mdbiad used a slightly lower value of./D = 1.25 x 10 for their
finest mesh at Re3900. Therefore the mesh used in this paper isseoghan the finest mesh used by Beaudan and
Moin®. In every layer in the spanwise direction, 120scelere placed along the circumference of the dginfor
coarse mesh while 160 for fine mesh which is lothian the ones used by Lidiat Re¢=2580.

-5-
American Institute of Aeronautics and Astronautics



Fig. 3. Coarse mesh in X-Y plane

Fig. 4. Fine mesh in X-Y plane

The time step (normalizedT = tU/D) used is 0.005 for the coarse mesh wtiletlie fine mesh it is half of the
one used for the coarse mesh. It takes roughlysiab-iterations for the unsteady residual to drppwvo orders. A
far-field boundary condition is used at the inlethnan unperturbed inlet flow velocity. At the cettl a fixed
pressure boundary condition is used. Periodic bagndondition is applied in the spanwise directiwhile
symmetry is imposed for the top and bottom surfaZeso velocity boundary condition is used for thdinder
wall.

The flow over the cylinder is first allowed to réaa statistically steady state so as to allowrahidients to exit
the computational domain and then the statisticearmand r.m.s. values, were obtained. The tramsiard
convected out using 12 shedding periods and thesh2fding periods are used to collect the stagistianean and
r.m.s. values.

IV. Numerical Results and Discussions

The instantaneous streamwise, transverse and sganelocities in the wake of the circular cylindee shown
in Fig. 5, 6 and 7. Fig 5 clearly shows the unsge@tirculation region. The alternating regionspafitive and
negative transverse velocity corresponding to thenkan vortices can also be observed in Fig. 6. \=R580, the
flow becomes turbulent and three-dimensional whshkvident of the presence of both the small angelacale
structures in Fig. 7. It also shows that the flakuctures increase in size as we go downstreatmeoéylinder. It can
be noted that small scale structures are stillgmesery far away from the cylinder which were observed by
Beaudan and Moth Moseret al*® performed a DNS and could capture the small saatklarge scale turbulent
structures at Rg=2000.
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Fig. 5. Instantaneous streamwise velocity in x-z @he (y=0) in the wake of the cylinder. There are 46ontours
from -0.1 to 0.1.

Fig. 6. Instantaneous transverse velocity in x-z phe (y=0) in the wake of the cylinder. There are 46ontours
from -0.1 to 0.1.

Fig. 7. Instantaneous spanwise velocity in x-z plan(y=0) in the wake of the cylinder. There are 52ontours
from -0.1 to 0.1.

Fig. 8. shows contours of instantaneous vorticignitude. Two long shear layers can be seen sapgafetm
the cylinder. The Karman vortex street can alssdmn in Fig. 8. The vortices arising from the ibsii@es of the
shear layers mix in the primary Karman vorticesobefpropagating downstream and similar observativese
made by Chyu and Rockw#liin their PIV experiments.

A study on grid independency is made for the coargkfine mesh since insufficient grid resoluti@mdead to
inaccurate predictions of the wake characteriStidgig. 9 shows that the second order method careuture the
statistics accurately. The coarse mesh with thidkioaccuracy is in fairly good agreement with &xperiment
results. Fig. 10 and Fig. 11 show that both finesimand coarse mesh give excellent agreement vétkxperiment
(PIV) measurements for the mean streamwise andvease velocity at various locations in the wakethof
cylinder. The fine mesh and coarse mesh resultpratey similar but the fine mesh gives slightitttberesults.
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Fig. 8. Instantaneous vorticity magnitude showing & contours from D/U =-0.1to D/U =0.1.

At x/D=1.5, 2 and 2.5, both the mean streamwiseteatbverse velocities are slightly over predidtadthe coarse
mesh. But the fine mesh results give a good agreewith the experiment values.

Fig. 9. Mean normalized streamwise velocity in theavake of the circular cylinder, (0oo0) - experiment;
(Dashed line) — 2 order results; (Solid line) — 3 order results. The dotted line (......) representshe zero
location of the shifted curves.
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Fig. 10. Mean normalized streamwise velocity in thavake of the circular cylinder, (0000) - experiment
(Dashed line) — coarse mesh; (Solid line) — fine ste The dotted line (......) represents the zerodation of the
shifted curves.

Fig. 11. Mean normalized transverse velocity in theavake of the circular cylinder, (0000) - experiment
(Dashed line) — coarse mesh; (Solid line) — fine ste The dotted line (......) represents the zerodation of the
shifted curves.
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Fig. 12. Distribution of the streamwise mean velotyi along the wake center-line.

Fig. 13. Normalized <u'u'>/U in the wake of the circular cylinder, (0000) - exgriment; (Dashed line) — coarse
mesh; (Solid line) — fine mesh. The dotted line (...) represents the zero location of the shifteducves.
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Fig. 14. Normalized <v'v'>/U in the wake of the circular cylinder, (0000) - expriment; (Dashed line) — coarse
mesh; (Solid line) — fine mesh. The dotted line (...) represents the zero location of the shiftedicves.

Fig. 15. Normalized <u'v'>/\f in the wake of the circular cylinder, (0000) - expriment; (Dashed line) — coarse
mesh; (Solid line) — fine mesh. The dotted line (...) represents the zero location of the shifteducves.
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Fig. 16(a). Distribution of the streamwise r.m.s. Fig. 16(b). Distribution of the transverse r.m.s.
velocities along the wake centerline. velocities along the wake centerline.

Fig. 12 shows the normalized streamwise mean wglatdng the wake center-line. A small region ofarsed
flow occurs very near to the cylinder which is oftéefined as recirculation bubble. The velocity rdases and
reaches a maximum negative value close to thedsiiand rises rapidly to positive values and fina#laching an
asymptotic behavior far downstream. The lengthhef tecirculation bubble is generally defined as flsition
downstream of the cylinder where the mean veldo#gomes zero. The fine mesh gives an excelleneagmet of
the length of the recirculation bubble with the Rt¥asurements of Konstantinigisal?’. Though the coarse mesh
does not predict the length of the recirculatioblida accurately, it gives a very good agreemem@dn velocity at
the wake center line further downstream.

Fig. 13 and Fig. 14 show respectively the normdlitiene-averaged streamwise and cross-wake Reynolds
stresses. The peaks in the streamwise Reynoldss stire predicted very well. But the cross-streaynBles stress
is a little under predicted at x/D=1.5. The shdagss predictions are shown in Fig. 15. Both thare® mesh and
fine mesh are in good agreement with the experiment

The distribution of the normalized streamwise arahgverse r.m.s. velocities along the wake ceiier ik
shown in Fig. 16 (a) and (b). Fig. 16(a) shows akpat a position which is a measure of vortex faromalength
(Griffin*?). Similar peak is observed in the case of trarsvem.s. velocity distribution along the wake eefine.

It can be noted from Fig. 16 (a) and 16 (b) thatrttagnitude of the transverse fluctuations is routyho times that

of the streamwise fluctuations at almost everytimsidue to the way that vortices are formed, tgpaf bluff body
wakes. The maximum r.m.s. fluctuations along th&eneenter line for the fine mesh is in good agre@méth the
experiment results. The maximum streamwise r.nekcity (u'/Ua for the coarse mesh is slightly less than the
experiment results. The maximum values were ovedipted by Konstantinidist al*%. The results agree very well
with the ones published by Nobé&tat a slightly higher Reynolds numbergR8000.

V. Conclusion

Uniform flow past a circular cylinder at a Reynoldsmber of Rg=2580 was simulated using the spectral
difference method. The predictions for the mearosiies and Reynolds stresses agree well with ¥perment
results obtained by Konstanidig al?®. The second order results are inaccurate but highier (=3) of spatial
accuracy gives excellent results. The length ofrénérculation bubble and vortex formation lengtaresvery well
predicted. The effect of mesh refinement was alsdied by considering both coarse and fine medtigher order
results on a finer mesh showed the best agreem#nexperimental data. The wake characteristiceewery well
captured with the third order SD method, demorisigaits effectiveness and potential in handlingfiblbody
problems and vortex dominated flows.
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