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Abstract: Geomaterials with aggregated structure or containing fissures often exhibit a bimodal pore size distribution that can be viewed as
two coexisting pore regions of different scales. The double-porosity concept enables continuum modeling of such materials by considering
two interacting pore scales satisfying relevant conservation laws. This paper develops a thermodynamically consistent framework for hydro-
mechanical modeling of unsaturated flow in double-porosity media. With an explicit treatment of the two pore scales, conservation laws are
formulated incorporating an effective stress tensor that is energy-conjugate to the rate of deformation tensor of the solid matrix. A constitu-
tive framework is developed on the basis of energy-conjugate pairs identified in the first law of thermodynamics, which is then incorpo-
rated into a three-field mixed finite-element formulation for double-porosity media. Numerical simulations of laboratory- and field-scale
problems are presented to demonstrate the impact of double porosity on the resulting hydromechanical responses. DOI: 10.1061/(ASCE)
GM.1943-5622.0000558. © 2016 American Society of Civil Engineers.
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Introduction

Geomaterials with aggregated structure or containing fissures are
abundant in natural formations and engineered systems. Soil aggre-
gation is commonly encountered in nature, such as in the plough
layer of tilled soils, in biologically active forest soils, and in humus-
rich calcareous top soils (Šim�unek et al. 2003; Gerke 2006; Koliji et
al. 2006, 2010b; Carminati et al. 2007; Jarvis 2007). It is also com-
mon in engineered geotechnical structures such as compacted soils
and landfills (Feda 1998; Li and Zhang 2009; Najser et al. 2010,
2012; Romero et al. 2011; Della Vecchia and Romero 2013; Musso
et al. 2013; Burton et al. 2014). It is well recognized that all natural
reservoir rocks possess fissures to some extent (Barenblatt et al.
1960; Warren and Root 1963; Kazemi et al. 1976; Moench 1984;
Lewandowska and Auriault 2013; Katsuki et al. 2014; Vu et al.
2014; Bennett et al. 2015), and additional fissures may be induced
by engineering activities (Abousleiman et al. 2014; Carneiro 2009;
Weng et al. 2011; Foster and Mohammad Nejad 2013; Lamb et al.
2013; Li et al. 2013; Rahman and Rahman 2013a, b;
Mohammadnejad and Khoei 2013; Zhang et al. 2015; Yin 2013;
White et al. 2014; Tjioe and Borja 2015). Fissures have been
observed in a variety of natural soils as well (Hu et al. 2013; Vitone
et al. 2013a, b). These distinctive features challenge the perform-
ance of important infrastructure and modeling multiphysical proc-
esses that could have serious implications for hazard mitigation and
environmental protection (Borja and White 2010b; Borja et al.

2012a, b; Liu et al. 2014; Raj and Sengupta 2014; Rotisciani et al.
2015).

Aggregated soils or fissured rocks often exhibit a bimodal pore
size distribution that can be treated as a composite with two coexist-
ing pore regions of different scale (Li and Zhang 2009; Romero
et al. 2011; Hall et al. 2013; Burton et al. 2014). Because of the sig-
nificant difference in their pore sizes, the two regions exhibit
markedly different hydromechanical characteristics (Koliji et al.
2006, 2008, 2010a; Frey et al. 2013; Shen et al. 2014). In aggre-
gated soils, for example, the inter-aggregate pores serve as con-
duits for small-scale preferential, non-equilibrium flow, whereas
the intra-aggregate pores and the contact surface areas between the
aggregates can provide pathways for fluid migration (Šim�unek et
al. 2003; Gerke 2006; Jarvis 2007; Yang et al. 2014). Fissures in
rocks govern preferential flow patterns, but the matrix pores can
trap and transport a substantial amount of pore fluids as well
(Barenblatt et al. 1960; Warren and Root 1963; Moench 1984).
One of the major challenges in modeling materials with two domi-
nant pore scales is how to accurately capture the processes taking
place in each scale without resorting to brute force calculations.

The double-porosity concept enables continuum modeling of
materials with two pore scales. Here, the term double porosity is
used to indicate a framework in which two pore regions overlap
within the solid matrix. Throughout the paper, the term macro-
pores refers to the larger pore scale (e.g., inter-aggregate pores or
fissures), and micropores refers to the smaller pore scale (e.g.,
intra-aggregate pores or matrix pores). Fig. 1 shows a schematic
representation of a mixture with double porosity. Broadly speak-
ing, there are two types of material with double porosity
(Šim�unek et al. 2003). The first is a dual-porosity material, in
which the pore fluids could flow through the macropores only but
are trapped within the micropores. However, experimental evi-
dence suggests that in some materials, such as aggregated soils,
the pore fluids could also migrate within the micropores
(Šim�unek et al. 2003; Gerke 2006; Carminati et al. 2007; Jarvis
2007). The term dual permeability is used for this latter type of
material, in which the pore fluid could migrate through the macro-
pores as well as within the micropores. In this paper, the term
double porosity is used in the context of dual permeability.
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Double porosity is a framework widely used in petroleum en-
gineering and subsurface hydrology for various flow problems.
The concept was first proposed by Barenblatt et al. (1960) to
tackle the anomalous flow through fissured rocks in reservoirs
and aquifers (Warren and Root 1963; Kazemi et al. 1976;
Moench 1984; Berkowitz et al. 1988; Zimmerman et al. 1993). It
was later applied for explaining fluid flow in aggregated soils
(Gerke and van Genuchten 1993a; Lewandowska et al. 2004,
2005, 2008). Recent studies have extended its applications to bio-
logical and engineered materials with similar pore scale charac-
teristics (Gauden et al. 2007; Venegas and Umnova 2011; Rohan
et al. 2012; Svanadze and Scalia 2013). Although several previ-
ous studies have adopted the double-porosity framework for
coupled solid deformation and fluid flow in porous media
(Elsworth and Bai 1992; Lewis and Ghafouri 1997; Callari and
Federico 2000; Khalili and Selvadurai 2003; Zhang and Roegiers
2005; Koliji et al. 2010a; Mašín 2013), there has been significant
disagreement in the theoretical formulation of the problem, par-
ticularly with the definition of effective stress. The purpose of the
work presented in this paper is to develop a rigorous and consist-
ent formulation for coupled hydromechanical modeling of unsatu-
rated porous media with double porosity.

There are twomajor challenges in developing a theoretical frame-
work for hydromechanical modeling of double-porosity media. The
first challenge is defining the effective stress to accommodate two
pore pressure degrees of freedom emanating from the two scales.
The second challenge is developing a constitutive framework that
captures all the important poromechanical processes at the two pore
scales. In this work, the first law of thermodynamics is used to
address these two challenges,motivated by thework byBorja (2004,
2006) and Song and Borja (2014b) for unsaturated porous media
with single porosity.

Energy-conjugate pairs in the first law of thermodynamics
suggest groupings of variables that must be linked via constitu-
tive relations. This is because the same energy-conjugate pairs
will appear in the dissipation inequality, and the standard
Coleman-Noll procedure will yield that all variables involved in
a non-dissipative energy-conjugate pair should be related by a
constitutive law to ensure non-negative entropy production (i.e.,
the second law of thermodynamics). As such, identifying energy-
conjugate pairs has proven useful to gain insight into constitutive
modeling of multiphase porous media. For instance, energy conju-
gacy between the effective stress tensor and the rate of deformation
tensor of the solid matrix suggests that a mechanical constitutive
law must be established in terms of the effective stress, rather than
the total stress, or the net stress, or some other measure of stress. A
thermodynamically consistent effective stress could lead to many
desirable results, including the fact that, when reckoned with
respect to this stress, the position of the critical state line is

demonstrably unique (Nuth and Laloui 2008). For double-porosity
media, Borja and Koliji (2009) derived an effective stress tensor that
is energy-conjugate to the rate of deformation tensor for the solid
matrix with double-porosity. By inspecting how the variables are
paired in the expression for the rate of change of internal energy,
they also identified other constitutive relations for double-porosity
media. The constitutive relations of interest in this work concern not
only the mechanical laws but also those emanating from fluid flow
and coupled hydromechanical processes occurring at the two pore
scales.

The present work develops a thermodynamically consistent
framework for hydromechanical modeling of double-porosity
media in which the pores are assumed to be filled with water and
air. Thermodynamic consistency is achieved by making use of the
aforementioned approaches for the effective stress and multiphysi-
cal constitutive relations at the two pore scales. To the authors’
knowledge, this is the first time that a poromechanical framework
for double-porosity media has been developed from direct applica-
tion of the principles of thermodynamics. Essential ingredients for
coupling unsaturated flowwith deformation of the solid matrix hav-
ing two pore scales are presented in this paper. Without loss of gen-
erality, the theory is developed under the assumption of infinitesi-
mal deformation, and the treatment of finite-deformation effects are
deferred for future publication.

This paper is organized as follows.Conservation laws for double-
porosity media are first formulated incorporating a thermodynamically
consistent effective stress tensor.Aconstitutive framework is thendevel-
oped on the basis of energy-conjugate pairs identified in the first law of
thermodynamics. Subsequently, a three-field mixed finite-element for-
mulation is developed for the numerical solution of fully coupled flow
anddeformationproblems.Numericalexamplesarepresented todemon-
strate the impactofdoubleporosityon thehydromechanical responsesof
a laboratory-scale specimenandafield-scale slopeproblem.

Conservation Laws

In this section, the balance of mass and balance of linear momentum
for double-porosity media are formulated by distinguishing
between the macropore and micropore pressures and by using a
thermodynamically consistent effective stress. Also presented is an
expression for the rate of change of internal energy that will prove
to be useful for developing other relevant constitutive relations.

Balance of Mass

Consider a mixture of solid, water, and air, in which the solid forms
a matrix with two dominant pore scales. The volume fractions are
defined in the usual way

= +
Solid

Fluids

Empty space

Porous media with
double porosity

Solid matrix and
micropores

Macropores

Fig. 1. Schematic representation of a mixture with double porosity
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f s ¼ dVs=dV; f ia ¼ dVia=dV; i ¼ M;m; a ¼ a;w

(1)

where index s = solid phase; index i = either the macropore (M) or the
micropore (m); and indexa = pore fluid phase that can be either water
(w) or air (a). Indices are used as superscript characters when referring
to partial properties of a constituent (e.g., volume fractions) and as
superscript characters when referring to intrinsic properties (e.g., con-
stituent volumes). Volume fractions satisfy the closure relation

f s þ
X
i¼M;m

X
a¼w;a

f ia ¼ 1 (2)

Partial mass densities (e.g., r s) can be expressed in terms of the
intrinsic mass densities (e.g., r s) and volume fractions via relations
of the form

r s ¼ f sr s; r ia ¼ f iara; i ¼ M;m; a ¼ a;w (3)

The total mass density of the mixture (r ) is obtained by sum-
ming all of the partial mass densities

r ¼ r s þ
X
i¼M;m

X
a¼w;a

r ia (4)

Pore fractions define the portions of the total pore volume occu-
pied by the two dominant pore regions

c i ¼ f i

1� f s ; i ¼ M;m (5)

where f i ¼ f iw þ f ia, which yields the closure condition

cM þ c m ¼ 1 (6)

Accordingly, the local water saturation at pore scale i is given by
the relation

Si ¼ f iw

f i ¼ f iw

c ið1� f sÞ ; i ¼ M;m (7)

which can be thought of as the local degree of saturation at each of
the two pore scales. The global (or overall) degree of saturation can
then be calculated as

S ¼
X
i¼M;m

f iw

1� f s ¼
X
i¼M;m

c iSi (8)

Without loss of generality and for simplicity, in the following devel-
opments,water is assumed tobe incompressible and thepore air pres-
sure is assumed to be zero (i.e., atmospheric). These assumptions are
realistic for near-surface soil formation applications and can easily
be rectified with the introduction of fluid compressibility and the
pore air variables formoregeneralmultiphysics applications.

The balance of mass for pore water in themacropores andmicro-
pores, accommodating for the mass transfer term between the two
pore scales, can be expressed as follows [with a minor correction
from Borja and Koliji (2009)]:

f i _S
i þ Sic iBr � vþr � qi ¼

1
r i

ci; i ¼ M;m (9)

where the superimposed dot denotes a material time derivative fol-
lowing the solid motion; B = Biot coefficient; v = solid velocity;
qi ¼ f iwevi = seepage (Darcy) velocities of pore water in themacro-
pores and micropores; and evi ¼ vi � v = relative velocity of pore
water at pore scale i. The water mass transfer terms are represented
by ci appearing on the right-hand side, which satisfies the closure
condition cM þ cm ¼ 0.

Balance of Linear Momentum

The balance of linear momentum can be expressed in terms of an
effective stress tensor derived by Borja and Koliji (2009), which
takes the form

r0 ¼ rþ B�p1 (10)

where r and r0 = total and effective Cauchy stress tensor; 1 = sec-
ond-order identity tensor; and �p =mean pore pressure given by

�p ¼
X
i¼M;m

½c iSipi þ c ið1� SiÞpia� (11)

where pi and pia = pore water pressure and pore air pressure at pore
scale i (the index w for the pore water pressure is dropped for sim-
plicity). Note that the formulation uses the standard mechanics
notation where stress is positive in tension and pressure is positive
in compression. For the case of passive air pressure (i.e., zero pore
air pressure), the preceding expression simplifies to the form

�p ¼
X
i¼M;m

c iSipi (12)

In other words, the effective stress tensor r0 can be obtained
from taking the mean pore pressure (�p) that is weighted according
to the pore fractions and local degrees of saturation of the two pore
scales. Under special conditions, this effective stress reduces to
some well-known effective stresses. For example, for single-porosity
media (i.e., either cM ¼ 1 or c m ¼ 1), this effective stress reduces
to the form for single-porosity continua developed by Borja
(2006). If the pores are completely saturated with water, it special-
izes to the effective stress tensor investigated by Nur and Byerlee
(1971). Finally, if the Biot coefficient is B ¼ 1, then one recovers
the Terzaghi effective stress (Terzaghi 1943).

The balance of linear momentum for the entire mixture takes the
following form (Borja and Koliji 2009; Borja 2014):

r � ðr0 � �p1Þ þ rg ¼ �c (13)

where g = gravity acceleration vector; and �c = momentum produced
by the mass transfer of water between the two pore scales, which
takes the form

�c ¼
X
i¼M;m

cievi (14)

Here, the closure condition cM þ cm ¼ 0 causes the solid veloc-
ity terms to cancel out from their original form given by Borja and
Koliji (2009).

Balance of Internal Energy

An expression for the rate of change of internal energy for a solid–
fluid mixture with double porosity was presented in Eq. (76) of
Borja and Koliji (2009). The following equation is a simplified

© ASCE D4016002-3 Int. J. Geomech.
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version of this expression that accounts for mechanical powers
only (signs of some terms are corrected from the original
expression):

r _e ¼ r0 : d þ
X
i¼M;m

evi � rðf iwÞpi �
X
i¼M;m

c ið1� f sÞsi _Si

�
X
i¼M;m

ci pi � 1
2
evi � evi� �

� ð1� f sÞp _c
m

(15)

where _e = rate of change of internal energy per unit total mass of the
mixture; d = rate of deformation tensor of the solid matrix; si = local
suction at pore scale i, defined as si ¼ –pi; and p = difference
between the mean pressures at the macropores and micropores,
p ¼ SMpM – Smpm. To highlight the pairings of the constitutive var-
iables implied by this preceding expression, Eq. (15) is rewritten in
a more abstract form as

r _e ¼ hr0; di þ
X
i¼M;m

hv~i; f iw; pii �
X
i¼M;m

hc i; ð1� f sÞ; si; Si_i

�
X
i¼M;m

hci; pi; v~ii � hð1� f sÞ;p ; _c
mi (16)

where the symbol h�;…; �i denotes energy conjugacy. This
expression for the rate of change of internal energy yields five
groups of constitutive variables, suggesting that five constitutive
relations must be established relating these variables. Three of
these constitutive relations (the terms with the summation) are
defined separately at each pore scale. Specific constitutive models
for these energy-conjugate pairs are proposed in the following
section.

Constitutive Framework

Guided by the pairings identified in Eq. (16), constitutive laws are
now introduced to close the boundary value problem. The first pair
on the right-hand side of this equation suggests a constitutive law
for the solid matrix of the form

_r0 ¼ C : _e (17)

where C = fourth-order tangent tensor that may be obtained, for
example, from an elastoplastic constitutive law; and e = infinitesi-
mal strain tensor of which rate _e is equivalent to the rate of deforma-
tion tensor d for infinitesimal deformation. The reduced dissipation
inequality formulated in Eq. (83) of Borja and Koliji (2009) sug-
gests that a yield function of an unsaturated double-porosity mate-
rial may depend on the suctions at the macropores and micro-
pores. However, because of the absence of firm experimental
evidence, incorporating the effect of two-scale suctions to elasto-
plasticity, similar to what was done for single-porosity modeling
(e.g., Borja 2004; Borja et al. 2013b; Liu and Muraleetharan
2012a, b; Song and Borja 2014a), is not pursued here.

The second pair suggests a constitutive relation among the rela-
tive flow vector, volume fraction, and pore water pressure at each
pore scale. Noting that qi ¼ f iwevi, this is equivalent to a relation
between the seepage velocity and the pore pressure at pore scale i.
Under the assumptions of laminar flow and isotropic media, it is
postulated that Darcy’s law is valid for the two pore scales. The
seepage velocities of pore water in the macropores and micropores
are then given by

qiw ¼ �kri
ki
mw

� ðrpi � rwgÞ; i ¼ M;m (18)

where kri and ki = relative and intrinsic permeabilities at pore scale
i; and mw = dynamic viscosity of water. The relative permeability
depends on the local degree of saturation and is elaborated further
later. Note that porosity may also vary with finite deformation
(Song and Borja 2014a, b), although it is considered constant in the
present infinitesimal formulation.

The third pair in the internal energy equation suggests a relation
among the local matric suction (si) and the local degree of saturation
(Si) for a given volume fraction. This work uses the well-known
van Genuchten equation (van Genuchten 1980) at each pore scale,
which is written as

SiðsiÞ ¼ Si1 þ ðSi2 � Si1Þ½1þ ðsi=saiÞni ��mi ; i ¼ M;m (19)

where Si1 and Si2 = residual water saturation and maximum water
saturation at pore scale i, respectively; sai = scaling suctions; and ni
and mi = parameters that determine the shape of the water retention
curves. Note that the fitting parametermi is related to the parameter
ni according to the relation

mi ¼ 1� 1=ni (20)

The relative permeabilities of the water phase in the macropores
andmicropores are given, respectively, by

kri ¼ u 1=2½1� ð1� u
1=mi
i Þmi �2; u i ¼ Si � Si1

Si2 � Si1
; i ¼ M;m

(21)

Although water retention curves can be developed quite easily
for the entire porous material, they are quite challenging to develop
for each of the two pore scales. To develop water retention curves
appropriate for the macropores and micropores, one can resort to an
indirect approach, as used in some previous studies (Durner 1994;
Buscarnera and Einav 2012; Casini et al. 2012). The idea is to
superimpose two water retention curves, one for the micropores and
the other for the macropores, and calibrate the overall curve with
the global water retention data, recalling that the global saturation
can be calculated from the weighted average of the local suctions,
as shown in Eq. (8). Another approach is to ignore suction in the
macropores because of their much lower air-entry value, as done by
Koliji et al. (2010a). However, when the suction in the macropores
is not negligible, such as what the experimental results of Romero
et al. (1999, 2011) suggest, the latter approach may lead to oversim-
plification. Last, it is noted that, in some cases, the changes in the
pore volume could have a significant impact on the water retention
curves of double-porosity media [see Romero et al. (2011) and
Della Vecchia et al. (2015) for some experimental evidence] and
single-porosity media (Gallipoli et al. 2003; Miller et al. 2008). In
the finite-deformation range, this relationship must be considered
whenever experimental data permit.

The fourth pair involves mass transfer terms (ci) that are new to
the formulation (i.e., relative to the one presented by Borja and
Koliji 2009). For obvious reason, these terms do not enter into the
formulation for a single-porosity problem. Note that the terms p and
v~ have already been related by Darcy’s law; thus, one can eliminate
the relative velocity term and simply link c and p by an appropriate
constitutive law. Also, because of the closure condition cM ¼ –cm,
one can interpret the constitutive law as relating the diffusive mass
transfer term to the pressure difference at the two pore scales. In

© ASCE D4016002-4 Int. J. Geomech.
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fact, a vast number of studies have advanced constitutive relations
of this form (e.g., see Warren and Root 1963; Dykhuizen 1987,
1990; Gerke and van Genuchten 1993b; Haggerty and Gorelick
1995; Köhne et al. 2004; Sarma and Aziz 2006). Among them, a
first-order mass transfer equation of the following form is common:

cM ¼ �a

mw
ðpm � pMÞ; cm ¼ �a

mw
ðpM � pmÞ (22)

where �a = dimensionless parameter that depends on the characteris-
tics of the interface between the macropores and micropores, such
as permeability, spacing, and shape. Several specific forms of the
parameter �a have been suggested on the basis of theoretical and ex-
perimental results (e.g., Warren and Root 1963; Dykhuizen 1990;
Gerke and van Genuchten 1993b). This study uses an equation pro-
posed by Gerke and van Genuchten (1993b), given by

�a ¼ �k
b

a2
g (23)

where �k = interface permeability; a = characteristic length of the
macropore spacing; b = dimensionless coefficient that accounts for
macropore geometry; and g = dimensionless scaling coefficient
that was shown to be 0.4 to fit experimental results. Simlar to the
constitutive relations developed for the other groups, which are not
unique, one can explore other possible constitutive laws for the dif-
fusivemass transfer term that better fit the experimental data.

The final pair in the expression for the rate of change of internal
energy suggests a constitutive relationship between the mean pore
pressure difference and the macropore volume fraction. As noted by
Borja and Koliji (2009), this is an open question particularly in the
finite-deformation range, where the macropore volume fraction
may change significantly. For the infinitesimal theory, where the
volume fractions may not change significantly (i.e., _c

m � 0), it is
reasonable to ignore this yet undetermined constitutive relation.

Mixed Finite-Element Formulation

This section formulates a three-field mixed finite-element solution
to an initial boundary value problem of coupled solid deformation
and fluid diffusion with double porosity. Strong and weak forms are
first presented on the basis of the theoretical developments
described in the previous section. Then, a three-field matrix form is
developed for solving initial boundary value problems.

Strong Form

Consider a closed domain denoted by �X ¼ X [ C, where X is an
open domain and C is the boundary of X. The boundary C is
assumed to be suitably decomposed as follows: displacement and
traction boundaries for solid, Cu and Ct, respectively; pressure and
flux boundaries for water in the macropores, CpM and CqM , respec-
tively; and pressure and flux boundaries for water in themicropores,
Cpm andCqm , respectively. The boundaries are subject to the follow-
ing set relations:

C ¼ Cu [ Ct and ; ¼ Cu \ Ct (24)

C ¼ CpM [ CqM and ; ¼ CpM \ CqM (25)

C ¼ Cpm [ Cqm and ; ¼ Cpm \ Cqm (26)

where ; = null set and the overline denotes a closure.
The strong form of the initial boundary value problem can be

stated as follows. Given û; t̂; p̂M; q̂M; p̂m, and q̂m, find u, pM , and
pm such that

r � ðr0 � �p1Þ þ rg ¼ �c (27)

and

f i _S
i þ Sic iBr � vþr � qi ¼

1
r i

ci; i ¼ M;m (28)

subject to boundary conditions

u ¼ û on Cu (29)

n � r ¼ t̂ on Ct (30)

pM ¼ p̂M on CpM (31)

�n � qM ¼ q̂M on CqM (32)

pm ¼ p̂m on Cpm (33)

�n � qm ¼ q̂m on Cqm (34)

and initial conditions

u ¼ u0; pM ¼ pM0; pm ¼ pm0 (35)

for all ðx; tÞ 2 ð�X � t ¼ 0Þ. Here, symbols with the hat denote the
prescribed boundary conditions, t is the prescribed traction vector.

Weak Form

To develop the weak form of the problem, the spaces of trial func-
tions are defined as

Su ¼ fuju 2 H1; u ¼ û on Cug (36)

SpM ¼ fpMjpM 2 H1; pM ¼ p̂M on CpMg (37)

Spm ¼ fpmjpm 2 H1; pm ¼ p̂m on Cpmg (38)

where H1 = a Sobolev space of order 1. Corresponding spaces of
weighting functions are also defined by imposing homogeneous
conditions on the Dirichlet boundaries

Vu ¼ fgjg 2 H1; g ¼ 0 on Cug (39)

VpM ¼ fvMjvM 2 H1;vM ¼ 0 on CpMg (40)

Vpm ¼ fvmjvm 2 H1;vm ¼ 0 on Cpmg (41)

© ASCE D4016002-5 Int. J. Geomech.
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The weak form of the problem may be stated as follows. Find
fu; pM; pmg 2 Su � SpM � Spm such that, for all fg;vM;vmg
2 Vu � VpM � Vpm , the following equations are satisfied:
1. Balance of linear momentumð

X
rsg : ðr0 � B�p 1Þ dX ¼

ð
X
g � ðrgþ �cÞ dXþ

ð
Ct

g � t̂ dC

(42)

2. Balance of mass in the macroporesð
X
vMf

M _S
M
dXþ

ð
X
vMSMcMBr � v dX�

ð
X
rvM � qM dX

¼ � 1
r i

ð
X
vMc

M dXþ
ð
CqM

vMq̂M dC

(43)

3. Balance of mass in the microporesð
X
vmf

m _S
m
dXþ

ð
X
vmSmc mBr � v dX�

ð
X
rvm � qm dX

¼ � 1
r i

ð
X
vmc

m dXþ
ð
Cqm

vmq̂m dC

(44)

Time-Integrated Form

For the time integration of the variational equations for the mass
balance, the first-order accurate, unconditionally stable backward
Euler scheme is used to take advantage of its high-frequency nu-
merical damping that suppresses spurious oscillations in time. It is
noted that this feature is particularly advantageous for double-porosity
problems in which the permeability contrast between the two pore
scales could possibly be very significant. In other words, a time
step that is acceptable for diffusion in the macropore region may
not be suitable for diffusion in the micropore region, resulting in
pressure oscillation with respect to time unless the backward Euler
scheme is used. At time tnþ1, the time-integrated variational equa-
tion for the balance of mass for the macropores reads

RpM¼
ð
X
vMf

MðSM � SMn Þ dXþ
ð
X
vMSmcMBr � ðu� unÞ dX

� Dt
ð
X
rvM � qM dX� Dt

rw

ð
X
vMc

M dX� Dt
ð
CqM

vMq̂M dC

¼ 0

(45)

For the micropores, the equivalent expression reads

Rpm¼
ð
X
vmf

mðSm � Smn Þ dXþ
ð
X
vmSmc mBr � ðu� unÞ dX

� Dt
ð
X
rvm � qm dX� Dt

rw

ð
X
vmc

m dX� Dt
ð
Cqm

vmq̂m dC

¼ 0

(46)

where index n = quantities at time tn; and Dt = time increment. For
brevity, the index nþ 1 is omitted for terms pertaining to time tnþ1.
Note that the residualsRh

ð�Þ are defined after multiplying the original
time-integrated equations by the time incrementDt.

Matrix Form

For spatial discretization, the standard Galerkin approximation is
performed, and the displacement and two pore pressure fields are
interpolated by using a three-field mixed finite element. It is worth
noting that the interpolation functions for displacement and pore
pressures are not arbitrary, and only a limited number of possible
combinations work in practice. In the limit of fully saturated and
undrained deformation, the interpolation functions must satisfy the
inf–sup condition for twofold saddle point problems (Howell and
Walkington 2011); otherwise, the pore pressure solution will ex-
hibit spurious oscillations in space similar to those studied by
Murad and Loula (1994) andWhite and Borja (2008).

With the standard shape function matrices, the trial functions are
represented as

uh ¼ Nudþ N̂
u
d̂

phM ¼ NppM þ N̂
p
p̂M

phm ¼ Nppm þ N̂
p
p̂m

9=; (47)

where superscript h = spatially discretized function;N = shape func-
tion matrix, with superscript characters indicating the fields being
interpolated; d, pM; andpm = nodal displacement vector, nodal mac-
ropore pressure vector, and nodal micropore pressure vector,
respectively; and the hats pertain to contributions from the essential
boundary conditions.

The gradient and divergence of the primary variables are inter-
polated as follows:

ruh ¼ Bdþ B̂d̂
r � uh ¼ bdþ b̂d̂
rphM ¼ EpM þ Êp̂m

rphm ¼ Epm þ Êp̂m

9>>=>>; (48)

The same shape functions are used for the variations, following the
standard Galerkin approximation.

The matrix form of the problem is developed by inserting the
finite-element approximations into the Galerkin form of the mixed
variational Eqs. (42), (45), and (46). The residual equations take
the vector forms as follows:
1. Balance of linear momentum

Rh
u ¼ �

ð
X
ðBTr0 � bTB�phÞ dXþ

ð
X
ðNuÞTðrgþ �cÞ dXþ

ð
Ct

ðNuÞT t̂ dC
! 0

(49)

2. Balance of mass in the macropores

Rh
pM ¼

ð
X
ðNpÞTfMðSM � SMn Þ dXþ

ð
X
ðNpÞTSMcMBr � ðuh � uhnÞ dX

� Dt
ð
X
E � qhM dX� Dt

rw

ð
X
ðNpÞTcM dX� Dt

ð
CqM

ðNpÞTq̂M dC

! 0

(50)

3. Balance of mass in the micropores

Rh
pm

¼
ð
X
ðNpÞTf mðSm � Smn Þ dXþ

ð
X
ðNpÞTSmc mBr � ðuh � uhnÞ dX

� Dt
ð
X
E � qhm dX� Dt

rw

ð
X
ðNpÞTcm dX� Dt

ð
Cqm

ðNpÞTq̂m dC

! 0

(51)

© ASCE D4016002-6 Int. J. Geomech.
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Here, the equalities to zero in the previous variational equations are
replaced with rightward arrows tending to zero to imply that a
Newton-Raphson iteration scheme may be involved in driving the
residual vectors,Rh

ð�Þ, to zero (for nonlinear problems).
The previously defined residuals are generally nonlinear with

respect to the primary variables d, pM , and pm due to material and/
or geometric nonlinearities. A Newton-Raphson iteration is thus
used to solve the problem. The linearized problem is defined by a
tangent operator (or Jacobian matrix) with a 3� 3 block structure of
the form

A B1 C1

B2 D E1

C2 E2 F

24 35 d d
d pM
d pm

8<:
9=; ¼ �

Rh
u

Rh
pM

Rh
pm

8><>:
9>=>; (52)

where d d, d pM, and d pm = relevant search directions. The individ-
ual submatrices of the tangent operator are given in the Appendix.
Note that the tangent operator is generally nonsymmetric.

Numerous strategies for the solution of the linearized system are
available. Direct methods for nonsymmetric matrices could be
used, but for large systems, they could be prohibitively expensive
because of the time-consuming factorization step and large memory
requirements involved in the calculations. Here, an iterative solver
based on the Krylov subspace methods is used. To make use of this
iterative solver, the block-preconditioning technique proposed by
White and Borja (2011) has been extended to accommodate the
3� 3 block-partitioned structure of the tangent operator.

Numerical Examples

This section presents two numerical examples that demonstrate the
impact ofdoubleporosityon theensuinghydromechanical responses
of geotechnical structures. The examples compare the structural
responses predicted by double-porosity simulations with those
obtained by equivalent homogenized single-porosity simulations.
The first example involves the development of a persistent shear
band in a laboratory-scale plane-strain compressionof an aggregated
soil with imposed heterogeneity in the pore fractions. The second
example deals with the impact of double porosity on fluid flow and
deformation of a field-scale unsaturated slope subjected to rainfall
infiltration.

All computations were conducted by using Geocentric, a mas-
sively parallel finite-element code for geomechanics that is built on
the deal.II finite-element library (Bangerth et al. 2007, 2013), p4est
mesh handling library (Burstedde et al. 2011), and the Trilinos pro-
ject (Heroux and Willenbring 2012). The implementation of this
code has been verified by checking to see that, when either one of
the two pore fractions is reduced to zero, the results of double-porosity
simulations are identical to the results of single-porosity simula-
tions (Borja 2004; Borja and White 2010a). It was confirmed first-
hand that the problems at hand are not subject to the inf–sup stabil-
ity condition because compressible air is present throughout the
simulations. The results presented in the following section were
obtained by equal-order linear interpolations of the displacement
and two pressure variables.

Persistent Shear Band

The first example involves a rectangular specimen of an aggregated
soil with a uniform overall porosity and subjected to plane-strain
compression. The flow condition is locally drained but globally
undrained (i.e., water cannot flow through the exterior boundaries,

but is otherwise free to migrate within the specimen). Air pressure
is assumed to remain at zero within the specimen. The top and bot-
tom boundaries of the specimen are free to slide horizontally,
whereas the two vertical boundaries are subjected to a uniform
external pressure. Under this condition, a single-porosity formula-
tion would predict that stresses, pore water pressures, and deforma-
tions would be uniformly distributed throughout the specimen. No
persistent shear band would form, and at the bifurcation point, two
conjugate shear bands could possibly form through any point within
the specimen. In other words, from a modeling standpoint, the spec-
imen may be considered an element and not a structure.

Previous studies reveal that imperfections in the form of quanti-
fied heterogeneity can trigger a persistent shear band in unsaturated
porous materials. Two types of heterogeneity have been considered
in the past: one arising from nonuniform density and another ema-
nating from an inhomogeneous degree of saturation (Andrade and
Borja 2006, 2007; Borja and Andrade 2006; Borja et al. 2013a, b;
Song and Borja 2014a, b). This example investigates a third form of
heterogeneity that is unique to double-porosity formulation: a spa-
tially varying pore (or void) fraction. The following simulations
consider an unsaturated porous material with uniform overall den-
sity and uniform global degree of saturation, but with a spatially
varying pore fraction.

A rectangular specimen 0.05 m wide and 0.10 m tall with a uni-
formly distributed total porosity of 0.4 was modeled with 1,040
quadrilateral mixed elements. The following material parameters
were assumed in the simulations: intrinsic permeabilities, kM ¼
2� 10�10m2 and km ¼ 1� 10–13m2; dynamic viscosity of water,
mw ¼ 10�6 kPa � s; diffusive mass exchange parameters, �k ¼
10�4 �minðkrMkM; krmkmÞ; a ¼ 10�3 m, b ¼ 4, and g ¼ 0:4 for
Eq. (23), which are somewhat similar to the parameters used by
Gerke and van Genuchten (1993a). For the water retention curves,
the van Genuchten model was used for the two pore scales, with
SM1 ¼ 0:1; SM2 ¼ 1:0, nM ¼ 4, and saM ¼ 2:5 kPa for the macro-
pores and Sm1 ¼ 0:2; Sm2 ¼ 1:0, nm ¼ 2, and sam ¼ 25 kPa for the
micropores. This difference in the water retention parameters was
motivated by the fact that the macropores typically have a smaller
air-entry value than themicropores (Romero et al. 1999, 2011).

For the solid matrix, a non-associative Drucker-Prager plasticity
model was used, with a friction angle of f ¼ 30� and dilation angle
of c ¼ 5�. Cohesion of aggregated soils can be significantly high
(Fuentes et al. 2013), but it may quickly decrease when aggregated
structures degrade by plastic strain. This aspect was considered by
assuming an initial cohesion of 15 kPa and adopting a cohesion soft-
ening law presented by Borja (2013), which is given by

c ¼ c0 exp½�ðλ=k1Þ2� (53)

where c and c0 = current and initial cohesion; k1 = positive constant;
and λ = cumulative plastic strain defined as

λ ¼
ð
t
k _e pkdt (54)

where e p = plastic part of the infinitesimal strain tensor. This soften-
ing law was used with k1 ¼ 0:01. For the numerical integration of
this plasticity model, the readers are referred to Chapter 4 of Borja
(2013). Note that, although the yield surface does not explicitly take
the suction stress as a parameter, the plastic response does depend
on the suction because it is incorporated into the definition of the
effective stress. Isotropic linear elasticity was assumed inside the
yield surface, with elastic bulk modulus K ¼ 5 MPa and Poisson’s
ratio � ¼ 0:3. The solid grains were assumed to be incompressible,

© ASCE D4016002-7 Int. J. Geomech.
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resulting in a Biot coefficient of B ¼ 1. The gravity load was
neglected in the simulations.

The soil was initially unsaturated with a uniform suction of 5
kPa in the macropores and micropores, resulting in a uniformly dis-
tributed global degree of saturation of 0.58. Twomacroporosity dis-
tributions were generated statistically by using a normal distribution
function with a specified mean of 0.2 and a standard deviation of
0.01. Two realizations, labeled Case #1 and Case #2 and having
macropore fractions ranging from a low value of 0.41 to a high
value of 0.59, are shown in Fig. 2. Because of the significant differ-
ence in the water retention characteristics, the initial local satura-
tions in the two pore regions were nearly at the extreme ends of the
spectrum (0.11 for the macropores and 0.98 for the micropores),
which means that most of the pore water was initially inside the
micropores. After the initial conditions were established, the speci-
men was consolidated by an isotropic pressure of 100 kPa and then
compressed by the top boundary moving downward by 2� 10–5m

for each time increment. Note that, whereas themechanical model is
rate independent, the overall hydromechanical response is rate de-
pendent because of thepresenceoffluidflow.

Fig. 3 portrays the equivalent plastic strain
ffiffiffiffiffiffiffiffi
2=3

p
λ for the two

cases at a vertical compression of 2.7 mm. Note that for each of the
two initial macropore fraction distributions, a unique shear band
develops (one is the conjugate of the other) and that the locations of
the two persistent shear bands are uniquely identified. The orienta-
tions of the two shear bands are approximately 47–48° from hori-
zontal, which is fairly close to the Roscoe angle of 45� þ c =2. This
result indicates that heterogeneity in the pore fractions can also be
an effective trigger of a shear band and, more specifically, a persis-
tent shear band that has unique orientation and position in an other-
wise homogeneously deforming body. It is clear that this result can-
not be generated from a modeling framework that relies solely on
single-porosity formulation, which is not capable of distinguishing
between the properties of themacropore andmicropore regions.

Fig. 2. Spatial distributions of macropore fractions, cM; note that the overall porosities of the two distributions are the same and are uniformly dis-
tributed throughout the specimen

Fig. 3. Contours of equivalent plastic strain (percentage) at vertical compression of 2.7 mm

© ASCE D4016002-8 Int. J. Geomech.
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Fig. 4 shows contours of the mean pore pressure (�p) at the same
vertical compression of 2.7 mm. Note that �p, which accommodates
both the macropore and micropore water pressures, is positive
everywhere, although lower values are detected in the zone of the
persistent shear band due to greater plastic dilatancy predicted by the
Drucker-Prager model in this region. However, this result does not
imply that both the macropore and micropore pressures are positive
inside the specimen. In fact, Fig. 5 shows that the macropore water
pressures barely changed from their initial value of –5 kPa, but the
micropore water pressures dramatically increased as a result of the
imposed specimen deformation (induced primarily by the very low
permeability of the micropores). Because the mean pore pressure (�p)
is calculated from the two pressures weighted according to their
pore fractions and local degrees of saturation, and because the
micropore water pressures are well above zero, the resulting overall
pore pressures inside the specimen are positive for both cases.

An interesting consequence of the fact that the macropore water
pressures barely changed from their initial negative values is that
the macropores remain essentially unsaturated even as the micro-
pores reach full saturation. Fig. 6 affirms this statement: the degrees
of saturation in the macropores barely increased from their initial
value of 0.11, even as the micropores reached full saturation for
both cases. Because the global degree of saturation is the weighted
average of the individual degrees of saturation, the specimen as a
whole remains unsaturated even as the mean pore pressure is posi-
tive. Of course, a positive overall pressure on an unsaturated porous
medium cannot be explained in the context of single porosity for-
mulation—only by treating the two pore regions explicitly can one
explain how this unique combination of hydrologic states can occur.
On a related note, an approach often used to reconcile the aforemen-
tioned unique combination in the context of single-porosity formula-
tion is to ignore suctions in the macropores and simply take the

Fig. 4. Contours of mean pore water pressure, �p (in kPa), for Cases #1 and #2 calculated at vertical compression of 2.7 mm

Fig. 5. Contours of macropore andmicropore water pressures (in kPa) for Case #1 calculated at vertical compression of 2.7mm

© ASCE D4016002-9 Int. J. Geomech.
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microsaturation as the global saturation (Koliji et al. 2010a).
However, this may be an oversimplification for materials that can
have non-trivial suctions in the macropores, such as those studied by
Romero et al. (1999, 2011).

Unsaturated Slope under Rainfall Infiltration

The second example involves a steep hillside slope subjected to rain-
fall infiltration. The problem is similar to the one simulated by Borja
andWhite (2010b) and Borja et al. (2012b, a): a steep slope made up
of a thin layer of colluvium approximately 1–2m thick and underlain
by a rigid but highly fractured bedrock was subjected to rainfall infil-
tration. Rainfall was applied on the surface of the slope in the form
of a flux that infiltrated into the colluvium, saturating it and causing
the slope to form localized plastic shear zones. Different drainage
conditions into the bedrock were investigated in the previous works
(Borja andWhite 2010b; Borja et al. 2012b, a), and here, for simplic-
ity, the bedrock was assumed to be impermeable. To investigate the
impact of multiscale properties of the colluvium, this example
assumed the colluvium to be a double-porosity medium and com-
pared the ensuing hydromechanical response with that obtained
from a single-porositymediumwith the same overallmaterial properties.

Single-Porosity Modeling

Thecolluviumwasfirst considered as a single-porositymaterial. Fig.
7 portrays the geometry and finite-element mesh for the slope, mod-
eled in this example as a plane-strain problem. The colluvium do-
main was discretized with 649 quadrilateral mixed elements, and its
bottom layerwasfixed to the bedrock,whichwas assumed to be rigid
and impermeable. This boundary conditionmeans that sliding of the
colluvium could only take place in the form of plastic bulk shearing
of elements attached to the bedrock. The top and bottom vertical
boundaries of the colluviumare no-flowboundaries (i.e., impervious
walls). These boundary constraints could impact the flow patterns
duringadvancedperiods of sustained rainfall, as elaborated later.

Intrinsic mass densities of r s ¼ 2:6 t=m3 were assumed for the
solid grains and rw ¼ 1:0 t=m3 for water. The porosity of the solid
matrix was 0.39, which is similar to that of the aggregated soil tested
by Carminati et al. (2007). For the mechanical modeling, a

thermodynamically consistent effective stress tensor derived by
Borja (2006) was used. A Biot coefficient of B ¼ 1 was assumed,
which is reasonable for soils. An elastic–perfectly plastic Drucker-
Prager model was used with the following parameters: bulk modu-
lus K ¼ 10 MPa, Poisson’s ratio � ¼ 0:35, cohesion c ¼ 2:5 kPa
(derived primarily from plant roots), friction angle f ¼ 38�, and
dilation angle c ¼ 25�. These parameters are similar to those used
in previous simulations conducted by the authors (Borja and White
2010b; Borja et al. 2012a, b).

For the water retention model, a van Genuchten curve was fitted to
the experimental data for an aggregated soil presented by Carminati et
al. (2007). Reference data obtained for an assembly of aggregates in
which pore water was retained in both the inter-aggregate and intra-
aggregate pores were used to determine the homogenized properties
for an equivalent single-porosity material. The following parameters
were obtained for the equivalent single-porosity material: residual sat-
uration S1 ¼ 0:2, maximum saturation S2 ¼ 1:0, shape parameter
n ¼ 1:92, and scaling suction sa ¼ 25 kPa. For fluid diffusion, an
intrinsic permeability of k ¼ 10–11m2 and a dynamic viscosity of

Fig. 6. Contours of degree of saturation for the macropores at vertical compression of 2.7 mm; note that themicropores are fully saturated everywhere
at this loading stage

Fig. 7. Geometry and mesh for the steep hillside slope problem

© ASCE D4016002-10 Int. J. Geomech.
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water of mw ¼ 10–6 kPa · s were assigned. An initial uniform suction
of 25 kPa was assumed throughout the slope.

The initialization phase consisted of applying static gravity load
to the colluvium to establish the initial stress conditions at the quad-
rature points and then resetting the nodal displacements to zero.
Then, rainfall was simulated by applying a normal water flux of q̂ ¼
50 mm/h on the slope surface, a natural boundary condition in the

terminology of the finite-element method. An important considera-
tion in rainfall infiltration simulation is that the pore water pressure
cannot be greater than zero on the slope face. To ensure that this flow
physics is satisfied, any exfiltration of water from the slope face was
monitored, and once a positive pore pressure was detected on the
slope face, the boundary conditionwas switched to zero pressure, an
essential boundary condition. The fluid flux was applied until the
slope developed localizeddeformationpatterns.

Fig. 8 shows a snapshot of plastic strains that developed within
the slope after 125 min of rainfall. The slope exhibited a multiple
block failure mechanism analogous to the results reported by Borja
andWhite (2010b) and Borja et al. (2012b) and explained further by
Varnes (1978). Development of zones of localized deformation took
place progressively. After 100 min of rainfall, a localized zone
emerged on the slope face (primary), followed by another zone at
120min (secondary) and then a third zone at 125min (tertiary). Note
that deformation in the tertiary zonewasmore intense than deforma-
tion that developed in the secondary zone. As the tertiary zone of
localized deformation developed, the global Newton-Raphson itera-
tion showed a much slower (sublinear) convergence rate. Such
behavior of the iterative solution is quite common and is often inter-
preted as a sign of an impending slope failure, although such infer-
ence is not made in this work. It is noted that a similar sublinear con-
vergence rate was observed as the persistent shear band developed
progressively in the rectangular specimenof theprevious example.

Fig. 9 shows contours of degree of saturation and pore water
pressure in the colluvium after 100 min of rainfall, which is the

Fig. 9. Single porosity: degree of saturation and pore water pressure (in kPa) in the colluvium at t ¼ 100min

Fig. 8. Single porosity: equivalent plastic strain (percentage) in the
colluvium at t ¼ 125min

© ASCE D4016002-11 Int. J. Geomech.
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time instant at which the primary plastic zone emerged on the
slope face. It is clear that the location of the intense plastic zone
correlates well with the zone of full saturation in which the pore
water pressures increased to a value greater than zero, which
implies that loss of suction was the primary reason for the de-
velopment of the localized plastic zone. On the other hand, Fig.
10 depicts the degree of saturation and pore water pressure after
125 min of rainfall. At that time instant, the entire colluvium
domain was nearly fully saturated, which resulted in the devel-
opment of the secondary and tertiary plastic zones.

It is noted that the zone of full saturation in the colluvium
domain developed from both the top and bottom end bounda-
ries of the mesh and converged somewhere in the middle of
the slope. It is obvious that the vertical wall at the bottom end
of the mesh blocked fluid flow, which caused the saturated
zone to propagate uphill under the sustained rainfall. However,
the vertical wall at the top end of the mesh did not affect the
development of a saturated zone that propagated downhill;
rather, it is the combined effects of rainfall intensity, colluvium
geometry, and permeability that were responsible for saturating
the top end of the mesh. These flow dynamics are revisited in
the context of double-porosity simulation in the next section.

Double-Porosity Modeling

The next step of the analysis entails converting the colluvium
domain into a double-porosity medium. To have a meaningful
comparison with the single-porosity simulation, the overall po-
rosity of the double-porosity medium must be the same as that

of the single-porosity medium, which means that the total po-
rosity of the double-porosity medium must somehow be distrib-
uted to the two pore scales. Here 0.09 of the porosity was arbi-
trarily assigned to the macropores and 0.3 of it to the
micropores, for a total porosity of 0.39. The next step was to
assign water retention characteristics to the two pore scales
such that the overall water retention characteristics were com-
parable to those of the single-porosity medium. To this end,
the experimental data reported by Carminati et al. (2007) were
used as a reference, and their data were calibrated by superim-
posing water retention curves for the two pore scales. This cali-
bration entails a trial-and-error procedure, and the results are shown
inFig. 11. In thisfigure, the twodashedcurves are thewater retention
curves for the two pore scales; the red curve is the superposition of
the twodashed curves, and the blue curve is thewater retention curve
used in the single-porosity simulation.

The superposition of the two water retention curves was based
on the definition of global degree of saturation for a double-porosity
medium, as seen in Eq. (8). Here, the fact that the air-entry value for
the micropores is typically much higher than that for the macro-
pores was used. A similar superposition approach was used in the
literature (Durner 1994; Buscarnera and Einav 2012; Casini et al.
2012). The calibration described in the preceding paragraph yielded
the following van Genuchten parameters. For the macropores,
SM1 ¼ 0:05, SM2 ¼ 1:0, nM ¼ 3, and saM ¼ 12 kPa; for the micro-
pores, Sm1 ¼ 0:2, Sm2 ¼ 1:0, nm ¼ 2:2, and sam ¼ 50 kPa. The corre-
sponding permeabilities for the macropores and micropores are
4:33� 10–11 and 4:33� 10–15 m2, respectively.

The mechanical properties used for the solid component were
the same as those used in the single-porosity simulation. Note that,
whereas the elastoplastic parameters were the same as in the previ-
ous case, the total suction was obtained from the combination of the
local macropore and micropore suctions. Last, the following values
were assumed for the diffusive mass transfer: a ¼ 0:01m, b ¼ 11,
g ¼ 0:4, and �k ¼ 0:01�min ðkrMkM , krmkmÞ.

Simulations were conducted in exactly the same manner as in
the single-porosity case. The same initial suction of 25 kPa was
specified at the two pore scales so that the initial stress condition of
the slope remained the same and pore water pressures were in local
equilibrium. As in the previous example, the macropores were
much drier than the micropores under the same suction because of
their water retention characteristics.

Care must be taken to ensure a realistic modeling of the flux
boundary condition. Here, the rainfall was allowed to infiltrate
the macropores only, not the micropores, because of the very low

Fig. 10. Single porosity: degree of saturation and pore water pressure
(in kPa) in the colluvium at t ¼ 125min

Fig. 11. Water retention curves for double-porosity and single-porosity
modeling fitted to experimental data from Carminati et al. (2007)
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permeability of the micropores. In other words, the flux boundary
condition was set to zero for the micropores, but it was set equal
to the full rainfall intensity value of q̂ ¼ 50 mm/h for the macro-
pores. This assumed that the macropores were permeable enough
to accommodate all of the rainfall volume without surface runoff.

These flow conditions are similar to those used in the numerical
experiments conducted by Gerke and van Genuchten (1993a).

The failure pattern in the slope predicted by the double-porosity
simulationwas investigatedfirst. Fig. 12 shows the contour of plastic
strain after 125 min of rainfall. It was observed that the simulation
predicted only one zone of intense deformation, unlike the single-
porosity simulation, which predicted three localized yield zones.
This plastic zone was located between the secondary and tertiary
zones of the single-porosity simulation. The fact that this zone of
intense deformation emerged at almost the same time instant as the
moment at which the single-porosity simulation developed a tertiary
localized zone may be attributed to the fact that the colluvium was
made to accommodate approximately the same volume of rainwater
that saturated the lower end of the mesh. However, there was no pri-
mary or secondary localized shear zone predicted by the double-
porosity simulation.

To explain the difference between the mechanisms of defor-
mation predicted by the single and double-porosity simulations,
the contours of overall degree of saturation and mean pore
water pressure at time instants t ¼ 100 and 125 min are plotted
in Figs. 13 and 14, respectively, and compared with those cal-
culated from the single-porosity simulations portrayed in Figs.
9 and 10, respectively. Recall that the mean pore water pres-
sure (�p) determines the effective stress, which in turn deter-
mines the plastic yield zone. Fig. 13 shows that, at t ¼ 100
min, the colluvium domain remained unsaturated for the most

Fig. 12. Double porosity: equivalent plastic strain (percentage) in the
colluvium at t ¼ 125min

Fig. 13. Double porosity: global degree of saturation andmean pore water pressure (in kPa) in the colluvium at t ¼ 100min
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part, except near the soil-bedrock interface, which reached full
saturation. This result could be attributed to the much higher
permeability of the macropores that allowed the rainwater to
flow more freely underneath the slope. In contrast, the perme-
ability of the single-porosity medium was not high enough to
allow the rainwater to flow as freely, and so a bottleneck
formed that caused the upper segment of the slope to become
fully saturated. This result leads to the important conclusion
that, in a double-porosity medium, it is the permeability of the
macropores, and not the average permeability, that determines
the resulting flow pattern.

The difference in deformation and flow patterns in a dou-
ble-porosity formulation may be attributed to the preferential/
nonequilibrium flow. Indeed, this is a major feature that distin-
guishes double-porosity flow from single-porosity flow (Šim�unek
et al. 2003; Gerke 2006; Jarvis 2007). The occurrence of non-
equilibrium flow can be examined by checking whether the mac-
ropore and micropore pressures are different at the same local
point. Fig. 15 shows the pressure difference (pM � pm) in the slope
at four time instants. The figure confirms that local non-equilibrium
existed throughout the entire rainfall period, suggesting that the
flow physics was different from that of the single-porosity case. This
difference impacted the evolution of pressure/saturation and resulted in
a different failure mechanism. It also highlights the fact that an equiva-
lent single-porosity modeling of a double-porosity material may not
be justified in the context of a boundary value problem. In other

words, conversion of a double-porosity medium into an equivalent
single-porosity medium is a gross simplification, and the approach
could generate misleading results when applied to boundary value
problems.

Closure

This paper has presented a hydromechanical framework for un-
saturated porous media with two dominant pore scales. The
framework relies on a thermodynamically consistent definition
of effective stress, a measure of stress that is energy-conjugate
to the rate of deformation of the solid matrix. The same thermo-
dynamic framework has enabled identification of other state var-
iables that must be linked via constitutive laws, including the
transfer of fluid mass between the two pore scales that must be
related via a constitutive law to the difference in pore pressures
at the two scales. A mixed finite-element formulation was used
to solve boundary value problems for unsaturated porous media
with double porosity.

In previous papers, it has been shown that heterogeneity in
density and degree of saturation can have a first-order effect on
the development of a persistent shear band in porous materials.
The work presented in this paper has shown that a third form of
heterogeneity, emanating from the spatial distribution of the
pore fraction, can also have a significant impact on the

Fig. 14. Double porosity: global degree of saturation andmean pore water pressure (in kPa) in the colluvium at t ¼ 125min
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development of a persistent shear band. Two numerical exam-
ples have been used to demonstrate the impact of double poros-
ity on the deformation and flow patterns. The first example dem-
onstrates a unique condition that is not possible with single-
porosity theory: an unsaturated mixture of solid, water, and air
with an overall positive pore water pressure. The second exam-
ple suggests that failure mechanisms in slopes can be signifi-
cantly altered by an explicit treatment of the two pore scales.
Although the results from the first example may be intuitive, the
results from the second example are more quantitative in the
sense that the new failure patterns can be captured only by a ro-
bust computational model that accounts for the two pore scales.
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Appendix. Submatrices of the Tangent Operator

The submatrices of the tangent operator in Eq. (52) are given by

A ¼ �
ð
X
BTCkB dX (55)

B1 ¼
ð
X

bTB SMcM þ ∂SM

∂phM
phM

 !
þ ðNuÞT ∂r

∂phM
gþ ∂�ch

∂phM

 !24 35Np dX

(56)

C1 ¼
ð
X

bTB Smc m þ ∂Sm

∂phm
phm

� �
þ ðNuÞT ∂r

∂phm
gþ ∂�ch

∂phm

 !" #
Np dX

(57)

B2 ¼
ð
X
ðNpÞTBSMcMb dX (58)

D ¼
ð
X
ðNpÞT ∂S

M

∂phM
½fM þ cMBr � ðuh � uhnÞ�Np dX

þ Dt
ð
X
ET jMEþ ∂jM

∂phM
ðrphM � rwgÞNp

� �
dX

� Dt
rw

ð
X
ðNpÞT ∂cM

∂phM

 !
Np dX

(59)

E1 ¼ � Dt
rw

ð
X
ðNpÞT ∂cM

∂phm

 !
Np dX (60)

C2 ¼
ð
X
ðNpÞTBSmc mb dX (61)

E2 ¼ � Dt
rw

ð
X
ðNpÞT ∂cm

∂phM

� �
Np dX (62)Fig. 15. Snapshots of pressure differences (in kPa) between the mac-

ropores andmicropores during the rainfall
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F ¼
ð
X
ðNpÞT ∂S

m

∂phm
½f m þ c mBr � ðuh � uhnÞ�Np dX

þ Dt
ð
X
ET jmEþ ∂jm

∂phm
ðrphm � rwgÞNp

� �
dX

� Dt
rw

ð
X
ðNpÞT ∂cm

∂phm

� �
Np dX (63)

where Ck = consistent stress-strain matrix (k denotes an itera-
tion counter); and jð�Þ = matrix of permeability coefficients
krð�Þkð�Þ=mw.
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