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Abstract

The -suboptimal setX for an optimization problem is the set of feasible points wih
objective value within  of optimal. In this paper we describe some basic techniques
for quantitatively characterizing X , for a given value of , when the original problem is
convex, by solving a modest number of related convex optimition problems. We give
methods for computing the bounding box of X , estimating its diameter, and forming
ellipsoidal approximations.

Quantitative knowledge of X can be very useful in applications. In a design prob-
lem, where the objective function is some cost, largeX is good: It means that there
are many designs with nearly minimum cost, and we can use thigslesign freedom to
improve a secondary objective. In an estimation problem, wiere the objective function
is some measure of plausibility, largeX is bad: It means that quite di erent parameter
values are almost as plausible as the most plausible paramet value.

1 The -suboptimal set

We consider the general convex optimization problem

minimize f (x) (1)
subjectto x2C

wherex 2 R" is the optimization variable, f is the (convex) objective function, andC is the
(closed convex) feasible set. We assume that, the optimal value of the problem, is nite,
and achieved by at least one point. For 0, we say thatx is -suboptimal if x 2 C and
f(x) p’+ . We will let X denote the set of all -suboptimal points,

X =fx2Cjf(x) p’'+ g (@)
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which we call the -suboptimal set. When = jp’j, we refer toX as the 100%-suboptimal
set. The set of optimal points isXp; the problem (1) has a unique optimal point if and only
if X is a singleton,i.e., X, = fx?g. The -suboptimal setX is convex, and satis esX X
for :

At the crudest level, we can distinguish between two casest X is small, we say that
the problem (1) has astrong minimum. When X is large, we say that the problem has a
soft minimum or a weak minimum These are vague labels, since they depend on what is
meant by “small' or “large', as well what value of is used. (We will see that the termsharp
minimum, however, has a formal de nition given below.)

1.1 Our goal

We are interested in an approximate but quantitative charaterization of X , for some partic-
ular value (or values) of . As examples, we might like to know how big the-suboptimal set
is, or in which directions (or along which coordinates) it ebends far, and in which directions
it does not. Our focus will be on techniques that can be used practical problems, and not
on the analysis, or any mathematical details.

In this note we show how several useful quantitative measw®f X can be computed,
by solving a modest number of convex optimization problemsThe bounding box, which
gives the range of each variablg; over X , can be computed exactly; we will also describe
methods for nding approximations of the maximum deviationfrom x? and the diameter of
X, and ellipsoidal approximations ofX .

The techniques we describe rely on basic ideas and methodscohvex analysis and
optimization (see,e.g, [1, 6, 12]), but we have not seen them described in the contexf
suboptimal set characterization. Nevertheless, we feelahthese techniques are very useful,
and should be widely and routinely applied in practical prolems.

1.2 Why

We mention here some general situations in which we might betérested in characterizing
X . First suppose that the problem (1) is a decision or design @blem: The variablesx;
are values that we can choose( is the set of acceptable designs, anid(x) is some cost
associated with the design or decisior. If X is small (.e., the problem (1) has a strong
minimum), we conclude that there are few designs that are nég minimum cost; we gain
little design freedom by allowing -suboptimal designs. On the other hand, iX is large
(i.e., the problem (1) has a weak minimum), we conclude that therera many designs that
achieve nearly optimum cost. In this case, we may wish to cader optimizing a secondary
objective, or taking some other advantage of the large set désign choices available to us,
if we accept -suboptimal cost.

Now suppose that the problem (1) is some kind of inversion ostemation problem: The
variables x; are parameters that we wish to estimateC is the set of possible parameter
values, andf (x) gives the implausibility of the valuex, given some observations and prior
information. An optimal point x? is a most plausible point, and therefore a natural one to
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choose as an estimate of the true value of the parameter. Inishsetting, -suboptimal points
correspond to parameter values that are almost as plausibés the most plausible point.
In this case, if X is small, we conclude that only parameters neat’ have near maximum
plausibility, which suggests we can have high con dence irup estimate x?. On the other
hand, if X is large, we conclude that parameter values far from’ explain the observations
almost as well as<?; thus, we should have low con dence in the estimate’. Depending on
exactly what f is, we can sometimes interpreX as a con dence set for the estimate”.

1.3 Local analysis

Our interest here is obtaining quantitative information alout X , for a particular problem
instance and a particular value of , and not qualitative information about what X looks
like, for example, in the limit as ! 0. Nevertheless we briey mention here the local
analysis of the suboptimal set in two di erent cases, to shothe range of possibilities. (For
more on local convex analysis, see,g. [2, 4].)

The smooth unconstrained case. Suppose (1) is unconstrainedie., C= R"), has a
single optimal point x?, and f is twice di erentiable, with r 2f (x?) > 0 (and, of course,
r f (x?) =0). In this case X can be approximated by the ellipsoid

E=fxj1=2)x x)rFx)x x) g (3)

for small. This ellipsoid is cer;pered at the optimal pointx?, has a xed shape, deter-
mined by r ?f (x?), and scales a From this ellipsoidal approximation we can derive
useful (approximations of) quantitative measures oX . For example, the diameter ofX is
approximately the diameter ofE:

diam (X ) diam(E)=(2 = min(r f (x*) ¥

In this case, we see thaK is relatively “large' when is “small' (since its diameter grows
like " 7). When in (r ?f (x?))is small, X can be quite large, so we expect a weak minimum.

The nondi erentiable (or constrained) case. At the other extreme, suppose thatf
is piecewise-linearC is a polyhedron with nonempty interior, and (1) has a single gimal
point x”. In this case,X is a polyhedron, and for small can be exactly represented as

X =fxjA(x x?) 0 B(xx x°) 1g;

whereA and B correspond to the active constraints de ningC, andf , nearx?, and 1 denotes
the vector with all entries one. (We haveA = 0 if x? 62@L.) In this casediam (X ) is exactly
linear in , for small . Moreover, x” is generally not well centered inX ; indeed, when
x? 2 @, x? is on the boundary of X .

This case is very di erent from the smooth unconstrained casconsidered above. In this
case, we expect a sharp minimum, sinadam (X ) grows only linearly with ; moreover, we
do not expectx”’ to be well centered inX , in general.
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Figure 1. The boundaries of Xq.01 (dashed line) and Xq.1 (full line) for an
unconstrained problem (left) and a nondi erentiable problem with constraints
(right). The optimal point x” is shown as a star.

Polyak de nes a pointx? to be asharp minimum point if for some > 0, we have
f(x) f(x)+ kx x’ks

for all x 2 C (see [13x5.3]). This is the case here.

Figure 1 shows two simple examples illustrating the di erece between these two cases.
We plot the boundaries 0fX.0; and Xq.1, for two problems with x 2 R?, one unconstrained
smooth problem, and one with piecewise-linear objective drlinear constraints. For the
smooth problem (shown at left), we seg thaK is approximately ellipsoidal and centered
around x°, with Xg.01 roughly a factor 10 smaller thanXq.;. For the nondi erentiable
problem (shown at right), we see thaix” is on the boundary ofX , and that Xg.o; is roughly
a factor 10 smaller thanXq ;.

1.4 Support function and boundary points

The support function S of the -suboptimal setX is de ned as

?

S(y)=supfy'™xjx2X g=supfy'xjx2C; f(x) p’+ @

It is convex and homogeneous iy, and concave and nondecreasing in(see [6, Ex.3.7].)
Our characterization of X will rely on our ability to compute S (y), for a giveny, by
solving the convex problem

maximize y'x (4)
subjectto x2C; f(x) p’+ ;

with variable x. Supposex?(y) is a solution of (4). Thenx®(y) 2 @ (i.e., X’(y) is on the
boundary of X ), and we have

X fzjy'(z x(y) O0g
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Figure 2: Boundaries of the setsX (blue), Pinner (red), and Poyer (green),
for an unconstrained problem (left) and a nondi erentiable problem with con-
straints (right). The optimal point x” is shown as a star.

(In fact, x?(y) is on the relative boundary ofC, if the dimension ofC is less thann.)

polyhedral approximations ofX . We haveX P gyter, WherePoyer IS the polyhedron
Power = fxjyOT(x xO) 0 i=1;:::;Ng:
By convexity of X , we also haveX P inner, WherePinner IS the polyhedron

Pimer = convix®;::::xMNg
fx®+  + xMj 01" =1g

Figure 2 showsX , Pinner and Poyer fOr two problems with x 2 R?2, one unconstrained
smooth problem, and one with piecewise-linear objective drinear constraints. The sets
Pinner @and Pouer are generated from 8 values of.

Warm-start. If the optimization method used to solve the problem (4) can se an ini-
tialization of primal or dual variables to reduce the solun time, i.e., take advantage of a
warm-start, they can be initialized at an optimal pointx? for the original problem (1). This
can dramatically reduce the time required to solve thdl problems. (For more on warm-start
methods, seee.g, [19, 20].)

1.5 Connection to stability of solution

When =0, the support function evaluation problem (4) is

maximize y'x

subjectto x2C; f(x) p” (%)

Its feasible set isXj, the set of solutions to the original problem (1).
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The support function evaluation problem (4) can be thought bas a perturbed version
of (5), where the constraint upper bound is perturbed from & nominal valuep’ to p’ +
If kyk =1 (which we can assume without loss of generality), the chge in optimal value of
(4) as changes is a lower bound on the change in the optimal poirt(y), measured in the
Euclidean norm. Thus, the size oK is closely related to the stability of the solution of (4)
under perturbation of the constraint bound. For more on gemal perturbation theory and
stability of solutions, see.e.g, [3, 10, 15].

2 Bounding box

The bounding box ofX is the smallest box

B=[|1;U1] [ln;un]

that satises B X . The bounding box lower and upper bounds are just the minimurand
maximum values that each coordinate; can take on, overX . The lower boundl; is the
optimal value of the convex optimization problem

minimize  X;
subjectto f(x) p°+ ; x 2C;

and the upper boundu; is the optimal value of the convex optimization problem obtamed
when we change ‘minimize' to ‘maximize'. Botly and u; can be expressed in terms of the
support function of X as

i =Sy e) ui = S(y)e);

whereg 2 R" is the unit vector whoseith entry is 1. The bounding box corresponds to
Pouer iN the case where the vectorg®;::::y(N) are chosen to be g, the unit vectors and
their negatives.

Figure 3 showsX and its bounding box for two problems withx 2 R?, one unconstrained
smooth problem, and one with piecewise-linear objective drdinear constraints.

3 Approximate quantitative measures

To approxmately characterizeX , we compute pointsx) = x?(y("), for a set of nonzeroy®,
i=1;::; :N. These points might include e, the unit vectors (and their negatives), which
aIIows us to determine (exactly) the bounding box oK . Additional points can be generated
randomly, for example from a uniform distribution on the uni sphere inR", which can be
generated by choosing the components independently from aitunormal distribution, and
normalizing y to have length one. (In fact, the normalization is not neededsince scalingy/(
by a positive constant does not a ect the corresponding® = x?(y®).)

For general methods of characterizing convex sets using papt functions, see,e.qg,
[8, 14, 17].
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Figure 3: Boundaries of the setsX (blue) and the bounding box (red) for an
unconstrained problem (left) and a nondi erentiable problem with constraints
(right). The optimal point x” is shown as a star.

?

Deviation from x?. We can estimate the maximum deviation fromx?, in some normk Kk,
supkx x’kjx2X g
as _
max kx®  x’k:
=1 N

This is a lower bound; it is the same as stibx XK X 2 Pinner0-

Diameter. The diameter of X ,

diam (X )= sup kx xk;

X; %2X

can be estimated as _ _
diam (X ) max kx®  xWk:

.....

This is a lower bound, and is the same atiam (Pinner).

Chebyshev center.  The Chebyshev center of a set is the center of the largest Ewlgan

ball that lies in it. (Some authors use Chebyshev center to raa the center of the smallest
Euclidean ball that encloses the set). We can estimate the €byshev center ofiX as the

Chebyshev center oPyyer, Which can be found by solving the linear program (LP)

maximize r
subject to yT(x. xV)+ rky®Dk, 0, i=1;::;N;

with variables X, the center of the Euclidean ball, andr, its radius. For more on the
Chebyshev center, sees.g, [6, x8.5.1].



We can estimate the center of the smallest Euclidean ball th&nclosesX as the center
of the smallest Euclidean ball that encloseBj,.er, Which can be found by solving the convex
problem

minimize maX=y ...y kx®  zky:

with variable z 2 R". This problem is readily reformulated as a convex quadratiprogram

(QP).
Ellipsoidal approximation. We can compute an ellipsoidal approximation oK in sev-

nonempty interior; if it has empty interior, which means thd it lies in an a ne space of
lower dimension, we can compute an ellipsoidal approximati on that a ne space.
The simplest method is to compute their mean and covariance,

x=(1=N) x; emp = (1=N)  (xO x)(x® x)T;
i=1 i=1

and to take our approximation as
Eerp= fXj(x x)7 x x) g

where is chosen to enclose some numbez.g., 95%) of the points.

A more sophisticated method is to compute théswner-John ellipsoid of Pjyner, i.€., the
minimum volume ellipsoid Ey;, that contains the computed boundary pointsx() (see,e.g,
[6, x8.4.1], [9, 16, 18]) This can be done by solving the convex opization problem

maximize logdetP
subjectto kPx® + gk, 1; i=1;:::;N;

with optimization variables P = PT 2 R" " and g2 R"; the Lewner-John ellipsoid is then
B =fx2R"jkPv+ gk, 1g:

Another ellipsoidal approximation can be obtained by comging the maximum volume
ellipsoid that is contained in the polyhedronP, - (See,e.g, [6, x8.4.2], [5,x3].) This can
be done by solving the convex optimization problem

maximize log detB
subject to kByOTk, + yOT d x®O 0 i=1;:::;N;

with optimization variable B = BT 2 R" " andd 2 R". The maximum volume ellipsoid is
then
Ewe = fBu+ djkuk, 1g:

An ellipsoidal approximation of X is useful for several reasons. A large deviation between
the center of the approximating ellipsoid andk”? tells us that X is not centered atx’ (as it
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would be, approximately, for an unconstrained smooth probin, with small ). The semi-axis

lengths of the ellipsoid tells us how symmetriX is. If the semi-axis lengths are not very
di erent, then X extends roughly the same amount in each direction, from itseater; on

other hand, if the semi-axis lengths vary considerably, weonclude that X extends rather

di erent amounts in di erent directions.

4 Examples

In this section we give four simple numerical examples touktrate the ideas described above.

4.1 Chebyshev approximation

Our rst example is the (unconstrained) Chebyshev approximtion problem,
minimize kAx bkj ;

with problem data A 2 R™ "andb2 R™, and variablex 2 R". Local analysis tells us that
if the solution is unique, then this problem has a sharp miniom. This would lead us to
guess thatX will be “small', when is small.

We consider a problem instance wittm = 100, n = 30, with all entries of A and b chosen
randomly from a unit normal distribution. This problem instance has a unique solution
x?, so local analysis tells us that the problem has a sharp minirmm. The optimal value is
p’ =1:2. We take = 0:01p’, i.e., we look at the 1%-suboptimal set.

Figure 4 showsx” (as stars) and the bounding box ofX (as vertical intervals). We
can see that the variation in eachx; over the bounding box is very considerable; for many
indices the sign ofx; changes over the bounding box. The fractional variation ix;, given
by ju;  lij5ix7j, ranges between B7 and 135, with an average value of 5. (These can
be compared to the di erence in objective value obtained, wth is 1%.) This shows that
the 1%-suboptimal set is relatively large, even though therpblem has a sharp minimum.
(These two statements are in no way inconsistent.) The guralso shows thatx? is not too
far from the center of the bounding box, suggesting that” is well centered inX .

In addition to the 60 boundary points obtained from the boundhg box computation, we
compute 940 additional boundary points from randomly chosedirections y() (uniform on
the unit sphere). From these boundary points we obtain an estate of (and lower bound on)
the maximum deviation (in Euclidean norm) fromx? of 0:29, around 35% of the (Euclidean)
norm of x?, which is 084. This too shows thatX is not small. We estimate the (Euclidean)
diameter of X as Q45, around half the value okx’k,.

We nd that the ellipsoids E.mp, and E; are not very dierent from each other (with
proper choice of in Ep). These ellipsoids are strongly asymmetric: Two semi-axese
very small (but positive), and the sum of the largest 5 semixés lengths is larger than the
sum of the remaining semi-axis lengths. The centers of thdig$oids are not too far from
x? kx?  xkp = 0:072, around 9% okx’k,, and kx? Xk, = 0:052, around 6% okx’k,.
This indicates that X is approximately centered around”.
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Figure 4: Solution (shown as stars) and bounding box (shown as vertida
intervals) of 1%-suboptimal set.

Our estimate of (and lower bound on) the diameter oK , as varies between 0 and
0:0207°, is shown in gure 5.

4.2 Minimax estimation

(We are grateful to Yonina Eldar for suggesting this exampjesee,e.g, [7]). We are to
estimate a parameter vectorx 2 C R", given a noise-corrupted linear measurement,
b= Ax +v2 R™, whereCis a known closed convex set. We use an unknown-but-bounded
model for the noise vectow: It satis es kvk, , but is otherwise unknown. We will judge
the quality of our estimate X* by the worst-case error, over all values of the true paramete
consistent with the measurements,

E =supfk® xk,jb=Ax+v; kvk, ; x 2Cg

In minimax estimation, we chooseto minimize E.
To put this problem in the present framework, we consider theonstrained norm mini-

mization problem
minimize kAx bky

subjectto x 2 C; (6)

with optimal value p’. We must havep’ . The associated sublevel set , for the choice

= p’, is exactly the set of parameter values consistent with the @asurementb and the
prior information. The bounding box, for example, tells uste exact range of eacl;, over
all possible true parameter values.
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Figure 5: Estimate of normalized diameter of X versus =p~.

The minimax estimate is the center of the smallest Euclidealall that contains X . This
can be computed exactly in a few special cases, such as wiger R". In many cases,
however, it is dicult to compute the minimax estimate exactly. In these cases we can
compute an approximation of the minimax estimate as the ceet of the smallest Euclidean
ball that contains Pi,.er, Which can be found by solving the convex problem

minimize maX-q ...y kx®  zky;

with variable z 2 R". (The constraint z 2 C will hold automatically.) This problem, in
turn, is readily reduced to a QP. Herex® = x (y(1), for some set of nonzero directions

We illustrate this method with a numerical example, withn = m = 50, with the entries
of A chosen randomly from a unit normal distribution. We takeC = fx j kxk; 1g, and
= 5. The true parameter valuex is chosen from a uniform distribution onC. Finally, v
is chosen from a uniform distribution on the -sphere. (Recall, however, that the minimax
problem itself does not involve any probability distributions.)

For this problem instance we compute the minimum norm estinta ®R,,,, which is the
solution of (6). We also compute an approximation of the mimax estimatexXym using the
scheme outlined above, using!” as g, and an additional 900 randomly choseg(.

We can then compare (our estimate of) the worst-case err&r for R, and Xamm, Using

E= max k& xWky:
i= 1000

The results areE = 3:82 for X, and E = 3:18, forX,,,. The true errors are
KXmn Xk, =1:78; KXamm Xko = 1:40;
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Figure 6: Distributions of kxmn xWky (top) and kxamm Xk, (bottom)
overi =1;:::;1000.

wherex is the true parameter. Thus, our (approximate) minimax estnate gives a substantial
decrease in (approximate) worst-case error, as well as iruér error.

(Again we remind the reader that the minimax estimation prokem itself does not involve
any probability distributions; this is only to illustrate t he range of values ok® x("k,, over
our sample pointsx(.)

4.3 Optimal control

Our next example is a discrete-time nite horizon optimal catrol problem. The system
dynamics are given by

x(t+1)= Ax(t)+ Bu(t); t=0;1:::;t 1

wheret represents time (or period)t; is the horizon (or nal time), x(t) 2 R" is the state of
the system, andu(t) 2 R™ is the control input. The initial state X, is given, and we require
the nal state x(t;) to be zero (this is called theregulation problen). This is equivalent to

1
Al U 1Bu(t) = AY X (7)
t=0
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Figure 7: Optimal input, and lower and upper bounds over 5%-suboptimd
trajectories.

Using the ";-norm of the input (which is a typical simple model for total tiel usage) as
objective, our problem is

- . _ P ty 1
minimize kKuki = -5~ ku(t)ky
subjectto [ tAY U IBu(t)= Al xg;

with variables u = (u(0);:::;u(ty 1)), and problem dataA, B, Xo, and t;. Local analysis
tells us that when the optimal point is unique, this problem las a sharp minimum.

We now consider a specic problem instance witm = 8, m = 2, t = 20, and all
coe cients in the problem data drawn from a unit normal distribution. We then scale A
so that its spectral radius is 105, i.e., the system is slightly unstable. For this problem
instance, the optimal pointu? is unique, and the optimal cost isp’ = 0:54. Thus, for this
example too, the problem has a sharp minimum. We take= 0:050’, i.e., we look at the set
of 5%-suboptimal input trajectories. To avoid confusion, @ will denote the -suboptimal
set asU, since the variable here isl.

Figure 7 shows the optimal input trajectoryu’, and the bounding box forU. We see
immediately that U is large; for most values ot, u;(t) can vary over a relatively large
interval (and certainly far larger than 5%). Indeed, the upgr bounds are all positive, while
the lower bounds are negative. This means that we can specthe sign of any particular
variable u;(t), and still nd a 5% suboptimal input trajectory.

Using the 80 boundary points obtained from the bounding boxomnputation and 920
additional ones computed from randomly chosen directiong”, we estimate (lower bound)
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the maximum deviation fromu? over U as 106 in *;-norm, almost twice the value ofku®k;.
This is quite surprising, since the triangle inequality tdk us that any point in u 2 U must
satisfy

ku u’ky k uky+ ku’ky p’(2+ );

which means thatku u’k; cannot be more than 25ku’k;. Again we see that there are
5%-suboptimal input trajectories that are very di erent from the optimal input trajectory.

Using the same 1000 points, we estimate the diameter df as 113 in ";-norm.

We also compute the ellipsoidsm, (on the 32-dimensional a ne set de ned by (7)). On
this lower dimensional space the ellipsoid extends di erémmounts in di erent directions.
The sum of its largest 3 semi-axis lengths is larger than thems of the remaining semi-axis
lengths. The distance between’ and u, the center ofEemp, is 0:1975 in",-norm (0:5074 in
“1-norm).

Our conclusion thatU is large can be used in several ways. It suggests that, by guiteg
a small increase in fuel usage, we might see a substantial royement in some secondary
objective. For example, we can pick, fron , an input trajectory that is maximally smooth.

4.4 Portfolio optimization

We consider a simple portfolio allocation problem witm assets held over a period of time.
We let x; denote the fraction that we invest in asset. We do not allow short positions, so
the portfolio allocation x must satisfyx 0, 17x = 1.

The vector of asset (percentage) returns is the random vakke r 2 R", with known
mean = Er and covariance = E(r )(r )T. The overall return on the portfolio is
the scalar random variabler " x, which has mean Tx and standard deviation &7 x).

The goal is to nd a portfolio allocation x that minimizes the portfolio return stan-
dard deviation (i.e., risk), subject to a minimum expected returnr,j,, and the allocation
constraints. This is the convex optimization problem

minimize (x" x)%?
subjectto "X rmin;
x 0 1'x=1;

with variable x and problem data , , and r.,,. For more on the portfolio optimization
problem, seeg.qg, [11], [6,x4.4].
We consider the case wherneis described by a single-factor modele.,ri = i+ jw+v;,

the residual risks. We takew and v;'s to be independent Gaussian zero-mean random
variables, with respective standard deviations,, and ;. We can think of , as the market-
related standard deviation and ; as the rm-speci c standard deviation. Under this model,
the return covariance matrix is

= 2 T+dag( %:::; 2);
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We now consider a particular problem instance witm = 10 assets. We take market
standard deviation ., = 20; ; are chosen uniformly on [(B;1] fori =2;:::;n, and ; are

1 =0, 1=0). The mean returns of the assets are given by

¢ +0:4(E( W+ v)H)?

_ . 2 2 2 1=2
= x+04 5+ ;

where =5 is the risk-free return. (Here, ., i, and ; are all expressed in percentage
points, and the constant ™ is the reward-to-risk ratio.) The 10 assets have risk (staard
deviation) ranging from O (for the risk-free assen) to 22:9, and mean returns ranging from
5 (the risk-free return) to 1415. We re-order the assets by increasing risk (and return). &V
take the required minimum expected return to be ., = 10.

The optimal portfolio, which uses only 6 of the 10 assets, aelwes the minimal risk
(standard deviation) p’ = 7:84. We will examineX for = 0:02p° = 0:16, i.e., we look
at the set of portfolios that result in standard deviation that is no more than 8,i.e., 1:02
times the optimal standard deviation. Figure 8 shows the ophal asset allocation, and the
bounding box of X . We see that the set of suboptimal portfolio allocations isafge; there
seems to be considerable variation among the suboptimal piotio allocations. One exception
is the allocation in the risk-free asset, which only variesdtween 368% and 408% over all
suboptimal asset allocations. But allocations of some othassets exhibit large deviations
around the optimal allocation: for example, the allocatiorof asset 7 varies between 0 and
16:3% over the suboptimal portfolios.

Using the boundary points from the bounding box computatios and 1000 additional
ones computed from randomly chosen directiong”, we estimate the maximum deviation
(in Euclidean norm) from x” as 1028, around 22% of the (Euclidean) norm of’, which is
0:47. We also estimate the (Euclidean) diameter of the suboptial set to be 0203, around
43% ofkx’Ks.

We also compute the ellipsoid€.n, and E; (in the 9-dimensional a ne set de ned by
1"x =1). On this lower dimensional space, the ellipsoids extenaughly the same amount
in 8 directions and are quite at in the remaining direction. Furthermore, the (Euclidean)
distance betweerx” andx is 0:0056,i.e., 1:2% ofkx’k», and the (Euclidean) distance between
x? and the center off; is 0:0139,i.e., around 3% ofkx’k,. This strongly indicates that X
is well centered aroundk®.

Our observation that the set of suboptimal asset allocatianis large (at least in one
direction) suggests that we may be able to substantially impve a secondary objective,
such as the trading costs incurred, given a starting allocan, while increasing the risk only
slightly.

4.5 Constrained maximum likelihood estimation

Our last example is a constrained maximum likelihood estinian problem. We wish to
estimate a vectorx 2 R", which is known to satisfym linear inequalitesFx g, where
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Figure 8: Optimal portfolio allocation (shown as stars) and bounding box
(shown as vertical intervals) for the 0:02p’-suboptimal set.

F2R™ "andg?2 R™. We are given a noise-corrupted linear measurement xf given by
y = Ax + v, where AP " andv 2 RP is a zero-mean Gaussian random vector, with (positive
de nite) covariance .

The likelihood function is

L(x)=(2 )"jdet() | Pexp (1=2)(y Ax)T y Ax):
The log-likelihood function is
I(x) =log(L(x)) = (1=2k Py Ax)k;+ c;

wherec = (n=2)log(2 ) (1=2)logjdet() j does not depend orx. The maximum like-
lihood estimate x,, is found by maximizing the likelihood function (or, equivagntly, the
log-likelihood function) subject to the linear inequalityconstraints. Thus, X, is the solution
of the QP

maximize  (1=2)k ¥(y Ax)k3

subjectto Fx g;

with variable x 2 R", and problem data ( ?y), ( *2A), F, andg. The -suboptimal set
X is the set of parameter values with log-likelihood within of the maximum log-likelihood
value. These correspond to parameter values that are almass plausible as the maximum
likelihood parameterx,,, given the observation.

We can give a more speci ¢ interpretation ofX in terms of a hypothesis test. Let us x
a particular z 2 R". Given the observationy, which is generated either ay = Ax, + v, or
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asy = Az + v, we are to guess which of the two distributions generategl Thus we have
two hypotheses:y came from the maximum likelihood distribution, or from the dstribution

de ned by z. We have two associated error probabilitiespy,, which is the probability that

we guessXn, under the distribution associated withz; ps, which is the probability that

we guess, under the distribution associated withxy,,. The estimator that minimizes the
weighted cost

WipPrp + Wi Prns

wherews, and wy, are positive weights, is a likelihood ratio threshold testit has the form
guessz whenz 2 X ;

where = maxfO0; log(wWip=Wn)g. (If wg, Wp, We always guessy,.) This estimator
equalizes the weighted cost terms.e., we have

pfp:p‘n = an:V\/fp = e

For example with =0:1, X is the set of parameter values that would be chosen ovey, in
a hypothesis test in which we weight false positives (choosix,) a fraction %! times more
than false negatives (choosing).

We now turn to a more speci ¢ case: estimating a nondecreagirsignal given a noise-
corrupted moving average. Our goal is to estimate a scalamgsal x(t), for t = 1;2;:::;n,
which is known to be nondecreasingi.e., x(1) x(2) Sl x(n). We are given a
noise-corrupted moving sum ok, given by

maxfk 1t 1g
y(t) = x(t )+ v(); t=1;:::;n
=0

wherev(t) are independentN (0O; 1) random variables, andk is the width of the moving-sum
window. We can write this asy = Ax + v, wherex, y andv 2 R" and A 2 R" " is the
lower triangular Toeplitz matrix given by

10 j i k 1

Ai = o otherwise.

The monotonicity constraints onx can be expressed as a set of linear inequalities, written

in matrix form as Fx 0, whereF is the backward di erence matrix
2 3

1
D=§ Lo zsz”W

1 1

(Zero elements are not shown.)
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Figure 9: Maximum likelihood estimate (shown in blue) and bounding b,
shown as lower (in red) and upper (in green) bounds.

We now consider a particular problem instance, witlm = 25, k = 4, and y as one sample
from the distribution Ax+ v, where the (true) signalx is a randomly generated nondecreasing
vector in R". The maximum log-likelihood is found to bep’ = 329. We take =0:1.

Figure 9 shows the bounding box around , as well as the maximum likelihood signat,,,.
We see that for eaclx;, u; |; is around 3, except at the right end, where fewer measurement
of the variables are available. Any value in the intervall{; u;] can be defended as a plausible
value forx;, since anx with this value would be chosen in a hypothesis test againgt,, with
relative weight €% = 1:052 of false positives.

Using the 60 boundary points from the bounding box computatins and 940 additional
ones computed from randomly chosen directiong”, we nd that the maximum deviation
(in Euclidean norm) from x? is 44450, around 8% of the (Euclidean) norm ok?, which
is 555051. We also estimate the (Euclidean) diameter of the subtpal set to be 7:1780,
around 13% ofkx’k,. This indicates that X is relatively small.

We also compute the ellipsoid€=,, and E; and discover that they extend dierent
amounts in di erent directions. For both ellipsoids, the sun of the largest 8 semi-axis lengths
is larger than the sum of the remaining semi-axis lengths. HRhermore, the (Euclidean)
distance betweerx” and x is 1:2684,i.e., around 2% ofkx’k,, and the (Euclidean) distance
betweenx? and the center off; is 1:0116,i.e., around 1:8% ofkx’k,. This strongly suggests
that X is well centered aroundx”.
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5 Conclusions

For an unconstrained problem with smooth objective, the suiptimal set is easily charac-
terized: For small enough , it is approximately ellipsoidal, centered at the optimal wint,
with shape determined by the Hessian evaluated at the optirh@oint. In other cases, how-
ever, the suboptimal set can be, and often is, very di erentThe examples above show that
the suboptimal set can be much larger than one might expect:lldwing just a few percent
suboptimality can allow individual components of the variale to vary considerably, or even
change sign. This is observed even in problems with a sharprmmum, for which local anal-
ysis suggests that the suboptimal set is small. Of course tlogposite can also occur: The
suboptimal set can be small, even when local analysis suggebat it should be large. Our
examples show that carrying out at least some analysis or dgpation of the suboptimal set,
for example, computing its bounding box, can be quite inforative in a practical setting.

The general idea of characterizing a convex set via its suppdunction, as well as the
various approximations we have described, are well knownt i an elementary exercise
to compute the bounding box of the -suboptimal set. But we have not seen these ideas
described, or suggested, in the context of suboptimal setaration.

Acknowledgments

We thank Andrea Montanari and Thomas Cover for their helpfubliscussions of the maximum
likelihood example, and Yonina Eldar for suggesting the mimax estimation example, as
well as general suggestions.

References

[1] A. Ben-Tal and A. Nemirovski. Lectures on modern convex optimization: Analysis,
algorithms, and engineering applicationsMPS-SIAM Series on Optimization, 2001.

[2] D. Bertsekas, A. Nedc, and A. Ozdaglar.Convex Analysis and Optimization Athena
Scienti ¢, Belmont, Massachusetts, 2003.

[3] J. Bonnans and A. Shapiro.Perturbation analysis of optimization problemsSpringer,
2000.

[4] J. Borwein and A. Lewis. Convex Analysis And Nonlinear Optimization: Theory And
Examples Springer, 2000.

[5] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan.Linear Matrix Inequalities in
Systems and Control Theory SIAM books, Philadelphia, 1994.

[6] S.Boyd and L. VandenbergheConvex Optimization Cambridge University Press, 2004.

19



[7] Y. Eldar, A. Beck, and M. Teboulle. A minimax chebyshev ¢snator for bounded error
estimation. CCIT Report, 617, 2007. EE Department, Technion.

[8] N. Fisher, P. Hall, B. Turlach, and G. Watson. On the estimtion of a convex set from
noisy data on its support function. American Statistical Association 92:84{91, 1997.

[9] M. Gmetschel, L. Lovasz, and A. Schrijver. Geometric Algorithms and Combinatorial
Optimization. Springer, 1988.

[10] R. Lucchetti. Convexity and Well-Posed ProblemsSpringer-Verlag, 2006.
[11] H. Markovitz. Portfolio selection. The Journal of Finance 7(1):77{91, 1952.

[12] Y. Nesterov.Introductory Lectures on Convex Optimization: A Basic Cowe Springer,
2003.

[13] B. Polyak. Introduction to Optimization. Optimization Software, Inc., Publications
Division, 1987.

[14] J. Prince and A. Willsky. Reconstructing convex sets dm support line measurements.
IEEE Transactions on Pattern Analysis and Machine Intellignce 12(4):377{389, 1990.

[15] R. Rockafellar.Convex Analysis Princeton University Press, 1970.

[16] B. W. Silverman and D. M. Titterington. Minimum covering ellipses. SIAM Journal
on Scienti ¢ and Statistical Computing 1(4):401{409, 1980.

[17] S. Skiena. Probing convex polygons with half-plane3ournal of Algorithms, 12(3):359{
374, 1991.

[18] P. Sun and R. Freund. Computation of minimum-volume caring ellipsoids.Operations
Research 52(5):690{706, 2004.

[19] S. Wright. Primal-Dual Interior-Point Methods. SIAM Publications, 1997.

[20] E. Yildirim and S. Wright. Warm-start strategies in interior-point methods for linear
programming. SIAM Journal on Optimization, 12(3):782{810, 2002.

20



