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The Navier-Stokes equations are invariant under the dilation group if and only if
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Continuity places no restriction on 
the parameters 

Problem 1.5 (i)

One parameter group

Four parameter group
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5.1 The Symmetry of Functions

Definition 5.1. A mathematical relationship between variables is said to
possess a symmetry  property if one can subject the variables to a group of 

transformations and the resulting expression reads the same in the new 
variables as the original expression. The relationship is said to be invariant 
under the transformation group.
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Translation along horizontal lines

44/22/20



A reflection and a translation
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Require n = 2 for invariance

5.4  Invariant functions

Example 5.1 Invariance of a parabola under dilation. Transform
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5.5  Infinitesimal form of a Lie group

Expand the group

in a Taylor series about the identity element s0 = 0.

The infinitesimals of the group are

The vector          is called the vector field of the group.ξ j
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5.6  Lie series
Substitute                             into

n

= ξ j ∂Ψ
∂x j
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The Lie series can be written concisely using the group operator. Any 
analytic function can be expanded as

The operator

is called the group operator.

The Lie series can formally be written as the exponential map.
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5.7  Solving the characteristic equation XΨ x[ ] = 0

aligned along solutions of the system of n ODEs
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5.9  Multi-parameter groups

The projective group in n dimensions

Let

Now assume s is infinitsimally small.

Expand and retain only the lowest order term.
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The infinitesimals of the n-dimensional projective group are

The corresponding group operators are
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Projective group in two dimensions

Corresponding group operators
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5.14 Exercises
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