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3.1 Control volume definition

F(Xl 9X29X39t)

X Control Volume
3

The control volume is a closed, simply connected
region in space.
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3.2

Vector calculus

Gradient operator

V=(5’ %, 3) _ ad
~\ox’ dy oz ox.

l

Gradient of a scalar

OF OF 8F) _ JF
ox’ dy’ dz) ox;

VF=(
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Gradient of a vector.
(JF ; JF; JF )\
ox;” dx, Ox,
OF, oF, oF,|  oF,
ox;” dx," dx; ox
JF ; JF; OF,
| 9x;’ dx,’ dx3

Divergence of a vector.
VeF = trace(VF) = §..—

JF ] JF P oF 3 JF
— + +
ox I ax2 ox 3 ox
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The Kronecker unit tensor.

i

100
010

001

The dot product of a vector and a tensor.

( JF

F 1

I,
oF ,
Fox,
oF
T ox,

F

F

\

QF] 8]71\
_ g 1!
2c9x2 * 35’x3
JF JF
2 2
Fo—+ F,——
* 28x2 M 38x3
OF,  OF,
_ g 2
28x2 M 3(9x3)

+ F

+ F
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€; €2 €3
VxF = 8& aa 88 —
Xj OXp OX3
F, F, F;

OF; OF,) (9F, OF;) (9F, OF,
dx, Ox; ’ ox; Ox ’ dx; Ox,
Curl in index notation

oF

( VXF)I- = gijkb—;;

The alternating unit tensor (Levi-Civita tensor)

0, if any two indices are the same

™
Il

iik 1, ijk an even permutation of 1,2,3

1, ijk an odd permutation of 1,2,3
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Useful identities involving the Kronecker and alternating tensors

5ij8ijk =0
€ing€ipg = 4 5ij
EiikCijk = 6

EiikEpgk = 9ip%iq~ %ig%ip
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V(¥9) =9V + ¢V
V- (¢U)=¢V-U+U- V¢

VX (pU) =¢V xU+ Vo xU

VU-V)=U-V)V+ (V- -V)U+Ux (VxV)+V x (VxU)

V- UxV)=V-(VxU)-U-(VxV)

Vx(UxV)=UNV-V)+(V-VYU-V(V-U)-(U-V)V
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V e (VF)
Ve(VF) = V°F
Ve(VxF) =0

Vx(VxF) = V(V*F)- V°F
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Showthat Vx(VxF) = V(V'F)—VZF

oF JA,
Let A =€ . —_
€= Chpg o B, =¢€; — axj
Vx(VXF) =B =g, oA, _ =€, oL,
i T Oy ; allhs 0x, ax
Use the identity EiikEpak = 6lp61q— 5lq5jp
A
Wthh |S the same as l_]kgkpq — 61p61q - 61q5]p
0°F, 0’F,
V x V F = -0,0,
8 | %91 ox0x, L 0x, ax
0°F, 2 oF 2F
V x (V XF)| a E = a L a F’ —
©oox, ax axjaxj ox;{ 0x; ) Ox,0x;

(V(V-F)-VF),

10
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The Laplacian.

RN A A

2
8x1

0x,

2

2
ox 3

- Bxiﬁxi'
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3.3 Gauss’theorem

This famous theorem in vector calculus can be used to convert
a volume integral involving the gradient to a surface integral.

J.VF dv = JFﬁdA
|4 A

I(VOF)dV = jf o iidA
| %4 A

The variable F can be a scalar, vector or tensor.
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A volume integral involving the curl can be converted to a
surface integral.

I(VxF)dV = Iﬁ x FdA
|% | A

13
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Jap
AxAyaz(P) + Ayau(pU| , 4 ~PU|)+
—pV|y) + AxAy(lez — pW|Z) =0

+ Az

AxAz(ley + Ay

0

ap pU|x+Ax—pU|x pv|y+Ay_pV|y pW|z+Az_pW|z=
+ + +
ot Ax Ay Az

8p+ apU+ o'?pV+ pW _ 0
ot ax 7AY 0z
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X2

F(x,t)

3.4

dC

Stokes’ theorem

c(t)

I(VxF) e7idA = §" e cdC
A C
IF,

A g C

J(ﬁ x VF)dA = §F&d€.
A

C
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3.5

Problems

Problem 1 - Working in Cartesian coordinates and using index notation, prove
each of the following the vector identities

Ve(pF) = F*Vp+pVeF (3.26)
Vx(VxF) = V(V-F)—VZF (327)
FeVF = (VxF)xF + V<1%E> (3.28)

Problem2-Tete,,e j and e, be the unit vectors in a right hand orthogonal coor-

dinate system. Show that
Eir = €;° (éj X €) (3.29)

Problem 3 - Demonstrate Stokes’ theorem by integration of the curl of some
smooth vector field variable over a square boundary.

Problem 4 - Find a unit vector normal to each of the following surfaces.
Dx+y+z =2
i) ax? + by? +¢cz? = 1

i) xyz = 1

16
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has the components

n o= ( d , b , < ) 331)
Ja2+b2+c2 «/a2+b2+c2 «/(12+l)2+c2

Why doesn’t n depend on d?

Problem 6 - Verify Gauss’s theorem

/V(V-F)dV:/AF-ﬁ,dA (3.33)

in each of the following cases,
i) F = (x, y, z) and V is a cube of side b aligned with the z, y, z axes,

ii) F = fi,r? where n, is a unit vector in the radial direction, V is a sphere of radius b
surrounding the origin and r? = 22 + y2 + 22 .

Problem 7 - Verify Stokes’ theorem

/A(v x F)-ndV = fcﬁ-adc (3.34)

where F' = (z, y, z) and A is the surface of a cube of side b aligned with the z, y, z axes.

The open face of the cube has an outward normal aligned with the positive z-axis.
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