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Abstract

The secondsmallest eigervalue of the Laplacian matrix L of a graph is called its algebraic
connectivity. We describe a method for obtaining an upper bound on the algebraic connectivity
of a family of graphs G. Our method is to maximize the secondsmallest eigervalue over the
convex hull of the Laplacians of graphs in G, which is a corvex optimization problem. By
observingthat it su ces to optimize over the subsetof matrices invariant under the symmetry
group of G, we can solve the optimization problem analytically for families of graphswith large
enoughsymmetry groups. The samemethod can alsobe usedto obtain upper bounds for other
concave functions, and lower bounds for convex functions of L (such asthe spectral radius).

1 Intro duction

Let G = (V;E) be an undirected graph with n nodes and m edges,and no multiple edgesor
self-loops. The Laplacian L(G) of G is the (symmetric) matrix

8 - -
2 di i=]

LG)j =, 1 (5])2E; i6]
-0 (i) Z2E;

where d; is the degreeof node i. The Laplacian L(G) satis es
L(G) = L(G)T; L(G) 0, L(G)1=0; L(G)j 2f0; 1gfori 6 j; D

where denotesmatrix inequality, and 1 is the vector of all ones. In other words, the Laplacian
is symmetric positive semide nite, ead row sumsto zero, and its o -diagonal elemeris are either
zero or minus one. Conversely if L isany n n matrix that satis es these conditions, then it is
the Laplacian of somegraph on n nodes. We will denotethe set of all Laplacianson n nodesasL:

L=fL2R" "jL=L";L 0, L1=0;Lj2f0; 1gfori6 jg
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We denotethe eigervaluesof a LaplacianL(G) as 1= 0 2 n. The second-smallest
eigernvalue of L(G), », is called the algebaic connectivity of G, and is positive if and only if the
graph is connected(see,e.g. [Fie73]). The largest eigervalue | is the spectral radius.

Let G be a set of graphson n nodes,and let L(G) = fL(G) j G 2 &g be the assaiated set of
Laplacian matrices. We are interestedin nding an upper bound on the algebraic connectivity of
the graphsin G. In principle, we can compute the maximum algebraic connectivity,

?=maxf 2(L)jL 2L(Gg;

by evaluating »(L(G)) for each G 2 G. The setsof graphs we are interestedin can be extremely
large, however, sothis is not practical; we seekinstead a simple upper bound that dependson some
parametersin the description of G.

1.1 Previous Work

The Laplacian matrix and its spectrum, particularly the algebraic connectivity and the spectral
radius, have beenextensiwely studied. A survey of results and applications can be found in [Mer94]
and [Moh91]; [Moh97] discussesapplications of the Laplacian in various elds. The work of Fiedler
[Fie73] is one of the earliest addressingthe Laplacian matrix, and cortains many fundamenal
results, including upper and lower bounds on the algebraic connectivity. For example, Fiedler
shows that

AL(@) 7 )
where dmin is the minimum degreeof the nodesof G, and that
2(L(G))  Vv(G); )

where v(G) is the vertex connectivity, i.e., the minimum number of nodesthat needto be deleted
to disconnectthe graph. (Our method will reproduce all three inequalities.)

Many other upper boundson »(L) have beenfound in terms of various properties of the graph.
In [Kir01] and [Kir00], the author provides tight upper bounds for the algebraic connectivity of
a graph with a given number of cut-points. (A cut-point is a vertex whose deletion disconnects
the graph). In [FK98], the authors minimize and maximize »(L) for trees of given diameter,
and minimize (L) for generalgraphs of given girth (which is the length of the shortest cycle in
the graph). In [FKPO3], an upper bound is establishedin terms of the minimum edge density.
The recert work in [LLTO5] derivesan upper bound for the algebraic connectivity in terms of the
domination number of the graph, i.e., the cardinality of the smallestset S suc that every elemen
of V(G)nS is adjacert to a vertex of S.

The problem of obtaining lower boundsfor the algebraic connectivity and upper boundsfor the
spectral radius of the Laplacian in terms of various properties of the graph has also beenstudied;
see,for example, [JM85, LZ97, LZ98, RSR00, Mer98, Kah97].

A closely related problem, which arisesin the study of Markov chains and various iterativ e
processesconcernsthe matrices| D 1L and D 72LD 72, whereD is the diagonal matrix of
node degrees,i.e., Djj = Lji. Here the objective is to nd upper bounds on the spectral gap of
the stochastic matrix | D 1L, which is the sameas (D LD 72), in terms of various graph
properties; see,for example [Chu97, DS91, Kah97] and referencesherein.



2 Our metho d

2.1 The basic bound

Our method for nding a bound on 7 is simple. We obsene that
=maxf »(L)jL2L(Gg = supf »(L)jL 2 CoL(Qg;

where Co denotescorvex hull. This inequality follows immediately from CoL(G) L(G). We
will evaluate , exploiting the fact that it is the supremum of a concave function over a corvex
set. Thus, to evaluate requiressolving a convex optimization problem i.e., maximizing a concave
function over a corvex set. Roughly speaking, suth problemsare easyto solve (in most cases)using
numerical methods [BV04]. Here, howewver, we will considercaseswherethe problem can be solved
analytically.

To seethat », is a concave function of L on CoL (and therefore on CoL (G) for any G), we
argue as follows. Each L 2 ColL is positive semide nite, and has (L) = 0, with corresponding
eigervector 1. Thus we can express (L) as ([HJ85, x4.2])

o(L) = inffx"Lx jkxko = 1; 17x = Og:

For eah x 2 R" that satis es kxk, = 1and 1"x = 0, x"Lx is a linear (and therefore also concave)
function of L. The formula above shows that » is the in m um of a family of concave functions
in L, and is therefore also a concave function of L ([BV04, x3.2.3]). For future use, we note that
Col, the corvex hull of the set of all Laplacians on n nodes, hasthe form

CoL=fL2R" "jL=L";L 0 L1=0 1 Lj Ofori6jg; (4)

i.e., it is the set of symmetric positive semide nite matrices, with zerorow sums,and o -diagonal
elemens betweenminus one and zero.

2.2 Exploiting symmetry

The symmetry group of G can be exploited to reducethe size of the corvex optimization problem
that we must solveto evaluate our bound . The ideaof exploiting symmetry in corvex optimization
problems hasrecertly found strong interest; see[Par00, dKPS05].

Let P denotethe group of permutation matricesin R"™ ". An elemen P 2 P acts on a matrix
L asPLPT. If L is the Laplacian of a graph G, then PLP T is the Laplacian of the graph G
obtained by permuting the nodesof G by P. Let S be the symmetry group of L (G), i.e.,

S=fP2PjPLPT 2 L(Q foreah L 2 L(Q)q: (5)

The group of permutations S alsoleaves CoL (G) invariant. (In what follows, we will only usethe
fact that S is a group of permutations that leavesL (G) invariant i.e., it can be a subgroup of the
symmetry group.)

Let | denotethe subspaceof symmetric n  n matrices that are invariant under S, i.e.,

| =fM2R" "jM =MT; PMPT = M for all P 2 Sg: (6)

We claim that
~=supf »(L)jL 2 CoL(Q)\ Ig: (7)
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In other words, to maximize , over CoL (G), we can without lossof generality restrict our seard
to elemens of CoL(G) that are invariant under S. (See,e.g. [BV04, Ex.4.4].)

To show this, supposethat L? 2 CoL(G) satises »(L?) = , i.e., L? achievesthe maximum
value of , over CoL(G). (Such an L? exists because » is cortinuous and CoL (G) is compact.)
Now de ne

_ X -
L= — PLP": (8)

Clearly L 2 CoL(G). Since
2PLPPT) = o(L7) =

for any permutation matrix P, and » is a concave function, Jensen'sinequality and (8) tell us that
o(0) 2L =" 9)

It follows that L alsomaximizes , over CoL(G). Our claim (7) is established,sincel 2 | .

3 Examples

In ead of the following subsections,we carry out our method of obtaining an upper bound on the
algebraic connectivity for a speci ¢ set G of graphs. We start by identifying the symmetry group S
of G. Wethen identify | , the setof matrices invariant under S, and nally , we evaluate  using (7).

3.1 Degree distribution constrain ts

We start with a simple example where the symmetry group is the set of all permutation matrices.
We considergraphs speci ed by constraints on the degreedistribution, i.e.,

which are the degreesof the nodessorted in decreasingorder. (Thus, dj;; denotesthe rth largest
degreeof a node in the graph.)

For any family of graphs G speci ed by constraints on the degreedistribution, the symmetry
group of L(G) is P, since every permutation leaves the degreedistribution, i.e., djj;, unchanged.
The subspace of symmetric matrices invariant under P consistsof matrices with a constart value
along the main diagonal, and a constart value for the o -diagonal elemerns. Therefore, from (4),
we have

CoL\ I =fLjL=nl 117: 0 1g: (10)

We now considera speci ¢ constraint on the degreedistribution, and nd 5 for this family of
graphs. Let G be the set of graphs for which the sum of the r largest degreesdoesnot exceedD,,
ie.,

G+ dz+  +dpp Dr

Clearly we canassume0 D, r(n 1). We can expressthis constraint in terms of L as

Lll[l] + Lll[z] + + Lll[r] Dl’v (11)



me= 3,n; = 4,and n, = 5.

wherelLi;, is the jth largestdiagonalertry of L. This constraint is corvex [BV04, x3.2.3]. There-
fore, CoL(G)\ | isthe subsetof matricesin CoL \ | that satisfy (11), i.e.,

CoL(G\ I =fLjnl 117; 0 1, r(n 1) Dg (12)

The eigervalues of the matrix n | 117 are 0, and n  with multiplicit y n 1, which increase

monotonically with . Soto maximize , over CoL(G)\ | ,weset = D,=(n 1)r. This givesus
the bound b

—_ _nb, (13)

r(n 1)

A special caseof (11) isr = n, D, = 2m. Using this in (13) givesus a bound on the algebraic
connectivity of graphswith at most m edges,

- 2m
n 1’

which recovers the bound in [Fie73].

3.2 Graphs with small cuts

We considergraphsin which there existsa cut with no more than m. edges,which breaksthe graph
into two sets of nodes of sizesn; and n, (with ny + no = n). (Note that not every cut separating
the graph into setsof sizen; and n, needsto have fewer than m. edges.) We will derive a bound
for »(L(G)) in terms of nq, ny, and mc.

We can assumethat 0 m¢ nin,. Without loss of generality, we label the nodesin the

exampleis showvn in gure 1.



In terms of the assaiated Laplacian matrices, this meansthat in the 1,2 n; ny block, there
are no more than m¢ ertries that are 1. (The other ertries in the block are, of course, zero.)
Thus, matricesin L (G) are the elemers of L that satisfy

X1 X0
Lj Me: (14)

i=1 j=ng1+1

The symmetry group of L(G) (for n1 & ny) consistsof the matrices

#
P1 O

= 0 p,

(15)

where P, and P, are permutation matricesin R"* "t and R"2 "2 respectively. When ny = n, the
symmetry group is larger, consisting of matrices in (15) aswell as matrices of the form

#
0 Py

P1 O

Howewer, this larger symmetry group leadsto the samebound as that obtained by setting n, =
n, = n=2in (19), sowe do not discussthe casen; = n, separately
The setl of matrices that are invariant under S consistsof matrices of the form

| a11’ b11T

M = b11" | c11T

(16)

where the vectors of onesare of the appropriate sizes. For a matrix of this form to belongto L, it
must have zerorow sum, i.e.,

= anq + bny; = bny + cny:

Sincethe o -diagonal entries must lie between0 and 1, we have 0 a;b;c 1. Therefore, from
(14), we have

CoL(GQ\ I =fMjO ajb;c 1; =ang+ bn;, = bn+ cny; bnin, meg; a7)

where M hasthe structure in (16).
The eigervaluesof a matrix in (17) are shown in the appendix to be

0 (with multiplicit y one),
ani + bny with multiplicit y n; 1,
bn; + cny, with mulitplicity n, 1,
b(n1 + ny) (with multiplicit y one).
Therefore, to maximize the secondsmallest eigervalue over CoL \ |, we must solve the problem

maximize minfan, + bny;bny + cny;b(ny + ny)g

subjectto 0 a 1, 0 ¢ 1, O b me=nny; (18)



with variablesa, b, and c. The objective is nondecreasingn a, b, and ¢, sothe choicesa= 1,c= 1,
and b= m¢=n;n, give the optimal value, which is
—_ Me(N1+n2) _ men
- ning ©onng’
This recovers the bound in [FKP03] and [MP93],

(19)

VIEx]
AL e

where Ex is the number of edgesbetweena subsetof nodesX and its complemen X ©. The work
in [FKP0O3] addresseghe problem of which graphs satisfy this bound with equality.

We alsonote that Fiedler's bound (2) followsfrom (19). To seethis, chooseany node of minimum
degree,and considerthe cut consisting of its adjacert edges. This cut has size m¢ = dmin, and
disconnectsthe graph into two sets of nodes, with sizesn; = 1andn, = n 1. The bound (19)
then reducesto Fiedler's bound (2).

3.3 Graphs with non-adjacen t subsets

Our next example concernsgraphs with no more than m edges,with g non-adjacen, disjoint

betweenthem.) We denotethe remainingt = n pgnodesasT:
T=11:::;ngn(Sy| [ Sq):

We will derive a bound on »(L(G)) in terms of m, p, g and t.
Without lossof generality, we can assumethat

Si=fL:5pg, So=fp+ 1;:::;2p0; i Sqg=f(g p+ L:ii;pag; T =fpg+ 1::i:;ng:

We let G consist of graphs with this form, with no more than m edges. An exampleis shown in
gure 2.
For this G, matrices in L(G) have the block arrow form

2 3
Ly R:
L = E : %; (20)
Lg Rq
R] Rl Lgu

whereLi 2 RP P, i=1;:::q, L1 2 R' ,and R; 2 RP !, and

X X
Lj = Li 2m:
i6] i=1
(Blocks not shown are zero.)

The setL (G) is invariant under a permutation of nodeswithin ead subsetSy;:::;Sqand T, as
well as permutations of the g subsetsSy;:::; Sq amongstthemselves. That is, the symmetry group
of L(G) consistsof the matrices " #

P = > ;

Py



1112

Figure 2: A graph with n = 16 nodes,m = 17 edges,and g = 3 non-adjacen subsets,Sy,
S,, and S3, ead containing p = 4 nodes. The setT consistsof the remaining nodes: 13, 14,
15and 16.

where Py is a permutation matrix in R' !, and
2 1 3
Po

P=(y 10§ . L @)
k
Pp
where Py and Pri) are permutation matrices in R 9 and RP P respectively, and |, is the identity

matrix in RP P, (The symbol denotesKronecker product.)

A matrix that is invariant under any permutation in S is of the form

#
I -y b1’ .
M= o1 L T~ AL (22)
where the vectors of onesare of the appropriate sizes.
From (20) and (22), we seethat matricesin CoL(G)\ | are of the form
I a11’ b11T
M = ' : 23
I a11’ b11T (@3)
b11T b11T | c117
where
= ap+ bt; =pgpo+ct; O ab;c 1, gp(p Da+t(t 1)c+ 2pgb 2m:

The eigervaluesof M are shawvn in the appendix to be



0, with multiplicit y 1,
ap+ bt, with multiplicit y q(p 1),
pob+ tc, with multiplicit y t 1,
bt, with multiplicity q 1,
b(t + gp) with multiplicit y 1.
Sincea and c are nonnegative, the secondsmallest eigervalue of M is
2 = minftb; pgo+ tcg:
To nd the bound , we must solve the problem

maximize minftb;pgo+ tcg

subjectto 0 a;b;c 1, gp(p Dla+ t(t 1c+ 2pagb 2m; (24)

with variablesa, b, and c. This is small linear program that we can solve analytically. We start
by noting that the objective does not depend on a, and is nondecreasingin b and c. The second
inequality is increasingin a, b, and c, soit follows that we shouldtakea = 0. To nd the optimal
valuesfor the two remaining variables b and ¢, we considertwo cases:pq t, and pg< t.

Supposethat pg t. Then the objective in (24) is bt, sothe problem reducesto maximizing b.
The optimal value of c is zero, which allows b to be as large as possible,i.e., b = minf m=pq; 1g.
This vyields the optimal value

~ = minft; m=(pg)g:

Now considerthe casewhen pg< t. In this casethe two terms in the objective are equal at the

optimal point, i.e., tb = pgb+ tc. Using this in the constraint
t(t 1)c+ 2pgb 2m;

we get
2m

(t 1)t pag+ 2pat

b= min 1;

This givesus
_ 2mt

=M CETIE pa 2o

In summary, we have the following:

— . 2mt
" YD pas+ 2pd (29)
where(t pQg)+ denotesthe positive part oft pg, i.e., maxft pg;0g. This is our nal bound for
graphs with g nonadjacer subsets,ead with p nodes,and no more than m edges.

We can connect our bound to the simple one (3) basedon vertex connectivity. The vertex
connectivity of any graph in G is lessthan or equal to t, since deleting the nodesin T will surely
disconnectthe graph. Thus the simple bound givesus »(L(G)) v(G) t. If in our bound we
ignore the constraint on the total number of edges(or just setthe number of edgesto its largest
possiblevalue, m = n(n 1)=2), we also obtain

2(L(G)) =t




S 15 16 o111 12

Figure 3: A graph with n = 16 nodes, m = 19 edges,and a ring structure with q = 4

3.4 Graphs with ring structure

We considergraphswith no more than m edgeswith the following block ring structure. The nodes

there are edgesbetweensetsS; and S; only if ji jj lorji jj=q 1. In other words,S; can
be adjacert only to Sq and S,, S; canbe adjacert only to S; and Sz, and soon; Sy can be adjacernt
only to Sq 1 and S;. We will derive a bound on »(L(G)) in terms of m, p and g.

Without lossof generality, we can assumethat

Our set G will be graphswith this structure, with no more than m edgesin total. An exampleis
shown in gure 3.

Note that if g < 4, then this requiremert doesnot imposeany structure on the graph, sinceall
of the q subsetsare adjacert to ead other. Therefore, we will assumefor the remainder of this
sectionthat q 4.

For this G, L(G) is the subsetof matrices in (1) that have the form

2 3
R%l R Riq
Rio R22 Ros
= 12 ) % X (26)
Riq Rgg 1 Reg
whereR;; 2 RP P, and
X

Lii 2m:

i=1
(The sparsity structure of L could be called block tridiagonal circulant.)
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well as to cyclic rotations of the sets, and reversal of the ordering of the subsets. That is, the
symmetry group of L (G) consistsof the permutation matrices
2 51
P=( 18 .. §;
pd

where P! 2 RP P are permutation matrices, and P 2 RY 9 is a cyclic permutation or reversal.
That is, P is a block cyclic permutation matrix, with every block a permutation matrix in RP P,

The set of symmetric matrices invariant under S haselemerns of the form | , C 11T, where
C 2 RY 9is a symmetric circulant matrix. Therefore, the set of matricesin CoL(G)\ | hasthe
form

M=1, C 11T; (27)
where C is the circulant matrix 2
ab b
b a b
b b a

and
=p(a+ 2b); n(p La+ 2npb 2m:

The eigervaluesof C are (see,for example, [Gra71])
j = a+2bcoq2 j=q); j=1::;Q
Sothe eigervaluesof C  117=n are 0 repeatedn ¢ times, and p i»J = 1,:::;0. Therefore, the
eigervaluesof M are
ap+ 2bp with multiplicity n g, and
2bpl coq2 j=0), with multiplicity 1, forj = 1;:::;q:

Forj = 9,1 cos(2j=0 = 0. The secondsmallestvalue of 2pk(1 coq2 j=0)) is obtained for
j=1(rj=q 1). Therefore,

» = min(ap+ 2bp;2bp(1  cos(2 =q)):

Forq 4,co92 =g O, andtherefore , = 2bpl cos(2 =q), which doesnot depend on a,
and is increasingin b. Therefore, to maximize , over CoL(G)\ |, we seta = 0, and b= m=np.
This gives us the following upper bound on the algebraic connectivity of graphs with n nodes, no
more than m edges,and a block ring structure with q 4 blocks:

T = 27”‘(1 cog2 =q): (29)

When 1 < g < 4, the samemethod still works; in this case,we obtain an upper bound on the
algebraic connectivity over the set of all graphswith no more than m edges.The bound we obtain
hereis, onceagain,

11



4 Bounds for other functions

Our method reliesonly on the fact that (L) is a concave function of L on CoL, which is invariant
under any permutation of the nodes. The same method can also be usedto obtain an upper
bound on any other concave function, or a lower bound on any corvex function, which is invariant
under node permutation. As above, we can restrict the optimization to the subspaceof symmetric
matrices invariant under the symmetry group. As examples,the samemethod can be usedto nd

the following bounds.

Spectral radius. The largesteigervalue (L) is convex function of L, soby minimizing it over
L 2 CoL(G) (which is a corvex optimization problem), we obtain a lower bound on (L)
over G.

Sum of k largestor k smallest eigenvalues.The sum of the k largest eigervaluesof L,

I 1
f(L)= n i(L);
i=0

is a convex function of L. Similarly, the sum of the smallestk eigervalues,

X
olb) = i(L);
i=2

is a concave function of L. Therefore, our method can be usedto nd a lower bound onf (L)
and an upper bound on g(L) over a family of graphs G. (For k = 1, these functions reduce
to the spectral radius and the algebraic connectivity respectively.)

Geometric mean of eigenvalues.The function
v Pi=tn 1
i=2

is concave, sowe can nd an upper bound on it. The sameupper bound can also be found
by maximizing the concave function

X
logdet(L + 117=n) =  log (L):
i=2

The product of the largest n 1 eigervalues of the Laplacian is related to the number of
spanning treesin G by the matrix-tree theorem (see,for example, [Moh91]): the number of
spanningtreesin G, (G), is given by

Y
©)=1 (L©):
i=2

Thus we can nd an upper bound on the number of spanning trees in graphs belonging to
somefamily of graphs G.

12



Total e ective resistan@. The total e ectiv e resistanceof a graph is proportional to

t=TrL+11T=n) 1
i=2

(see[GBS0Y). This is a corvex function of L, sowe can nd a lower bound on the total
resistance,over a family of graphs, using the method outlined above.

Mean-squae-variance in distributed averaging. When a graph is used as a distributed av-
eraging network, with random noisesacting on eat edge, the total variance of the error is
proportional to

2=Tr(L+11T7=n) 2 1
i=2
(see[XBKO5]). This is a convex function of L, so our method can be usedto nd a lower
bound on it.

Each of thesefunctions of L is a spectral function, i.e., a symmetric function of the eigervalues of
a symmetric matrix. A spectral function g( (L)) is closedand convex if and only if g is closedand
corvex; this can be usedto show corvexity of the functions above. For more on spectral functions,
see[BLOQ].

App endix
We want to nd the eigervaluesof the matrix
" #
_ a11’ b11T ,
L= b11T | c11T (30)
where and satisfy
= anp + bny; = bny + cny: (31)
We candiagonalize | all' as
Lo h it h i
| a11'= #&=1 U D #51 U (32)
whereD; 2 R"t "t js the diagonal matrix with ertries any, ,::;, ,andU2R™ ™ lisan
orthonormal basisfor 17 . We can similarly diagonalize | ¢117 as
h it h i
| cl1’= p=1 VoD, Pl Vo (33)
where D, has entries cny, i, ,andV 2 R" "2 lisanorthonormal basisfor 17.
We have
: #r" # # " #
PL1U 0 | a11™  b11” PRLU 0 _ Di ST |
0 =LV b11" | cl1T 0 P=1V ~ S Dy
(34)

whereS 2 R"2 ™ has Sy = bp nin,, and all other ertries zero.

13



The right-hand side matrix can be permuted to

3 3
an; bp nins bn, bp nins

2 2

E bp nin, cny z _ § bIO niNs bny z (35)
I ng 1 ’

Iﬂz 1 |n2 1

Il’lll

which haseigervalues repeatedn; 1times, repeatedn, 1times, 0, and b(ni+ ny). Since
this block-diagonal matrix is obtained from L by a seriesof similarity transformations, these are
alsothe eigervaluesof L.

Next we nd the eigervalues of

I a11’ b11T
L? = : (36)
| al1’ b11T
b11T b11T | c11T
By a similarity transform like the one above, this matrix can be transformed to the matrix
2 3
D, ST
1, (37)
E D; ST %
S S D3
where D is diagonal with ertries ani, ,:::, , D, isdiagonalwith ertries cny, Ll o,

and S2 R"2 M has Sy = bp nin,, and all other ertries zero.
This matrix can be permuted to a block diagonal matrix

2 _ 3
an b’ nin;

an; bp EL

bpm e bpm cny
I kins 1)
|n2 1
2 bn, bpm 3
- bny bpm
bpm o b niny kbny
I kiny 1)
|n2 1

The eigervalues of the top left block can be computed to be 0, bn, repeatedk 1 times, and
b(n, + kn1). Sothe eigervalues of L? (which are the sameas those of the above block diagonal
matrix) are 0, bn, repeatedk 1 times, b(n, + kni), repeatedk(ny 1) times, and repeated
n, 1times.
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