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Chapter 11 - Incompressible Flow
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Symmetries of the Navier Stokes Equations

Infinitesimal transformation
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The equations 
are invariant 

under a 
9-parameter

group of translations,
rotations and

dilations 
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One-parameter dilation group of the full viscous equations.

If the kinematic viscosity is set to zero, the resulting 
Euler equations are invariant under a two-parameter
dilation group.
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In addition the equations are invariant under a group
of arbitrary translations in space.
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Instantaneous flow field
in the wake of a 
circular cylinder as 
seen by two observers.
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The impulse integral – Conservation of 
Momentum in an Infinite Domain
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The vorticity is related to the vector potential by a Poisson equation.

The general solution is
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We want to work out the volume integrated momentum.

The volume integral can be expressed as a surface integral of the vector potential.

where

9



Make use of

to obtain

where
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Use a control volume balance of the momentum 
equation to evaluate the impulse integral.

Note
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Integrate

At large distance from the force the vector potential can 
be expressed in terms of a multipole expansion.

where
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To lowest order
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We can derive an expression for the far field pressure

Far field vector potential

Far field velocity

where we have used
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Summary – overall conservation of momentum
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The Impulsively Started Round Jet
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Symmetry Group

The Reynolds number
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The impulsively started round 
jet undergoes a bifurcation in 
the phase portrait of particle 
paths. For the Stokes 
solution, the first transition to 
an off-axis stable node occurs 
at  Re = 6.7806 and the onset 
of a starting occurs at 
Re=10.09089. 
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Streamlines, Vorticity and Particle Paths
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Mixing of Material Lines
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Elliptic Curves
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All the various bifurcations in the topology of the impulsively started round jet occur at rational values 
of the invariants of the velocity gradient tensor as well as the acceleration gradient tensor. 
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Recall the discussion of 3D vector fields in Chapter 3 
Critical points in 3D are characterized by the invariants of a 
cubic equation for the eigenvalues

For a fixed value of 
(3.172) defines a 
plane in (P,Q,R). As 
is varied from
to          the surface D 
= 0 is created.
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For the numerically 
computed nonlinear 
solution, the first 
transition to an off-
axis stable node 
occurs at  Re = 5.5 
and the onset of a 
starting occurs at 
Re=7.545. 
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