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ABSTRACT

We study a problem involving a team of agents each associated with a node in a chain.
Each agent makes a decision that influences only his own cost and those of adjacent agents.
Prior to making his decision, each agent observes only the cost structure associated with
nodes that can be reached by traversing no more than r arcs. Decisions are selected without
any coordination, with the common objective of minimizing average cost among agents. We
consider such decisions decentralized since agents act based on different information. Cost
incurred by an optimal centralized strategy, in which a single decision—maker has access to all
information and dictates all decisions, is employed as a performance benchmark. We show
that, to maintain a certain level of performance relative to optimal centralized strategies,
decentralized deterministic strategies require r to be proportional to the number of agents.
This means that the amount of information accessible to any agent should be proportional
to the total number of agents. Stochastic strategies, on the other hand, decentralize more
gracefully — the amount of information required by each agent is independent of the total
number of agents. In particular, for any p < 1, optimal decentralized stochastic strategies
differ in performance from optimal centralized strategies by no more than ¢/r? for some
positive scalar ¢, which is independent of the number of agents. Furthermore, there is an
efficient algorithm that attains this level of performance.



1 Introduction

For several decades, the subject of decentralized decision—making has intrigued economists,
operations researchers, and engineers. Today, interest in the topic is amplified by its ne-
cessity. Centralized decisions are not an option in the face of magnified complexity and
miniaturized time scales posed by modern organizations and engineering systems. The In-
ternet and social networks with their ever increasing size and interconnectivity pose two
popular examples.

Team theory — as introduced by Marschak and Radner [6, 7] — presents a general frame-
work for decentralized decision—making that accounts for limited exchange of information.
A team is defined as a collection of agents, each of whom makes a decision based on in-
formation available to him — which may differ from that available to other agents. Agents
share as their goal minimization of a common cost function.

Unfortunately, even for simple problems where optimal centralized decisions are readily
derived, computation of optimal decentralized decisions can be intractable, as formally
established by the work of Tsitsiklis and Athans [13] and Papadimitriou and Tsitsiklis
[8]. This impediment motivates more restrictive formulations with reduced computational
requirements.

Two early papers by Radner offer interesting cases where team decision problems sim-
plify. The first [10] shows that optimal decentralized decisions can be generated via linear
programming if cost is a known convex polyhedral function of decisions. This procedure is
efficient when the number of linear pieces making up the cost function is reasonably small.
A second paper [11] treats the case of a quadratic cost function. Coefficients for linear
terms of the cost function together with all observations are drawn from a Gaussian prior.
The main result establishes that each agent’s optimal decision is a linear function of his
observations. Extensions of this result to settings where agents possess differing Gaussian
priors have been explored by Basar [1].

Though the Gaussian model captures a broad array of relevant phenomena, complex
organizations and engineering systems of contemporary interest generally fall beyond its
scope. Such systems do nevertheless exhibit special structure. However, instead of taking
the form of Gaussian distributions and linear relationships, the special structure arises from
limited interdependencies among agents. Each agent shares information with and influences
costs of “nearby” agents but not agents that are “far away.” As suggested by the colloquial
terms in the preceding sentence, influence between agents and commonality of information
is governed by proximity. In a physical system this may correspond to physical distance,
while in a social network proximity may relate to the “degrees of separation” between two
individuals.

Regardless of the context, proximity between agents can be represented abstractly in
terms of an undirected graph G with vertices V = {1,...,d} and edges € C V x V. The
distance p(i,j) between two nodes i,j € V is defined to be the minimal number of arcs
needed to form a path connecting ¢ and j. Each node ¢ € V corresponds to an agent
and therefore a decision u;. We take this graph to identify two structural characteristics
associated with a given decision problem. First, cost decomposes according to

Flu) = > fijlui,ug).
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Second, each ith agent observes a cost function fj; if and only if p(, j) < r and p(i, k) < 7.



Hence, the graph limits information available to agents as well as the scope of their influence.

Graphs are capable of capturing structure inherent in many complex systems, and ex-
ploring how this structure may reduce requirements of information and computation poses
a promising research direction. Indeed, graphical models have been exploited to this end in
nonserial dynamic programming [2] and probabilistic inference (see, e.g., [5, 9]). In this pa-
per, as a starting point to exploring benefits enabled by graphical structure in decentralized—
decision making, we study problems for which interdependencies are represented by the
simplest form of graph — a chain.

In decentralized decision—making, there is a dividing line between situations in which
agents can and in which they can not coordinate. We associate the term coordination with
an ability to select decision strategies in a centralized manner, though decisions generated
by the strategies upon observation of problem data may entail only decentralized processing.
In other words, the agents are allowed to communicate, even to collude, with other agents
when they form a decision strategy; however, the decision generated from such strategy
may only use partial information. The focus of this paper is on the case where coordination
is prohibited. This situation is of interest when one considers the management of large
networks. In such contexts, coordination may incur substantial overhead in communication
costs. Practical strategies typically do not involve coordination. Instead, each agent makes
his decision based on observed problem data, without regard to strategies employed by
other agents. We model the absence of coordination by requiring agents to share a common
strategy. In other words, if two agents face the same problem data relative to their respective
locations in the chain, they make the same decision.

Another dividing line separates deterministic from stochastic strategies. We will con-
sider both and demonstrate significant advantages associated with the latter in the face
of decentralization. It is worth commenting on the form of stochastic strategies we will
consider. One approach to defining a stochastic strategy involves allowing each agent to
generate random numbers that influence only his own decision. We consider a broader
class of stochastic strategies in which different agents can make use of common random
numbers. In particular, random numbers — along with other problem data — are associated
with particular nodes in the chain, and any agent observing data at a particular node can
also observe random numbers associated with that node. One may think of these random
numbers as information that is available at a node but irrelevant to the decision problem
at hand.

In the next section, we formulate the main problem considered in the paper — that of
decentralized decision—making in a chain without coordination. In this context, our results
capture the following facts:

1. To maintain a certain level of performance relative to optimal centralized strategies,
decentralized deterministic strategies require r to be proportional to the number of
agents. In particular, the worst—case performance difference is bounded below by
¢(1/4 —r/d), for some positive scalar c.

2. Stochastic strategies decentralize more gracefully. In particular, for any p < 1, opti-
mal decentralized stochastic strategies offer performance differing from that of optimal
centralized strategies by no more than ¢/rP, for some positive scalar ¢, which is inde-
pendent of d.

These results constitute the main contributions of the paper. The proof of the positive result



involves showing that a particular decentralized stochastic strategy, which is constructed in
Section 3, delivers promised performance. The proof is provided in Section 4. The strategy
amounts to a computational procedure that is fortuitously efficient, so as a by—product of
our analysis, it is established that the performance identified by the theorem is delivered
by an efficient algorithm.

In Section 5, we consider the case where coordination is allowed. In this context, it is
easy to show that the performance of optimal decentralized deterministic strategies differ
from that of an optimal centralized strategy by no more than ¢/r, for some positive scalar
¢, independent of problem size. This performance appears quite positive in light of the
negative result concerning decentralized decision—making in the absence of coordination.
However, as we will further discuss in Section 5, coordination is sometimes impractical or
impossible. In such cases, randomization enables comparable performance in the absence
of coordination.

It is worth noting that our results relate to two interesting and quite separate lines of
research. One involves the study of games in which a team of decision—makers who are
unable to coordinate face a single adversary [14]. In our context, the adversary selects
cost—structure, while constrained by the topology of a graph. Our formulation brings a new
sort of special structure to such problems, and our results offer means for a team to devise
effective counter-measures against the adversary.

Another related line of research, involving minimum cost network—flow problems, studies
how changes in costs and constraints in one part of a network impact decisions in another [4].
The main result here is that “influence” diminishes as “distance” increases. This is the same
intuitive notion that underlies our use of proximity in graphs as a basis for decentralization.

2 Cost Structure and Decision Strategies

We consider a problem entailing the selection of a decision from a finite set U% = U x - - - x U.
An element u € U? can be thought of as a vector u = (u1,...,uq) with u; € U for each i.
The objective is to minimize a cost function f : U? — R that decomposes according to

d—1
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for some sequence of functions fi, ..., f4_1. An optimal decision u € U¢ is one that attains
the minimum of f in <.

Each instance of the aforementioned optimization problem is characterized by a triplet
P = (d,U, f) where d is the number of decision variables, U is a set whose Cartesian product
U? forms the decision space, and f = (f1,..., f4_1) is a sequence of d — 1 functions, with
each f; mapping U xU to R. We will denote by ¥4/ g a class of problem instances, defined
by

Yau,p = {(d,U, )| || fille < B Vi}.

Note that each element (d,U, f) of Wgy p is distinguished only by f, and therefore we will

often refer to elements of ¥4/ g simply in terms of f. For example, we will use a statement
f € Yau p as shorthand for (d,U, f) € ¥4y p. Abusing notation somewhat, we will also



use f as though it were a function defined by
191

Flu) =~ > filui, wit1).
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A strategy is a mapping ¢ : Uqy p — U? that, for each problem instance f € Viu B,
generates a decision ¢(f) € U Let @474 denotes the collection of strategies available for
optimization problems over U?. A strategy ¢* : VauB — U? associated with the class of
problems g4 p is optimal if

f(¢*(f)) = min f(u),

uelU
for every f € gy B.

2.1 Decentralized Strategies

In general, selecting a component u; of a decision that minimizes the cost function f entails
consideration of every component function f;. In other words, for each optimal strategy ¢* €
®qu, ¢F(f) may depend on fi, fo, ..., fa—1 — that is, optimal strategies are centralized. We
consider the possibility of decentralizing the decision—making process and the consequences
of decentralization on cost.

In a decentralized strategy each decision is determined from cost functions within a
neighborhood. Let f] denote a vector of cost functions that are within the neighborhood of
radius r around f;, i.e.,

fz’r = (f(ifr)\/la R 7fi7- . '7f(i+r)/\(d—1)) .

We define the space @4y, of decentralized strategies of radius r by

Qayr = {¢ € ‘I’d,u‘vf € Vau,p, ¢i(f) = ¢i (fi), and ¢i(f) = &;(f) if fi = ff}a

where the condition ¢;(f) = ¢; (f) means that the decision ¢;(f) only depends on f/.
We require that ¢;(f) = ¢;(f) whenever f = fI'. This condition means that the decision
at each node depends only on the cost functions in its neighborhood, not on its relative
position in the chain. In a large network where it is impractical to keep track of the
network configuration, this requirement is quite reasonable since it is not practical to have
a decision strategy that depends on the location of each node in the network. Moreover,
this assumption yields a decision strategy that can be implemented efficiently since the
decision at each node only depends on the cost functions within its vicinity. We should note
that this requirement effectively precludes coordination among nodes — an issue that will
be further discussed in Section 5.

Since decentralized strategies base decisions on partial cost information, a new optimal-
ity criterion that takes into account uncertainty of the unavailable information is required.
We adopt a worst—case objective:

max  f(¢(f)),

fe¥au,B

The optimization problem faced is then

min max f(6(f)):

0€®a 1 FEYau,B



For decentralized strategies to be effective in large problems, one would hope that a
small loss of optimality is incurred when the “radius of observation” r is sufficiently large
and that the required radius is independent of the problem size d. Unfortunately, this is not
the case. As captured by the following theorem, which is proved in Section 4, the radius
required for e—optimality grows linearly with problem size. In the theorem, we assume that
d > 4 and 4r < d. In general, we are often interested in the case when r << d; thus, this
assumption does not impose any practical constraint.

Theorem 1 For any [U| > 2 and B > 0 there exists a positive scalar ¢ such that

win e (F600) ~ F6(0) 2 e (1-5),

o€@au,r f€Vau,B 4
for alld > 4 and 4r < d.

It is worth mentioning that our performance measure is quite conservative. It views
the problem instance confronted by a decision—maker as being chosen by an adversary that
knows exactly the decision strategy to be deployed. A less pessimistic formulation might
construct a probability distribution over problem instances and require optimization of an
expectation:

min  E[f(6(f))],

P€Pa s,

where the expectation is taken over a random cost function f drawn from ¥4 5. A reason-
able conjecture would be that — for certain classes of distributions — the loss of optimality
associated with decentralization is attenuated relative to the worst—case formulation. This
may be true. However, rather than characterizing classes of distributions for which decen-
tralized decision—making is effective, we take a direction that offers stronger justification
for decentralization. In particular, we leave the choice of problem instance in the hands of
an adversary with complete knowledge of the decision—maker’s strategy, but generalize the
formulation to allow use of stochastic strategies in which decisions are influenced by random
events predictable neither to the adversary nor the decision—maker. It turns out that — even
in the adversarial setting — stochastic strategies decentralize gracefully, as will be discussed
in the following section.

2.2 Stochastic Strategies

A stochastic decision U = (Uy,Us,...,Uy) is a random variable defined on a probability
space (Q, F,P), taking on values in ¢. For the purpose of evaluating stochastic decisions,
we generalize our objective to one involving an expectation E[f(U)]. An optimal stochastic
decision minimizes this expectation. A stochastic strategy ¢ is a mapping that, for each
problem instance f € Wgy p and random sample w € (2, generates a stochastic decision
o(f,w) = (d1(f,w),...,0a(f,w)). We will often suppress notation indicating the depen-
dence on w and view each decision ¢;(f) = ¢i(f,w) as a random variable. We denote the
set of stochastic strategies by id,u, and a stochastic strategy ¢* € <i>d7u is optimal if

Ef(¢* ()] = min E[f(6(f))],

ﬁHEﬂleEW¢uJ}



The space of decentralized stochastic strategies of radius r, denoted by &)d,u,m is defined
by

Dayr = {¢ € Oqy )Vf € Yau,B,i(f) = ¢i(fi), ¢i(f) L oe(f) V|j— k| >2r,
and ¢;(f) 2 6;(f) if f} = f}},

where ¢;(f) L ¢i(f) denotes independence between random variables ¢;(f) and ¢ (f). This
condition precludes the possibility that agents further than distance 2r apart make use of
common information. The condition ¢;(f) = ¢:(fI') requires that for each w, ¢;(f,w) only

depends on f/. Finally, the condition ¢;(f) 2 ¢(f) means that the random variables ¢;(f)
and ¢;( f) have the same distribution whenever f; = f;- Note that this definition generalizes
that employed for decentralized deterministic strategies — the deterministic counterpart can
be viewed as a special case in which |Q = 1.

We set as our objective minimization of a worst—case criterion:

max  E[f(6(f))]-

feVau,B

The optimization problem is therefore

min  max E[f(o(f))].

¢c®qu, F€Yau,B

It turns out that stochastic strategies decentralize more gracefully than their deter-
ministic counterparts. The following theorem — which is the main result of this paper —
characterizes the rate at which performance converges to that of an optimal centralized
strategy:

Theorem 2 For any p < 1, B, and U, there exists a scalar ¢ such that

min - max (BIf(¢(/)] - f(6°(f) < =

d)ECDd,U,'r feq}d)u:B N rp’
for all d and r.

One interesting implication of this theorem is that the radius of observation r required for
e—optimality no longer depends on the problem size d. We describe in the next section a
decentralized stochastic strategy that achieves the level of performance promised by Theo-
rem 2. This strategy is used as the basis for a constructive proof of the theorem, which is
provided in Section 4.

3 A Decentralized Stochastic Strategy

Rather than describing at once all characteristics of our proposed decentralized stochas-
tic strategy, let us present and motivate its features piecemeal via a sequence of simpler
strategies. In particular, we define in the following subsections several related strategies:

1. a centralized deterministic strategy;
2. a centralized stochastic strategy;

3. and finally, a decentralized stochastic strategy.



3.1 A Centralized Deterministic Strategy

Recall that a decision u = (uy,...,uq) is optimal if it attains the minimum in

1 4-1
min — (Wi, Wit1)-

ueldd d ; fl( ’ Z+1)

The additive structure of our cost function enables dynamic programming as an effective
approach to computing optimal decisions. In particular, optimal decisions u, ..., uq can be
generated based on cost—to—go functions Jy, ..., Jg, each mapping U to R. These functions
are computed via a dynamic programming recursion:

Ja(ugq) =0, Yug € U,

Ji(ui) = min (lfi(ui;UiJrl) + Ji+1(ui+1)) ; Yu;eU,i=0,...,d—1,
Uj41 €U d

where fo(ug,u1) = 0. (We have introduced here an inconsequential decision ug and cost

function fp solely for notational convenience.) Optimal decisions can then be generated

sequentially by letting ug be any element of U and, for each ¢ = 0,...,d — 1, letting w41

be a decision attaining the minimum in

1
i — filus, u; J; ; .
uglllgu (dfz<uuuz+1) + z+1<u1+1))
For concreteness, let us denote by ¢ an arbitrary fixed element of ¢, and let ug = ¢. Let us
define ; : U — U as a mapping from a decision u; to one that attains the minimum in the
above expression. Then, the difference equation

i1 = mi(ug), Vi=0,...,d—1,

together with the initial condition ug = ¢ defines a sequence of optimal decisions.

We have provided a method — based on dynamic programming — for computing optimal
decisions given a problem instance. It is straightforward to translate this into a strategy.
In particular, an optimal centralized deterministic strategy ¢* can be defined as one that
generates decisions according to the method we have provided. Note that this strategy is
not decentralized. Decisions are generated sequentially, so each ith decision wu; is influenced
by “upstream” decisions u;_1,u;_2, ..., u1. Furthermore, the selection of each ith decision
u; relies on the cost—to—go function J;, which is computed based on “downstream” cost
functions f;, fiy1,--., fa_1. In the coming subsections, we develop a decentralized stochastic
variant of this strategy.

3.2 A Centralized Stochastic Strategy

The deterministic strategy introduced in the previous section generates decisions iteratively
according to
ui+1:7ri(ui), Vi:O,...,d—l,

One mechanism for introducing randomness into the decision process involves redefining
each m; to be a function of two variables: a decision & and a random number in [0, 1].



In particular, we will consider a stochastic decision U = (U, ...,Uy) generated by letting
Uy =t and
Ui+1 :7Ti<Ui7Wi)7 VZZO,,d—l, (1)

for some sequence of functions my,...,m4_1, where Wy, ..., Wy_1 are independent random
variables, each uniformly distributed in [0, 1].

We will consider only functions m; from a special class. For each § € (0,1), we define a
set MY to consist of functions 7 : U x [0, 1] — U that take on the form

U W) — 7(U) ifO<W <1-34,
(U, W) = the k" element of U if1—5+%E§W<1_5+‘%5|,

for some function 7 : U — U, where the set U is assumed to be ordered in some predeter-
mined way, and 7(U, 1) is defined to be the [U/|"™® element of . Note that if W is uniformly
distributed in [0, 1], a function 7 € M? assigns a (dominant) probability 1 — ¢ to a selection
of a distinguished decision 7(U). The remaining probability ¢ is distributed evenly among
all decisions. Hence, the decision follows a deterministic strategy with probability 1 —¢ and
is chosen in a completely random way with probability 4.

A )-stochastic strategy ¢ is a mapping that, for each problem instance f € Wqy g,
generates a decision ¢(f) according to Equation (1) with each m; being an element of M?.
The class of d-stochastic strategies will be denoted by (i)fl,u‘ A strategy ¢ € ‘1:’2,@{ is an
optimal d—stochastic strategy if it attains the minimum in

min  max E[f(¢(f))].

qbefi)g - fe¥au B

We will establish in Section 4.2 that the loss in performance incurred when using an optimal
d-stochastic strategy ¢ in place of an optimal deterministic strategy ¢* grows at most
linearly in J.

Analogous to the deterministic case, given a problem instance f € ¥qy g, an opti-
mal §—stochastic decision ¢°(f) can be computed via dynamic programming. In our new
context, cost—to—go functions are generated according to

Ja(u) =0, Yuel,

H(u) = iy B2 fiuma, W) + Jia(n(w W) Vuethi=0,.d-1,
e

where the expectation is taken over W;. Given the cost—to—go functions, each ; is chosen
to attain the minimum in

min F [%fl(u,w(u,m)) + Jig1(m(u, M))] )

TeEM?S

simultaneously for all u. Then, the sequence of decisions ¢{(f), ..., ¢)(f) can be generated
iteratively by letting ¢3(f) = ¢+ and

& (f) = m(@2(F),Wi),  Vi=0,...,d—1.

Note that —similar to the deterministic context — stochastic strategies generated via dynamic
programming are not decentralized. The iterative selection process induces a dependence

10



of future decisions on preceding ones, while use of cost—to—go functions makes the choice of
a decision rely on all future cost information.

Let us close this subsection by introducing some notation that will enable streamlined
discussion of ideas we have developed. Let T% : Rl — RU be defined by

. 1
(T H)(u) = min B [3 £, 7, W) + H(m(u, Wi))} . VHeRM ueu.
Also, for any m € M?, let T : Rl — R be defined by
(TiH)(u) = E E £, 7w, W) + H (r(u, WZ-))} C VHeRM yeu.

Given this notation, we see that the cost-to-go functions are related via
Ji=T'Ji, Vi=0,...,d—1.

Once cost-to-go functions Jy, ..., Jq are computed, decisions are generated iteratively ac-
cording

¢z+1(f):7rl(¢f(f)7vvl)7 Vi:O,...,d—l,

where ¢J(f) = ¢, and each m; € M? is chosen to satisfy
Ty Jiv1 = T'Jipa.
The expected cost, E {f(qﬁ‘s(f))}, is given by
E [f(8°())] = Toy 1 = Jo.

3.3 A Decentralized Stochastic Strategy

In this section, we will formulate a decentralized version of ¢°, which will be denoted by
%" To motivate the definition of ¢*", let us briefly review why ¢° is not decentralized:

1. Use of cost-to-go functions makes the choice of a decision rely on all future cost
information. In other words, the computation of J; depends on f;, fir1,..., fa_1. As
a result, the mapping ;1 that defines the decision qﬁf( f) depends on fi, fit1,..., fa—1.

2. The iterative selection process induces a dependence of future decisions on preceding
ones, that is, ¢?(f) depends on ¢¢_{(f),...,d3(f).

Our decentralized stochastic strategy ¢>" alleviates these dependencies.
First, in order to limit the dependence on future cost information to r stages, we consider
an approximation to J;, denoted by Ji, which is generated according to Ji = Jl,o, where

Ji,r = 0)

ji,l :Ti—‘rlji,l_i,_l, vi=0,...,r—1.

Note that computa‘gion of Jl relies only on f;, fi+1,---, fitr—1. The hope is that — if r is
sufficiently large — J; provides a good approximation to J;. Given such approximations, we
choose a sequence 7, . .., 7g_1 € M® to satisfy

T%jm = T Jit1, Vi=0,1,...,d—1.

11



Note that each 7; is determined by the cost functions f;, fit1,---, fitr-
One might imagine generating decisions according to

(bfil(f):ﬁl (qsf”r(f)?v‘/l)? VZZO,,d—l,

with ¢g,r( f) = . However, each such decision would then depend on decisions at all
preceding stages. To limit this dependence to r stages we let each decision (;5?’7"( f) be
generated according to qbf’r( f) = qﬁi’g( f), where

S5 = Tt (80 (£ Wit), W= =11,
with ¢§;§T( £ =1

Indeed, ¢*" is a decentralized strategy (with radius 7). To see this, consider the process
of generating each (;5?’7"( f). It is clear that the distribution of (;5?’7"( f) is completely de-

termined from the mappings ; ,, T _p41,-..,7_1, which depend only on cost functions
fizry--os fis- -y fizr. In addition, for any 4,5 with ¢ > j + r, the decision d)?’r(f) makes
use of the random numbers W;_,., ..., W;_1, while the decision qﬁg’r(f) uses Wi_p, ..., W,_1.

Since W;’s are independent, qﬁ?’r( f) is independent of d)j-’r( f). The situation when j > i+r
is analogous.

Before we proceed with the performance analysis, let us briefly discuss the choice of
decentralized stochastic strategies proposed in this paper. One approach to defining a
stochastic strategy involves allowing each agent to generate random numbers that influence
only his own decision. This approach would imply independence of decisions made by
each agent. However, the decisions generated by each agent under an optimal strategy are
dependent. To allow for this dependency, our formulation associates a random numbers with
nodes in the chain. When an agent observes cost-relevant data at a node, he also observes
its random number. This random number might be though of as cost—irrelevant data that
can be observed by agents within the vicinity. The use of common random numbers induces
dependencies among decisions made by different agents. Nevertheless, each agent’s depends
only on information within its vicinity. We will establish in the next section that — given
appropriate choices of § and r — ¢ satisfies the properties promised by Theorem 2.

4 Performance Analysis

In this section, we analyze performance of decentralized strategies. We start in Section 4.1
by proving Theorem 1 — our negative result concerning decentralized deterministic strate-
gies. The remaining sections pursue an analysis of the stochastic decentralized strategy
proposed in the previous section, showing that it does indeed exhibit properties promised
by Theorem 2. This constitutes a constructive proof of the theorem. The analysis is pre-
sented in stages. In Section 4.2, we start by arguing that the performance of an optimal
§-stochastic strategy ¢° is close to that of an optimal centralized strategy ¢*. Then, in Sec-
tion 4.3, the decentralized stochastic strategy ¢*" is shown to perform almost as well as ¢?,
provided that r is sufficiently large. The proof of Theorem 2 is almost a direct consequence,
as discussed in Section 4.4.

12



4.1 Performance of Decentralized Deterministic Strategies (Proof of The-
orem 1)

Recall that Theorem 1 identifies performance limitations of decentralized deterministic
strategies. Formally, the theorem states that for any [| > 2 and B > 0, there exists
a positive scalar ¢ such that

1 r
. ek > (L1_r
i max (F6(0) = 1) 2 ¢ (- 5)
for all d > 4 and 4r < d.

To prove the theorem, it suffices to consider the case of U = {0,1}. Let f*: U x U
[—B, B] be defined by

X | B if u=w,

f(u,v)—{_B if u # v.

Consider a problem instance f = (f1,..., fa—1) € VYqu,p such that f; = f* for all i. For
this problem, the optimal decision is either (0,1,0,...) or (1,0,1,...) with an associated
cost of —B(d —1)/d.

Let us now consider decisions generated by an arbitrary strategy ¢ € ®q4y,. Since
fi = f* for all 4, it follows from the definition of ®47/, that

¢i(f) = ¢i(f), r+l1<ij<d—1-r,

which implies that

floy » 228 BRED

where (d—2r—2)B/d corresponds to the cost associated with decisions indexed r+1, ..., d—
1—r, while —B(2r+1)/d represents a lower bound on costs associated with decisions indexed
1,...,7,d —r,...,d. Therefore,

FO) - F@* () = (d‘z“z—”“ d_1>B

d der

1 r
> 4B (- —-=
> a5(;-4),

where the last inequality follows from the fact that d > 4. Hence,

max (f(¢(f)) - f(¢*(f))) > 4B (1 - f) '

fe%qu.B 4 d

Since ¢ € @4y, is arbitrary,

min wax (F(6(5) - £6"(£) 2 4B (1 - ).

€@ u,r f€Vau,B 4 d

|
Let us highlight the intuitive reason for poor performance of decentralized deterministic
strategies and briefly discuss possible remedies. This discussion will hopefully motivate the

13



choice of decentralized stochastic strategy considered in this paper. The primary reason
for poor performance is the requirement that each agent’s decision depends only on cost
functions within its vicinity, i.e. ¢;(f) = ¢;(f) whenever f]' = fI. Given the particular cost
function used in the proof, this condition implies that the decision at each node, except for
those near the boundary, must be the same. This leads to poor performance in the face of
our cost function, which is optimized when adjacent agents make different decisions. This
situation underscores the pitfalls associated with deterministic strategies in the absence
of coordination. One solution to this shortcoming is to allow coordination among agents.
However, when coordination is impractical or impossible, an alternative solution is called
for.

The decentralized stochastic strategy presented in Section 3.3 offers such an alternative.
By appropriate randomization, this strategy avoids the situation where every agent makes
the same decision. In some sense, the fact that nearby agents use common random numbers
enables a form of coordination that reduces the probability that adjacent agents select the
same decision. This fact will be employed in the upcoming performance analysis, which
establishes the desirable performance bound offered by Theorem 2.

4.2 Performance of /—Stochastic Strategies

As captured formally by the following lemma, the performance of optimal d—stochastic
strategies degrades at most linearly as § grows.

Lemma 1

max (B [£(¢°(f)] - F("(f))) < 49B.

fevau,B

Proof: Fix f € ¥qy4,B, and let ¢* be an optimal strategy. Consider a d-stochastic strategy

that generates decisions using a sequence my, . ..,mq_1 € M® defined by
. .
' B 1 (f) fO<W<1—4,
(U, W) = { k" element of U if1—0+ (kﬁl)é <W<1-060+ ‘%‘ﬂ,

where 7;(U, 1) is defined to the [1/|"® element of U. Hence, the decisions are random variables
generated according to

Ui+1:7Ti(Ui,Wi), Vi=0,...,d—1,

with Uy = ¢. Since each m;(U;, W;) depends only on W;, the decisions Uy, ..., U, are inde-
pendent random variables. We therefore have (Us, Ujt1) = (67 (f), 741 (f)) with probability
at least (1 — )2, which implies that

B|fi(65(£),6%1(f) = fiUs, Usp1)| < 2B (1— (1 - 9)*) < 49B,

where the inequalities hold because ||fi|loc < B and 1 — (1 — )2 < 26. Since f is arbitrary
and ¢ attains the optimum within the class of §-stochastic strategies, it follows that

max (B [f(6°(£))] - F((f))) < 46B.

fe¥au,B
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4.3 Performance Losses from Decentralizing —Stochastic Strategies

In this section, we will show that as r grows, the performance of ¢*" becomes close to that
of ¢° in a sense stated formally in the following lemma.

Lemma 2

8, 8 @ 2 _ i "
(B[ ()] = B [r0()]) < (5 +aB) (1= 77)
Instead of comparing directly the performance of ¢*" with that of #%, we will first introduce
an r-lookahead strategy, denoted by ¢%". This is a variant of the centralized stochastic
strategy ¢° that can be viewed as an intermediate step in the transition from the centralized
strategy ¢° to the decentralized strategy ¢*". The strategy ¢*" shares common features with
%", though it makes use of centralized information as does ¢°. After studying r-lookahead
strategies in Section 4.3.1, we relate in Section 4.3.2 such strategies to the decentralized
strategy ¢%" in order to prove Lemma 2.

4.3.1 r-Lookahead Strategies and their Performance

Recall that the decentralized strategy ¢%" entails computation of a sequence Joy- .., Jq of
approximate cost—to—go functions. In particular, for each ¢, J; is obtained from the following
recursion:

Ji,’l‘ = 0)

ju :Ti+l¢]~i,l+1, vi=0,...,r—1,

where we set J; = ji,O- Mappings 7, . . . ,Tq_1 are then chosen to satisfy
T Jiy1=T"Jiy1,  Vi=0,1,...,d—1.
A sequence of decisions d)i’ir( f),--- ,gbi’g( f) is then computed according to
s, . s,
71 (F) = Fint (657 () Wia), V==, =1,

initialized with qﬁ?’ir( f) = t, and the decision qﬁ?’r( f) is set to be equal to qﬁ?’g( f)-

An r-lookahead strategy entails computation of the same approximate cdstftofgo func-
tions jo, e Jy and mappings 7o, . .., 7q_1. However, the rlookahead strategy ¢%" differs
from the decentralized strategy in the way that these mappings are used to generate deci-
sions. In particular, ¢®" generates decisions according to

) = 7B (), Wh),  i=0,1,...d,

initialized with d_)g’r( f) = ¢. Note that ¢ is not decentralized since each decision depends
on all of its predecessors.

When r becomes large, the performance of ¢*" becomes close to that of the centralized
stochastic strategy ¢°, as captured in the following lemma.

Lemma 3

max (E [f(é‘s”"(f))]—E[f(qﬁé(f))})g%(l 6)T‘

fe%au,B B W
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We will prove this lemma in two stages. First, we will show that the approximate cost-to-go
functions J; is close to the true cost-to-go function J;, in some suitably defined sense. We
then use this fact to prove that the two strategies deliver similar performance.

As a metric for the proximity between .J; and .J; we will use the span-seminorm | - ||s.
This seminorm is defined by

|H||s = rgggH(U) - gggH(U)-

for all H € R Tt is not hard to verify that for any scalar a € R,
lcH ||s = [e[| H]s,

and for Hy, Hy € RUI.
|Hy + Hal|s < ||Hil|s + || Has-

Moreover, if |H||s = 0, then H = Ce for some scalar C € R. We have the following result
whose proof is given in Appendix A.

= 2B o \"
T < 2= —— ) .
1= 3 < 55 (1= 71)

Lemma 4 For each i,

The key ideas underlying the proof of Lemma 4 are a contraction property associated
with T; and a bound on the cost-to-go function J;. As shown in Appendix A, the contraction
property implies that 57

1= File < Werelle (1= )
The maximum cost at each time step is of order B/d and J;, denotes the expected cost-to-
go starting from time i+ r; thus, we might expect that ||J;yr|s is of order (d—i—r) x2B/d,
where (d — i — r) denotes the remaining time after i + r. However, the randomization in
our stochastic strategies induces mixing, which attenuates future costs. This allows us to
obtain a sharper bound on ||J;4,||s that is independent of i:

il < 22 (14 (U= ) o (1= 0 T) < 22
The Lemma follows from this bound.
The proximity between J; and Ji suggests that the mappings 7; and 7; that are generated
from J; and J;, respectively, should exhibit some form of similarity. This notion is captured
by the following lemma, whose proof is provided in Appendix B.

Lemma 5 For Hi,Hs € §R‘u|, let 01,0 € M? satisfy
Tj Hi =T'H; and Tj H,=T'H,.
Then, . ’
1Ty, H1 — T, Hilloo < [|[H1 — Has.

When applied in a context where Hj is a true cost—to—go function and Hsz is an approx-
imation, this result shows that the performance of the greedy policy 6, that is derived from
H, approximates that of an optimal policy, provided that Hs is close to H; (in a span—
seminorm sense). Let us now prove Lemma 3, which almost directly follows from Lemmas
4 and 5.

16



Proof of Lemma 3

Fix f € qu,p. Let ¢°(f) = (63(£), -, 93(f)) and 6% (f) = (677 (f),-., 64" (f)) denote

the decisions under the strategies #° and ¢%", respectively. Let J; and J; denote the cost-
to-go functions under ¢®(f) and ¢ (f), respectively. These cost-to-go functions are related
via the following dynamic programming recursion:

Ji =Ty Jiy1, and J;=T% Ji,
where we initialize J; = J; = 0. Therefore,
i = Jilloo = 1T, Jiv1 — T, Jisalloo
< N Tr Jir = Ta Jivalloo + T3, Jivr = T3, Tt lloo
< 1T i1 — T Jivlloo + 1iv1 = Jivalloos

where the last inequality follows from a standard result in dynamic programming that the
operator T% is non-expansive under the maximum norm (see, e.g., [3]). Recall that the
mappings m; and 7; are chosen to satisfy

T:;.iJiJrl = TiJi+1, and T;;iji‘i’l = Tijlurl,

where ji+1 is the approximate cost-to-go functions computed under the r-lookahead strat-
egy. It follows from Lemma 4 and 5 that

; ; = 2B o \"
Ty Jiv1 — T3 Jigilloo < [ Jig1 = Jigalls £ = (1= 57 ) -
I3 e = T Tl < e = el < 5 (1= 70

Therefore,
- 2B 0 \" =
i = Jilloe < > (1 - W> + [ Ji1 — it lloo-
Using the fact that Jy; = Jy = 0, the above recursion implies that

- 2B o \"
Tl <= (122 .

Note that
E[f(@° ()] = ThI1 = Jo, and E[f("(£)] = T8 = o,
therefore,
(B [r@ ] - B[ n)]) < 5 (1- 20

Since f € U4y p is arbitrary,

max (E {f(ﬂ_ﬁér(f))} - LK [f(d)é(f))b = % (1 - i>r

fe¥q,u,B
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4.3.2 Performance of the Decentralized Strategy (Proof of Lemma 2)

In this section, we provide a proof of Lemma 2, which relies heavily on Lemma 3 and
similarities between ¢*" and ¢®". The proof also makes use of the following Lemma, which
relates distributions of decisions under the two strategies. The proof of this lemma is given
in Appendix C, and it exploits mixing of the stochastic decision processes associated with
(55,7' and (ZS(S’T.

Lemma 6 For f € gy p, and x,y € U,

Pr{ (677D, 6101 (1) = (@)} = Pr{ (877 (), 601 (F) = ()} | <4 (1-0)",
for all 1.

The above lemma tells us that the decision—processes generated by the two strategies ex-
hibit almost the same distribution. This suggests that expected costs should also be close.
The proof of Lemma 2, provided below, combines this insight with the Lemma 1.

Proof: Fix f € Wqy p. For any i, we have
E [0 (0,070 = X filwn)Pr{@ (1), 61(5) = (@,v)},
(zy)eUxU
and
E[H@ (0,00 = X filwy)Pr{(@ (), 851(F) = (@,v)} -
(z,y)eUxU

Thus, it follows from Lemma 6 that

B [} (0, 1] = B [£6F (5, 651(D)]| < 40=07 X Ifilay)l

(z,y)eUxU
< 4BJUf*(1-9)",

where the last inequality follows from the fact that || fi|lcc < B. Therefore,

B ()] = B [£@(0)]| < 4BUP( - o).

Since f € Wy, p is arbitrary, it follows that
g [B[105 ()] - B 1@ ()| < aBuP - oy < amuap (1- )
We know from Lemma 3 that
(B[] - B[] < 5 (1- 7))
from which it follows that
s (Bl 0)] - B[ 0)]) < (B +mur) (1- )

fe¥q,u,B |Z/{|
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4.4 Proof of Theorem 2

The proof of Theorem 2 makes use of the following lemma whose proof is given in Ap-
pendix D. This result will be used to establish the desired upper bound on the worst-case
performance of decentralized stochastic strategies.

Lemma 7 For any a > 0 and 0 < p < 1, there exists a scalar ¢’ such that

for allr > 1.

Here is the proof of Theorem 2.

It follows from Lemma 1 and 2 that

max (B [f(¢°(f)] - F(6"(f))) < 49B,

fevau,B

and
2B )

gz, (B o] = B ) < (57 +amw) (1- )
Therefore,

wax (B[ (0)] - o) <08+ (F+amup) (1- )

feVau,B |U‘

Since 0 € (0,1) can be chosen arbitrarily, let 6 = r~?. It follows that

win max (BUEGU)] - F6°() < T + (2800 + 48P (1- 1)

ocdqu, F€VYau,B N |Z/{|rp

It follows from Lemma 7 (with a = 1/|U]) that

"

1 \" ¢
p 2 — -
(2B + 4BJu|?) (1 \UW’) <

for some constant ¢ . The desired result follows. [

5 Allowing Coordination

In order to preclude cooperation, our definition of decentralized deterministic strategies
requires that ¢;(f) = ¢;(f) whenever fI = f;. This condition implies that each agent’s
decision does not depend on its relative position in the chain. Theorem 1 identifies an
undesirable loss in performance introduced by decentralization when strategies are required
to be deterministic and coordination is forbidden. In particular, to maintain a given level
of error, r is required to be proportional to d. The situation is much improved by the intro-
duction of stochastic strategies. Theorem 2 establishes that under the stochastic strategy,
the radius of decentralization r is independent of d. In particular, the loss of performance
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due to decentralization is bounded for any p < 1 by ¢/rP, where c is a scalar whose value
does not depend on d.

Let us consider a situation in which coordination is allowed, but strategies are required
to be deterministic. In particular, the strategy space is

Dyyr = {0 € PaulVf € Caup, :(f) = i(f])}-

The following theorem provides a bound offering a performance guarantee superior to that
associated with decentralized stochastic strategies.

Theorem 3 For any U and B,
) 2B
< —

, .

min - max_(f(#(f)) — F(6"()))

¢<Pqu, F€Yau B

Proof: Without loss of generality, let us assume that d = kr for some integer k. The same
argument applies for general d. Let f € Wq;4 g be given, and let f':U" — R be defined by

r—1

fi (uirJrl; e 7uir+7‘) = Z fir+l(uir+l; Uir+l+1);
=1

fori =0,...,k—1. Also, let @ = (@ipi1,...,Uirsr) € U" be defined by

f(u):qui{%f(u)’ Vi=0,...,k—1.

Consider a strategy ¢ € P4y p such that ¢(f) = (u°,...,a%" 1) € Ut If ¢*(f) =
(uf,...,u}) denotes the optimal decision for this problem instance, then

T
L

IS

k—1
_ R | o
f6(£) = F@) + 5 > fir(@ir, tirs)
i=1
1 =
firt( @iy, Uirg141) + y > fir (@i, Git1)
i=1
=
fi”’+l(u’?’l‘+l’ u7r+l+1) + E Z fir (aira ﬂir—&-l)
1 i=1
k—1

= F@) 5D Fielir B 1) — fir e 51)
i=1
2B

r

s
Il
- o

B
|
3
|

Il
Tﬂ»—n

I
_ O
o~

ol
|
5
_

IN
Ul
i
(o)
X

< flo*(f) +

where the last inequality follows from the fact that k = d/r, and || fillcc < B for all i. Since
¢ € Pay, and f € Yy p is arbitrary, it follows that

min -~ max (f(6(f)) - F(¢*(f)) < =

1156661’“,1« fe\I}d,M,B T
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The above result suggests that coordination — rather than randomization — is a desirable
way to go. The loss in performance diminishes at the rate of 1/r, which is faster than that
associated with decentralized stochastic strategies that do not coordinate. As illustrated
in the constructive proof provided above, this is achieved simply by partitioning agents
into groups of r consecutive nodes. However, as we will now discuss, coordination is often
impractical. In making a case for this claim, let us consider the more general case of a
network, rather than a chain. One might imagine situations where the network topology
changes over time, as agents are introduced or deleted and connections are created or
destroyed. At the time when a decision is required, the topology might not be known to all
agents. Formation of appropriate groups for coordinated decision—making, however, entails
either centralized knowledge of this topology or iterative protocols that can require time
proportional with the size of the network. Such requirements become prohibitive when
networks are large.

In contrast, decentralized stochastic strategies offer comparable performance without
coordination. Each agent needs only information associated with his local vicinity. Such
strategies may therefore provide more practical means to effective decentralization.

6 Concluding Remarks

We have studied the problem of decentralized decision—making in a chain, in the absence of
coordination. Our main results identify advantages of stochastic over deterministic strate-
gies. In particular, the amount of information required by each agent in order to guarantee
a certain level of performance is independent of problem size, when appropriate stochas-
tic strategies are employed. With deterministic strategies, on the other hand, information
requirements can grow proportionately with the total number of agents.

A by—product of our main result is an efficient algorithm that generates stochastic strate-
gies that deliver promised performance. In fact, the analysis was constructive, involving
verification that strategies generated by this algorithm do indeed satisfy the error bound.

There are several interesting directions in which the results of this paper might be ex-
tended. One involves generalizing the results to encompass networks of arbitrary topology.
Another interesting direction is to study the implications of such results in stochastic net-
works that are controlled over time, such as queueing networks. The topic of decentralized
control in dynamic systems has been studied for quite some time (see , e.g., [12] for a
survey), but there has generally been a lack of effective methods. Even relatively simple
problems have proven to be computationally intractable. Whether limited interdependen-
cies — as captured by graphical structure — can reduce the complexity of such problems
poses an intriguing research question.
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A Proof of Lemma 4

In this section, we will show that the approximate cost-to-go function J; is close to the true
cost-to-go function J;. The metric that we will employ is the span—seminorm. Recall that

1|5 = max H (u)

— min H(u),

for all H € R, The proof of Lemma 4 requires the following result which shows that the
operator 1" is a contraction with respect to the span—seminorm.

Lemma 8 For any Hy, H, € ®RYI,

HWE—W%MSG

Rz

) I ~ 7.

Proof: {From the definition of || - ||s, it follows that for any H € R“! and C € R,

[1H[s = [[H + Cells,

where e denotes a vector of all ones. Fix w € U. Then,

|T°Hy, — T Ho||s

= ||T"Hy — T"Ha — (Hy(a) — Ha(a)) el|s

= ||T" (Hy — Hy(a)e) = T* (Hy — Ha(we) s,

since T*(H + Ce) = T'H + Ce for any C € R. Hence, we can assume without loss of
generality that H;(u) = Ha(u) = 0. Let 61,60, € M? be defined by

Tj Hy =

T'H;,

It follows from the definition of T¢ that for any u € U,

; 1
(T'Hy)(u) = E pi
Similarly,

(T'Hy) (u) = B | X

Ld

and therefore,

= fi(u, 01 (u, Wi)) + Hy (01 (u, Wi))

= fi(u, 02 (u, Wi)) + Ha(02(u, Wi))

[1

Ld

[1

Ld

and Tj Hy, = T'Hs.

fi(u, 02(u, W3)) + Hy(62(u, Wi)) | -

fi(u, 01(u, Wi)) + Ha(61(u, Wi))

E[(Hy — Hy)(01(u,W3))] < (T°Hy — T'Hy)(u) < E [(Hy — Ha)(62(u, W7))].

Since Hy () = Ho(@) = 0 and 6y € M?, it follows that

(T°H, — T'Hy)(u) <

AN

B [(Hy — Hy) (6a(u, W5))]
S Pr{6s(u, Wi) = v} (Hy — Hy) ()

VAT

(Z Pr{0s(u, W;) = v}
VAU

(1 ) e (21— ) (0,

22

) max (Hy — Hz) (v)




Since u € U is arbitrary,

7 7 6
ma (T H —T HQ) (u) < (1 — W> max (H1 — H3) (u).

A similar argument shows that

J
U]

ucel

min (T H, — TiH2> (u) > (1 ) mm (Hy — Hs) (u).

The last two inequalities imply that
|T°H; ~ T'Hy|ls = max (T'Hy — T'Hy) (u) - min (T"Hy = T'Hy) (u)

< (1 |f”)(max<H1 ) () = i (s = ) (u))

5

|

Another property making the span—seminorm a desirable instrument for analysis of our

problem at hand is that ||.J;||s is uniformly bounded over 4, and that the bound is inversely
proportional with d.

Lemma 9 For each i,
2B
Jills .
Il < 22

Proof: Let w,u € U be chosen to satisfy

Ji(@) = max J;(u), and J;(u) = minJ;(u).

ucld uel
Since J; = T'J; 41 = Tf;i Jit1,
. 1
Ji(w) = (T, Jiv1)(uw) = E [Efi(ﬂa i (@, Ws)) + Ji1 (mi(u, VVZ))} ;

and

Tw) = (T8, Joe1) ) = B [l mlas, W) + i s, W)
Because ||fifl < B,
E1fi(@,mi(T, Wa)] — B [filu, m(u, W2))] | < 2B,
and therefore,

1 ills = Ji(@) — Ji(w)

< 224 | Bl (ma(m, W) — Bl (i, W)
< §+ Z (Pr{m(w,W;) = 2} — Pr{m(u, W;) = z}) Jit1(x)
xeU
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Since m; € M9, there exist 7, v € U such that

1-6+2 ifz=70
r{m; (@, W;) = '} { W(SI otherwise,
and 5
1=+ ifz=2
Prin N 4] -
r{mi(u, Wi) =z} { W(SI otherwise.
Therefore,

> (Pr{m(@ W) = ¢} = Pr{mi(u, W) = 2} ) Jisa (2) = (1 = 8) (Jia (%) — Jia (),

zeld
which implies that

2B 2B
1ills = ==+ (1 = ) [Jis1(0) = Jipa ()l < —= + (1 = 0) [[isalls.

Since Jg = 0, we have

HJz'Hsf%(1+(1—5)+(1—5)2+...+(1_5)d—i—1) P

|
The proof of Lemma 4 is a direct consequence of Lemmas 8 and 9, and it is given below.

Proof: 1t follows from the definition of J; and J~Z that
Ji=T .. T"" Y, and J=T.. T"" 1],

where J~i7r = 0. By repeated applications of Lemma 8, we have

- o \"
||Jz - Jl”s S (1 - W) ||Ji+7“||57

and the desired conclusion follows from Lemma 9. [

B Proof of Lemma 5

The proof Lemma 5 makes use of the following auxiliary results. The first shows that the
expectations we are taking induce contractions of the span—seminorm.

Lemma 10 For H € RU and v e U, let Q : M — R be defined by
Q(0) = E[H(0(u, W))],
where the random variable W is uniformly distributed in [0,1]. Then,

1Qlls = (L= 8) [ H|ls < [[H]s.
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Proof: Let w,u € U be chosen to satisfy

H(u)zglgg{(H(u), and H(g):glelgH(u)

Choose 0,6 € M? such that

5 e
Pr{f(u, W) =z} = { T%_ il i)ft}al:e;wlitse,
and 1—6+ 2 ifr=u
Prif(u, W) = =} = { ﬁs‘ “ otherw:se.
Then,
I1Qlls = max ELH(0(u, W))] — min E[H (6(u, W))]

= E[HO(u,W))] — E[H((u, W))]
= Y (Pr{B(w, W) = 2} — Pr{f(u, W) = 2} H(x)

zel
= (1-90)(H(u) — H(u))
= (1-0)Hls

The next lemma establishes a general result about the span—seminorm.
Lemma 11 Let S be a finite space. For any g1,92: S = R, if 27,25 € S satisfy
g1(z1) =mingi(z), and ga(xr3) = mings(z),
then
0 < g1(23) — g1(21) < llgr — g2lls-
Proof: Note that
91(z3) —g1(21) = g1(23) — g2(23) — 91(21) + g2(x3)

= 91(x3) — g2(23) — 91(x1) + g2(27) — ga(2]) + g2(z))
(91 = 92)(5) = (91 — 9)(@})) + g (x3) — go(a})
< g1 — g2lls,

where the last inequality follows from the definition of | - ||s and the fact that

go2(r3) = min go(x) < ga(x7).
r€eS

Here is the proof of Lemma 5.
Proof: Fix u € U. Let Q', Q% : M? — R be defined by

QU(6) = (T3} (w) = B | filu,6(u, W) + Hy (6, W)
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and
Q*(0) = (TyHz)(u) = E éfi(u,ﬁ(u,VVi))ﬂLHz(@(u,Wi)) :

Thus,
(@' —Q*)(0) = E[(H1 — H2)(0(u, Wy))],

and it follows from Lemma 10 that
1Q" — Q*|ls < | Hy — Hy|s.
Since

Q'(6) = min Q'(6), and Q(62) = min Q*(6),

it follows from Lemma 11 that
0 < (Tg,Hi)(u) — (Tg, Hy)(u) = Q1 (62) — Q'(61) < Q" — Q*||s < || H1 — Has,
and since u € U is arbitrary,

175, Hy — Tj, Hilloo < |[Hy — Ha|s.

C Proof of Lemma 6

The proof Lemma 6 makes use of the following result.

Lemma 12 Let {0;}x>0 be a sequence of mappings in M?, and let {Wi}r>0 be a sequence
of independent random variables, each uniformly distributed in [0,1]. Consider sequences
of random variables {Xi } k>0, {Yi k>0, and {Zy}r>1 defined by

Xk+1 - 9/€<Xk7W/€)7 k 2 07

and
Yir1 = 06(Ye, Wi),  Zpio = Opi1(Zis1, Wi1), k>0,

where Xg, Yo and Z1 are any random variables in U. Then, for u,v € U,
Pr{(Xe, Xp11) = (u,0)} = Pr{(¥s, Zr11) = (u,0)}| S 4(1-3)",
for all r.
Proof: Let a stopping time Ny be defined by
Ny =inf{k > 0:Y, = X3}
It follows that on {N7 <}, (Y, Yes1) = (X, Xp11) almost surely. Thus, for any u,v € U,
Pri{(¥e,Yr11) = (w,0)} = Pr{(¥s,Yr41) = (u,0), N1 <r}+ Pr{(¥;,Yo11) = (u,v), N1 > 1}

= Pr{(X,, Xr41) = (u,v),N1 <r}+ Pr{(Y;,Yr+1) = (u,v), N1 > r}
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Since
Pr{(X,, Xr11) = (u,v), N1 <r} = Pr{(X,, Xr41) = (u,v)}—Pr{(X,, Xr41) = (u,v), Ny > r},
it follows that
’Pr{(XT,XTH) = (u,v)} = Pr{(Ys,Yrt1) = (u,v)}’ < 2Pr{N; > r}.
Note that

Pr{N;>r} = Pr{X;#VY,....X, #Y,}

r—1
= J[Pr{Xis1 # Vi1l Xs £ Y, 1< s <1}
1=0
Since 0; € M?, it follows that
8 W — 0,(U) ifO<W<1-34,
(U W) = k" element of U if1—5+(k|2{1|)5§W<1—5+%,

where 6 is some function in /. Recall that
X141 = 6,(X;,W;), and Yy =6,(Y;, W)).
Thus, if W; > 1 — 4, then X;; = Y;41 regardless of the value of X; and Y;. Therefore,
Pr{Xip1 = Yis1|Xs £ Vs, 1< s <1} >4,

which implies that

r—1
Pr{N1 >r} =[] Pr{Xi1 # Y| Xs £ Ys, 1< s <1} < (1-0)"
=0

Hence,
Pr{(Xe, Xp41) = (u,0)} = Pr{(¥s, Vo) = (w,0)}| < 2(1-0)".

Now, consider a stopping time N» defined by
Ny = inf{k >0: Yi—&-kz = Z1+k}.

Then, on {Ny <7}, (Y, Y1) = (Y, Z, 1) almost surely. Using exactly the same argument
as above, we find that

Pr{(Yr, Yos1) = (,0)} = Pr{(Y%, Zesn) = (w0)}| < 2(1-0)".
An application of a triangle inequality yields

Pr{(X, Xr) = (,0)} = Pr{(¥s, Zrsn) = (u,0)}] < 4(1 - 0)"
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Here is the proof of Lemma 6.

Proof: It follows from the definition of ¢%" that there are mappings 7, ..., 7g_1 € M?®
such that

() =7 (7 (W), VE=0,....d—1,

where q_ﬁg’r( f) =, and Wy, ..., Wy ;1 are independent random variables, each uniformly
distributed in [0,1]. Under the decentralized stochastic strategy, the decision qﬁf’r( f) =
qﬁi’g( f) is generated from the equation:

¢?:;+1 (f) = ﬁ-l+l(¢f’7lr(f)7 VI/H*Z)) vl = -T... 7_17

where ¢ (f) = t. Analogously, the decision (;Sffl( f) = qﬁfj:l’o( f) is generated from the

T,—T
equation:

4,r ~ d,r
¢i+1,z+1<f) = 7Ti+1+l(¢i+1,l(f)7 Wit141), Vi=-—r,...,—1,

where qﬁf;:l’fr(f) = 1. Let sequences of random variables {X4}r>0, {Yi}e>0, and {Zx}r>1
be defined by B

Xp =& (D, ¥E20,
and

o, o,r
Yi=¢; o x(f)s Zitr =81 in(F)s vk > 0.
Then, for any z,y € U,

Pr{(e¥(5),87(D) = (@.m)} = Pr{(Xe, Xp11) = (2,9)},

and

Pr{(e¥ (£, 67, (H) = @y)} = Pr{(¥, Zey1) = (2,)}.

The desired result follows directly from Lemma 12 (with 6 = T; ). [ |

D Proof of Lemma 7

It suffices to show that .
lim —Tp (1 _ T_p) =
00 1/Tp
Since (1
i B2+ 2)
x—0 €T

p— 1’
it follows that . unr
PERTY Cluk) S Gt

T—00 —a/rp r—oo —qri—p

Thus, there exists N such that whenever r > N,

In (1 2)'

<
-  —arl-e

1 3
- < Z
2 -2
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Note that

1y 2%
In (T = 2p1n1"+1n (1_7‘_1’)

(1 &)

= 2plnr —arl™?
—arl-p

Thus, for r > N,

which implies that

Therefore,
P (1 — a)"
i A=)
r—00 1/rp
|
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