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SUMMARY

Geomaterials such as soils and rocks are inherently anisotropic and sensitive to temperature changes caused
by various internal and external processes. They are also susceptible to strain localization in the form of shear
bands when subjected to critical loads. We present a thermoplastic framework for modeling coupled ther-
momechanical response and for predicting the inception of a shear band in a transversely isotropic material
using the general framework of critical state plasticity and the specific framework of an anisotropic modified
Cam–Clay model. The formulation incorporates anisotropy in both elastic and plastic responses under the
assumption of infinitesimal deformation. The model is first calibrated using experimental data from triaxial
tests to demonstrate its capability in capturing anisotropy in the mechanical response. Subsequently, stress-
point simulations of strain localization are carried out under two different conditions, namely, isothermal
localization and adiabatic localization. The adiabatic formulation investigates the effect of temperature on
localization via thermomechanical coupling. Numerical simulations are presented to demonstrate the impor-
tant role of anisotropy, hardening, and thermal softening on strain localization inception and orientation.
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1. INTRODUCTION

Geomaterials such as soils and rocks are inherently anisotropic, sensitive to changes in temperature,
and prone to strain localization. A common form of localized deformation is a deformation band, a
tabular zone of intense deformation that includes shear bands, dilation bands, compaction bands,
and mixed-mode bands [1, 2]. Strain localization is generally considered as a manifestation of mate-
rial instability and has been linked traditionally to failure of materials. There has been significant
progress in the development of localization theory in the context of shear bands [3–10]; how-
ever, a majority of the literature has focused on isothermal localization on isotropic materials. Work
involving non-isothermal shear band localization on anisotropic materials remains scarce.

Geomaterials are sensitive to temperature changes that could be significant in many engineer-
ing applications. For example, temperature changes could impact caprock integrity in the thermal
stimulation of heavy oil reservoirs [11] or during injection of supercritical CO2 during geologic
carbon sequestration [12, 13]. They could also impact activities such as radioactive waste disposal,
wellbore drilling, and geothermal and heat storage applications [14–17]. Laboratory investigations
reveal that temperature changes influence the mechanical behavior of Tournemire shales [18], clay-
rich shales [19], and clayey soils [20]. Various thermoplasticity models have thus been developed
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for geomaterials [21–26]. Many of these models focus on the mechanical behavior of shales and/or
clays and are based on isotropic critical state plasticity [24, 27–31]. Theoretical developments of
coupled thermoplasticity have been reported in [32, 33]; numerical implementations have been
reported in [33, 34]; and uniqueness of solution has been reported in [30, 35–37].

Thermal effects manifest themselves in different forms. They could lead to thermal softening,
changes in fluid pressure, volume changes, and changes in the material properties. The latter could
lead to increased plastic deformation and early onset of material instability. Temperature changes
could stem from external heat sources, or they could result from dissipation of energy during high-
rate deformation. When thermal conductivity of the material is low and/or when the strain rate is
sufficiently high, the heat produced stays local and may lead to softening and, eventually, strain
localization. This is generally studied as adiabatic localization in the literature and has been observed
in metals, granular materials, ceramics, and polymers [38].

Thermal effects on strain localization were first studied in metals, where significant heat has been
observed to be produced within shear bands deforming at high strain rates [39, 40]. Hartley et al.
[39] showed that small increases in local temperature could enhance localized deformations and lead
to the inception of adiabatic shear bands. In geologic formations, shear zones or ductile faults occur
by plastic instability involving a softening process, which includes a local increase in temperature
caused by shear deformation [41–43]. In tectonics, rapid slip of a rock layer during an earthquake
could inhibit fluid flow, as well as prevent the transfer of heat generated from frictional work [44].

Early studies of adiabatic shear bands were restricted to one-dimensional simple shear problems
[45–49]. Subsequently, a number of researchers formulated the problem of adiabatic shear bands
in a more general setting [50–55]. Duszek and Perzyna [51] presented coupled thermomechanical
formulations (using J2 flow theory) and derived criteria for the inception of adiabatic shear bands
in the finite deformation range based on the standard bifurcation theory [7, 8]. They concluded
that thermal plastic softening causes the material to become more susceptible to instability in the
sense that small increases in temperature during an adiabatic process enhance strain localization.
They also showed that, in the context of associative plasticity, strain localization occurs even if the
adiabatic critical plastic modulus is positive, whereas it must be negative for isothermal localization.
Subsequently, they extended their work to incorporate the effect of damage [52], as well as strain-
induced anisotropy and plastic spin [53].

Following the approach in [51], Perzyna [54] introduced a viscoplastic regularization procedure
of thermoplastic flow in damaged solids. Runesson et al. [55] introduced a regularized strong dis-
continuity approach in which they first derived an expression for adiabatic thermoplastic tangent
stiffness for J2 plasticity, and then developed closed-form expressions for the critical orientation of
the band as well as the critical hardening modulus at plane stress to demonstrate the effect of thermal
softening and thermal expansion coefficient. Benallal and Bigoni [50] included thermal effects and
thermomechanical coupling into the classical bifurcation analysis [7, 8]. Their formulation assumes
that strain, heat flux, and temperature are continuous functions of space, but jumps are allowed in
their time derivatives on the localization band.

A number of researchers have studied strain localization within the framework of the finite ele-
ment method [56–60]. Among them, Ngo et al. [59] presented a thermoplastic model for localized
failure and the Embedded Discontinuity-Finite Element Method (ED-FEM). In a two-part paper,
Armero and Park [56, 57] studied strain localization in one-dimensional shear model under ther-
mally coupled dynamic conditions and discussed the ill-posedness of the problem with regard to the
finite element implementation.

In addition to thermal effects, anisotropy plays an important role in the mechanical behavior of
geomaterials, as evidenced by laboratory observations on different soils/rocks including Tournemire
shale [18], Woodford shale [61], clay-rich shales [19], sedimentary rocks [62], schists [63], and
granite rocks [64]. In particular, sedimentary rocks such as shale, sandstone, and claystone demon-
strate strong transversely isotropic behavior because of the existence of distinct bedding planes.
The majority of plasticity models developed for anisotropic materials are based on extension of
isotropic material models. Development of mathematical plasticity models based on an anisotropic
yield criterion goes back to the work by Hill [65, 66], who generalized the von Mises yield crite-
rion for orthotropic ductile materials (e.g., metals) by introducing six material parameters that scale
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the second-order stress terms appearing in von Mises yield criterion. Subsequently, Hill’s model
was enhanced by several other researchers [67–69]. Hoffman [68] extended Hill’s model by adding
three linear stress terms to account for Bauschinger effect, resulting in a model with nine material
parameters. Tsai and Wu [70] proposed a more general form of the yield surface represented by the
summation of linear and second-order stress terms.

There are three general continuum-based approaches for incorporating anisotropy into the elasto-
plastic behavior of geomaterials. The first approach follows the lines of Hill [65] and Hoffman
[68] as described in the previous paragraph, which have been used in [71, 72] for obtaining failure
criteria appropriate for geomaterials. Among them, Pariseau [71] extended the anisotropic failure
criterion proposed by Hill [65] for cohesive frictionless materials to cohesive frictional materials
by introducing a linear term of three normal stresses in Hill’s criterion to describe the pressure
dependency.

The second approach employs the idea of a fourth-order projection tensor to incorporate
anisotropy [73–76]. Among them, Nova [76] extended the Cam–Clay model to obtain a failure crite-
rion for transversely isotropic soft sedimentary rocks in triaxial compression by using a fourth-order
tensor to rotate the equation for the yield function around the hydrostatic axis. Cazacu et al. [74]
and Cazacu and Cristescu [77] used the same idea to extend the so-called Mises–Schleicher crite-
rion for isotropic material to transversely isotropic material. Crook et al. [75] extended the modified
Cam–Clay (MCC) model by choosing the components of the fourth-order tensor to be the same as
those in the model of Hashagen and de Borst [67] using the Hoffman criterion [68] .

The third approach uses the notion of microstructural tensor to obtain failure criteria for
anisotropic materials [78–82]. Pietruszczak and Mroz [82] and Pietruszczak et al. [81] presented a
formulation that incorporates microstructure using a second-order tensor whose eigenvectors spec-
ify the orientation of the axes of material symmetry. They formulated their failure criterion in terms
of the stress state and a microstructure tensor. Chen et al. [79] extended the model developed by
Pietruszczak et al. [81] to incorporate induced damage. They coupled plastic deformations with
damage produced by microcrack growth and used triaxial test results on Tournemire shale to validate
their model.

A majority of the aforementioned formulations, however, have focused on one aspect or the
other but have not investigated the combined effects of inherent anisotropy and temperature on
strain localization. In this paper, we derive a transversely isotropic plasticity model from the well-
known MCC model under the assumption of infinitesimal deformation. We show that one can obtain
the same result employing either a fourth-order projection tensor or a second-order microstructure
tensor perspective. We also develop the coupled thermoplastic constitutive equations and obtain
isothermal as well as adiabatic relations for the proposed anisotropic model. Subsequently, we
calibrate the model using experimental data on Tournemire shale from Niandou et al. [83] to demon-
strate its capability in capturing anisotropic mechanical responses. Finally, we conduct stress-point
simulations under plane strain conditions to investigate strain localization under (i) isothermal con-
dition and (ii) adiabatic condition. We note that adiabatic localization allows for jumps in the
temperature field in addition to jumps in the velocity field typically encountered in isothermal
localization [84]. Numerical simulations are presented to demonstrate the influence of anisotropy,
hardening, and thermal softening on strain localization.

2. MOTIVATIONS FROM THERMODYNAMICS

We recall the first law of thermodynamics (balance of energy),

Pe D � W � � div.q/C rt ; (1)

and the second law (Clasius–Duhem inequality),

Dint D P�C div
� q
�

�
�
rt

�
� 0 ; (2)

where P� denotes a derivative with respect to time, e is internal energy per unit volume, q is the heat
flux vector,� is absolute temperature, � is the symmetric Cauchy stress tensor, � is the infinitesimal
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total strain tensor, and rt denotes a heat source. The expression for the internal energy dissipation
Dint contains an entropy term � that is related to Helmholtz free energy � as

� D e ��� : (3)

The heat flux vector q can be obtained using Duhamel–Fourier’s law for heat conduction, which
takes the form

q D �� � r� ; (4)

where � is the thermal conductivity tensor. Combining Equations (1)–(3) leads to the dissipation
inequality of the form

Dint D � W P� �
�
� P� C P�

�
�
1

�
q � r� � 0 ; (5)

and balance of energy of the form

P� C P�� C � P� C div .q/ � � W � � rt D 0 : (6)

We consider a Helmholtz free energy function for thermoelastoplastic anisotropic materials of
the form

� D O� .�; �; �/ ; (7)

where � is a vector of plastic internal state variables describing dissipation occurring during
thermoplastic flow. Using Equation (3), the dissipation inequality reduces to the form�

� �
@�

@�

�
W P�C

�
@�

@�
C �

�
P� �

@�

@�
P� �

1

�
q � r� � 0 : (8)

Standard Coleman–Noll arguments lead to the constitutive relations

� D
@�

@�
; � D �

@�

@�
; (9)

and

�
@�

@�
P� �

1

�
q � r� � 0 : (10)

Substituting the entropy rate into Equation (6) gives

�c P� D �
@2�

@�@�
W P�C

�
�
@2�

@�@�
�
@�

@�

�
P� � div.q/C rt ; (11)

in which � denotes mass density and c is heat capacity (per unit mass) defined such that

�c D ��
@2�

@�@�
: (12)

Following an approach similar to the one presented by Duszek and Perzyna [51] for large
deformation and J2 plasticity, we define a complementary energy function as

˝ D Ő .� ; �; �/ D � W � � O� .�; �; �/ ; (13)

which gives

@˝

@�
D � : (14)

Thus, the total strain rate can be obtained as

P� D
@2˝

@�@�
W P�„ ƒ‚ …

P�e

C
@2˝

@�@�
P�„ ƒ‚ …

P�t

C
@2˝

@�@�
� P�„ ƒ‚ …

P�p

D S W P� � ˛t P� C� � P� (15)
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Equation (15) shows decomposition of the total strain rate into three components, namely, an elas-
tic strain rate P�e , a thermal strain rate P�t , and a plastic strain rate P�p . The fourth-order tensor
S D @2˝=@�@� is an elastic compliance tensor, whereas ˛t D �@2˝=@�@� is a second-order
tensor containing thermal expansion coefficients. We can also obtain the rate of change of � from
Equation (9) while holding the plastic internal state vector constant, which gives

P� D
@2�

@�@�
W P�e C

@2�

@�@�
P� ; (16)

where @2�=@�@� D Ce D S�1 is the elastic stiffness tangential tensor. Appendix A defines the
components of the elastic tangent tensor for a transversely isotropic linear elastic material.

Consider a plastic potential function g D Og .� ; �;�/ that determines the direction of the plastic
strain rate through the relation

P�p D P�
@g

@�
; (17)

where P� � 0 is the plastic consistency parameter, and � represents the hardening parameter.
Comparing (15) and (17) gives

P� D P�� �1 W
@g

@�
: (18)

Upon substitution of (18) into the balance of energy Equation (11), we obtain

�c P� D �
@�

@�
W P�C�

�
@2�

@�@�
�� �1

�
W P�p �

@�

@�
�� �1 W P�p � div.q/C rt : (19)

This implies that for the thermoelastoplastic solid considered in this paper, the thermal contributions
originate from two different processes, namely, external heat source and internal mechanical work.
The main contribution to the internal mechanical work comes from plastic deformation [51]. Thus,
Equation (19) can be rewritten as

�c P� D �� W P�p � div.q/C rt ; (20)

where � is determined from the equation

�
@�

@�
D

�
@2�

@�@�
�
@�

@�

�
�� �1 : (21)

It is worth noting that very often in the literature the internal contribution to temperature rate is
determined from a similar equation of the form %� W P�p , where % is the Taylor–Quinney coefficient
[45, 47, 56–58, 85] describing the portion of plastic work converted into heat. The parameter �
defined in this paper is conceptually analogous to the Taylor–Quinney coefficient. Equation (20) is
used later in this paper to introduce thermomechanical coupling into the constitutive formulation.

3. CONSTITUTIVE THEORY

This section proposes a constitutive theory for anisotropic materials, using the notion of a ficti-
tious isotropic configuration. This is facilitated by defining a microstructure tensor and a projection
operator that maps the real Cauchy stress tensor � to an alternative stress configuration � � whose
behavior may be computed using standard isotropic models.
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3.1. Mathematical representation of anisotropy

Consider a projection operator P mapping the real Cauchy stress tensor � to an alternative stress
configuration � �,

� � D P W � (22)

where P is a fourth-order tensor possessing both major and minor symmetry. The anisotropic yield
function in the real stress configuration is assumed to be equivalent to an isotropic yield function in
the projected configuration as follows:

f .� / D fiso
�
� �
�
: (23)

This conveniently allows one to extend a standard isotropic plasticity model into the anisotropic
regime through the definition of an appropriate stress projection.

To define the projection operation, let l1, l2, and l3 be three mutually orthogonal unit vectors in
the direction of axes 1, 2, and 3, respectively, as shown in Figure 1. The material is isotropic in the
2–3 plane. For this configuration, the material symmetry group G is defined as

G D ¹Q j Q � l1 D l1º; (24)

where Q is a proper orthogonal rotation—with properties QT D Q�1 and det.Q/ D 1. That is, l1
is an eigenvector of any rotationQ 2 G preserving material symmetry. Now let

� D l1 ˝ l1 (25)

denote a second-order microstructure tensor describing the bedding orientation. This tensor
possesses the important property

Q � � �QT D � 8 Q 2 G: (26)

Using this microstructure tensor, we define the following relationship between the real and
effective stress states,

� � D c1� C c2 .� � � � �/C
c3

2
.� � �C � � � / ; (27)

where c1, c2, c3 are three material coefficients. This operation can be recast in the form (22) by
defining a fourth-order projection tensor P with components

1

2

3

Figure 1. Schematic of orthogonal basis for transversely isotropic material. Axis 1 is the axis of symmetry,
whereas axes 2 and 3 define the plane of isotropy.
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Pijkl D
c1

2

�
ıikıjl C ıilıjk

�
C
c2

2

�
	ik	jl C 	il	jk

�
C
c3

4

�
ıik	jl C ıil	jk C 	ikıjl C 	ilıjk

�
:

(28)

When the coordinate system is aligned with the bedding planes, this projection operation has a
particularly simple structure. In matrix notation,8̂̂̂̂

<̂̂
ˆ̂̂̂:


�11

�22

�33

�23

�13

�12

9>>>>>=>>>>>;
D

2666664
˛

ˇ

ˇ

ˇ

�

�

3777775

8̂̂̂̂
<̂̂
ˆ̂̂̂:


11

22

33

23

13

12

9>>>>>=>>>>>;
; (29)

where the entries of the projection matrix are ˛ D .c1 C c2 C c3/, ˇ D c1, and � D .c1 C c3=2/.
One observes that the stress components are simply scaled by a diagonal matrix whose coefficients
are chosen to preserve material symmetry requirements.

Now, consider the decomposition of the Cauchy stress tensor into volumetric and deviatoric parts,

� D p1C s; (30)

in which p D tr.� /=3 is the mean normal stress, 1 is the second-rank identity tensor, and s is the
deviatoric stress. Let q D

p
3=2ksk. The stress invariants p and q provide a convenient basis for

defining an objective yield function in the isotropic setting. In particular, the isotropic MCC yield
function takes the form

fiso .� / D
q2

M 2
C p.p � pc/ � 0 ; (31)

whereM is the slope of the critical state line and pc is the preconsolidation pressure, a state variable
controlling the size of the yield surface. Introducing the operators

D D
1

3
A D I �

1

3
1˝ 1 ; a D

1

3
1 ; (32)

where I is the fourth-rank symmetric identity tensor with components Iijkl D .ıikıjl C ıilıjk/=2,
it is easy to show (by expansion, for example) that

p D a W � (33)

and

q D

r
3

2
kD W �k D

r
1

2
k�kA ; (34)

where k � k� denotes a norm in the metric� such that k�kA D
p
� W A W � and k � k D k � kI . More

explicitly,

fiso .� / D
k�k2A
2M 2

C .a W � / .a W � � pc/ � 0 (35)

defines the yield function for an isotropic two-invariant MCC model.
Now, consider once again the projection operator P and define

A� D P W A W P ; a� D P W a : (36)
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The invariants p and q can be transformed accordingly as

p� D a� W � (37)

and

q� D

r
1

2
k�kA� : (38)

Note that p� and q� are now mixed invariants of the stress � and microstructure tensor �. The
yield function for a transversely isotropic material can now be written in terms of these modified
invariants as

f .� / D
q�2

M 2
C p�.p� � pc/ � 0 ; (39)

or, more explicitly,

f .� / D
k�k2A�

2M 2
C
�
a� W �

� �
a� W � � pc

�
� 0 : (40)

If ˛ D ˇ D � D 1, the anisotropic formulation reduces to the special case of an isotropic material.
Figure 2 shows schematics of the transversely isotropic yield function in p�-q� and p-q spaces for
different values of ˛ and ˇ. Matrix representation of Equation (40) can be written as follows, which
will be used later in this paper for greater clarity in representation of the local tangent operator.

f D
1

2M 2

�
N� T � ŒAT � � N�

�
C . NaT N� / . NaT N� � pc/ � 0 ; (41)

where N� D
�

11 
22 
33 
23 
13 
12

	T
and

ŒAT � D

26666664
2˛2 �˛ˇ �˛ˇ 0 0 0

�˛ˇ 2ˇ2 �ˇ2 0 0 0

�˛ˇ �ˇ2 2ˇ2 0 0 0

0 0 0 6ˇ2 0 0

0 0 0 0 6�2 0

0 0 0 0 0 6�2

37777775 (42)

Figure 2. Schematic representation of a transversely isotropic modified Cam–Clay model in (a) p�-q�

space; (b) p-q space for ˛ D 1 and different values of ˇ; (c) p-q space for ˇ D 1 and different values of ˛.
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and

NaT D
�
˛=3 ˇ=3 ˇ=3 0 0 0

	
: (43)

Assuming an associative flow rule, the yield function can be used to obtain the plastic flow direction
using Equation (17) and g D f . We remark that the plastic flow direction is determined by the
gradient of the plastic potential function with respect to � and not with respect to � �. In particular,

P�p D P�
@f

@�
D P�

@fiso

@� �
W
@� �

@�
D P�P W

@fiso

@� �
: (44)

An advantage of the previous representation is that one can simply replace a� with a to attribute
anisotropy to only the deviatoric component of stress. This induces an isotropic pressure dependence
into the model that may be favorable for some types of material such as pressure-sensitive rocks.
We employ this strategy in the numerical examples to follow. Note that, however, in this situation,
four material parameters appear in the deviatoric term of the yield function – that is, ˛, ˇ, � , and
M – but a non-uniqueness issue arises in their selection. In particular, note that P and M may
be simultaneously scaled by an arbitrary constant without changing the ratio q�2=M 2. Thus, an
infinite number of parameter combinations may be found that giving the same material response.
This situation is easily remedied by fixing one of the material parameters (e.g., fixing � D 1) and
only using the remaining three for fitting purposes.

While not pursued here, it may be observed that a similar approach can be used to extend the math-
ematical formulation to even more general conditions, including orthotropic materials, by including
additional terms in the definition of the projection operation P .

3.2. Thermomechanical hardening and softening

The hardening parameter that defines the growth/shrinkage of the yield surface is the preconsolida-
tion pressure pc . The evolution of pc consists of two parts, a mechanical hardening/softening due to
plastic deformation and a thermal hardening/softening. An exponential nonlinear mechanical hard-
ening law is typically adopted in the literature alongside the MCC model. The following general
format can be used to represent a thermomechanical hardening law:

pc D pc0 exp

�

p
v

�p

�
G .�/CA .�/ ; (45)

where �p D Cc � Cr , with Cr > 0 being the elastic compressibility index and Cc > Cr being the
total compressibility index; pv D tr.�p/ is the plastic volumetric strain; and pc0 is the preconsoli-
dation pressure at an initial temperature �0. Furthermore, G .�/ and A .�/ are thermal softening
functions. Several representations of these functions have been proposed in the literature, three of
which are summarized in the succeeding text.

The Hueckel and Borsetto [29] softening function takes the form

G .�/ D exp
�
�a0��

p
v =�

p
�
; A .�/ D 2

�
a1�� C a2��

2
�
; (46)

where a0, a1, and a2 are softening material parameters and �� D � � �0. The Picard [86]
softening law is of the form

G .�/ D exp .�a0�/ ; A .�/ D 0 : (47)

Finally, the Laloui and Cekerevac [22] softening law has the form

G .�/ D



1 � �T ln

�
1C

��

�0 � 273

��
; A .�/ D 0 ; (48)

where �T is another material parameter. In the present formulation, we adopt the model proposed
by Laloui and Cekerevac [22]; thus, we can write the hardening law as

pc D pc0 exp

�

p
v

�p

�

1 � �T ln

�
1C

��

�0 � 273

��
: (49)
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It should be noted that Laloui and Cekerevac [22] used temperature in Celsius to present and
calibrate their model. To comply with their formulation, the denominator in Equation (49) has been
modified to reflect the fact that � is defined as absolute temperature.

3.3. Continuum formulation

Considering the yield function presented in Equation (39), the consistency condition requires that

Pf
�
� ; pc

�
pv ; �

��
D

@f

@
ij
P
ij C

@f

@pc



@pc

@
p
v

Ppv C
@pc

@�
P�

�
D 0 : (50)

Combining Equations (15) and (17), together with the elastic constitutive relation P� D Ce W P�e , we
write, in indicial notation,

P
ij D C
e
ijkl

�
Pkl � P�

@f

@
kl
� Ptkl

�
: (51)

Substituting (51) and the hardening law given in (49) into the consistency condition (50), we obtain

@f

@
ij
C eijkl

�
Pkl � P�

@f

@
kl
� Ptkl

�
C
@f

@pc



tr

�
@f

@
ij

��pc
�p

�
P� � QHT P�

�
D 0 ; (52)

where

QHT D
��T
�

�
pc0 exp

�

p
v

�p

�
(53)

and

Ppv D tr

�
P�
@f

@�

�
D P� tr

�
@f

@�

�
: (54)

The plastic flow rate is then derived as

P� D
1

�



@f

@
ij
C eijkl

�
Pkl � P

t
kl

�
�
@f

@pc
QHT P�

�
; (55)

where

� D
@f


ij
C eijkl

@f

@
kl
�
@f

@pc

�pc
�p

�
tr

�
@f

@
ij

�
: (56)

Upon substitution of (55) back into (51), we obtain

P
ij D C
ep

ijkl
Pkl C �ij P� ; (57)

where

C
ep

ijkl
D C eijkl � C

p

ijkl
D C eijkl �

1

�
C eijpq

@f

@
mn
C emnkl

@f

@
pq
(58)

and

�ij D
1

�
C eijpq

@f

@pc

@f

@
pq
QHT C C

ep

ijkl
˛tkl ; (59)

in which ˛t
kl

(k; l D 1; 2; 3) denote components of thermal expansion coefficient tensor ˛t defined
in Equation (15).
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The previous equations can be summarized in symbolic tensor notation as follows:

P� D Cep W P�C � P� ; (60)

where

Cep D Ce �Cp

Cp D
1

�

�
Ce W

@f

@�
˝
@f

@�
W Ce

�
� D Cep W ˛t C QHT

@f

@pc
Ce W

@f

@�

(61)

and

� D
@f

@�
W Ce W

@f

@�
�
@f

@pc

�pc
�p

�
tr

�
@f

@�

�
: (62)

The numerical integration of the aforementioned constitutive theory is described in the next section.

4. STRESS-POINT INTEGRATION

We use an implicit return mapping algorithm for integrating the rate constitutive equation. The
premise is that the variables at time tn are given, along with strain and temperature increments ��
and ��, respectively, and we are required to calculate all variables at time tnC1. Because of the
inherent anisotropy of the material, the stress and strain tensors are generally non-coaxial. Therefore,
the return mapping is performed in full strain space. The algorithm is shown in Box 1.

1. Update temperature �nC1 D �n C��.
2. Compute thermal strains: ��tnC1 D �˛

t��

3. Compute predictor strain: �e;trnC1 D �
e
n C�� ���

t
nC1

4. Compute trial stress vector: � trnC1 D Ce W �e;trnC1

5. Update preconsolidation pressure: ptrc
�
�

p
v;n; �nC1

�
6. Compute the yield function f

�
� trnC1; p

tr
c;nC1

�
7. If f < 0, set � nC1 D � trnC1, �enC1 D �

e;tr
nC1, pc;nC1 D ptrc and exit.

8. Else, iterate to compute � nC1 and pc;nC1.

Box 1. Return mapping algorithm in strain space for the anisotropic thermoplastic model.

Computation of � nC1 and pc;nC1 goes as follows. For A .�/ D 0, which is the case with
either the Picard [86] or the Laloui and Cekerevac [22] softening law, the incremental form of the
preconsolidation pressure used in Step 5 of Box 1 is given by

pc;nC1 D pc;n exp

�
�

p
v

�p

�
G .�nC1/

G .�n/
: (63)

Step 8, on the other hand, generally requires an iterative procedure as discussed in the next
paragraph.

To compute � nC1 and pc;nC1 in Step 8 of Box 1, we need to impose two constraints. The first is
the discrete consistency condition,

f .� nC1; pc;nC1/ D 0 : (64)

The second is the discrete version of the flow rule,

�enC1 D �
e;tr
nC1 ���

@f

@� nC1
: (65)
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For greater clarity in the presentation of the local tangent operator, we use matrix representation
for some of the tensor quantities (see also Appendix A). We define the following vector quantities:

N�e D
�
e11 

e
22 

e
33 

e
23 

e
13 

e
12

	T
; (66)

N� D
�

11 
22 
33 
23 
13 
12

	T
; (67)

and

b D
�
f; N�1 f; N�2 f; N�3 f; N�4 f; N�5 f; N�6

	T
: (68)

Defining the residual vector as r.xk/ and the vector of unknowns as xk , we have

r.xk/ D

²
Ox � N�

e;tr
nC1 C��b

f .� nC1; pc;nC1/

³k
7�1

; xk D

²
N�e

��

³k
7�1

;

where Ox is a vector containing the first six components of x, and k is an iteration counter. The local
tangent operator r 0.xk/ is obtained from the following equation:

r 0.xk/ D

26664
�
��

@b

@ Ox
C I

�
6�6

b1�6 
bTC e � NaT N� nC1

�
@pc;nC1

@ Ox

�T
!
1�6

01�1

37775
k

7�7

; (69)

where I denotes a 6 � 6 identity matrix, and

@b

@ Ox
D

@b

@ N� nC1

@ N� nC1

@ Ox
C

@b

@pc;nC1

@pc;nC1

@ Ox
(70)

D
1

M 2
ATC

e C 2 NaT
T NaTC

e � NaT
T

@pc;nC1

@ Ox
: (71)

The Newton–Raphson iteration for x begins with initial estimates
�
�enC1

�k
D �

e;tr
nC1 and��k D 0

for iteration number k D 0.
Apart from the local tangent operator r 0.x/, a global tangent operator is also needed in order to

obtain optimal convergence rate in the global Newton iteration within a stress-driven simulation.
The algorithmic tangent operator is defined as

CnC1 D
@� nC1

@�nC1
D
@� nC1

@�
e;tr
nC1

: (72)

Because the calculations presented in this section are to be carried out at load step nC 1, we herein
drop the index nC 1 for brevity. At the converged step of the local Newton iteration, the vector of
unknowns has components

x D
�
e11 

e
22 

e
33 

e
23 

e
13 

e
12 ��

	T
: (73)

Because @�=@�e D Ce , a simple application of the chain rule gives

C D
@�

@�
D Ce W

@�e

@�
: (74)

This suggests that we need to obtain the derivative @�e=@�.
At the final step of local Newton iteration, we have r.x�/ D 0, where x� is the solution of the

local problem. Therefore,

@r

@�
D
@r

@�

ˇ̌̌
x
C
@r

@x

ˇ̌̌
�e;tr

@x

@�
D 0 ; (75)
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where it is understood that all x variables are evaluated at x�. Solving,

@x

@�
D �J �1 @r

@�

ˇ̌̌
x
; (76)

where J is the local tangent operator given in Equation (69) and evaluated at the converged
step, and

@r

@�

ˇ̌̌
x
D

26664
@r.1W6/

@�e;tr

ˇ̌̌
x
W
@�e;tr

@�

@f

@�

ˇ̌̌
x

37775
7�6

; (77)

where r.1W6/ denotes a vector containing the first six rows of r . Further, we can write

@f

@�

ˇ̌̌
x
D �

�
a� W �

� @pc

@�e;tr

ˇ̌̌
x
;

@�e;tr

@�
D I ; (78)

in which

@pc

@�e;tr

ˇ̌̌
x
D
�pc
�p

�
1 : (79)

@2f

@�@�e;tr

ˇ̌̌
x
D �a� ˝

@pc

@�e;tr

ˇ̌̌
x
D � .pc=�

p/ a� ˝ 1 : (80)

Finally, upon substituting (77)–(80) into (76), we obtain

@x

@�
D �J �1

24�I6�6 � .pc=�p/��	
�# Q1

35 ; (81)

where Q1 is the Kronecker delta in vector form, 	 D NaT
T
Q1, and # D � .pc=�p/ a� W � . The

components of @�e=@� can then be substituted into (74) to obtain the algorithmic tangent operator.

5. SHEAR BAND BIFURCATION

This section revisits the balance of energy, particularly Equation (20), for developing rele-
vant criteria for shear band bifurcation in thermoelastoplastic solids. We consider two extreme
cases: isothermal bifurcation and adiabatic bifurcation. Each of the two cases is described in the
succeeding text.

5.1. Isothermal localization

Isothermal localization occurs when heat conducts rapidly enough for the jump in temperature
across a shear band to be negligible. This occurs, for example, when the heat conductivity � is suf-
ficiently high that all mechanically generated heat dissipates rapidly. In this case, P� may be set to
zero, and (60) reduces to

P� D Cep W P� : (82)

Now, consider a potential band with unit normal n D niei , as shown in Figure 3. The equilibrium
condition on the band states that the traction rate outside the band must equal the traction rate inside
the band, that is,

n � P� D n � P� 0 ; (83)
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Figure 3. Schematic of (a) plane of isotropy and (b) deformation band. Notations: x�
1

is the axis of symmetry;
n is the normal to the shear band; � is the angle between planes of isotropy (bedding planes) and x3;  is

the angle between normal to the shear band and x1.

where P� and P� 0 are understood to be the Cauchy stress rates outside and inside the band,
respectively.

For a loading/loading bifurcation mode [8], strains and stresses can be linked using the same
continuum elastoplastic tangential moduli tensor Cep , as shown in Equation (82). Using indicial
notation, we thus have

niC
ep

ijkl
Pkl D niC

ep

ijkl
.Pkl C ŒŒ Qvk��nl/ ; (84)

where ŒŒevk�� D ŒŒvk��=h is the velocity jump inside the band, normalized with respect to shear band
thickness h, which produces the additional strain rate ŒŒ Qvk��nl inside the band.

The equilibrium condition takes the form

A
ep

jk
ŒŒevk�� D 0 ; A

ep

jk
D niC

ep

ijkl
nl : (85)

The eigenvalue problem is then phrased as follows,

Aep �m D 0 ; Aep D n �Cep � n ; (86)

where m is a unit vector in the direction of ŒŒev 
�. The term Aep is normally called the elastoplastic
acoustic tensor in shear band analysis. Non-trivial solution leads to finding the stress state and shear
band normal n where the localization function vanishes for the first time, that is,

F D minjndet.Aep/ D 0 : (87)

This is the classic shear band bifurcation problem for isothermal localization, which is well
understood in the literature (e.g., [7, 8, 84]).

5.2. Adiabatic localization

Adiabatic localization generally applies to deformation at high strain rates where mechanically gen-
erated heat does not have enough time to flow. This occurs, for example, in the processing and
machining of metals and polymers and in rapid deformation of rocks during earthquake fault slips
[87]. In this case, due either to low heat conductivity of the material and/or to high rate of plastic
deformations, the heat flux can be assumed to be zero. Conceptually, the process is analogous to
undrained shear band bifurcation in porous media (e.g., [88]), where rapid deformation and/or low
permeability of the material inhibits the flow of water through the pores of the solid matrix.

For purposes of adiabatic localization analysis, we assume that the heat source in Equation (20)
is zero, that is, rt D 0, and also set q D 0. Thus, we obtain

�c P� D �� W P�p : (88)
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Using the additive split of strain rate shown in Equation (15), we can write

P� D
�

�c
� W

�
P� � P�e � P�t

�
D

�

�c
� W

�
P� � S W P� C ˛t P�

�
: (89)

Rearranging the terms yields

P� D
�

	t�c
.� W P� � � W S W P� / ; (90)

where

	t D 1 �
�

�c
� W ˛t : (91)

Substituting (90) into (60) and rearranging the terms once again yield

L�1 W P� D B W P� ; (92)

where

L�1 D I C
�

	t�c
� ˝ .� W S/ ; B D Cep C

�

	t�c
� ˝ � : (93)

The result is the following thermoelastoplastic constitutive relationship:

P� D Cept W P� ; Cept D L W B : (94)

We shall call Cept as the continuum thermoelastoplastic tangential moduli tensor, which is
analogous to the undrained tangential moduli tensor in hydro-mechanical problems [88].

For adiabatic localization, the onset of shear band bifurcation requires the solution of the
eigenvalue problem

Aept �m D 0 ; Aept D n �Cept � n ; (95)

which means finding the stress state and critical shear band normal n at which the thermo-
elastoplastic acoustic tensor Aept becomes singular for the first time, that is,

QF D minjndet.Aept / D 0 : (96)

The term Aept is analogous to the undrained acoustic tensor used in hydro-mechanical bifurcation
analysis [88].

6. STRESS-POINT SIMULATIONS

Through numerical examples at the stress-point level, we illustrate the basic features of the pro-
posed anisotropic thermoplasticity model in this section. We first consider triaxial compression test
data available in the literature to calibrate the model from experiments and then demonstrate the
capability of the model in capturing the anisotropic behavior of the material. Next, we carry out
plane–strain simulations to study shear band localization in anisotropic materials, as well as to
differentiate between isothermal and adiabatic localization.

6.1. Model calibration

The following simulations aim at demonstrating the performance of the proposed model in capturing
experimental observations without thermal effects. For this purpose, we calibrated the present model
using the experimental data obtained by Niandou et al. [83] for samples of Tournemire shale. In their
paper, Niandou et al. present triaxial test results for three different orientations of bedding plane, at
� D 0ı, 45ı, and 90ı, and at different confining stresses. For purposes of simulation, we set initial
stress values 
11 D 
22 D 
33 D 
c and then increase the magnitude of the compressive stress 
11
while holding 
22 and 
33 fixed. The deviator stress is then defined as q D j
11�
22j D 
22�
11.
The reader is referred to Figure 3 for a schematic of the problem. Replacing a� in Equation (40) with
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Figure 4. Comparison of model predictions and triaxial test data for Tournemire shale at a confining stress
of 
c D �30MPa. Experimental data after [83].

Figure 5. Comparison of model predictions and triaxial test data for Tournemire shale at a confining stress
of 
c D �40MPa. Experimental data after [83].

Figure 6. Comparison of model predictions and triaxial test data for Tournemire shale at a confining stress
of 
c D �50MPa. Experimental data after [83].

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2016; 40:2423–2449
DOI: 10.1002/nag



THERMOPLASTICITY AND STRAIN LOCALIZATION 2439

Table I. Plasticity parameters for Tournemire
shale calibrated from triaxial compression tests.

�
c [MPa] M ˛ ˇ

30 1.19 1.00 0.67
40 1.07 0.94 0.70
50 1.14 1.16 0.86

For all tests � D 1.

a, while keeping A�, was observed to provide a better match with the experimental results, which
suggests that anisotropy manifests itself in the deviatoric part of stress for this particular material.
This has been taken into account in the numerical simulations presented in this paper.

Figures 4–6 show comparisons between the results of the present model simulations and exper-
imental data for confining stresses 
c D �30, �40, and �50MPa (negative for compression),
respectively. For 
c D �30MPa, only the results for � D 0ı and � D 90ı are shown, as experimen-
tal data for � D 45ı were not reported in [83]. The hardening parameter is obtained as �p D 0:0026,
while the rest of the parameters are reported in Table I. Note that the experiments were separately
calibrated at each confining pressure to determine best-fit values. The resulting parameter values in
Table I are fairly consistent across confining pressures, however, and in practice, a single (averaged)
parameter set could be adopted.

It can be seen from these figures that the present model captures the overall plastic behavior
and anisotropic nature of the samples quite well. These figures also show that for orientation of
bedding plane other than � D 0ı, and under smaller values of confining stress, failure occurs during
the hardening portion of stress–strain curve because of factors not taken into consideration in the
stress-point simulations, such as delamination along the bedding planes, crack growth, and so on.
As quantitative details of these heterogeneities have not been reported in [83], we assumed that the
samples were all initially homogeneous.

Some final remarks are in order regarding the results of the aforementioned simulations. First, it
is well known that initial heterogeneities do enhance failure, and thus, the laboratory samples failed
before they could undergo large plastic deformations. Second, the experimental results shown in
Figures 4–6 demonstrate a closure phase for the initial fractures at the beginning of axial loading,
as discussed in [83]. This closure phase was not taken into account in the present simulations, as
it is linked to initial cracks and fractures in lieu of the plastic behavior of the matrix itself. Thus,
the simulation curves have been shifted slightly to the right where the experimental data suggested
significant closure phase prior to conventional plastic behavior.

6.2. Isothermal and adiabatic strain localization

We now focus the simulations on the effect of temperature on shear band bifurcation. For this pur-
pose, we present results of hypothetical plane strain simulations demonstrating thermoelastoplastic
shear band bifurcation in anisotropic material. Referring to Figure 3 once again, we consider a
plane–strain compression test in which the confining pressure 
33 is held constant, while the axial
strain is incrementally increased by �11, during which time, 22 D 0 because of the constraint of
plane strain. Although this is a stress-point simulation, it can be treated as a mixed boundary-value
problem in which stresses are prescribed on some boundaries (natural boundary condition), while
strains are prescribed on the remaining boundaries (essential boundary condition).

The following material parameters, which are similar to those for Tournemire shale, are assumed
for this example: elasticity parameters (Appendix A) are assumed as E1 D 20,000 MPa, E2 D
45,000 MPa, �12 D 0:30, and �23 D 0:25. Mass density is selected as � D 2700 kg/m3; normalized
heat capacity parameter Nc is introduced as Nc D c=c0 � 10

3, in which c0 D 703 J/kg-K; thermal
expansion coefficient is taken as ˛t D ˛t1, with ˛t D 10�5=°C; initial temperature is assumed
as T0 D 25 °C. The following plasticity parameters are also assumed: �p D 0:0051, ˛ D 1:25,
ˇ D 0:95, � D 1:1. These values are approximately the same as those obtained from the Tournemire
shale calibration. Preconsolidation pressure is taken as pc D 50MPa and confining pressure 
c D
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Figure 7. (a) Deviatoric stress versus axial strain response and (b) temperature profile for bedding plane
orientations � D 0ı and 90ı. Responses under isothermal conditions are compared with adiabatic response
with normalized heat capacity parameter Nc D 1 and thermal softening coefficient �T D 0:261. Symbol �

denotes localization.

�1MPa. The values for thermal softening parameter �T are selected to be consistent with the range
of values calibrated by Laloui and Cekerevac [22]. In the numerical examples in this section,�11 D
10�5 has been used at each time step.

Figure 7(a) compares the deviatoric stress versus axial strain responses under isothermal and adi-
abatic conditions. Two different orientations of the bedding plane, � D 0ı and 90ı, are considered.
For the adiabatic case, � D 1, �T D 0:261, and Nc D 1 are used. Because the plastic strains in this
particular example are small, smaller values of c were chosen to illustrate and study the thermal
effects that can, in general, occur because of larger plastic deformations. The resultant temperature
profile is shown in Figure 7(b), revealing the increase in temperature within the plastic range. It can
be seen that even small changes in temperature (less than about 10ıC) impacts the plastic behavior
and localization. Also, it can be seen that the sample for adiabatic simulation demonstrates a softer
plastic behavior as a result of thermal softening. Consequently, bifurcation is detected at lower val-
ues of stress. Figures 8 and 9, on the other hand, demonstrate the influence of thermal softening
parameter �T and specific heat on ensuing response. Resultant temperature profiles are also shown.
It can be seen that higher values of �T and/or lower values of specific heat result in a softer material
response, leading to larger plastic deformations. This causes a higher rate of increase in temperature,
and, eventually, an earlier shear band bifurcation.

The insets shown in Figures 7–9 are various orientations of the yield surface on the p-q plane
for different bedding plane orientations � and are useful in the interpretation of the results. The
stress paths considered in the simulations are denoted by the dashed straight lines emanating from
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Figure 8. (a) Deviatoric stress versus axial strain response and (b) corresponding temperature profile
for bedding plane orientations � D 0° and 90°. Responses under adiabatic conditions with normal-
ized heat capacity Nc D 1 are compared for different values of thermal softening coefficient �T . Symbol

� denotes localization.

the origin of the p-q plane, all of which intersect the yield surface on the dilatant side, thus trig-
gering strain softening at the moment of yielding (represented by the contracting ellipses). This
explains why there is little plastic deformation needed to trigger strain localization. Because the
flow rule considered is associative, the direction of the plastic strain increment P�p has the great-
est projection on the p-axis when the bedding plane is tilted away from either the horizontal
or vertical axis, because in that case the yield surface is rotated in such a way as to favor the
development of large plastic volumetric strain (Figure 8). This has important implications for
the type of deformation band formed at the moment of bifurcation, as discussed further in the
next section.

6.3. Dilation bands in anisotropic material

We now study the characteristics of localization under different orientations of planes of isotropy
within the material. Bedding orientation is denoted herein by the angle � , which has the value zero
with horizontal bedding and 90ı with vertical bedding (Figure 3). For purposes of delineating shear
band orientation, we define  , also shown in Figure 3, as the angle that the normal to the shear band
makes with the vertical axis. Isotropic plasticity models typically yield two conjugate shear bands
upon localization. However, in the present discussion, anisotropy leads to only one dominant shear
band when the bedding plane is neither horizontal nor vertical. This result is consistent with experi-
mental observations (e.g., [89]). To demonstrate this, Figure 10 shows determinant of elastoplastic
acoustic tensor with an offset of 102 versus  for bedding plane orientations � D 0ı, 45ı, and 90ı.
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Figure 9. (a) Deviatoric stress versus axial strain response and (b) corresponding temperature profile for
bedding plane orientations � D 0ı and 90ı. Responses under adiabatic conditions with thermal softening
coefficient �T D 0:217 are compared for different values of normalized heat capacity parameter Nc. Symbol

� denotes localization.

Figure 10. Determinant of elastoplastic acoustic tensor with an offset of 102 versus orientation of deforma-
tion band  for bedding plane orientations � D 0ı, 45ı, and 90ı. Horizontal dashed line at 102 denotes

bifurcation criterion.
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Figure 11. Orientation of deformation band ‘psi’ (=  ) as a function of orientation of bedding plane
‘theta’ (= � ).

Figure 12. Plot of scalar productm �n versus bedding plane orientation � showing anisotropy enhancing the
formation of dilation band in plane strain compression.

It can be seen that for � D 0ı and 90ı, two critical shear band orientations cross zero at the same
time step. On the other hand, for � D 45ı one of the critical shear band orientations crosses zero
first and forms the dominant shear band.

We assume the following parameters in the simulations: M D 1:45, �p D 0:00065, ˛ D 1:15,
ˇ D 0:92, � D 1:1, pc D 50 MPa, 
c D �1 MPa, �T D 0:261. The rest of the material parameters
are the same as those reported in the previous section. Figure 11 shows the variation of  with �
for isothermal and adiabatic localization. The curves shown in this figure are the loci of points at
the instant when the determinant of the thermoelastoplastic acoustic tensor vanishes for the first
time. For example, for isothermal localization with bedding plane at � � 73ı, the acoustic tensor
becomes singular for the first time when the band orientation is at  � 35ı. Notice that deformation
bands typically pass across the bedding planes in these simulations.

Classic bifurcation analysis also calculates the instantaneous direction of velocity jump from the
eigenvector of the acoustic tensor, herein denoted by the unit vector m [1, 2]. The scalar product
m �n thus defines the mode of the ensuing deformation band. Figure 12 plots the values of this scalar
product for different bedding orientations � at the moment of bifurcation. Note from this figure
that there is very little difference between the predicted types of deformation band, suggesting that
the band does not depend on thermal conditions. This is to be contrasted with its hydromechanical
counterpart, for which undrained bifurcation always forces the scalar productm �n to have the value
0 because of the volume constraint induced by fluid flow [88]. In contrast, adiabatic localization
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Figure 13. Influence of anisotropy parameter ˛ on the variation of band orientation with respect to bedding
plane orientation � .

Figure 14. Influence of anisotropy parameter � on the variation of band orientation with respect to bedding
plane orientation � .

does not involve a volume constraint, so there is little effect of thermal flow on the character of the
ensuing deformation band.

Note that both adiabatic and isothermal simulations predict a significant range of possible bedding
plane orientations at which a pure dilation band may be expected to emerge at bifurcation. As noted
in the previous example, this is due to the fact that anisotropy rotates the yield surface in stress
space in such a way as to favor the development of large plastic volumetric strain, as suggested
in the inset of Figure 8. The normal to the yield surface in this case has significant component on
the tension side of the p-axis, representing plastic dilation. Borja and Aydin [1] presented similar
results for compaction bands, in which the normal to the yield surface has significant component on
the compression side of the p-axis. Of course, this mode applies only to the moment of bifurcation;
any process following that will reflect the evolution of the band at post-bifurcation.

Figures 13 and 14 show how the band orientation is influenced by the varying parameters ˛
and � . Recall that these parameters determine the eventual orientation of the yield surface in
p-q space, and thus, have a direct bearing on ensuing deformation band. It can be seen that
˛ mostly affects the band orientation at smaller values of � . Because � corresponds to shear
terms, it does not affect the bifurcation angle at vertical or horizontal bedding plane orientations.
However, it has the most impact on bedding plane orientations where shear stresses become
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significant. Additional parametric studies (not shown) indicate that them �n versus � curves are not
so much affected by the values selected for the parameters, suggesting that anisotropy does promote
the formation of a dilation band.

7. SUMMARY AND CONCLUSIONS

We have presented an anisotropic thermoelastoplastic framework for modeling coupled thermo-
mechanical behavior in transversely isotropic materials and for predicting the onset of strain
localization in the form of a deformation band in these materials. The MCC model has been
extended to account for anisotropy by introducing a microstructure tensor and a stress projection
into a fictitious isotropic configuration. The model has been calibrated using experimental data for
Tournemire shale. Anisotropy in the plastic behavior appears to depend mainly on the deviatoric
component of stress for this particular material. The proposed model appears to capture the overall
anisotropic mechanical behavior well. For low-confining pressures and/or non-horizontal bedding
planes, however, microstructural heterogeneities in the form of microcracks could dominate the
overall mechanical behavior. The proposed continuum model cannot handle these conditions, and
more robust grain-scale models such as those developed in [90–93] are needed to capture such
smaller-scale mechanisms.

Stress-point simulations of isothermal and adiabatic strain localization in anisotropic materials
reveal one dominant shear band, in contrast to localization in isotropic materials where shear bands
always appear in conjugate pair. An exception is when the bedding plane is either perpendicular or
parallel to the major principal stress, in which case the effect of anisotropy is negated by the sym-
metric loading condition that gives rise to conjugate shear bands even in the presence of anisotropy.
Under adiabatic conditions, samples generally demonstrate a softer behavior, and localization occurs
at a lower stress level relative to isothermal condition. Increasing the thermal softening parame-
ter and/or decreasing the heat capacity magnifies this trend. Adiabatic localization has a significant
influence on the orientation of the deformation band. Finally, an interesting result of this study con-
cerns the development of a pure dilation band. Anisotropy rotates the yield surface in such a way as
to generate significant positive volumetric plastic strains, thus enhancing the development of a pure
dilation band.

APPENDIX A: TRANSVERSELY ISOTROPIC LINEAR ELASTICITY

The stress–strain relationship for a linear elastic material can be written in matrix form as

N� D ŒC e� N�e ; (A.1)

where N� D
�

11 
22 
33 
23 
13 
12

	T
and N�e D

�
e11 

e
22 

e
33 

e
23 

e
13 

e
12

	T
are vector repre-

sentations of the stress tensor and elastic strain tensor, respectively; and ŒC e� is the linear elastic
tangent represented in matrix form. The inverse of the elastic tangent (elastic compliance) can be
written in the following matrix form for a transversely isotropic material:

ŒC e�
�1
D

26666666664

1=E1 ��12=E2 ��12=E2 0 0 0

��12=E2 1=E2 ��23=E2 0 0 0

��12=E2 ��23=E2 1=E2 0 0 0

0 0 0 0:5=G23 0 0

0 0 0 0 0:5=G12 0

0 0 0 0 0 0:5=G12

37777777775
: (A.2)

Note that there are five independent elastic parameters, namely, E1, E2, �12, �23, and G12. The
parameter G23 can be obtained using Young’s modulus in the isotropic plane as

G23 D
E2

2.1C �23/
; (A.3)
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while the parameter G12 can be determined by conducting tests where the major axes are not
aligned with the bedding planes of the specimen. Alternatively, G12 can be approximated using
Saint-Venant’s formula [75] as

1

G12
D

1

E1
C

1

E2
C 2

�12

E1
: (A.4)
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