Nonlinear Q-Design for Convex Stochastic Control

Joelle Skaf Stephen Boyd”

Abstract

In this note we describe a version of the Q-design method that can be used to design
nonlinear dynamic controllers for a discrete-time linear time-varying plant, with convex
cost and constraint functions and arbitrary disturbance distribution. Choosing a basis
for the nonlinear Q-parameter yields a convex stochastic optimization problem, which
can be solved by standard methods such as sampling. In principle (for a large enough
basis, and enough sampling) this method can solve the controller design problem to
any degree of accuracy; in any case it can be used to find a suboptimal controller,
using convex optimization methods. We illustrate the method with a numerical exam-
ple, comparing a nonlinear controller found using our method with the optimal linear
controller, the certainty-equivalent model predictive controller, and a lower bound on
achievable performance obtained by ignoring the causality constraint.

1 Introduction

We consider the stochastic control problem for a nite-hodon discrete-time linear time-
varying system with convex objective and constraints. Thepiimal controller can be de-
scribed recursively via dynamic programming, but this give a practical method for imple-
menting the controller only in a few special cases, such as avhthe state-space dimension
is very low (say, no more than two or three), or when the objente is quadratic and there
are no constraints. On the other hand there are many methodsrf nding a suboptimal
controller, including classical control techniques, mod@redictive control, and approximate
dynamic programming (which will be described in more detalhater).

In this note we show how the Youla or Q-parametrization, suébly extended, can be used
to convert the controller design problem into an equivalenstochastic convex optimization
problem. By choosing a large enough basis of nonlinear fuiwets, and approximate solution
of the resulting stochastic convex optimization problem, & can (at least in principle), solve
the controller design problem to any desired accuracy, ugjrstandard ( nite-dimensional)
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convex optimization techniques. In any case, our method cdre used to nd a suboptimal
controller, using standard convex optimization methods. Willustrate our method with an
example, in which the synthesized controller yields substaally better performance than a
linear controller, or a model predictive controller, despeé an ad hoc choice of basis.

2 System model

2.1 Signals and plant

We consider a discrete-time linear time-varying plant, ovethe time interval t = 1;:::;T,
with control or actuator signal us;:::;ur 2 R™, sensor signal:;:::;yr 2 RP, disturbance
or exogenous input signalvy;:::;wy 2 R", and output signalz;;:::;zr 2 RY. As explained

in [13, Chap. 2], the exogenous input signal can represeneipt and measurement noise, as
well as command, reference, or tracking signals; the exoges output signal can represent
the regulated variables or tracking errors. We will use, u, y, and z to denote the associated
trajectories:
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The plant is linear, and so can be described by
) # ) PZW PZU #" w #
y ~ pmopm oy (1)

where : #
_  pP¥ px (@ pT (n+m)T
P= ow pw 2R

is the plant input-output transfer matrix.

2.2 Causality

To describe causality assumptions and restrictions we wilieed the idea of block lower
triangularity. Suppose we write a matrixA 2 R™ ' in (k;1) block form,

“Au A Ax

A= A.21 A.22 ' A'ZS :
Arl Ar2 Ars

where A 2 R I Aj =0fori<j, we say thatA is (k;I) block lower triangular. If

in addition the diagonal blocks vanish,i.e., Aj =0 for i  j, we say the matrix is k;!)
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block strictly lower triangular. We extend these concepts to (possibly nonlinear) functisn
as follows. Suppose thafF : RS I R™ with F(x) = (Fy(x);:::;F (X)), where Fi(x) 2 R¥,

corresponds to causality, and block strict lower trianguldty corresponds to strict causality.

We will assume in what follows thatP¥" is (p; m) block strictly lower triangular, which
means that the mapping from actuator to sensor is strictly assal. It often occurs thatPYV,
P#¥, and P*" are also block lower triangular, but we do not need this assytion.

2.3 Causal controller

We will consider causal feedback controllers (or control poies), for which

u="(y);

where' :RPT 1 R™ is (p; m) block lower triangular. We can write this out as

SincePYY is block strictly lower triangular, the system equations a always well-posed.
Indeed, the trajectories ofu andy are readily found from the recursion

yi = (P™w)g;

ur = " 1(y1);

y2 = (P"™w)z+ PJiug;

Uz = " 2(Y1;Y2);

yr = (P™w)r+Pliu+  +P{r ur g
ur = " r(ysiinyrn)

We can then nd z from z = P?*w + P#u. Once we x the controller ' , the actuator
signal u and output z become functions of the exogenous input. We refer to these as the
closed-loop exogenous input to actuator mapping, and theosled-loop exogenous input to
output mapping, respectively.

3 Stochastic control problem

We assume thatw is random, with known distribution. Via the closed-loop mapings, the
actuator signalu and the output z are also random variables. Let : RY” R™ | R be
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a convex (objective) function. We judge our control performnce by the expected value of
this objective function,

E (z;u);
where the expectation is ovew. We treat constraints in a similar way. Let ; : RYT R™ |
R,i=1;:::;M, be a set of convex (constraint) functions. Our control degh constraints
are
E i(zuy 0, i=1;:::;M:

Such constraints, which require the expected value of a furan to be less than zero (say)
are calledstochastic constraints. But the same form can be used to enforce aimost-sure
constraint, such as ¢; u) 2 C almost surely. Here we simply de ne (z;u) =0 for (z;u) 2 C,
and (z;u)= 1 for (z;u) 62 Cthe stochastic constraintE (z;u) 0 is then equivalent to
(z;u) 2 C almost surely.

The stochastic controller design problem can then be expeesl as

minimize E (z;u)
subjectto E i(z;u) 0O; i=1;:::;M; (2)
" block (m; p) block lower triangular

where the expectation is overv, and the (in nite dimensional) optimization variable is the
function (control policy) ' .

The stochastic control problem can be solved in a few very spal cases. For example,
in the LQG (linear quadratic Gaussian) problem {.e., when there are no constrainstsy
is Gaussian, and is (convex) quadratic), then the optimal policy' is an a ne function,
i.e., a linear function of the past measurements, plus a constanand can be found from
dynamic programming (seel]2,-44]) or by the method describdielow. Another case in
which the optimal control policy is known, and a ne, is when the cost is the exponential
of a quadratic function, and the disturbances are Gaussiamwhich is the LEQG (linear
exponential quadratic Gaussian) or risk-sensitive LQG phdem [50, vol. 1,x19].

3.1 Controller design methods

There is a large number of heuristic methods for solving theashastic control problem, also
called stochastic optimization with recourse 3,18, 11, B®B0]. Perhaps the simplest meth-
ods are those from classical linear feedback control techaés, such as PID (proportional-
integral-derivative) control [Z4]. One very e ective tecmique that can be used when a noise-
less measurement of the state is available is model predieticontrol (MPC) [4, [34,12 35,
36,[50], which also goes by many other names, including dynammatrix control [L8], rolling
horizon planning [17], and dynamic linear programming (DLP[46]. MPC is based on solving
a convex optimization problem at each step, with the unknowiuture disturbances replaced
with some kind of estimates available at the current time (sth as conditional means); but
only the current action or input is used. At the next step, thesame problem is solved, this
time using the exact value of the current state, which is nowrlown from the measurement.



Another approach goes under the name approximate dynamicqgramming [7,[8,38], in
which some estimate of the optimal value function, or optimgoolicy, is found.

We also mention that there is a large literature on multistag stochastic linear program-
ming, which can be used to solve (exactly or approximately)ome versions of our problem
(with piecewise linear objectives and polyhedral constnats); see [9/ 1016, 20,728, 129,132,
49, [47]. The proposed methods range from decomposition andrgtioning methods to
sampling-based approximation algorithms, and are usuallymited to short horizons.

4 Nonlinear Q-parametrization

We de ne the signale as
e=y PYu=P"w:

We can think of e as the sensor signal, with the e ect of the actuator signal reoved, i.e.,
e is the direct e ect of the exogenous inputw on the sensor signal, neglecting its e ect via
feedback.

Now let Q : RPT I R™ be any (m;p) block lower triangular function. We de ne a
causal control policy' via the relation

u="(y)= Qe; 3)
which can be more explicitly written, usinge=y PY'u, as the recursion
ur = Qalys);
uz = Qalyy Y2 P3iu)

ur Qrlys 115y yr Piiu PY{T iUr 1)
This recursion shows thatu, is a function ofy,; :::;y, i.e., ' is (m;p) block lower triangular.

The associated block diagram is shown in Figuig@ 1. The conlier ' has the form of a
feedback system, and is shown enclosed in the dashed box. & block in the controller
essentially cancels the e ect of the actuator signal from the sensor signal. The Q block
in the controller produces the actuator signal from the signale.

We have seen that from any ifh; p) block lower triangular function Q, we can construct
an (m; p) block lower triangular controller’ . We will now show that every causal controller
' can be realized by some choice @. Let' be a given (n;p) block lower triangular
controller. Using (3) andy = e+ PY“u, we obtain a recursion that de nesQ(e) = u as

up = " a(en);
Uz = ' o(er; &+ P3iug);
Uur = ‘(e it er+ PYun+  + PYY qup o)
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Figure 1: The closed-loop system, with controller ¢ defined by Q.

This recursion shows thatQ is (m; p) block lower triangular. When the construction above
is applied to Q, we obtain the original causal controller .

We conclude that the correspondence betweénand Q is a bijection: For each (;p)
block lower triangular function' , there is exactly one (n; p) block lower triangular Q, given
by the recursion above. It follows that we can optimize ove@ in the stochastic control
problem, instead of' . In other words, we parametrizé by Q.

We can expresal and z in terms of w and Q, usinge= PY"w:

u= Q(P™w); z=P™w+ P?Q(P™™w):

These expressions show that and u are (in general) nonlinear functions ofv, but they are
a [nelfunctions of Q, for eachw. Since expectation preserves convexity, it follows that &
objective and constraint functions,

E (z;u); E i(z;u);:iE m(zu);

are convex functions (or, more formally, functionals) of). By using the variableQ instead
of ' , we now have an in nite-dimensional stochastic convex optiization problem.

4.1 The Q-design procedure

Our method is related to the classical Q-design procedurer, Youla parametrization [52,[51]
for time-invariant, in nite-horizon linear controller de sign [Z3[31["30,-33,48]. The book]13]
and survey paper[[14] describes this method, and the use ohwex optimization to design
continuous-time, time-invariant controllers, in detail; the Notes and References trace the
ideas back into the 1960s. The books[19,]125] use these metht@wminimize the worst-case

output, with unknown but bounded input, which can be cast (aer Q-parametrization) as
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an “; norm minimization problem, and then solved using linear pgramming. The Ph.D.
thesis [41] and the article[I37] use the Q-design procedureformulate the controller design
problem as a constrained convex optimization problem. Our @thod is also related to the
more recent puri ed output control method [5,[6].

Although not directly related to our topic, we mention some ppers in which extensions
of Q-design are used to design stabilizing controllers foonlinear plants; our method, in
contrast, concerns linear plants and nonlinear controller In [24], Desoer and Liu show
the existence of a parametrization of stabilizing contra#irs for stable nonlinear plants. For
unstable nonlinear plants, only partial results have beenbtained (e.g., see[[1["21,22]).

5 Approximate solution

5.1 Finite-dimensional restriction

We can obtain an approximate solution of the stochastic cortdller design problem, with

nonlinear) functions, and expressing as

X .
Q= QW (4)
i=1
where 4;:::; g are the design variables. We now have a nite-dimensional athastic
convex optimization problem. If we were to solve this probia, we would have a suboptimal
solution of the stochastic controller design problem, obiaed by expressing in terms of
the Q found.

We could also (very roughly) claim that, if the basis were laye or rich enough, that we
have "nearly' solved the stochastic controller design prtam; the only limit to our nding the
optimal controller is our choice of basis fo. But we will focus here on the less ambitious
claim that this method simply produces a suboptimal contrdér, just like the many other
methods listed above.

5.2 Solving the stochastic optimization problem

Once a basis forQ has been chosen, our problem becomes a nite-dimensionabdtastic
convex optimization problem. There is a large literature orhis topic; see,e.g., [8, [11,[26,
40,[42,[50]. In a few very special cases we can solve such @rmoisl exactly. For example,
when and ; are quadratic, and the mean and covariance @ (PY"w) can be computed,
the controller design problem reduces to a (convex) quadiatprogram. But in general, we
have to solve the stochastic problem approximately. Typidanethods involve a parameter
which trades o computational e ort and accuracy; arbitrary accuracy can (in principle) be
obtained as the parameter (and computational e ort) grows.



We will describe here the simplest approximation method fostochastic optimization,

z0 = p2w®+ P (P™wO);  u@ = PR (P WD),

i=1 j=1
fori =1;:::;N. These are a ne functions of . Our approximate problem is then
oL P i i
minimize  (1=N) _ N, (z®; u®) 5)
subjectto (1=N) X, (z®; u®) 0 I=1;:::5;M;

with variable 2 RX. This is a standard nite dimensional convex optimization poblem,
which can be solved using standard techniques; seq., [15].

Once we solve the convex optimization probleni](5), we can dkewhether we have taken
enough samplesj.e., whether N is large enough, by cross validationi.e., evaluating the
solution found onanother set of (typically, more) samples. If the empirical means ofhe
objective or constraint functions substantially di er, beween the original sample set and the
validation sample set, we must increasl ; if they are near each other, it gives us con dence
that the sampling is adequate.

We note that when sampling is applied to an almost sure consiint, we are guaranteed
that the constraint will hold for the original set of samples but with some of the validation
samples ofw, the constraint can be violated. If the sample size is largeeugh, however, we
expect that the constraint will hold with very high probability, and that when the violations
occur, they will be small.

To get to the nite-dimensional convex optimization problen (&), we have made two
approximations: We have restricted our search to K -dimensional subspace of the in nite
dimensional space ofr; p) block lower triangular functions, and we have approximatlg
solved the stochastic problem by sampling. The second (salimg) approximation is generally
good, but the rst one (restriction to a nite dimension subgace) is generally not. For this
reason we generally would not claim that this method solvesi¢ stochastic controller design
problem in practice, even wherK is large; we can simply claim that the method yields a
good controller in a straightforward way, that relies on covex optimization.

We note that the nal controller is implemented using the rearsions above (or the block
diagram), and so can run at extremely high rates, assuming e¢hbasis functionsQ; can be
rapidly evaluated. In particular, no optimization problemis solved at run time, as in MPC.
(But we should mention that the optimization problems that nust be solved in each MPC
step can be solved quite e ciently; seee.g., [49].)

5.3 Standardization

Here we describe a method for standardizing the signal i.e., applying a causal linear
whitening transformation to it. This transformation is not essential, but it helps in coming
up with a reasonable choice for the basis functions. We de ne

ed=L Ye Ee);
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where Ee = PYYEw is the mean value ofe, and L is the (lower triangular) Cholesky factor
of the covariance ok,

LLT = E(e Ee)(e ET =P™ ,(P™);

where , is the covariance matrix ofw. The signale™ is standardized,i.e., its entries have
zero mean, unit variance, and are uncorrelated. Note that th standardization mapping,
from e to €%, is lower triangular. We can (loosely) interprete®™® as an innovations signal,
i.e., the component of the sensor signal that is not (linearly) mdictable from the past.

The standardized signak®® can be expressed in terms & in a natural feedback form,
which is called forward substitution in the context of numeical linear algebra:

ev=L, (e Eea Ly 18 1 Lese); t=1;:::T;

whereL refers to the ¢; ) block of L, interpreted as a ; p) block matrix.
We now choose our basis fd as

Qi(e = Qi(e™) = Qi(L (e Ee); i=1;:5K;

where Q; are (m; p) block lower triangular. The functions Q; are also (n;p) block lower
triangular, since the composition of the ifh; p) block lower triangular function Q; and the
lower triangular function L (e Ee) is also (m;p) block lower triangular.

Since we know that the entries o5 have zero mean and unit variance, we can choose
nonlinear functions Q; appropriate for this range of values. As a simple example, guose
that Q; saturates theith component ofe’ at the level

Qi(e) = sat(e’’= );
where > 0 and the saturation functionsat : R! R is de ned as
sat(a) = maxf 1, minfa;1gg:

A choice of on the order of one would place the saturation level near théamdard deviation
of €', and is likely to produce an interesting nonlinear functionin contrast, the choice
= 10 would result in Q;(e'9) = €' with probability at least 0:99, by the Chebyshev
inequality.
Figure (@) shows the block diagram of the controller, conaiicted using standardization.

6 Example

6.1 Tracking problem

We rst describe our example in general terms. We consider eaicking problem with a scalar
input, disturbance, sensor, and output signals. The trackg error, which is also the sensor
signal, is given by

z=y=P"%u w:
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Figure 2: Block diagram of controller constructed using standardization.

(Thus P® = PYW = | and P# = PYY.) Here we interpretw as the signal to track; we
assume it has zero mean and covariancg,. Our objective is the mean-square tracking error

X 2
E (zzuy=E z
t=1

The actuator input signal u; must satisfy the (almost sure) constraint
juj  Uma;  t=15005T,
which can be written as the single constrainE (z;u) 0, where

. — 0 kuk1 Umax s
(z:u) = 1 otherwise
For this problem, we havee= w, ande®® N (0;1).

Before describing our basis fo@, we make a few observations speci c to this example.
First, we can takeut = 0 without loss of generality, since the objective does noteppend on
ur. This means that we can takeQr, the last (block) entry in Q, to be zero. (This is the
same as takingQt =0.)

Second, we note that the problem is symmetric around 0, so th&® (and therefore Q)
should be chosen to be antisymmetrid,e., Q( €) = Q (€). To see this, consider replacing
a feasibleQ with its re ection Q ( €). Since the distribution of w is symmetric, and the
objective and constraint functions are symmetric,Q ( €) also de nes a feasible controller,
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with the same objective value as the one associated with. Now consider replacingQ with
its antisymmetric part (1=2)(Q(e) Q ( €)). By Jensen's inequality and convexity of the
design problem with respect td, the associated controller is feasible and has objectiveath
is at least as small as that associated wit). So assuming thatQ is antisymmetric does no
harm. Thus, we can take eacl@; to be antisymmetric.

Now we can describe (our basis fo. Let 4;:::; | be positive saturation levels. We
take Q be to

Q(GStd) = Flsat(GStd: 1)+ + FLsat(QStd: L);

whereF; are lower triangular coe cient matrices, with last (block) row zero. (The coe cients
i are the nonzero entries irFq;:::;F_.) The total dimension is thusK = LT (T 1)=2.
We must admit that we cannot give a good reason to choose thisadis, and do not
make any claims that this basis is good enough for us to recoveear optimal performance.
Nevertheless, we will see that the performance achieved igsitg good.

6.2 Numerical instance

Now we describe the particular problem instance. We take haon T = 10, and generate
the matrix PY as follows. Forj i, we setPy" = 0; for j <i, we draw (P¥); from a
Gaussian distribution with zero mean and standard deviatimexp (i j)=4). We take w to
beN (0; ), with

(wij =expf (i jj=8)%g; i;j =1;::5;T:
We take the actuator signal limit to be upna = 1=2.

Our basis for Q@ will use two saturated versions of the standardized signal, with
levels ; = 0:5 and , = 1. The total dimension of our basis is therefore 90. We solve
the design problem using the sampling method, wittN = 2000 (training) samples. We
verify the results by simulation on another (validation) sé of 10000 samples. (In all cases
the training and validation empirical distributions were dose, giving us con dence in our
computed solutions.)

6.3 Numerical simulations

We compare the performance of the nonlinear controller fodnusing our method to the
optimal linear controller, designed using the same trainmset (seell43]), and the certainty-
equivalent model predictive control (CE-MPC).

In CE-MPC, the control u at time s found as follows. We form and solve the (deter-
ministic) convex optimization problem

o P

mimimize = 41 Y2

subject to juyj p Umax; t= ;0T 1 (6)
Vi= LiPlius Wy t= +1;05T;
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Once we solve this problem, we take as our input. This whole processi.e., computing (or
estimating) the conditional means of the current and futureexogenous inputs, and forming
and solving a new optimization problem) is repeated at time + 1.

We also show the results obtained with a prescient controtlei.e., a controller that is not
causal. These results are computed by sampling from, and for each sample solving the
associated (deterministic) optimal control problem

minimize T, y2
t=1 Yt
subject to juy Umax; t=1;:::5T,; (7)
y=P¥u w:
The expected value of the optimal value of this problem, ovehe distribution of w, gives a

lower bound on the optimal value of the tracking problem, foeny causal controller. We can
(accurately) estimate this number as the average over the hdation samples.

6.4 Numerical results

The results are shown in the table below, along with the penfmance of the (hon-causal) pre-
scient controller, which provides a lower bound on achievibperformance. We can see that
the nonlinear controller beats the optimal linear controkbr and CE-MPC. Its performance is

around 30% higher than the lower bound given by the (non-caal prescient controller.

Training set Validation set

Control law E (z;u) E (z;u)
Optimal linear 8:07 804
CE-MPC 7:85 781
Nonlinear 725 724
Prescient (562) (5:59)

Figure [3 shows the histograms of the costs achieved by the wpal linear controller, CE-
MPC, the nonlinear controller, and, nally, the prescient @ntroller.

As mentioned inXg, the almost-sure constraint orkuk, Umax IS guaranteed to hold for
all samples in the training set, but not for samples from thealidation set. It does however
hold with very high probability. For the optimal linear controller, the constraint is violated
for 0:16% of the samples in the validation set. For the nonlinear atroller, it is violated for
only 0:04% of the samples, and when these violations occur, they asry small, with kuk;
typically a fraction of one percent larger thanunay.

Figure @ shows the histograms gfu;j achieved by the optimal linear controller and the
nonlinear controller (on the validation samples, and withur, which is zero, not shown). Itis
interesting to see that in the nonlinear controllerju,j is nearumna around 15% of the time.
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Figure 3: Histograms of the total tracking error obtained using (a) the op-
timal linear controller, (b) CE-MPC, (c) the nonlinear controller, and (d) the
(non-causal) prescient control law.
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Figure 4: Histograms of the control input amplitude ju;j over the validation
set for (a) the optimal linear controller and (b) the nonlinear controller.
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Figure 5: Control (top) and output (bottom) trajectories obtained by run-
ning (a) the linear controller, (b) CE-MPC, (c) the nonlinear controller, and
(d) the prescient controller on a sample w trajectory from the validation set.

Figure [  shows theu and y trajectories obtained by running each of the 4 control laws
(linear, CE-MPC, nonlinear, prescient) on one samph trajectory chosen from the validation
set. We can see that they are similar, but not exactly the same

7 Conclusions

We have shown that the problem of nding the optimal nonlinea controller, for a stochas-
tic control problem with linear dynamics and convex cost andonstraint functions, can
itself be cast as an in nite-dimensional convex stochastigptimization problem, after a non-
linear change of variables. After choosing a nite-dimensnal basis, this problem can be
approximately solved using standard techniques for numeal solution of stochastic convex
optimization problems.

The (big) question that remains is: How should one choose theite-dimensional basis
of nonlinear operators over which to search? Unlike the casélinear controllers, where this
guestion can be answered, we know of no satisfactory generathod for choosing this basis.
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The standardization technique described above at least sethe approximate range of input
values for the basis elements, but does not answer the generaestion of how they should
be chosen.

Numerical results show that the method (even when the basis thosen in an ad hoc
way) synthesizes controllers with good, and often compeiite, performance.
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