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Abstract

Persistent shear bands in heterogeneous materials develop progressively, rather than instantaneously. For a meaningful capture
of this deformation pattern, the band must develop naturally and freely up to the peak load and well into the softening regime.
We use a new micropolar hypoplastic framework to capture the development and propagation of a persistent shear band in a
rectangular specimen of silica–concrete sand with spatially varying density. The constitutive framework includes a characteristic
length as a regularization parameter, as well as a couple stress representing the angular momentum generated by particle spins. We
use computed tomography (CT) imaging and digital image processing to quantify the spatial density variation of the sand, and a
void ratio-dependent constitutive model to capture the effect of variable density. Results of the numerical simulations demonstrate
the capability of the proposed micropolar hypoplastic framework to track the development and propagation of a persistent shear
band in a heterogeneous sand up to the peak load and well into the softening regime.
c⃝ 2015 Elsevier B.V. All rights reserved.
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1. Introduction

A persistent shear band is a dominant pattern of localized deformation in granular materials. It may or may not be
the first one to emerge, but it is the prevailing pattern that persists in the end. Persistent shear bands are often observed
in specimens of sand that would otherwise deform homogeneously, such as a rectangular specimen with frictionless
end constraints. But material and/or geometric imperfections naturally trigger inhomogeneous deformation. In the
presence of material heterogeneity, such as spatially varying density and/or degree of saturation [1–9], multiple shear
bands could emerge and compete for dominance over other shear bands. Many of them would nucleate and grow, only
to die out as other more dominant shear bands emerge. In the end, it is the persistent shear band that subsumes all the
other weaker shear bands.
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Classic rate-independent plasticity theory is often used to detect the inception of a shear band. The seminal paper
by Rudnicki and Rice [10] infers the triggering of shear strain localization from the loss of ellipticity of the momen-
tum balance equation, commonly referred to in the literature as the bifurcation criterion [11,12]. Beyond the point of
bifurcation, mesh- or grid-based solutions are known to exhibit mesh sensitivity that is often dealt with by enriching
the kinematical description of the shear band. In the context of the finite element method, commonly used enrichments
include those provided by the strong discontinuity technique [13–16] and the extended finite element method [17–19].
However, whereas these enrichments have been shown to provide an effective form of regularization, they do interfere
in the natural development of a persistent shear band. This is because the transitional process of embedding a disconti-
nuity into an initially intact material is facilitated by a slip-weakening law characterized by marked softening [20–23].
The process introduces bias into the solution because it forces the shear band to grow from the very first point that
bifurcated. For this reason, it is of interest to investigate higher-order constitutive models that do not require artificial
enhancements to see if they can provide a more realistic capture of the development and propagation of a persistent
shear band.

Generalized continuum theories have characteristic lengths in the constitutive formulation that can be used to solve
size-dependent problems. The most commonly used generalized continuum theories include nonlocal theory, strain
gradient theory [24,25], and micropolar theory. Micropolar theory, also known as Cosserat theory [26–30], is the focus
of the present paper. The importance of Cosserat theory was noted in the 1968 Freudenstadt-IUTAM-Symposium on
the Mechanics of Generalized Continua [31]. The theory is specially suited to modeling the constitutive response of
granular materials such as sand, whose micromechanics is significantly influenced by particle rotation and frictional
work [32]. Compared to other continuum theories, an advantage of micropolar theory is that it takes into account the
independent rotations inside the material, which can be linked to the particle rotations inside the shear band. And
as noted in the preceding paragraph, micropolar theory does not require an enhancement of the strong discontinuity
or extended finite element type (unlike classic plasticity theory) since it is already regularized, and so it allows free
development of the persistent shear band. A novel feature of the present work is the new micropolar hypoplastic
formulation that accommodates quantified heterogeneity in the constitutive theory.

Classical continuum methods consider a continuous material to be made up of an assemblage of points that can
displace linearly in the direction of the stress. This behavior is described by the Cauchy stress tensor and assumes
that a force moves through the material in a vector-like fashion. It neglects couple stresses and does not consider
the moments induced by locally varying strain conditions. Such description may not be sufficient for certain physi-
cal phenomena. For example, particle rotations and the associated frictional work have been shown to dominate the
behavior of granular materials. Therefore, to accurately describe the behavior of granular materials, one needs to
deal with not only discrete translation but also discrete rotation. Micropolar hypoplasticity has been used success-
fully to model many characteristic behaviors of granular materials, including those associated with particle rotation
[33,34].

Imperfections, whether they are material or geometric in nature, trigger localized deformation in solids. In granular
materials such as sand, material imperfection could arise from spatially varying density, among others. Fortunately,
density variation can now be quantified deterministically through high-resolution imaging and digital processing.
Experimental methods aimed at quantifying spatial density variations have been employed to improve displacement
measurement of grid points (see, e.g., [35,36]), with the main techniques used being Gamma-Ray [37,38] and X-ray
CT [39–41]. Similar advances have been made in digitally correlating successive images to infer the evolution of a
shear band, a technique called Digital Image Correlation (DIC) [42–45]. DIC operates by matching pixel patterns
between high resolution digital images, and has been used to quantify volumetric evolutions to critical state in dilative
sands, measure thickness and inclination of persistent shear bands, and investigate the uniformity of strains along a
persistent shear band.

Borja et al. [3] investigated the impact of spatial density variation on the localization of deformation in symmetri-
cally loaded sand bodies using combined experimental–numerical modeling. In their studies, the spatial variation of
density was quantified by X-ray CT imaging, which was used for finite element prediction of the system response.
Their numerical model was based on classic elasto-plastic finite element analysis with no enrichment, advancing
slightly beyond the initial bifurcation to fully resolve the persistent shear band, but not well into the softening regime
to avoid issues with loss of uniqueness and mesh sensitivity of the solution. From the DIC results, they demonstrated
the ability of their continuum model to predict the location and orientation of the persistent shear band, but they were
unable to follow the evolution of this band into the softening regime.
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In this paper, we reanalyze the experimental results presented by Borja et al. [3] using micropolar hypoplasticity
and classic finite elements without enrichment. The characteristic length of the constitutive model is inferred from
the mean grain size of the sand; the density variation is the same as that used in [3]. Central to the present study
are the sensitivity analyses conducted to determine an optimal mesh and an optimal step size for load increment. It
must be noted that the mesh cannot be too coarse or it will not resolve the shear band properly, but it cannot be too
refined either because the finite element dimensions are bounded from below by the size of the sand grains. Since the
constitutive formulation has been regularized uniqueness is guaranteed, and thus the solution could continue well into
the softening regime without the need for finite element enrichment.

Throughout this paper vectors and tensors are written in boldface, with indicial and symbolic notations used
interchangeably. Single tensor contractions are denoted by one dot, (a · b)ik = ai j b jk for any second-order tensors a
and b; whereas double contraction is denoted by two dots, a : b = ai j bi j . Vectors and tensors are juxtaposed simply
as (ab)i jkl = ai j bkl to form higher-order tensors.

2. Strong and weak forms

We consider a body B bounded by surface ∂B, and assume Dirichlet and Neumann boundaries ∂Bg and ∂Bh ,
respectively. We also assume the usual boundary decomposition of the form ∂B = ∂Bg ∪ Bh and ∅ = ∂Bg ∩ ∂Bh ,
where the overline denotes a closure. For a micropolar continuum, the balance of linear momentum takes the form

ρ
Dv
Dt

− ∇ · s − ρg = 0 , (1)

where ρ is the mass density, D/Dt is the material time derivative, v is the solid velocity, s is the nonsymmetric force
stress tensor (the term ‘force stress’ makes it distinct from the ‘couple stress’ presented subsequently), g is the gravity
acceleration vector, and ∇ is the gradient operator. The relevant essential and natural boundary conditions are

v = v on ∂Bg; n · s = t on ∂Bh, (2)

where v and t are the prescribed line velocity and force traction vectors, respectively (once again, ‘force traction’ is
differentiated from ‘couple traction’ presented subsequently). The balance of angular momentum can be written in
similar form as

ρ
D(J · ω)

Dt
− ∇ · µ − ρJ · c − ε(s) = 0, (3)

where J is the moment of inertia tensor, ω is the angular velocity, µ is the skew-symmetric couple stress tensor, c is
the body couple vector, and ε is a permutation operator giving rise to the expression

ε(s) =

s32 − s23
s13 − s31
s21 − s12

 . (4)

The essential and natural boundary conditions are

ω = ω on ∂Bg; n · µ = m on ∂Bh, (5)

where ω and m are the prescribed angular velocity (spin) and couple traction vectors, respectively.
To develop the weak form of the momentum conservation laws, consider a set of trial functions

S = {v,ω | vi , ωi ∈ H1
; v = v and ω = ω on ∂Bg}, (6)

and a set of variations

V = {η,ϑ | ηi , ϑi ∈ H1
; η = 0 and ϑ = 0 on ∂Bg} . (7)

We want to find v,ω ∈ S such that for all η,ϑ ∈ V ,
B

η ·


ρ

Dv
Dt

− ∇ · s − ρg


dV = 0 (8)
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and 
B

ϑ ·


ρ

D(J · ω)

Dt
− ∇ · µ − ρJ · c − ε(s)


dV = 0. (9)

Integrating by parts and using the divergence theorem yields the pair of variational equations
B

η · ρ
Dv
Dt

dV +


B
(∇η)T : s dV =


B

η · ρg dV +


∂Bh

η · t dA (10)

for linear momentum, and
B

ϑ · ρ
D(J · ω)

Dt
dV +


B
(∇ϑ)T : µ dV −


B

ϑ · ε(s) dV =


B

ϑ · ρJ · c dV +


∂Bh

ϑ · m dA (11)

for angular momentum, where superscript T is a transposition operator.
For quasi-static loading the inertia terms drop out, and we are left with the pair of equations

B
(∇η)T : s dV =


B

η · ρg dV +


∂Bh

η · t dA (12)

for linear momentum, and
B
(∇ϑ)T : µ dV −


B

ϑ · ε(s) dV =


B

ϑ · ρJ · c dV +


∂Bh

ϑ · m dA (13)

for angular momentum.
We now consider a plane strain problem on the plane 12. Here, the only relevant kinematical variables are the line

velocities v1 and v2, and the angular spin ω ≡ ω3. Therefore, the generalized trial and weighting functions can be
written in vector form as

V =

v1
v2
ω

 , W =

η1
η2
ϑ

 . (14)

For completeness, we also write the generalized trial function V in time-integrated form as

V =

v1
v2
ω

 H⇒ U =

u1
u2
θ

 , (15)

where u1 and u2 are the displacement components, and θ is the rotation. The generalized body and traction vectors
can also be written as

F =

ρg1
ρg2
ρ Jc

 , T =

t1
t2
m

 ; (16)

whereas the generalized gradient of the weighting functions, as well as the force stresses, are written in the column
form

G =



η1,1
η2,2
η3,3

η1,2 + ϑ

η2,1 − ϑ

ϑ,1
ϑ,2


, S =



s11
s22
s33
s12
s21
µ31
µ32


. (17)
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Fig. 1. Standard four-node quadrilateral element enriched with a rotational degree of freedom at each node.

Therefore, we can write the variational equation for the micropolar theory in the more compact form
B

G · S dV =


B

W · F dV +


∂Bh

W · T dA. (18)

Similar expressions for the 3D case may be obtained by redefining the generalized vectors.

3. Finite element formulation

The finite element formulation for the micropolar continuum model follows the standard Galerkin approximation
of the weak form. The matrix problem consists of adding rotational degrees of freedom to the usual translational
degrees of freedom at the nodes. Fig. 1 depicts the setup for a four-node quadrilateral element.

Based on the setup shown in Fig. 1, the strains and curvatures can be evaluated as

ė = ∇v + ω, κ̇ = ∇ω. (19)

We note that an additional term arises from the micropolar spin, ω, which is imposed on top of the usual velocity
gradient, ∇v. Now, for 2D plane strain problems on the plane 12, the generalized strain rate vector has a structure
similar to that shown in (17), and is written as

Ė =



v1,1
v2,2
v3,3

v1,2 + ω

v2,1 − ω

ω,1
ω,2


. (20)

The similar structures of the generalized virtual strain vector G and the generalized strain rate vector Ė leads to the
standard Galerkin formulation of the finite element problem.

Consider the following finite element interpolation of the trial function within the finite element domain Be

V|Be = Ne ḋ e, Ė = Beḋe, (21)

and the finite element interpolation of the weighting function

W|Be = Nece, G|Be = Bece. (22)

In the preceding equations, Ne is the element shape function matrix of the form

Ne
= [N1,N2, . . . ,Nnen ], Na = Na

1 0 0
0 1 0
0 0 1

 , (23)
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whereas Be is a gradient operator that has the following form for 2D plane strain problems

Be
= [B1,B2, . . . ,Bnen ], Ba =



Na,1 0 0
0 Na,2 0
0 0 0

Na,2 0 Na
0 Na,1 −Na
0 0 Na,1
0 0 Na,2


; (24)

Na is the local shape function associated with element node a, ḋ e is the generalized element nodal velocity vector, ce

is a vector of arbitrary constants, and nen is the number of element nodes.
In terms of the global shape function matrix N and gradient operator B, the variational equation (18) becomes

B
BTS dV  
FI N T

=


B

NTF dV +


∂Bh

NTT dA  
FE XT

. (25)

In practice, we evaluate the internal and external nodal force vectors from the element contributions,

f e
I N T =


Be

BeTS dV, f e
E XT =


Be

NeTF dV +


∂Be

h

NeTT dA, (26)

and then assemble the contributions as

FI N T =

nel

A
e=1

f e
I N T , FE XT =

nel

A
e=1

f e
E XT , (27)

where ‘A’ denotes an assembly operator, and nel is the number of elements.
For hypoplastic formulation, it is more convenient to write the finite element equation in rate form,

Kḋ = ḞE XT , (28)

where K is the tangent stiffness matrix. If we assume a generalized rate-constitutive equation of the form

Ṡ = HĖ + Sw, (29)

where Sw emanates from rigid-body rotation to satisfy objectivity, then it is easy to show that K can simply be
assembled from element stiffness matrices of the form

ke
=


Be

Be THBe dV H⇒ K =

nel

A
e=1

ke. (30)

The next section develops an expression for the tangent matrix H for the proposed hypoplastic constitutive model.
Before proceeding with the development of the constitutive model, we mention that the solution could be afflicted

by mesh locking with full numerical integration in the nearly incompressible regime. This is avoided by employing
the B-bar method in the numerical integration [46]. The idea of B-bar method is to split Ba additively into volumetric
and deviatoric parts, i.e., Ba = Bvol

a + Bdev
a , where

Bvol
a =



Na,1/2 −Na,2/2 0
−Na,1/2 Na,2/2 0

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0


, Bdev

a = Ba − Bvol
a (31)
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for 2D plane strain problems. For a four-node quadrilateral element, a one-point integration rule is used for

Bvol
a → B

vol
a and the standard 2 × 2 integration rule is employed for Bdev

a , yielding

Ba = Bvol
a + Bdev

a . (32)

Huang et al. [47] employed a similar B-bar formulation except that they utilized a volume-average rather than a
one-point (reduced) integration for the volume term.

4. Constitutive theory

Hypoplasticity is a nonlinear rate-form constitutive theory that has long been used for the shear band analysis and
other boundary value problems in granular materials [48–57]. In this section, we shall reformulate this constitutive
theory to accommodate the additional kinematics arising from the micropolar theory.

We consider the formulation of Wu and Kolymbas [58] and write the hypoplastic rate-constitutive equation as the
sum of linear and nonlinear terms of the strain rate ė,

s̊ = L (s) : ė − N(s)∥ė∥ . (33)

The terms L and N denote the linear and nonlinear components, whereas s̊ is the Jaumann rate of the force stress
tensor defined in terms of the time-derivative of the force stress tensor ṡ and the vorticity tensor w,

s̊ = ṡ + s · w − w · s , (34)

where

w :=
1
2
(∇v − v∇) . (35)

Note that the vorticity tensor w may differ from the micropolar spin ω.
A micropolar hypoplastic constitutive theory has been previously proposed to solve boundary value problems

with shear bands [34,59,60,71]. In this theory, the couple stress, curvature, and their rates have been obtained by
simple analogy with the original stress–strain constitutive relations (see Huang [47] for further discussions). This
formulation is ad hoc and lacks a mathematical underpinning. An alternative way of incorporating micropolar terms
into the hypoplastic constitutive framework is by the use of complex tensor formulation described by Lin [61]. Our
point of departure is the updated hypoplastic model of Lin, which is based on the following constitutive equation [62]

s̊ = C1tr(s)ė + C2tr(ė)s + C3
tr(s · ė)

tr(s)
s + C4∥ė∥(s + s′) , (36)

where s′ is the deviatoric part of s, and C1, C2, C3 and C4 are material parameters. Complex tensor formulation yields
the following micropolar constitutive equations for the force and couple stresses [61]

s̊ = C1tr(s)ė + C2tr(ė)s + C3ψs + C4


∥ė∥2 + ℓ2∥κ̇∥2(s + s′) (37)

and

µ̊ = C1ℓ
2tr(s)κ̇ + C2tr(ė)µ + C3ψµ + 2C4


∥ė∥2 + ℓ2∥κ̇∥2µ , (38)

where µ̊ is the Jaumann rate of the couple stress tensor (defined in a similar way as that of the Cauchy stress tensor),
κ̇ = ∇ω is the curvature rate tensor, and

ψ =
tr(s · ė)− tr(µ · κ̇)

tr(s)
, tr(s) ≠ 0 . (39)

We note that κ̇ , µ and µ̊ are all skew-symmetric tensors, which means that they have three independent components.
The material parameters C1, C2, C3, and C4 are the same as in the standard hypoplastic formulation. The characteristic
length ℓ is the only additional material parameter in this micropolar hypoplastic framework.
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Fig. 2. Relationship between void ratio e and multiplier fd .

The response of constitutive equation (33) is governed by the interaction between the linear and nonlinear terms.
The perturbation can be either on the linear term or on the nonlinear term, which are equivalent, as shown in [63,64].
The linear term can be viewed as constructive, whereas the nonlinear term can be considered as destructive. Enhancing
the nonlinear term causes the constitutive response to be contractive, resembling loose material behavior; diminishing
it causes the constitutive response to be dilatant, resembling dense material behavior. Therefore, we can describe both
dense and loose material behavior with the same constitutive equation by enhancing or diminishing the nonlinear
part with density. Following the idea proposed in [63,64], we introduce a multiplier fd into the nonlinear term as
a perturbation that incorporates the effect of critical state on the constitutive response. The multiplier has the value
fd = 1 at the critical state, greater than 1 for a loose state, and less than 1 for a dense state. This simple perturbation
takes the form

s̊ = C1tr(s)ė + C2tr(ė)s + C3ψs + C4 fd


∥ė∥2 + ℓ2∥κ̇∥2(s + s′) (40)

and

µ̊ = C1ℓ
2tr(s)κ̇ + C2tr(ė)µ + C3ψµ + 2C4 fd


∥ė∥2 + ℓ2∥κ̇∥2µ , (41)

where fd is a function of density of the material. It is through fd that the model captures the effect of heterogeneous
density on the deformation and localization responses of the material.

The function fd has been studied extensively in some early hypoplastic model formulations, see [63,65,64]. It has
been shown in these formulations that a linear function of fd is able to capture the effect of density change. Hence,
we adopt an expression for fd of the form

fd = (1 − a)
e − emin

ec − emin
+ a, (42)

where e is the current void ratio (volume of void/volume of solid), ec is the critical void ratio, emin is the minimum
void ratio, and a is a constant less than 1, which corresponds to the material behavior at the densest state. Fig. 2
shows a typical variation of fd with e. The sensitivity of the constitutive response to the value of the parameter a is
investigated further in the numerical simulations section.

We note that fd → 1 as e → ec, and fd → a as e → emin . The evolution of the void ratio follows the evolution
of the volumetric strain according to the following relationship

ė

1 + e
= tr(ε̇). (43)

With the additional term fd , we ensure that both dense and loose sands can be modeled with only one set of material
parameters. The hypoplastic theory presented above has been previously validated against laboratory test results from
various element tests, as well as compared with discrete element calculations [61].
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Because of the highly nonlinear nature of Eqs. (40) and (41), we resort to an explicit numerical integration scheme.
In the integration algorithm all stress and state variables are evaluated at time tn , so the rate equations effectively take
the form

s̊ = C1tr(sn)ė + C2tr(ė)sn + C3ψnsn + C4 fdn


∥ė∥2 + ℓ2∥κ̇∥2(sn + s′

n) (44)

and

µ̊ = C1ℓ
2tr(sn)κ̇ + C2tr(ė)µn + C3ψnµn + 2C4 fdn


∥ė∥2 + ℓ2∥κ̇∥2µn . (45)

We advance the solution in time by evaluating the tangents (after dropping the time subscript n for brevity)

∂ s̊i j

∂ ėmn
= C1Θ Ii jmn + C2si jδmn + C3

si j smn

Θ
+ C4 fd(si j + s′

i j )Ėmn ≡ ai jmn (46)

∂µ̊i j

∂ ėmn
= C2si jδmn + C3

µi j smn

Θ
+ 2C4 fdµi j Ėmn ≡ bi jmn (47)

∂ s̊i j

∂κ̇mn
= −C3

si jµmn

Θ
+ C4 fd(si j + s′

i j )
˙Kmn ≡ ci jmn (48)

∂µ̊i j

∂κ̇mn
= C1ℓ

2Θ Ii jmn − C3
µi jµmn

Θ
+ 2C4 fdµi j ˙Kmn = di jmn (49)

where Ii jkl is a rank-four symmetric identity tensor with components

Ii jmn =
1
2
(δimδ jn + δ jmδin), (50)

and

Θ = tr(s) , Ėmn =
ėmn

∥ė∥2 + ℓ2∥κ̇∥2
, ˙Kmn =

ℓ2κ̇mn
∥ė∥2 + ℓ2∥κ̇∥2

. (51)

The constitutive equations can be recast in the following form

ṡi j = ai jmn ėmn + bi jmn κ̇mn − sikwk j + wiksk j (52)

µ̇i j = ci jmn ėmn + di jmn κ̇mn − µikwk j + wikµk j . (53)

For plane strain problems, the tangential tensors may be rearranged in matrix form

ai jmn → A(5×5), bi jmn → B(5×2)

ci jmn → C(2×5), di jmn → D(2×2). (54)

Thus, the generalized rate constitutive equation over a finite element domain Be may be written in matrix form as

Ṡ = HĖ + Sw, (55)

where

H =


A B
C D


, Sw =


X
Y


. (56)

The vectors X (dimension 5 × 1) and Y (dimension 2 × 1) are incremental contributions arising from the rigid-body
rotation. For plane strain problem on the plane 12, the vector X can be constructed from the tensor

(−s · w + w · s) = w12

s12 + s21 s22 − s11 0
s22 − s11 −s12 − s21 0

0 0 0

 → X, (57)

whereas Y ≡ 0.
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a b c d

Fig. 3. Plane strain compression of silica–concrete sand: (a) CT image, (b) Mesh #1 with 952 nodes and 880 elements, (c) Mesh #2 with 2075
nodes and 1968 elements, and (d) Mesh #3 with 3663 nodes and 3520 elements. Color bar is void ratio. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

The constitutive equation can be integrated by assuming a time step ∆t :

Sn+1 = Sn + H∆E + Sw∆t, (58)

where

∆E|Be = Be∆de (59)

is the increment of the generalized strain. The solution can be advanced step by step, with all the stress and state
variables being updated at each step. The explicit nature of the solution makes it susceptible to numerical instability,
and thus, in the next section is mainly devoted to mesh and time-step sensitivity analyses.

5. Numerical examples

In this section, we analyze a plane strain compression test with a persistent shear band in a strongly heterogeneous
specimen of silica–concrete sand [3]. We also simulate a rigid punch on a heterogeneous medium, similar to the
problem of bearing capacity of a strip footing.

5.1. Plane strain compression

Heterogeneity in the sample was measured in terms of density contrast. The specimen was 137 mm tall, 39.5 mm
wide and 79.7 mm deep (out-of-plane), with its base resting on a low-friction, linear bearing sled that permitted lateral
offset required for unconstrained shear band propagation. The out-of-plane faces of the specimen were constrained
by rigid glass-lined acrylic walls, which enforced zero normal-strain condition and permitted imaging of in-plane
specimen deformations. Load cells embedded between the glass and acrylic walls measured the out-of-plane forces.
All surfaces contacting the specimen were glass-lined and lubricated to minimize boundary friction.

The sand tested was a 50%–50% by mass sieved mixture of silica and concrete sands. The mixture was relatively
uniform, with the median grain diameter of 0.42 mm, coefficient of uniformity of 1.2, and specific gravity of 2.64.
The specimen was prepared by dry pluviation with the density imperfection imposed by raining from a variable drop
height. This resulted in a dense sand specimen with a 3 cm-thick layer of loose sand located below the middle of the
specimen as shown in Fig. 3(a). After preparation, the sand specimen was confined under 60 kPa vacuum pressure
and scanned by X-ray Computed Tomography (CT).

Local material density was calculated from the energy attenuation of an X-ray beam passing through the sand
specimen. By collecting attenuation data from multiple directions, local energy attenuations internal to the body,
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Table 1
Material parameters for the finite element simulation of plane strain compression test
with spatially varying void ratio.

E (kPa)/sc φ (◦) ψ (◦) νi
120 29 0 0.2

C1 C2 C3 C4
−33.33 −104.61 −336.44 −105.90

Fig. 4. Vertical force versus vertical compression curve as a function of mesh size.

which correlate with local material densities, were back-calculated. Fig. 3(b)–(d) show the initial void ratio distribution
generated from digital CT-image processing, superimposed with three finite element meshes for sensitivity studies.
We remark that progressive refinement was done only on the meshes and not on the description of heterogeneity,
which was based on the coarsest mesh description, i.e., Mesh #1. The most refined mesh had element dimensions of
about 0.6 mm, which is approximately equal to the mean grain diameter.

After CT scanning, the specimen was placed in the test cell, saturated, consolidated anisotropically to a mean nor-
mal effective stress of 130 kPa, and then sheared under displacement control. At frequent intervals throughout testing
(every 0.1% axial strain), digital images of in-plane specimen deformations were taken, and digital image correlation
(DIC) was performed [44,42]. Displacement measurements were found to be accurate to within ±0.009 mm. For pur-
poses of analysis, the material parameters were inferred according to the elastic–plastic material model used in [3].
The internal length parameter was taken to be equal to 0.42 mm, which is the mean grain diameter of the sand sample.
The hypoplastic material parameter a was taken to be 0.98 (the variation of response with the value of a is investigated
further in this section). It has been shown by previous studies [34,59,60] that different initial stochastic distribution of
the pore ratio leads to different shear band patterns. Hence, we use the initial void ratio distribution shown in Fig. 3
for FE analyses. The remaining material parameters are summarized in Table 1.

A plane strain test consists of two steps: isotropic loading and vertical compression. For both steps appropriate
boundary conditions must be applied. In the following simulations, the bottom nodes were supported on vertical
rollers except the middle node, which was pinned to simulate a fully symmetric loading configuration. For isotropic
loading the two vertical faces and the top boundary were subjected to a uniform pressure of 112 kPa. The micropolar
couples on all boundary nodes were set equal to zero. For the hypoplastic model an initial stress was prescribed that
balances the isotropic pressure applied on the mesh boundaries during the first step. For the vertical compression step,
the top boundary was given a uniform downward displacement while the horizontal displacements were all free. The
left and right sides of the sample were free to rotate.

It is generally recognized that micropolar continuum theory results in a numerical solution that depends primarily
on an internal length parameter but not on the mesh size. This fact is verified with the three finite element meshes
shown in Fig. 3. Mesh #1 contains 952 nodes and 880 elements, Mesh #2 has 2075 nodes and 1968 elements,
and Mesh #3 has 3663 nodes and 3520 elements. Fig. 4 shows that all three meshes resulted in nearly the same
load–compression responses. Note that the curves are nearly identical within the rising part of the response up until
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Fig. 5. Total rotation in radians as a function of mesh size at a nominal vertical compression of 4.1 mm.

Fig. 6. Total rotation in radians as a function of mesh size at a nominal vertical compression of 5.5 mm.

the peak load, and that they exhibit very little deviation from each other even in the advanced stage of softening
response.

By comparison, the experimental curve shows a rising part followed by softening, after which the curve exhibits
a hardening response once again. The hardening response at post-softening is due to the fact that the low-friction
linear bearing sled at the bottom of the specimen, which was designed to allow lateral offset for unconstrained shear
band propagation, experienced an inadvertent impedance in movement during the course of the experiment [3]. The
material parameters of the hypoplastic model are determined according to the initial loading state and critical state. It
can be seen in Fig. 4 that the initial loading state and the critical state are well predicted by the model while there is an
error in predicting the maximum vertical force. If we tune the material parameters to get the same maximum vertical
force as in the experiments, the predicted initial strength will be different.

Figs. 5–7 portray the spatial variation of rotation with mesh size, at vertical compressions of 4.1 mm (nominal axial
strain of 3%), 5.5 mm (nominal vertical strain of 4%) and 8.2 mm (nominal axial strain of 6%), respectively. Rotation
was calculated as the sum of micropolar rotation and the continuum rotation induced by displacement (counter-
clockwise is positive); however, the latter rotation is not so significant compared to the former rotation, and so the
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Fig. 7. Total rotation in radians as a function of mesh size at a nominal vertical compression of 8.2 mm.

Fig. 8. Vertical force versus vertical compression curve as a function of time step.

rotations plotted in the figures may be considered nearly the same as the micropolar rotations themselves. Note that
Mesh #1 captures all the essential features of the solution, including the unsuccessful development of much weaker
conjugate shear bands that seem to cut across the primary shear band during the early stage of loading. Whereas
Mesh #3 appears to provide a higher resolution of rotation description than Mesh #1, it may be considered as “too
refined” in this case since the element dimensions are on the order of the mean grain size. Note that the shear bands
predicted by the three meshes are not identically located; nevertheless, they are in similar locations and the shear
band thicknesses are approximately the same. An interesting conclusion from these figures is that the persistent shear
band is not a band in the beginning, but rather, a thick zone of progressively increasing deformation. As the sample is
vertically compressed, the deformation gradually concentrates within a narrow zone (see [66–70]), and only when the
sample is compressed enough does the true geometric character of the persistent shear band emerge.

Next we address the issue of time stepping, which is critical for the accuracy of an explicit time integration. To this
end, we used Mesh #1 but with different time steps. Fig. 8 compares three load–compression curves showing that the
solution is nearly insensitive to the step size. The coarser solution with 40 time steps is comparable in refinement to
the solution reported in [3] with conventional elastoplastic theory and a fully implicit backward difference stress-point
integration. We have observed from parametric studies that the finer the mesh, the smaller the required time steps. This
is necessary in order to capture the variation of deformation occurring across the shear band more accurately.

We next investigate the sensitivity of the solution to the value of the hypoplastic model parameter a. To this end,
four different values of a were tested: 0.90, 0.94, 0.98 and 1.00. The resulting force versus compression curves are
shown in Fig. 9. It can be seen that the value of a has a strong influence on the softening behavior of the material.



J. Lin et al. / Comput. Methods Appl. Mech. Engrg. 289 (2015) 24–43 37

Fig. 9. Vertical force versus vertical compression curve as a function of the hypoplastic constitutive parameter a.

0.149

0.127

0.105

0.083

0.061

DINC–NORM

Fig. 10. Norm of incremental displacement (


u2 + v2) from Digital Image Correlation (DIC). Color bar in mm, vertical compression from 8 to
8.14 mm, after Reference [3]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

The result with a = 0.90 seems to be more consistent with the experimental results reported in [3]. Evolution plots of
different state variables reported hereafter were generated using the value a = 0.94. The parameter a has very little
effect on the shear band patterns, so they are not shown here.

To better put the numerical simulation results in context, we show in Fig. 10 the quantified shear band measured
for the sample using Digital Image Correlation (DIC), see [3]. To generate this image, pixel patterns between high
resolution images at vertical compressions of 8 and 8.14 mm (approximately 6% nominal vertical strain) were
taken, and the incremental displacements were calculated. This results in incremental displacements u and v in the
horizontal and vertical directions, respectively. Fig. 10 depicts the spatial variation of the norm of these incremental
displacements,

√
u2 + v2, clearly delineating a distinctive shear band. We note that this snapshot was taken near the

lowest point of the softening load–compression branch, where the specimen configuration has not yet been impacted
by the inadvertent impedance of the bottom sled.

The same incremental norms are portrayed in Fig. 11 with Mesh #1. The higher the cumulative nominal vertical
strain, the greater is the displacement increment norm and the more pronounced is the shear band. For purposes of
comparison, the incremental displacement plot at 6% cumulative vertical strain in Fig. 11 must be compared with the
experimental plot shown in Fig. 10. From these two figures, the calculated shear band appears to be a few degrees
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Fig. 11. Calculated norm of incremental displacement,


u2 + v2, with Mesh #1. Numbers in percent are nominal vertical strain. Color bar in mm.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Plane strain compression of silica–concrete sand: Numbers in percent are nominal vertical strains. Color bar is rotation in radians, counter-
clockwise is positive. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

flatter and located a little bit higher in the specimen. However, the color bars in the two figures suggest that the
calculated displacement increment norms are about the same as those quantified by DIC.

Fig. 12 shows the evolution of angular rotation from 3% vertical strain up until 6%. Compared with the snapshots
shown in Fig. 5 taken at a vertical strain of 2.3%, the persistent shear band has clearly emerged at 4% vertical strain
with no competition from the other shear bands. Furthermore, the thickness of the shear band appears to be comparable
to that of Fig. 10. Note that the rotation also concentrates within the thickness of the shear band. The general sense of
counter-clockwise rotation inside the shear band is consistent with what one would expect from sand particles rolling
past each other to realize the prevailing kinematics of the shear band.

Fig. 13 suggests that the void ratio distribution has not changed much despite the development of the shear band.
Inspection of the numerical results suggests that the void ratio of the loose region decreased and the void ratio of
the dense region increased for the elements inside the shear band. It is worthy of note that despite the irregular
distribution of initial void ratio, the predicted trend of the calculated shear band agrees well with that determined
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Fig. 13. Plane strain compression of silica–concrete sand before and after vertical compression. Numbers in percent are nominal vertical strain.
Color bar is void ratio. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

from the experiment. We should reemphasize that the numerical model was symmetrically loaded, and that the finite
elements had no bias whatsoever. As noted in [3], the imposed heterogeneity in density was strong enough to impact
the shear band pattern, irrespective of whether we use classic plasticity or micropolar hypoplasticity.

5.2. Rigid punch problem

In the previous example, we considered a boundary-value problem in which the material heterogeneity was the only
factor that determined the character of the persistent shear band (recall that the boundary constraints in that example
were prescribed to favor a homogeneous deformation). In this second example, we consider a boundary-value problem
in which both the boundary conditions and imposed material heterogeneity determine the ensuing shear band.

The boundary-value problem consists of a rigid strip footing 2 m wide pressed into the ground. The foundation
domain has a width of 20 m, a depth of 15 m, and the same material properties as in the previous example, except
that the internal length parameter was set to 0.1 m to fit the scale of the problem. The nodes on both vertical sides
were supported on horizontal rollers, whereas the bottom nodes were supported on vertical rollers except the middle
node, which was pinned to simulate a fully symmetric loading configuration. The footing was modeled as a rigid
block able to rotate about the center point, which was given a downward vertical displacement and no horizontal
movement. We assumed two cases: Case 1 representing a perfectly homogeneous foundation, and Case 2 representing
a heterogeneous foundation. Fig. 14 depicts the random void ratio distribution for Case 2 showing a distinct loose
region on the right side of the footing. For Case 1, the foundation was assumed to have a uniform void ratio of 0.55.

Figs. 15 and 16 show the deformed meshes and contours of rotation for Cases 1 and 2, respectively. Even though
the footing was allowed to rotate, it did not rotate for Case 1 (Fig. 15). Consequently, the localized zone (shear band) is
symmetric with respect to the centerline, with the rotation being clockwise on one side and counter-clockwise on the
other side. This type of localized deformation was determined by the imposed boundary condition alone. In contrast,
the footing rotated in the clockwise direction for Case 2 (Fig. 16) due to the combined effect of boundary constraint
and material heterogeneity.

Fig. 17 shows the resulting load–displacement curves for Cases 1 and 2. For Case 1 (homogeneous case), a mesh
sensitivity analysis was also conducted considering a coarser mesh than the one shown in Fig. 15 (not shown). The two
curves (labeled “fine mesh” and “coarse mesh”) show similar load–displacement trends, with the finer mesh exhibiting
the expected slightly softer response. This is typical of mesh sensitivity and is not associated with mesh dependency
issues. The heterogeneous simulation (Case 2) produced a stronger softening response due to the presence of the loose
region, followed by a slightly re-hardening response. The apparent re-hardening could be attributed to the localized
zone having developed far enough to reach the left vertical boundary of the mesh, which blocked the shear band from
developing further.
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Fig. 14. Void ratio distribution for Case 2 of the rigid punch problem. Color bar is void ratio. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 15. Deformed mesh and contour of rotation for the rigid punch problem, Case 1. Color bar is rotation in radians, counter-clockwise positive.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

6. Closure

We have presented a computational framework for capturing the kinematics of a propagating shear band in a
strongly heterogeneous granular material. The framework relies on micropolar formulation as a form of regularization,
and hypoplasticity to model the heterogeneity in the form of a spatially varying void ratio. The finite element
formulation follows the standard Galerkin approximation in which the trial and weighting functions for the force
and couple terms were calculated based on the same shape functions. We have used the computational model to
reanalyze the development and propagation of a persistent shear band through a strongly heterogeneous specimen
of silica–concrete sand. We have conducted the simulations well into the softening regime without finite element
enrichment, and found the model to be sufficiently predictive, both qualitatively and quantitatively, of the pattern
of shear band formation in a heterogeneous sand body. The model was also used to simulate rigid punch of a strip
footing on a heterogeneous foundation as a prototype problem where boundary conditions and material heterogeneity
determine the character of the ensuing shear band.
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Fig. 16. Deformed mesh and contour of rotation for the rigid punch problem, Case 2. Color bar is rotation in radians, counter-clockwise positive.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 17. Load–displacement curves for the rigid punch problem.

Apart from the computational aspects, the most important result of this study is the repeatability of the results
with respect to the character of the predicted shear band. It must be emphasized that all of the meshes used in this
study were perfectly symmetric. The model had no information whatsoever as to where the persistent shear band
would initiate and where it would go. The only information available to the model was the void ratio distribution, yet,
irrespective of the mesh the model predicted the same persistent shear band that is consistent with the experiment,
see also [3]. Clearly, more experiments of the type considered in this paper are needed to fully validate the predictive
capability of the model. But the regularized nature of the constitutive law will surely help simplify any future validation
efforts, since it avoids the tricky bifurcation analyses and post-localization enhancements required by classic plasticity
formulations.

Acknowledgment

The third author acknowledges support from the Office of Science, Office of Basic Energy Sciences, of the U.S.
Department of Energy under Contract No. DE- FG02-03ER15454 to Stanford University.



42 J. Lin et al. / Comput. Methods Appl. Mech. Engrg. 289 (2015) 24–43

References
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