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Continuum mathematical modeling of slip weakening
in geological systems
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[1] We describe a framework for mathematical modeling of slip weakening in an initially
intact rock mass due to shear strain localization along any arbitrary slip plane. The
modeling technique considered is based on continuum mechanics and may be cast directly
into a standard nonlinear finite element algorithm for the analysis of prefailure and
postfailure responses of geological systems in a boundary value problem. The prefailure
behavior is represented by a continuum constitutive model; the postfailure behavior is
characterized by frictional yielding on a slip surface with state- and velocity-dependent
coefficient of friction. In the context of finite element analysis, slip planes are represented
by an embedded strong discontinuity introduced into an initially intact finite element to
signal the beginning of postfailure behavior. This paper focuses on the narrow time
interval of slip weakening, from the moment the strong discontinuity has been embedded

into a finite element until the relative slip has grown to a large enough value for the
coefficient of friction to reach steady state. To this end, we formulate a linear slip
weakening constitutive law in which the weakening component decays to zero at the same
time that the frictional component increases to its value at residual state.
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1. Introduction

[2] Deformation of the Earth’s crust from tectonic forces
involves both diffuse elastic and plastic strains, rigid body
translations and rotations, and localized deformations con-
centrated along narrow fault zones [Anderson, 1951; Sibson,
1986]. Movement along fault zones may occur either slowly
by creep and/or differential slippage as well as by sudden
rupture [Bolt, 1970; Scholz, 1990]. Earthquake ground
motion induced by tectonic forces is interpreted to be
caused by dynamic slip instability associated with rupture
propagation along fault zones causing a sudden drop in
shear stress [Rice, 1980]. The magnitude of the stress drop
and the amount of slip required to realize this stress drop is
quantified by the shear fracture energy and is commonly
correlated with the size of an earthquake [Rudnicki, 1980;
Wong, 1982; Sibson, 1986, 1989].

[3] Slip weakening is the process used to describe the
strength degradation within the fault zone during the initial
stage of slip instability. The concept was motivated by the
cohesive zone models for tensile fracture developed by
Barenblatt [1962], Dugdale [1960], and Bilby et al.
[1963] and extended to the shear fracture problem by Ida
[1972] and Palmer and Rice [1973]. As the Earth’s crust is
deformed the stress increases until it reaches a peak resis-
tance. For intact or relatively undamaged rocks this peak
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resistance may consist of frictional and cohesive compo-
nents along potential faults, whereas for previously faulted
rocks the peak resistance may be predominantly frictional in
nature, although the coefficient of friction may have in-
creased as a result of aging of the contact. Once the peak
resistance is reached intact rocks may fail by development
of a new fault zone, whereas previously faulted rocks may
deform by reactivation of an old fault zone or the creation of
a new one depending on the current loading direction. The
shear strength then decays to a lower level on those seg-
ments of the fault that slipped. This “residual” strength is
commonly interpreted to be purely frictional in nature with
the coefficient of friction at the residual state being gener-
ally lower than the peak value for previously faulted rocks.

[4] To better understand the process of slip weakening in
earthquake fault zones, specimens of rocks have been tested
in the laboratory and values of the shear fracture energy
have been inferred from measurements [Rummel et al.,
1978; Rice, 1980; Okubo and Dieterich, 1984; Wong,
1982, 1986]. However, the analysis of such test data is
not trivial because the stress paths are different for each type
of test. For example, in the biaxial tests performed by
Okubo and Dieterich [1984] the normal stress on the fault
zone was held constant, whereas in the triaxial test results
analyzed by Wong [1982] and Rice [1980] the normal stress
was steadily decreasing during the slip weakening. Further-
more, the coefficient of friction may be changing during the
slip-weakening process [Dieterich, 1979; Ruina, 1983],
although this latter factor may have second-order effects
compared to a variable normal stress which is first order.
Nevertheless, from a static equilibrium configuration to the
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initial activation of a fault the coefficient of friction
increases rapidly from zero to a nearly steady state value,
and so within this very narrow time interval the effect of a
variable coefficient of friction also could be first order.

[5] Construction of a slip-weakening model from com-
pression test data on initially intact rock specimens requires
transformation of postfailure data to infer the shear stress
versus shear slip responses [Wong, 1982, 1986]. A common
slip-weakening law describing the degradation of shear
stress on fault zones is provided by a linear function of
slip with the total shear stress dropping linearly from a peak
value 7° to a residual value 7* over a cumulative slip *
[lda, 1972]. During the slip nucleation process the frictional
resistance picks up but its exact variation remains unknown
until after the segment has slipped enough for the fault to be
well defined, i.e., when the slip has reached the critical
value (*. Thus, whereas the slope of the straight line can be
explicitly calculated from test results after the fact, it cannot
be supplied as a given parameter in the analysis of a general
boundary value problem because it is actually a state
variable whose value depends on the final frictional resis-
tance at residual state.

[6] This paper formulates the linear slip-weakening law
implicitly by expressing the unknown frictional resistance at
residual state in terms of its current value, plus some higher-
order contributions arising from a Taylor series expansion.
The truncated Taylor series relies on the slope of the stress
path on the normal stress—shear stress (o, 7) plane, do/dr,
which is constant in conventional triaxial compression tests
but could vary in a complicated way for a general three-
dimensional (3-D) loading condition. For the latter case we
propose an alternative simplified slip-weakening law that
captures the straight line variation only in an approximate
way but does not utilize the slope do/dr. The formulation
has the advantage in that the linear slip-weakening law can
be captured either exactly or approximately without explic-
itly prescribing the slope of the line.

[7] Experimental observations also suggest that the coef-
ficient of friction for fault zones is a function of the slip
speed and a state variable reflecting the maturity of contact
[Dieterich, 1979; Ruina, 1983]. Therefore the frictional
resistance at the residual state must also reflect this aspect
in principle. Unfortunately, incorporating velocity- and
state-dependent friction is not suitable for manual calcula-
tions because they are so involved mathematically. In the
first place, the time integration can only be done numeri-
cally in most cases because of the coupling between slip
velocity and the state variable. In the second place, the
linearization that must be done to solve the inverse problem
(i.e., given the load, find the displacement) with Newton
iteration must reflect the coupling between these two
variables. Therefore, in this paper we resort to nonlinear
finite element calculations for the solution of general
boundary value problems involving faulting.

[8] The finite element framework we propose in this
paper relies on a technique in which a “slip tensor” is
embedded into a standard finite element in order to enrich
the interpolation capability of this element to resolve the
displacement jump, or “strong discontinuity,” occurring
across it [Borja, 2000, 2002; Borja and Regueiro, 2001;
Regueiro and Borja, 2001]. The slip tensor has two attrib-
utes: a direction defining the normal to the slip plane and
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another direction defining the slip. By embedding this slip
tensor into the most critically stressed finite element we
effectively capture fault nucleation, and by propagating
this slip tensor throughout the finite element mesh we
effectively capture fault growth. An advantage of the
proposed approach is that we do not need to specify the
most critically stressed finite element at which the fault
would nucleate, nor the orientation of the fault zone: The
finite element solution is expected to identify all of these
aspects. Furthermore, the finite element solution is also
expected to track the direction of propagation of a fault.

[9] We illustrate the finite element technique with a
simple numerical example involving slip weakening com-
bined with velocity- and state-dependent friction. The
problem is analyzed quasi-statically even though rupture
propagation is inherently a dynamic process. Dynamic
rupture propagation, commonly encountered in earthquake
fault modeling, involves fast sliding velocities and slips that
are much larger than those commonly encountered in
laboratory experiments. These large slips and slip rates
could activate additional weakening mechanisms such as
flash heating, for example, resulting in a much lower
frictional resistance during dynamic sliding [Lapusta,
2005]. In such a case, the Dieterich-Ruina rate and friction
law may have to be modified to permit much stronger
weakening at high slip velocities and/or large slips, see also
Rice [2006]. This paper focuses only on slow slip velocities
and laboratory-derived state and friction laws.

2. Inelastic Continuum Modeling of Rock
Mechanical Behavior

[10] The mechanical behavior of most rock types of
interest to the earth scientist varies considerably with
temperature, confining pressure, and strain rate. In order
to limit the scope of this paper, we shall restrict the
discussion to rock materials tested in the laboratory at
constant temperature and under a range of confining pres-
sures that is currently supported by available testing equip-
ment (e.g., up to around 1000 MPa) [Paterson, 1990]. The
mechanical behavior of these materials is typically repre-
sented by a stress-strain curve that is initially linear and has
a steep slope. This stage of deformation is the elastic region
because when the stress is removed the original dimension
of the material is recovered completely. Some rocks may
suddenly fracture, or fail in brittle mode, while still deform-
ing in the elastic regime. The value of the stress at this point
is known as the brittle strength [Jaeger and Cook, 1969;
Evans et al., 1990]. If fracture creates a shear failure plane,
then the ruptured material will subsequently slip along this
plane. We denote the complete Cauchy stress tensor at the
point of fracture by the symbol o7

[11] If the rock is not brittle, then the slope of the stress-
strain curve flattens out at some point of deformation. This
stage of deformation is commonly called the inelastic (or
plastic) regime because when the load is removed a certain
portion of deformation remains. The stress-strain curve may
continue to exhibit a positive slope until eventually it
reaches a certain peak stress. Typically the peak stress is
accompanied by the appearance of a thin zone of shear
strain localization in the sample commonly called a shear
band, although this terminology has been superseded as of
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late by a more general term “deformation band” to reflect
the fact that other modes of deformation, such as dilation
and compaction, may also be present in addition to shearing
within the localized zone. We also denote the complete
Cauchy stress tensor at the point of initial appearance of a
deformation band by the same symbol oj. Hence oj
generally represents the transition stress between an intact
state to a state characterized by strain localization.

[12] For a general three-dimensional loading condition
the elastic region is assumed to be bounded by a so-called
yield surface defined by

F(oy,k) =0, (1)

where ¢;; is the symmetric Cauchy stress tensor and x is a
plastic variable describing the extent of the elastic region.
Since plastic yielding reflects a material’s constitutive
behavior, the yield surface should not depend on the
reference frame (i.e, it is frame-invariant). Hence, if the
material behaves isotropically the yield surface may be
expressed alternatively in terms of the principal stresses o,
0,, and o3 in the form

F(O’],O’z,()’g,,l{):F(O'Q,O'ho'g,,li):...:0, (2)

where it is implied that the value of the function is the same
irrespective of how one labels the principal stresses. In this
case, we say that the yield function F is isotropic with
respect to the stresses. It is also possible to use a yield
surface with some anisotropy attached to it that is induced
either by a previous loading history when a material is
subjected to reverse or cyclic loading (stress-induced
anisotropy), or by a homogenization of a representative
volume element (RVE) of a rock mass transgressed, for
example, by inherited planar defects [Leroy and Sassi,
2000; Guiton et al., 2003]. The latter may be important for
modeling rock deformations on a larger scale (say, in the
order of kilometers).

[13] For the case of an isotropic yield function we can
represent the yield surface conveniently in three-dimension-
al principal stress space. For example, Figure 1a shows the
Mohr-Coulomb yield surface, a plasticity model commonly
used to describe the inelastic behavior of geomaterials. The
yield surface is centered about the hydrostatic axis defined
by the line o; = 0, = 03. On a deviatoric plane defined by
the equation o, + 0, + 03 = constant, which runs perpen-
dicular to the hydrostatic axis, the intersection of the
yield surface is a closed, convex region, see, for example,
Figure 1b for the cross section of the Mohr-Coulomb yield
surface. On the deviatoric plane the yield surface exhibits
some form of symmetry in that it intersects all three positive
principal stress axes at the same distance from the center,
representing the yield stress in triaxial extension. Similarly,
it also intersects the negative stress axes at the same distance
representing the yield stress in triaxial compression. For
geomaterials such as rocks, the yield stress in compression
is typically greater than the yield stress in extension.
Figure 1b shows that for the Mohr-Coulomb model the
ratio between the yield stress in compression to the yield
stress in extension increases with the continuum friction
angle ¢ of the material. Smooth approximations to the
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Figure 1. (a) Representation of Mohr-Coulomb (MC)
yield surface in principal stress space; (b) cross sections on
deviatoric plane of MC yield surfaces for different friction
angles; (c) a smooth approximation of the MC yield surface.

Mohr-Coulomb yield surface, such as the one proposed by
Matsuoka and Nakai [1974] and shown in Figure lc, may
also be used. For high-porosity rocks yield surfaces are often
enriched with a compression cap to better describe plastic
yielding in compression as well as the initiation of so-called
compaction bands [Borja and Aydin, 2004; Borja, 2004;
Aydin et al., 2006].

[14] The onset of a shear band in an intact rock signifies
the end of a homogeneous deformation response. Viewed as
a material instability, shear bands had been investigated in
the past based on the works of Hadamard [1903], Hill
[1958], Thomas [1961], and Mandel [1966] within the
context of acceleration waves in solids. For geological
materials, Rudnicki and Rice [1975] presented a condition
for the onset of a shear band, embodied by the classical
equation

det(A) =0, Ay = nfc;i,nl, (3)
where ¢}, is the rank four elastoplastic constitutive operator
and n; and »; define components of the unit normal vector n
to the band. The rank two tensor A is known in the literature
as the acoustic tensor, and the determinant of this tensor as
the localization function.

[15] The localization function is assumed to be initially
positive for any orientation n. As the material deforms and
its stiffness degrades, the value of the localization function
decreases. At a certain point in the loading history where the
localization function crosses the value zero, bifurcation into
a shear band occurs, and the orientation of the emerging
shear band is described by the vector n. Because the
material is yielding at this particular point of deformation,
the stress point is instantaneously on the yield surface, and
so we have

F<UZ., fc“) =0, (4)
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