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Example 1.1 Invariance of a first-order ODE under a Lie group

Figure 1.8   The surface defined by a first order ODE
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Extended translation group

Transform the equation

(1.17)

(1.18)
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General solution

Action of the group on a given solution curve

(1.19)

(1.20)

(1.21)

The solution curve (1.20) is transformed to
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6.1 Invariant families

Example 6.1 Rotation group in the plane

Group operator

Group invariant
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The family of rays

Action of the rotation group on the family of rays

Action of the rotation group operator
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Example 6.2 Uniform dilation group

Group operator

Group invariant

Action of the dilation group on the family of circles
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Action of the dilation group operator on the family of circles
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The corresponding infinitesimal condition is

We can interpret this condition applied to a family in n dimensions as 
equivalent to

(6.15)

(6.16)
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Which is clearly a Lie group

(6.17)

(6.18)
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which becomes

(6.19)

(6.20)

(6.21)
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Invariance condition for a family - summary

The finite condition for a family of curves to be invariant under a group is

and the corresponding infinitesimal condition is

Without loss of generality we can always choose a once-differentiable 
function such that the invariance condition becomes

This simplification can be illustrated as follows

(6.22)

(6.23)

Choose
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Consider the first order ordinary differential equation

which we can write as

The perfect differential of the solution is

The solution satisfies the first order linear PDE

Now, suppose the solution  family  is invariant under the group ξ η,( )
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First order ODEs, the Integrating Factor



We have two simultaneous equations for the partial derivatives of the solution

The integrating factor is

and the perfect differential of the solution is
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The ODE is solved in the form of a quadrature
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This equation is known to be invariant under the group
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Integrating factor

Perfect differential

Exact solution
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The solution is an invariant family of the group

−1
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Canonical coordinates
Any Lie group can be written in terms of new variables called canonical coordinates
such that the transformation is converted to a simple translation in one variable.
The group

has the associated characteristic equations

with invariants

that satisfy the invariance condition
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Determine an invariant family such that

In terms of these variables the group is equivalent to the simple translation,

with group operator

The integrals

are the  canonical coordinates .  Any Lie group can be expressed
as a simple translation using canonical coordinates.
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Invariant solutions

Example 6.9   Clairaut’s equation

This equation is invariant under a one-parameter dilation group.

The equation can be written in the form
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The invariant group  generates the integrating factor

and the general solution

The solution can be rearranged as follows
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When  this result is expanded, the quadratic terms on both
sides cancel leaving the family of straight lines

The solution transforms as follows
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An invariant solution can be found as follows. Let

The invariance condition is

When this equation is solved the result is the invariant solution
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6.10 Exercises
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