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SUMMARY

Deformation mechanisms at the pore scale are responsible for producing large strains in porous rocks.
They include cataclastic flow, dislocation creep, dynamic recrystallization, diffusive mass transfer, and grain
boundary sliding, among others. In this paper, we focus on two dominant pore-scale mechanisms resulting
from purely mechanical, isothermal loading: crystal plasticity and microfracturing. We examine the con-
tributions of each mechanism to the overall behavior at a scale larger than the grains but smaller than the
specimen, which is commonly referred to as the mesoscale. Crystal plasticity is assumed to occur as dis-
locations along the many crystallographic slip planes, whereas microfracturing entails slip and frictional
sliding on microcracks. It is observed that under combined shear and tensile loading, microfracturing gener-
ates a softer response compared with crystal plasticity alone, which is attributed to slip weakening where the
shear stress drops to a residual level determined by the frictional strength. For compressive loading, how-
ever, microfracturing produces a stiffer response than crystal plasticity because of the presence of frictional
resistance on the slip surface. Behaviors under tensile, compressive, and shear loading invariably show that
porosity plays a critical role in the initiation of the deformation mechanisms. Both crystal plasticity and
microfracturing are observed to initiate at the peripheries of the pores, consistent with results of experimental
studies. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The response of porous rocks during mechanical loading is of relevance to many real-world appli-
cations. Depletion activities during hydrocarbon extraction may result in inelastic compaction
that gives rise to ground surface subsidence, borehole instability, or triggered seismicity. Carbon
sequestration, hydraulic fracturing applied to geothermal reservoirs and shale gas production, and
numerous enhanced hydrocarbon recovery methods that rely on injecting fluids at elevated pressure
may induce seismicity, brittle fractures, and faults [1–19].

An interesting phenomenological behavior of porous rocks lies in their failure mechanism, which
transitions from brittle faulting to ductile flow. During brittle faulting, a macroscopic stress drop is
observed after the peak stress has been achieved [20], whereas during ductile flow, the stress stays
constant or continues to increase, albeit at a slower rate. Early experimental studies discovered that
this transition takes place at the stress state when the frictional strength exceedance occurs at the
same time as fracture creation [21, 22]. At low confining pressure, the rock typically fails through
brittle faulting, but when the confining pressure is increased sufficiently, cataclastic flow occurs, and
no stress drop is observed. Further studies have demonstrated that this transition stress state is also
affected by the porosity of the rock [24, 25].
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There have been a number of experimental studies investigating the micromechanics of quartzite,
limestone, and sandstone. Both micritic and allochemical limestones have demonstrated that cata-
clasis is the dominant mechanism [26, 27]. Microcracks have been observed to originate from the
pores, with the larger pores driving crack propagation. Cataclastic flow, which results in compactive
behavior, has been observed to be transient, giving way to net dilatancy at a higher strain rate [23,
24]. However, experiments reported in the literature do not allow the individual deformation mech-
anisms to be isolated, and so the contributions of each mechanism cannot be quantified from the
complex interaction of different mechanisms.

Discrete element models of rock’s microstructure have been used with some success to model
the brittle-ductile transition in rocks. These models typically use an assembly of circular disks or
spherical particles to represent the microstructure with bonds acting as the cement between the
particles [20, 28–30]. In other cases, sets of discontinuities are explicitly embedded into the rock
matrix [31]. Various different ways to model pore collapse also have been proposed and among
them, Wang et al. [29] used grain shrinkage to simulate intra-granular cracking and grain crushing
processes. In these models, porosity is derived based on the spaces generated from the random
assembly of the circular disks or spherical particles.

Various deformation mechanisms govern the microstructural changes in rocks. They include crys-
tal plasticity, microcracking, pore collapse, and diffusional mass transfer. In this paper, we focus on
two dominant pore-scale mechanisms resulting from purely mechanical, isothermal loading: crys-
tal plasticity and microfracturing. These deformation mechanisms are interdependent on each other,
with crystal plasticity triggering microfracturing and microfracturing triggering more crystal plas-
ticity. However, they are herein studied independently in order to determine their overall effect on
the macroscopic behavior of porous rocks. This study is particularly useful for understanding the
behavior of high-porosity rocks, such as limestone, diatomite, and chalk, where the amount of pore
space present per unit volume is quite substantial.

The FEM is used to model pore-scale deformation, with voids embedded explicitly into a crys-
talline solid matrix to allow investigation of the evolution of deformation and stresses in the solid.
Rate-independent crystal plasticity theory is employed, along with a robust ultimate algorithm for
tracking the sequence of slip activation in the crystal [32, 33]. Microfracturing is modeled through
the strong discontinuity approach, where distinct slips are embedded locally within the elements.
This approach is particularly appealing because slips due to microcracking can be represented in the
solution without generating additional unknown global degrees of freedom [34–42].

The following notations and symbols are used throughout this work: boldface letters denote
tensors and matrices, and subscripted letters denote their scalar components. The summation con-
vention is enforced in this paper. We follow the standard engineering mechanics convention in which
compression takes on a negative sign.

2. CRYSTAL PLASTICITY

Common rocks such as granite, marble, quartzite, calcite, and halite are made up of crystals as
their basic building blocks. It is generally recognized that crystal deformation is responsible for
some brittle microfailure processes in these materials, including the loss of cohesion along grain
boundaries and across individual crystals, a process called cataclasis [43]. Crystal deformation
may also be responsible for other mechanical processes such as creep and pressure solution, albeit
the actual mechanism for the latter process is not so well understood. In brittle crystals, such as
quartz crystals, dislocation generation and movement are only possible under atmospheric pressure
at temperatures above 820ıK [44], but plastic flow is possible at lower temperatures if superim-
posed hydrostatic pressure prevents fracture [45]. In calcites, twinning occurs predominantly at low
temperatures [46]. Deformation twins are also observed at room temperature in hydrostatically com-
pacted limestone samples and may become more pervasive under nonhydrostatic loading and higher
stresses [27].

Crystal plasticity is used to model irreversible deformation in the mineral grains, which typically
occurs near the periphery of the pores as they change shape to accommodate the increased effective
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PORE-SCALE MECHANISMS IN CRYSTALLINE ROCKS 1167

stress in the solid matrix. An example of crystal plastic deformation is twinning that is observed in
calcite grains of limestone specimens near the pore peripheries [48]. Whereas the overall effective
stress may be macroscopically hydrostatic, at the pore-scale level, the solid matrix stresses could be
far from being hydrostatic. This is due to irregular shape of the pores and their non-uniform size and
distribution within the solid matrix.

Crystal deformation differs from continuum deformation in that dislocation generally occurs
along glide planes where the atom arrangement is densest (see [49] for other factors affecting dis-
location). There is a finite number of glide planes in a crystal arrangement; the challenge lies in
identifying which of these glide planes are active. Because there could be more than one active
glide plane for a single crystal at any given time, plastic deformation may be viewed as arising from
combined activation (although not simultaneously) of slip systems from the set of potentially active
systems. Crystal plasticity deals with multiple active constraints at the grain level representing yield
conditions on glide planes. Some of these constraints are linearly independent, whereas others are
redundant. The constraints are represented by multiple yield surfaces intersecting in a non-smooth
fashion [50].

Bishop and Hill [51, 52] were among the first investigators to model the plastic behavior of
polycrystalline materials, but their technique did not address the sequence of slip system activa-
tion. Budiansky and Wu [53] and Hutchinson [54] employed a trial and error procedure to identify
the active slip systems in face-centered cubic (f.c.c.) crystals. Several other algorithms for rate-
independent crystal plasticity have been proposed in the literature [55–57], but identifying the
linearly independent constraints continues to be a major challenge.

Rate-dependent regularization has been employed by most authors to avoid having to deal with
linearly dependent slip systems [58–60]. In rate-dependent formulation, all systems can activate,
and slips can be determined according to the viscosity of the material [61, 62]. However, the
resolved shear stress becomes a bounded function when the rate sensitivity becomes small, making
the set of constitutive equations exceedingly stiff and very difficult to solve [63, 64]. For this rea-
son, it may be more expedient to consider an algorithm that is truly dedicated to rate-independent
crystal plasticity.

Borja and Wren [32] presented an algorithm for identifying the independent active constraints
in crystals slipping on glide planes, which Borja and Rahmani [33] subsequently implemented
into a finite element code. Their algorithm considers the incremental strain in the crystal as being
subdivided into substeps, identifying all constraints activated along the way. They used the word
‘ultimate’ for this algorithm to suggest its robust nature in that no potentially active constraint can
be missed by the identification procedure. Later, Borja and Rahmani [65] extended the ultimate
algorithm for rate-independent crystal plasticity to the finite deformation range. In what follows, we
focus on the ultimate algorithm in the infinitesimal range as a means to capture crystal plasticity
developing in the solid component of crystalline rocks.

When polycrystalline rocks are subjected to strain, one of the mechanisms of deformation is slid-
ing along the weak crystallographic planes. This mechanism can be manifested either as dislocations
or deformation twins [66]. An example of deformation twins in calcite is illustrated schematically in
Figure 1. These twins form when the shear stress along the twin plane reaches a certain peak value.
Notice a set of twins (in red) with the same orientation developing and intersected by another set of
twins (in white) with a different orientation.

The goal of a crystal plasticity algorithm is to identify the activated slip systems and their corre-
sponding slip magnitudes. It is important to distinguish between such plastic deformation and elastic
deformation as the former alleviates crystal stress, whereas the latter leads to an increase in crystal
stress. As such, plastic slips affect the constitutive relationship, which links the stress in the crystal
body to its total deformation. An expression of the constitutive equation can be written using the
summation convention as

��ij D c
e
ijkl��

e
kl D c

e
ijkl

�
��kl ���

p

kl

�
; (1)
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Figure 1. Schematic illustration of calcite twins from the northern Subalpine Chain, France, adapted from
Ferrill et al. [47]. Two sets of twins with different orientations are shown intersecting each other.

where ��ij is the overall incremental crystal stress tensor, ce
ijkl

is the elasticity tensor, which is
a function of the elastic moduli, and ��kl is the incremental strain tensor with elastic compo-
nent ��e

kl
and plastic component ��p

kl
. Elastic strain in crystals is observed as distortion of the

lattice structure, which goes away when the stress is removed. Plastic strain, on the other hand, is
irreversible and arises from slips on the crystallographic planes.

The plastic strain in a crystal is derived from the contribution of slip from each of the slip systems,
which is triggered when the shear stress on the plane exceeds the peak value �Y , also known as
the yield stress. In crystals, this yield stress can increase when strengthening occurs because of
dislocations in the crystal structure. In this work, however, we assume that the yield stress remains
constant (perfect plasticity), that is,

f .ˇ/ D j�ij˛
.ˇ/
ij j � �

.ˇ/
Y D 0; ˇ D 1; 2; :::; N ; (2)

where � .ˇ/Y is the yield stress at glide plane ˇ. To characterize the slip in system ˇ, we need to know

the slip increment�� .ˇ/, the unit vector n.ˇ/ normal to the glide plane, and the slip direction vector
m.ˇ/, as shown in Figure 2. The plastic component of incremental strain tensor can be obtained
from the sum of the slips from all the active systems [50, 67], that is,
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Plastic strain is volume-preserving because slip directions are orthogonal to the glide plane nor-
mals. This can be observed from (3) by noting that ��p

kk
D 0 because m.ˇ/

k
n
.ˇ/

k
D 0. However, a

rock mass can still change in volume as a result of the elastic deformation of the lattice and, more
importantly, the expansion or contraction of the pore spaces surrounding a crystal grain.

One major issue in the implementation of crystal plasticity theory lies in the linear dependence of
the glide planes, which results in a non-unique combination of active constraints. As an illustration,
consider an f.c.c. crystal that has eight octahedral planes shown in Figure 3. Each of these planes
has three slip directions, giving rise to 24 potentially active slip systems. However, the incremen-
tal plastic strain tensor ��p

kl
is symmetric with only six independent components. Furthermore, the
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PORE-SCALE MECHANISMS IN CRYSTALLINE ROCKS 1169

Figure 2. Glide plane ˇ with unit normal n.ˇ/ and slip directionm.ˇ/.

Figure 3. Eight octahedral planes in a face-centered cubic crystal.

constraint that plastic strain is volume-preserving restricts the number of independent components
to five. This implies that a given plastic strain tensor can be obtained from many possible combi-
nations of active slip systems. This is addressed in the computation using the ultimate algorithm
mentioned earlier.

The basic premise of the ultimate algorithm is to determine the plastic strain increment ��p
kl

as
a function of the total strain increment ��kl in such a way that activated slip systems are identi-
fied sequentially. To illustrate the algorithm, consider an initial condition in which the shear stress
at each glide plane is less than the yield stress so that the initial response is elastic. The incre-
mental strain ��kl is then increased linearly until the first slip ˇ1 (primary system) activates.
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1170 M. TJIOE AND R. I. BORJA

The point when this occurs is denoted by �.ˇ1/��kl . This causes the response to transition from
elastic to elastoplastic, with the elastoplastic response reflecting plastic slip produced by the pri-
mary system. The remaining portion of the incremental strain is then applied, while the primary
system remains active, until a secondary system ˇ2 activates at �.ˇ2/��kl . This causes the response
to transition from having one slip system to having two active slip systems and so on. For each slip
system not belonging to be previousm active slip systems, the ray �.ˇ/ can be evaluated and used to
construct the set

‰mC1 D
°
�.ˇ/ 2 RC

ˇ̌̌
 .ˇ/�ij˛

.ˇ/
ij � �Y;n D 0

±
: (4)

If any of the �.ˇ/ is less than 1, it implies that the next active slip system ˇmC1 is what produces
the smallest element in‰mC1. In the event that linearly dependent slip systems are encountered, the
redundant systems are discarded arbitrarily. Thus, for a set of slip systems Jact, where Jact D ¹ˇ 2

¹1; 2; :::; N ºjf .ˇ/ D 0 and �� .ˇ/ � 0º, we can obtain the set of linearly dependent active constraint
J act � Jact. It must be noted that while redundant slip systems may be eliminated arbitrarily, the
overall crystal stress calculated from this procedure is always unique and does not depend on the
specific combination of linearly independent active systems selected.

The input parameters used in the crystal plasticity algorithm describes the mechanical properties
of the crystal and its geometry. The material parameters include Young’s modulus of elasticityE and
Poisson’s ratio �, as well as the initial yield strength �Y , which is assumed to be the same for all slip
systems. The geometry of the crystallographic planes is described by the normal vector n.ˇ/ and slip
directionm.ˇ/, as well as the Euler angles 	 and 
, which describe how the crystal reference frame
is oriented with respect to the fixed reference frame. As shown in Figure 4, the crystal coordinates
are obtained by a positive (right-hand rule) rotation of 	 about the y-axis followed by a positive
rotation of 
 about the ´c-axis. The third Euler angle is zero.

The crystal plasticity algorithm consists of a predictor phase (Box 1) and a corrector phase
(Box 2). The flow charts are more elaborate than the conventional plasticity algorithm because of
the multi-surface nature of the yield condition and the filtering of the yield constraints to remove the
linearly dependent constraints. The algorithm must also accommodate for slip systems that deacti-
vate during substepping (Step 3 of Box 2). As noted in [32, 33], the algorithm is unconditionally
convergent as well as exact for loading imposed as a ramp function.

Figure 4. Euler angles describing the relationship between the crystal reference frame and the fixed reference
frame. The crystal coordinates are obtained by a positive (right-hand rule) rotation of 	 about the y-axis

followed by a positive rotation of 
 about the ´c-axis.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1165–1187
DOI: 10.1002/nag
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Box 1. Predictor phase for crystal plasticity algorithm
Step 1. Compute the trial stress � trij;nC1 D �ij;n C c

e
ijkl

��kl .
Assemble J tr, the set of active slip systems based on the trial stress,
J tr D ¹ˇ j .ˇ/� tr

ij;nC1˛
.ˇ/
ij � �Y;n > 0º.

Step 2. Check: Is J tr a null set?
Yes, response is elastic. Set �ij;nC1 D � trij;nC1 and cijkl D ceijkl .
Exit predictor phase.

Step 3. No, response is plastic.
Assemble Jact, the set of active slip systems in the current time step,
Jact D ¹ˇ j 

.ˇ/�ij;n˛
.ˇ/
ij � �Y;n > 0º.

Call Box 2.
Step 4. Update crystal stress and tangent operator for the next time step

�ij;nC1 D �ij;n; cijkl D c
ep

ijkl
.

Box 2. Corrector phase for crystal plasticity algorithm

Step 1. If Jact is a null set, go to Step 5.
Step 2. Identify linearly independent slip systems in Jact and store in J act.

Step 3. Compute �� .ˇ/ for each element in J act.
Drop the inactive slip systems, indicated by negative �� .ˇ/.

Step 4. Compute cijkl D c
ep

ijkl
for the current J act.

Step 5. Compute �.ˇ/ for all slip systems not in J act. Assemble ‰mC1.
Step 6. Is any �.ˇ/ < 1?

Yes, response is plastic. Update:
�ij;n  �ij;n C �

.ˇmC1/c
ep

ijkl
��kl

��ij  ��ij � �
.ˇmC1/��ij .

Include ˇmC1 into the set J act.
No, response is elastic.

Step 7. If �.ˇmC1/ < 1, go to Step 2.
Step 8. Return to Box 1.

3. MICROFRACTURING

Microfracturing involves the formation of fine cracks in the pore scale. A large increase in the
strain results when slip occurs on the crack that is confined to a very small region. Oftentimes, this
coincides with bifurcation of material response characterized by the loss of uniqueness of the defor-
mation mode [68]. Microfractures have been observed to form in close proximity to imperfections
in porous rocks. Micritic limestone with an initial porosity of 13.4% undergoing hydrostatic com-
paction was shown to develop a halo of cataclastic damage surrounding the macropore [26]. This
halo consists of tiny cracks that form and intersect one another all around the perimeter of the pore.
Microcracks also have been observed to develop in triaxially deformed specimens of limestone,
propagating from the pores and coalescing to reach lengths much larger than the pore diameter.
Hirth and Tullis [24] observed axial microcracks forming at the top and bottom of quartzite pores
under triaxial compression, which became more closely spaced as the differential stress increased.

In this paper, we simulate the process of microfracturing using the strong discontinuity approach.
‘Strong discontinuity’ refers to a jump in the displacement field over an idealized surface with zero
thickness. This is in contrast to ‘weak discontinuity’ where a kink on the displacement field occurs,
resulting in a jump in the strain field. We emphasize that the microfractures addressed in this work
pertain to random, discontinuous cracks as motivated by the experimental observations described in

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1165–1187
DOI: 10.1002/nag



1172 M. TJIOE AND R. I. BORJA

the first paragraph of this section and not to a continuous crack that requires a special tracking algo-
rithm to delineate its geometry of propagation [69, 70]. We also emphasize the importance of a full
three-dimensional analysis to accommodate the kinematics of three-dimensional randomly form-
ing and discontinuous cracks. The development of the strong discontinuity approach for simulating
localized deformation has gained momentum since the mid-1990s because of the shortcoming of
classical plasticity theory to provide a characteristic length scale needed for predicting the response
beyond the bifurcation point [71, 72].

We employ the assumed enhanced strain (AES) FEM to improve the performance of the finite
elements in resolving the kinematics of strong discontinuity. The AES method introduces an addi-
tional slip degree of freedom within a localizing element. An advantage of the AES approach is that
the enhancement is carried out on the element level without changing the size of the global sys-
tem of equations to solve. Furthermore, it can accommodate random and disconnected cracks and
can smear strain concentrations around the crack tip much better than the extended FEM, which
requires additional crack tip enhancements to avoid locking around the crack tips [73, 74]. The
present work features an enhancement of hexahedral finite elements to accommodate the kinematics
of microfracturing at the pore scale. We note a clear separation of scales in the present work in that
the AES approach is not used to propagate the microfractures to the next larger scale, but rather, to
simply capture the micromechanics of the underlying overall constitutive law. In other words, the
microfractures are not traced, unlike in all previous works, but instead are simply allowed to emerge
in highly stressed elements.

To illustrate the capture of microfracturing with the AES approach, we consider a domain B in
a two-dimensional setting shown in Figure 5. We can view randomly oriented microfractures as
reflecting the slip orientations of the most highly stressed crystals, typically located near the periph-
eries of the pores. In the present approach, each damaged element could contain no more than one
microfracture. The physical microfracture may lie exclusively within the element interior and not
necessarily intersect the element sides, but the smearing process characteristic of the AES approach
assumes the crack to extend all the way to the element sides, such as the microfracture that partitions
a finite element into sides A and B in Figure 5. This results in the development of displacement
jumps not only on the surface of the microfracture but also on the sides of the neighboring elements
intersected by the microfracture. The kinematics of the microfracture is strictly local to the damaged
element, and the slip degree of freedom is eliminated prior to global assembly by the traditional tech-
nique of static condensation [75]. The bulk material outside the microfracture is assumed to undergo
elastic unloading, although it is also possible to consider bulk plasticity outside the discontinuity
zone [76, 77].

Figure 5. Randomly oriented and disconnected microfractures: each shaded finite element contains no more
than one microfracture. Assumed enhanced strain approach extends the microfracture all the way to the sides

of the element, partitioning the element domain into sides A and B .
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PORE-SCALE MECHANISMS IN CRYSTALLINE ROCKS 1173

Two questions naturally arise with the proposed approach: (i) what triggers microfracturing, and
(ii) how does a microfracture evolve after it has been triggered? In quartz crystals, the stress required
for the tensile fracture depends on the geometry of the initiating imperfection. Sharp notches, for
example, require a surface energy of approximately 2 J/m2 to fracture at room temperature [78].
Furthermore, quartz shows a propensity to fracture along rhombohedral planes, with the presence
of water reducing the stress required to fracture. Common sedimentary rocks, however, contain not
only quartz but also calcite, dolomite, gypsum, and all the clays. In calcite, many preexisting defects
can initiate a crack, including closed pores, clay mineral precipitates, and steps. Micrographs [79]
indicate that the fracture surface in calcite intersects many such defects so that the conventional
Griffith criterion cannot be used because all defects are relevant. Taking all these factors into con-
sideration would result in considerable uncertainties in the formulation. Thus, our microfracturing
criterion revolves around the simplified crystal structure described previously, with the simple rule
that microfracturing initiates on any possible slip plane in the crystal that is most stressed.

Once the most stressed (primary) slip system is detected, the normal n and slip direction m of
the microfracture are defined. In the case of an interface contact, the stress in the element can be
calculated as

�eij D c
e
ijkl W

1

V

Z
�e

Œ�c;kl � �
e
t .f

h
;k ˝ml/

s� d ; (5)

where �c;kl is the conforming strain field, �et is the tangential slip within an element, and f h is
an arbitrary smooth blending function. The blending function is used to recover the concentrated
displacement jump from the conforming displacement field (see Chapter 7 of [50] for details on this
blending function). In the finite element implementation, an eight-point Gauss integration rule is
employed to calculate the volume integral. A constant slip interpolation is used, which implies that
the tangential slip �et is constant for each enhanced element.

Knowledge of the position of the microfracture within an enhanced hexahedral element is
required to define the blending function f h. Normal separation n and slip direction m are
insufficient to identify the position of the microfracture. This is illustrated in Figure 6 where three

Figure 6. Enhancement of hexahedral finite elements to accommodate a microfracture: darker planes denote
planes of microfracture; filled nodes lie on the ‘positive’ side of the microfracture; empty nodes lie on the

‘negative’ side.
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possible configurations of a microfracture with identical n and m are shown. The position of the
microfracture is assigned arbitrarily to an element because microfractures are discontinuous across
element boundaries, and thus, the microfracture edge of one element does not need to be aligned
with that of its neighboring element. In the present simulations, every element assumes configura-
tion (b) in Figure 6, where both the ‘positive’ and ‘negative’ sides of the microfracture contain four
nodes of the enhanced hexahedral element.

Discontinuous deformation can be used to capture microfracturing of the mineral grains. Whereas
the balance of linear momentum and the bulk constitutive law must be satisfied within a conven-
tional finite element interpolating a conforming displacement field, finite elements containing a
microfracture are also required to satisfy an interface constitutive law on the plane of discontinuity.
For a porous rock, this interface constitutive law is the cohesive frictional law in which the occur-
rence of slip is signified by the resolved shear stress exceeding the combined frictional and cohesive
resistance on the most highly stressed slip system.

The interface constitutive law must account for slip weakening, a process in which the strength of
an intact rock drops to a purely frictional value on the surface of discontinuity. The process involves
combined friction hardening–cohesion softening [50, 80]. The frictional resistance is assumed to
increase linearly from zero at the point of localization to the full value over a characteristic sliding
distance �C, while the cohesion drops linearly to zero over the same characteristic sliding distance.
The slip weakening constitutive law can be written in terms of an interface yield function

f et D

²
j�ej C �e�e�et =�

C � ce.1 � �et =�
C/ D 0; if 0 � j�et j � �

C;

j�ej C �e�e D 0; if j�et j > �
C;

(6)

where the superscript ‘e’ pertains to the localizing element, �et is the tangential slip on the discon-
tinuity, �e is the coefficient of friction on the interface, �e is the stress normal to the surface of
discontinuity (negative under compression), and ce is the cohesion within the localizing element.
The initial value of cohesion is equal to the shear stress at the point of localization so that the yield
function is equal to zero when slip initiates.

In the event that the interface separates, the normal stress must necessarily drop to zero, and thus,
the frictional resistance must also drop to zero. This process is represented in Equation (6) by the
vanishing of the second (frictional) term. As a result, the shear stress on the plane goes to zero once
the cohesion disappears over the characteristic sliding distance. In addition, the fractured element
must also satisfy the conditions that the second tangential stress component as well as the stress
component normal to the plane are zero. This is expressed in the form of the yield conditions f et2
and f en as follows:

f et2 D

²
j�e2 j � c

e
2.1 � �

e
t2=�

C
t2/ D 0; if 0 � j�et2j � �

C
t2;

j�e2 j D 0; if j�et2j > �
C
t2;

(7)

f en D �
e D 0 : (8)

Therefore, for any finite element containing a microfracture, we can quantify three types of discon-
tinuity: two tangential slips (�et and �et2) and normal separation (�en). Furthermore, the stress in the
element as depicted in Equation (5) must also take into account the two additional discontinuities.

Box 3 shows a summary of the finite element implementation of the AES approach. The first
step checks for the localization condition in the crystals. Once the primary slip system is identified
within an element, the slip normal and slip direction for the crystal are used by the algorithm to
determine the geometry of the microfracture and calculate the amount of microslip on the active
plane of the crystal. By using the same crystal configuration for capturing both ductile deformation
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due to crystal slips and brittle deformation due to microfracturing, we can make a more meaningful
comparison of the two micromechanisms of deformation.

Box 3. Finite element implementation of the AES approach

Step 1. Check: has the material localized?
No, elastic deformation continues.
Yes, fracture is initiated. Set
ne D slip normal of the primary slip system
me D slip orientation of the primary slip system.

Step 2. For every localized element,
a. Calculate:
- Plastic strain as a function of ne andme;
- Balance of linear momentum and interface yield conditions

as a function of displacement and slip unknowns.
b. Linearize the equations.

Obtain element stiffness and residual matrices.
c. Statically condense slip degrees of freedom.

Obtain new element stiffness and residual matrices.
Step 3. Solve the global system of equations. Obtain displacement dofs.
Step 4. Obtain slip rate increments for each localized element.
Step 5. Repeat Steps 1–5 until convergence is achieved.
Step 6. Store converged displacement and slip dofs.

4. SIMULATION RESULTS

We now investigate the pore-scale mechanical responses of a crystalline material with properties
similar to those of limestone. It is generally recognized that even at room temperature and pres-
sure, both crystal plasticity and microfracturing can dominate the micromechanisms of deformation
in limestone. Laboratory experiments involving mechanical deformation of limestone have been
conducted, and instances of crystal plasticity and microfracturing are well documented through
observations at the pore scale using either optical micrograph in plain transmission light or backscat-
tered scanning electron microscope [27, 48]. Table I shows the mechanical properties used in the
simulations. The crystal yield stress is assumed to be constant for all slip systems and is denoted by
the symbol �Y .

The solid matrix microstructure is modeled using the FEM. A cube is used to represent a repre-
sentative elementary volume (REV), which, by definition, is larger than the pore scale but smaller
than the specimen scale. We consider two different types of inhomogeneities in the REV, namely,
the void distribution and crystal orientation. The voids are modeled explicitly as hollow inclusions
with cubical geometry. This allows us to look more closely into the stress–strain behavior and pat-
terns surrounding the voids. Even though voids in reality have more complex geometry than the
idealized shape assumed, this simple geometry is capable of capturing not only smooth boundaries
but also sharp edges, which may introduce local stress concentration. The model contains four ran-
domly positioned voids with varying sizes, as shown in Figure 7(a), resulting in an overall porosity
of 3.8%. The different sizes of the voids allow us to investigate the effect of pore size on fracture and

Table I. Material properties for limestone-like rock.

Parameter Symbol Value

Young’s modulus E 20,000 MPa
Poisson’s ratio � 0.30
Crystal yield stress �Y 30 MPa
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Figure 7. Partition of the representative elementary volume into (a) solid material (white region) and air void
(gray region) and (b) two crystal groups with Orientation #1 (white region) and Orientation #2 (gray region).

Table II. Euler angles of the crystal groups in degrees.

Orientation 	 


#1 0.0 22.0
#2 0.0 0.0

crystal plasticity initiation. Note that the REV represents a specific pore-scale structure and does not
necessarily suggest a recurring microstructure in nature.

Limestone has a complex crystal lattice, being primarily made up of calcite, dolomite, and arago-
nite. Both calcite and dolomite have rhombohedral crystal structures, while aragonite has a rhombic
structure [81]. This gives rise to many forms and lattice directions. Because of this complexity, we
make a simplifying assumption in our model that the crystal lattice is made up of f.c.c. crystals.
Despite this simplification, we believe that the simulation will still shed light onto the impor-
tant micromechanisms of deformation in a polycrystalline rock containing voids and other forms
of heterogeneity.

An f.c.c. crystal has eight {1 1 1} octahedral planes. Each of these planes has three h110i slip
directions, resulting in 24 potentially active slip systems. However, only 12 slip systems can activate
at any given time because the eight octahedral planes form conjugate pairs where an active plane
in a pair implies that the other plane in the same pair is inactive. The REV contains two crystal
groups with different crystal orientations. Figure 7(b) illustrates the configurations of the two crystal
groups, whereas Table II summarizes the values of the Euler angles for these two groups.

The REV is a 20 � 20 � 20 �m3 volume partitioned into 18 � 18 � 18 cubical elements. In both
the crystal plasticity and microfracturing simulations, each solid element deforms elastically at the
beginning of the simulation until the yield condition for one of the slip systems is reached, indicating
crystallographic slip. In crystal plasticity, slips on the crystallographic planes continue as long as the
slip system remains active. However, in the microfracturing simulations, slip on the primary system
indicates localization triggering strong discontinuity. Slip weakening then governs the constitutive
behavior on the surface of discontinuity, causing the transition from a cohesive frictional behavior
to a purely frictional behavior (or frictionless behavior in the case of a normal separation). In all
the simulations carried out, the load imposed on the boundary is always driven by a prescribed
boundary deformation.

A homogenization procedure is needed to obtain the average behavior at the scale of the
REV [82]. There are many different ways to homogenize the stress responses. For a finite ele-
ment mesh with uniformly sized cubical finite elements, the stresses can be homogenized simply by
calculating the volume-averaged responses at the integration points, that is,

�ij D
1

V

Z
V

�eij dV D
1

nint

nintX
nD1

.�ij /n ; (9)
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where �ij is the overall Cauchy stress tensor, �eij is the stress tensor at each element, .�ij /n is the
stress tensor at each integration point, and nint is the total number of integration points in the REV,
including the phantom integration points for the void spaces (because the voids are part of the total
volume). Different invariants of the overall stress, such as the mean normal stress and the von Mises
stress, can be calculated readily from the volume-averaged stress tensor.

We consider two different loading conditions, namely, combined shear and extension, and com-
bined compression-lateral extension loading. Both crystal plasticity and microfracturing simulations
are conducted for each loading condition. We also consider different crystal orientations to better
understand the effect of this parameter on the ensuing micromechanical responses. All integration
points are assumed to be initially stress-free.

4.1. Combined shearing and extension

In this simulation, the REV undergoes affine transformation on its six faces, producing shearing and
expansion in the volume. The displacements on the boundaries are incremented linearly at each time
step. The incremental displacements (in nm) applied on the faces of the REV take the form

8<
:
�ux
�uy
�u´

9=
; D 0:03

8<
:
.x C 10/C .´C 10/

0

.x C 10/C .´C 10/

9=
; nm ; (10)

where x; y; ´ are Cartesian coordinates in microns. Note that the displacement in the y-direction is
restrained, creating a plane strain condition on the x´-plane (Figure 8(a)). This deformation field
preserves the planar configuration of all six faces of the volume, even though the deformation field
in the interior of the volume remains irregular because of microstructural effects. For the microfrac-
turing simulation, the characteristic sliding distance �C is assumed to be very small such that slip
weakening occurs in one time step.

Figure 9(a) shows cutouts of the REV revealing the inelastic deformation developing in the inte-
rior of the volume due to crystal plasticity. A yield zone emanates from a corner of the larger
void and merges with another yield zone emanating from a nearby smaller void. We recall from
Equation (3) that the continuum incremental plastic strain for a crystal is the sum of the contribu-
tions from the activated slip systems. The plastic strain contour plotted in Figure 9 is the cumulative
plastic strain

"p D

nstepX
nD1

q
��

p

kl
��

p

kl
; (11)

where nstep is the number of load increments over which the plastic strain is accumulated.
By comparison, Figure 9(b) and (c) portray the cumulative tangential slip and normal separa-

tion, respectively, generated by the AES approach for the same imposed boundary deformation

Figure 8. Affine deformation of six faces of the representative elementary volume: (a) combined shearing
and extension; and (b) vertical compression–lateral extension with net volumetric compression.
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Figure 9. Evolution of yield and damage zones from combined shearing–extension: (a) yield zone induced
by crystal plasticity; (b) tangential slip zone induced by microfracturing; and (c) normal separation induced
by microfracturing. Numbers in percent are imposed volumetric strain on the representative elementary

volume. Color bars: epsi, "p; slip, tangential slip and normal separation (same color bar).

(for conciseness, we have omitted the plots for the second tangential slip that has a similar pattern
as compared with the plotted tangential component). We remark that the tangential slip and normal
separation have the units of length, whereas the plastic strain is a dimensionless quantity, and so
the color bars for the slip/separation contours may not be compared directly with that for the strain.
Nevertheless, the contours for the microslip and microseparation show more pervasive damage to
the volume compared with the more limited yield zone generated by the crystal plasticity simu-
lation for the same imposed boundary deformation. We observe that the microslips also originate
from the voids and coalesce to form an irregularly shaped damage zone. The latter zone, which may
be inferred to trigger fracturing on the mesoscopic to macroscopic scale, is seen to develop largely
from the coalescence of the microfractures. The geometry of this damage zone is influenced to a
great extent by the spatial distribution of the voids.

The largest magnitude of crystal plastic slip appears to occur at the corners of the voids, and
this is most likely due to the fact that they are sites with the greatest stress differential, causing
high shear stresses to develop on the slip planes that induce crystallographic slips. On the other
hand, for the AES simulation, damage is observed to develop along a curved zone passing through
two of the largest voids when plasticity has just initiated, splitting the volume apart. High density
of microfractures with large slips are expected to develop close to this surface. As the simula-
tion progresses, branches are observed to occur from the curved damage zone to the boundary of
the REV.

Figure 10 shows plots of the overall von Mises stress versus overall volumetric strain. The von
Mises stress � is a scalar measure of deviatoric stress that can be obtained from the equation
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Figure 10. Combined shearing and extension: overall von Mises stress versus overall volumetric strain
curves for the representative elementary volume. AES, assumed enhanced strain.

� D

r
.�1 � �2/2 C .�2 � �3/2 C .�1 � �3/2

2
; (12)

where �1, �2, and �3 are the three principal Cauchy stresses. The overall volumetric strain �vol, on
the other hand, is obtained by taking the sum of the three principal strains, that is,

�vol D �1 C �2 C �3 : (13)

In this example, a deviatoric measure of stress (i.e., the von Mises stress) can be paired with a
volumetric measure of strain because of the combined shearing–extension deformation imposed on
the REV.

Figure 10 suggests that the behavior of the REV is elastic prior to the initiation point, as can be
observed from the linear stress–strain response up to a von Mises stress value of around 20 MPa.
Once plastic slip initiates, the curve deviates from a straight line. Crystal plasticity produces a more
ductile response. The slope of the stress–strain curve decreases as more slip systems activate, thus
putting a cap on the value of the von Mises stress, but there is no softening observed. The AES
simulation, on the other hand, produces a more brittle response. The simulation generates slip such
that the shear stress on the microfracture can only be as high as the frictional resistance generated
from the normal compressive stress. However, when a microfracture splits in opening mode, no
frictional resistance can develop. Numerous hexahedral elements experience a splitting mode as
a result of the imposed volumetric expansion, thus creating intermittent softening response of the
REV. Figure 10 also plots the results of simulations combining crystal plasticity and microfracturing.
In this simulation, crystal plasticity is allowed to develop up to a certain critical norm of plastic
strain, after which microfracturing ensues and assumes the geometry and slip direction of the last
activated slip system. In this simulation, the critical norm of plastic strain used is 0.1%, resulting in
a stress–strain response that is intermediate between the fully ductile and fully brittle responses.

4.2. Combined compression–lateral extension

For the second loading condition, we carry out simulations resembling a biaxial compression setting.
The displacements (in nm) are incremented linearly with each time step according to the relation

8<
:
�ux
�uy
�u´

9=
; D

8<
:

0:02x

0:02y

�0:10´

9=
; nm ; (14)
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where x; y; ´ are in microns. Figure 8(b) portrays the affine boundary deformation showing that the
REV is compressed vertically as it expands in the two lateral directions by an amount equal to 20%
of the vertical compression.

Figure 11 depicts the development of yield zones for crystal plasticity and damage zones for the
AES simulations. Yielding is seen to initiate at the side of the pores and progressing in the lateral
direction consistent with the direction of vertical compression. As the simulation continues, other
elements eventually experience sufficiently large shear stresses; however, inelastic deformation con-
tinues to be largest on the sides of the voids. Because yielding of the primary slip systems is reached

Figure 11. Evolution of yield and damage zones for the combined vertical compression–lateral expan-
sion simulations: (a) yield zone induced by crystal plasticity; and (b) tangential slip zone induced by
microfracturing. Numbers in percent are imposed volumetric strain on the representative elementary volume.

Color bars: epsi, "p; slip, tangential slip.

Figure 12. Combined vertical compression–lateral extension: overall von Mises stress versus overall
volumetric strain curves for the representative elementary volume. AES, assumed enhanced strain.
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Figure 13. Evolution of crystal yield zone for the combined shearing–extension simulation: (a) homo-
geneous crystal orientation; and (b) heterogeneous crystal orientation. Numbers in percent are imposed

volumetric strain on the representative elementary volume. Color bar: epsi, "p .

Figure 14. Comparison of the overall von Mises stress versus overall volumetric strain responses for
combined shearing–extension simulation for the homogeneous and heterogeneous crystal orientation

simulations.

earlier on the sides of the voids, yield and damage zones propagate outward from the voids in the
lateral direction in a way as to collapse or squash the pores in the vertical direction. We observe
that the extent of the yield zone for crystal plasticity is somewhat more pervasive than the extent
of the damage zone for the microfracturing simulations. This is because the applied deformation
favors the development of higher compressive stresses, thereby enhancing the frictional resistance
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Figure 15. Evolution of tangential microslip for the combined shearing–extension simulation: (a) homo-
geneous crystal orientation; and (b) heterogeneous crystal orientation. Numbers in percent are imposed

volumetric strain on the representative elementary volume.

of the rock. This is a stark contrast to the previous example where the development of microcracks
was enhanced by the volume expansion.

Figure 12 compares the overall stress–strain curves for the two micromechanisms of deforma-
tion. Plastic slip initiates at a volumetric strain of approximately 0.16%. Beyond this point, the two
curves begin to diverge. For crystal plasticity, the yield strength is dictated by the activated slip
systems so that as more slip systems activate, the von Mises stress eventually reaches a plateau.
However, in the AES simulations, the primary slip system transforms into a frictional interface so
that hardening ensues as the normal stress increases. Because the REV experiences a net volume
decrease, larger normal stresses develop on the slip surfaces, causing an increase in the frictional
resistance of the elements. In most of the elements that localized, the increase in normal stresses has
allowed a build-up of shear stresses on the slip surfaces to the point where these interfaces eventually
stopped slipping.

4.3. Impact of crystal orientation

It has long been recognized that crystal orientation can impact the overall stress–strain responses of
crystalline materials [83]. To look into this aspect further, we repeat the simulations of Section 4.1 by
removing the heterogeneity in crystal orientation and comparing the resulting stress–strain responses
of the REV with those generated from the simulations with two crystal groups. For purposes of
comparison, the term ‘homogeneous’ in the context of this section pertains to a porous crystalline
solid with uniform Euler angles of 	 D 
 D 0ı; the term ‘heterogeneous’ pertains to the REV with
the two crystal groups defined in Table II. The pore distributions are identical for the homogeneous
and heterogeneous simulations.
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Figure 16. Evolution of normal microseparation for the combined shearing–extension simulation: (a) homo-
geneous crystal orientation; and (b) heterogeneous crystal orientation. Numbers in percent are imposed

volumetric strain on the representative elementary volume.

Figure 17. Comparison of the overall von Mises stress versus overall volumetric strain responses for
combined compression–lateral extension simulation for the homogeneous and heterogeneous crystal

orientation simulations.

Figure 13 compares the plastic yield zones generated by the homogeneous and heteroge-
neous crystal orientation simulations for the same imposed boundary displacements considered in
Section 4.1, that is, combined shearing–extension. The general pattern of yielding is nearly the
same, although minor differences can be spotted upon closer examination. These differences trans-
late to the next level into a different stress–strain plot. Figure 14 shows the ductile stress–strain
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responses for the two simulations suggesting that the heterogeneous crystal orientation produces a
stiffer response. Of course, this is not always true, as noted in [32, 65], inasmuch as the mechanical
response of a crystal is known to depend on the direction of loading relative to the crystal orienta-
tion. In other words, for the same loading direction, a given crystal orientation could make it either
easier or harder for the system to slip.

We repeat the simulations, this time using the AES approach to assess how the heterogeneity in
crystal orientation could impact the brittle response of a porous material. Figures 15 and 16 show
the evolution of tangential and normal microslip zones, respectively. Although the general pattern
of damage remains fairly similar for either case, the level of damage, measured in terms of the
magnitude of tangential and normal slips, is substantially different. More specifically, the zones of
most intense tangential slip and most intense normal separation are not the same, implying a more
noticeable impact of crystal orientation on the brittle mode of deformation at the pore scale. Notice
in both the tangential and normal separation contours, for example, that the most intense damage
is no longer around the periphery of the larger void when the crystal orientation is assumed to
be uniform.

Figure 17 compares the two brittle stress–strain responses, suggesting a softer response for the
REV with a uniform crystal orientation. This difference in the responses is not as predictable
as the much smoother stress–strain responses resulting from classic crystal plasticity simulations
(Figure 14). Because of the ‘noise’ generated by sudden slip weakening when each element is
enhanced, the AES approach produces an erratic overall stress–strain response for the REV. It is
likely that the higher von Mises stress observed with the heterogeneous crystal orientation simula-
tion is due to obstruction of slip by other grains in the neighborhood of the element that developed a
microfracture. However, as noted earlier, the response of a crystal depends on the direction of load
relative to the crystal orientation, and so, it is possible that for a different imposed load, an opposite
trend could ensue that is different from that shown in Figure 17.

5. CONCLUSIONS

We have considered two dominant micromechanisms of deformation in porous rocks, namely, crys-
tal plasticity and microfracturing. Both micromechanisms initiate around the pores and propagate
away from the pores in a way that depends strongly on the degree of brittleness of the material and
the spatial distribution of the pores. The more brittle the material, the greater is the extent of dam-
age from tensile loading. The pore-scale modeling conducted in this paper is a mechanistic way of
understanding the smaller-scale processes responsible for the nucleation of macroscopic fractures
and for explaining the origin of the fracture toughness of a given porous material.

For the combined shearing–extension simulations, we find that microfracturing produces a softer
response than crystal plasticity. This is because the tensile stress that develops normal to the fracture
plane necessitates the shear stress to be zero on that plane. Therefore, a stress drop is observed in the
overall stress–strain curve. This is not the case with crystal plasticity, however, because the amount
of shear stress in each crystallographic plane is bounded by the yield stress, and does not drop to zero
even when slip systems activate. For quasi-brittle materials, it is expected that the micromechanisms
of deformation will involve both ductile and brittle responses, with one type of response conceiv-
ably triggering the other. The overall stress–strain behavior is expected to be different when pores
collapse and through-going fractures form. In general, these larger-scale processes will necessitate
modeling beyond the range of the REV. Research along this line is underway.
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