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Singular behavior of Burgersʼ Equation. Work out the steady 
state solution - invariant under translation in time.

Burgersʼ Equation. 
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C1 = 1 / 2
C2 = 0

ν = 2

ν = 1 / 2

ν = 1 / 8
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Exact solution of Burgersʼ Equation

Conserved integral

Integrate the equation in space

Initial velocity distribution
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Non-dimensionalize the equation

The conserved integral becomes

where the Reynolds number is
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Symmetries of the Burgers potential equation

Invariance condition

Group operators
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There is another solution of the invariance condition !!

With the independent variables not transformed,
the invariance condition takes the following form

The invariance condition is satisfied by the infinite
dimensional group

Where  f is any solution of the heat equation
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What finite transformation does this correspond to ?
To find out we have to sum the Lie series.

Where

First few terms
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Burgers potential equation



Let
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The finite transformation of the Burgers potential equation is
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This group can be used to generate a corresponding transformation of the 
Burgers equation. Let

The transformation of Burgers equation is

This is an example of a nonlocal group
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The Cole-Hopf transformation. Let  U = 0

Let
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The classical single hump solution of Burgers equation. Let

The Cole-Hopf transformation gives

where
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Solitary Waves
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The Great Eastern - 1858
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The Korteweg de Vries equation

is often used to study the relationship between nonlinear convection 
and dispersion in water waves as well as other applications.

Begin with the KdV potential equation
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Symmetries of the KdV potential equation

Invariance condition

θt +
β
2
θ x

3 − βθ xxx = 0

 

!x = x + sξ x,t,θ[ ]
!t = t + sτ x,t,θ[ ]
!θ = θ + sη x,t,θ[ ]

η t{ } +
3
2
βθ x

2η x{ } − βη xxx{ } = 0

X1 = ∂
∂x

,     X 2 = x ∂
∂x

+ 3t ∂
∂t

,     X 3 = ∂
∂t

,      X 4 = ∂
∂θ

Four parameter point group
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Invariance condition for the KdV potential equation

Assume an infinitesimal transformation of the form

The invariance condition becomes
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The KdV potential equation admits the group with infinitesimal

The Lie series is

where
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w x, t[ ] = β
4
θ x x, t[ ]2 − β

2
θ xx x, t[ ]

w satisfies

wt + 6wwx − βwxxx = 0

Summing the Lie series leads to the non-local finite transformation

The solution of the KdV potential equation is related to the KdV equation by
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The simplest propagating solution of the KdV potential equation is

which generates the solution

θ0 =κ x − xa( )− β
2
κ 3 t − ta( ) + c

θ1 = θ0 + 2 ln 1+
s
κ
e−θ0⎡

⎣⎢
⎤
⎦⎥

u x,t[ ] = κ 2

4
− 1
β
w x,t[ ] = 2sκ eθ0

eθ0 + s
κ

⎛
⎝⎜

⎞
⎠⎟
2

The solution of the KdV equation generated by this solution is

u satisfies the form of the KdV equation we began with

ut + 3βuux +
β
2
uxxx = 0
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1995 Conference on Coherent Structures in Physics and Biology

Scott Russell Aqueduct near Edinburgh UK

A group of participants attempting to produce a solitary wave



One can use the group to generate an exact solution for two colliding solitons.

where

−

θ0 =κ 0 x − x0( )−κ 0
3 t − t0( ) + c0

θ1 =κ1 x − x1( )−κ13 t − t1( ) + c1
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β = 2.0
κ 0 = 1.0

c0 = 0
c1 = 0

t0 = 0
t1 = 0
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