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Finite element simulations of coupled solid-deformation/fluid-diffusion occurring in earthquake fault
zones often require high-fidelity descriptions of the spatial and temporal variations of excess pore water
pressure. Large-scale calculation of the coupled fault zone process is often inhibited by the high-order
interpolation of the displacement field required to overcome unstable tendencies of the finite elements
in the incompressible and nearly incompressible limit. In this work we utilize a stabilized formulation
in which the balance of mass is augmented with an additional term representing a stabilization to the
incremental change in the pressure field. The stabilized formulation permits equal-order interpolation
for the displacement and pore pressure fields and suppresses pore pressure oscillations in the incom-
pressible and nearly incompressible limit. The technique is implemented with a recently developed crit-
ical state plasticity model to investigate transient fluid-flow/solid-deformation processes arising from
slip weakening of a fault segment. The accompanying transient pore pressure development and dissipa-
tion can be used to predict fault rupture and directivity where fluid flow is an important driving force.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

In order to accurately model the behavior of fluid-saturated
geomaterials, it is necessary to account for the strong coupling be-
tween the solid skeleton and pore fluid. This coupling is of partic-
ular interest when studying fault zone processes, and is central to
many open questions about fault behavior. The presence of fluids
might explain why some faults, such as the San Andreas, are weak-
er than expected [1,2]. Increases in pore pressure may tend to
weaken faults by reducing the effective normal stress, and trigger
seismic activity. If the overpressures are too large, however, the
fault could experience stable, rather than unstable, sliding [3].
Dilatancy or compaction within the fault zone will also play a cru-
cial role, as well as the degree to which fluid exchange is allowed to
occur between the fault and its surroundings.

Finite element simulations provide a natural tool for investigat-
ing these processes. To do so, we employ a mixed u=p formulation
to solve for the solid displacements and fluid pressures. In compar-
ison to pure-displacement formulations, however, the mixed
scheme creates additional challenges for the numerical analyst.
In the limit of low permeability or fast loading rates, the pore fluid
can impose near or exact incompressibility on the deformation of
the solid matrix. In the presence of incompressibility constraints,
it is well known that only certain combinations of discrete spaces
ll rights reserved.
for the pressure and displacement interpolation exhibit stable
behavior. Failure to choose a stable pair can lead to poor results,
typically in the form of spurious oscillations in the pressure field
and sub-optimal convergence behavior.

The same restrictions are found in other constrained problems
in solid and fluid mechanics. Classic examples include mixed for-
mulations for Stokes flow, Darcy flow, and incompressible elastic-
ity. The mathematical theory establishing the solvability and
stability characteristics of mixed formulations is well-developed.
The key ingredients are the ellipticity requirement and the famous
Ladyzhenskaya-Babuška-Brezzi (LBB) condition [4,5]. Unfortu-
nately, many seemingly natural interpolation pairs – including
equal-order interpolation for all field variables – do not satisfy
the necessary stability requirements. In practice, most analysts rely
on ‘‘safe” elements such as the Taylor-Hood family, in which the
displacement interpolation is one-order higher than the pressure
interpolation. A variety of more sophisticated stable elements are
also available, for example, [6,7].

From an implementation point of view, it would be appealing to
circumvent the stability restrictions and employ a broader class of
interpolation pairs. Over the years, many stabilization techniques
have been proposed for doing precisely this, most extensively in
the fluid dynamics community. The model equations used to study
these schemes are typically the Stokes or Darcy equations, which
despite their simplicity contain all of the salient features of a con-
strained problem. We mention the early Brezzi-Pitkäranta scheme
[8], the Galerkin Least-Squares (GLS) approach of Hughes et al., [9],
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Fig. 1. Example mixed elements, showing the unstable Q4P4 and stable Q9P4.
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and the more recent Variational Multiscale Methods [10] – but
many others exist [11–13]. In solid mechanics, a variety of schemes
have also been developed for incompressible and quasi-incom-
pressible elasticity in order to overcome volumetric locking associ-
ated with pure-displacement formulations. For example, Oñate
et al. [14] proposed a formulation based on the concept of Finite
Calculus. Masud and Xia [15,16] developed a formulation for both
linear and nonlinear constitutive models based on a Variational
Multiscale approach. Romero and Bischoff have recently proposed
an interesting method for linear elasticity which involves enriching
the finite element spaces with incompatible bubble functions [17].
Of course, the above schemes are merely a representative sample
of an extensive literature that has developed for each class of
problems.

While it is difficult to classify all stabilization schemes in a uni-
fied framework, most frequently the methods lead to a modified
variational formulation in which additional terms are added to
the mass balance equation, modifying the incompressibility con-
straint in such a way that stability of the mixed formulation is in-
creased while maintaining a convergent method. In this way,
meaningful results can be obtained when using otherwise unstable
elements. The goal of this contribution is to extend the stabiliza-
tion concept to coupled solid-deformation/fluid-diffusion prob-
lems. While stabilized methods are employed frequently in fluid
and solid mechanics problems, their use in coupled geomechanical
problems is limited. Nevertheless, some good work in this direc-
tion has begun. In [18], Wan used the GLS approach to stabilize
both a displacement–pressure and a displacement–pressure–
velocity formulation. In [19,20], Truty and Zimmerman compared
three schemes: one based on the Brezzi-Pitkäranta stabilization
and two based on the GLS approach. They also extended their for-
mulation to account for partial saturations. In [21,22], Pastor et al.
proposed a stabilization scheme for dynamic problems using a
fractional-step algorithm, incorporating the stabilization into the
time-stepping scheme. In each case, the authors demonstrated that
the stabilizations can successfully suppress instabilities and lead to
good-quality solutions. Of course, each scheme has its own short-
comings. For example, the GLS method is based on adding the
residual of the strong form of the governing equations. As such,
second-order derivatives with respect to the displacements appear,
and when using linear interpolation, these terms either vanish or
are poorly approximated. A special technique must generally be
employed to improve the accuracy of these calculations, introduc-
ing additional computational work. See [18], for example, where
Wan develops such a stress recovery technique. The GLS formula-
tions also often lead to a non-symmetric modification of the sys-
tem matrix. While this makes little difference if the original
problem is non-symmetric, it would be appealing to preserve any
symmetry if it does exist. Indeed, a key advantage of the methods
of [15–17] is their symmetry-preserving property, but these
schemes have only been employed for incompressible solids and
have not been extended to coupled solid/fluid formulations. The
Brezzi-Pitkäranta scheme does lead to a symmetric modification
and can be cheaply implemented for equal-order linear interpola-
tions. Unfortunately, the formulation cannot be extended to
stabilize other unstable pairs such as linear-displacement/con-
stant-pressure elements. The fractional-step method is primarily
designed for dynamic problems, and may not be an efficient
approach for quasi-static models. It also leads to a conditionally
stable time-integration scheme even if the underlying algorithm
is implicit, though recent improvements by the authors have sig-
nificantly improved the stability restriction [23].

In this paper, we introduce a new stabilization scheme for cou-
pled geomechanical problems based on the concept of Polynomial-
Pressure-Projections. In this approach, the additional stabilizing
terms use element-local projections of the pressure field to coun-
teract the inherent instabilities in the chosen interpolation pair.
The technique was recently proposed by Dohrmann, Bochev, and
Gunzburger, and has been successfully employed for stabilizing
the Stokes problem [13,24] and Darcy problem [25]. An analysis
of similar pressure projection methods, and a unifying framework
for their analysis, has also been proposed by Burman [26].

In this work we employ pressure projections to address insta-
bilities that arise in the geomechanical problems under consider-
ation. The new stabilization has several appealing features. In
particular, the additional stabilizing terms can be assembled lo-
cally on each element using standard shape function information,
and no specialized subroutines are required. The scheme does
not require the calculation of higher-order derivatives or special
stress-recovery techniques. The method introduces minimal addi-
tional computational work, and can be readily implemented in a
standard finite element code. The scheme also leads to a symmetric
modification of the system matrix, preserving any symmetry that
was inherent in the original variational formulation. The resulting
method thus shares many of the positive features of the Brezzi-Pit-
käranta stabilization, but can be used to stabilized a broader class
of unstable pairs.

The primary motivation for using stabilization is computational
efficiency. As an example, consider two meshes composed of an
equal number of elements. The first mesh employs continuous
biquadratic-displacement/bilinear-pressure quads (Q9P4), while
the second uses bilinear-displacement/bilinear-pressure quads
(Q4P4). Both elements are illustrated in Fig. 1. The first element
possesses 22 degrees of freedom and is known to be stable, while
the second element has 12 degrees of freedom and is known to be
unstable – unless a stabilized formulation is employed. The two
elements are comparable in the sense that they produce the same
order of pressure interpolation. The Q9P4, however, leads to alge-
braic problems with many more degrees of freedom. As the num-
ber of elements in each mesh grows, a simple argument shows that
the total number of unknowns in the two meshes quickly ap-
proaches a ratio of 3:1. If we consider the equivalent three-dimen-
sional situation, this ratio approaches 6 1

4 : 1. The bandwidth of the
sparsity patterns will grow similarly.

Further computational savings can also be associated with the
quadrature rule employed. The Q9P4 element typically requires
3� 3 Gauss-quadrature in order to accurately integrate the qua-
dratic displacement field. In the Q4P4 mesh, we only need 2� 2
quadrature. If we consider an elastoplastic material in which a sig-
nificant level of computation must be performed in the material
subroutine at each Gauss point, the lower-order quadrature rule
will lead to additional efficiency. The equal-order element can also
somewhat simplify the code implementation, particularly when
employing adaptive mesh refinement or a parallel decomposition
of the domain. Finally we note that the introduction of stabilization
terms can often improve the convergence behavior of iterative
solvers. For extremely large problems, the memory-efficiency of
iterative solvers makes them a more attractive choice than sparse
direct solvers. For an extensive discussion of the numerical solu-
tion of algebraic systems of the type considered here, see [27].
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Stabilized low-order finite elements are very useful for improv-
ing the spatial and temporal resolution of excess pore pressure in
large-scale fault-slip simulations. In this paper we demonstrate
how the proposed stabilization scheme can be used to couple fluid
diffusion phenomena with fault weakening mechanisms. We em-
ploy classical plasticity theory along with critical state soil
mechanics to represent the solid deformation behavior. The yield
surface is an ellipsoid that grows with plastic volumetric compac-
tion; an associative flow rule is used to characterize the plastic
flow. The compression cap of the yield surface is responsible for
generating excess pore pressure due to shear-induced compaction
as the fault slips. In addition, fault activation is known to trigger
slip weakening mechanisms [28–30], including a reduction in the
effective friction angle of the fault gouge material [31], thus further
enhancing the development of excess pore pressure. All of these
processes are intimately linked and modeled simultaneously in a
numerical example demonstrating the efficacy of the stabilized
formulation.

The rest of the paper is organized as follows. First, we present
the governing equations and finite element implementation of a
quasi-static u=p formulation. The formulation includes material
nonlinearity in the form of a critical state plasticity model in a
small deformation format. Next, we modify the scheme to include
new stabilization terms, focusing on stabilizing the equal-order
Q4P4 element. We then demonstrate the performance of the new
scheme on several numerical examples. Two examples are taken
from familiar geotechnical applications. The first has an analytical
solution, while the second’s qualitative behavior is well-under-
stood. The final example is devoted to modeling the transient
pore-pressure behavior around an idealized fault zone. The exam-
ples cover a wide range of material models: linear-elastic, hyper-
elastic, and elastoplastic. In all cases we compare the
performance of a reference stable element (Q9P4), an unstable ele-
ment (Q4P4), and the same unstable element with stabilization
(denoted Q4P4s). For completeness, we also attempt to highlight
certain situations where the stabilization scheme must be em-
ployed with caution.

2. Coupled formulation

In this section we present a coupled formulation for fluid-satu-
rated geomaterials. We include material nonlinearity in the
description, but exclude any geometric effects due to large defor-
mations. Our starting point is the strong and weak forms of the
governing equations, as well as material models for the solid and
fluid constituents. We then describe spatial and temporal discreti-
zations, leading to a system of nonlinear equations. We also discuss
the linearization of this system and its iterative solution using
Newton’s method.

2.1. Governing equations

In this work, we consider a two-phase mixture consisting of a
solid matrix and saturating fluid. We assume that the solid and
fluid constituents can both be modeled as incompressible, and that
the system remains isothermal. In this case, we may write the local
forms of the balance of linear momentum and balance of mass as
[32,33]

r � ðr0 � p1Þ þ qg ¼ 0 ðEquilibriumÞ; ð1aÞ
r � _uþr � ~v ¼ 0 ðContinuityÞ: ð1bÞ

Here, r0 ¼ effective Cauchy stress tensor, p ¼ excess pore pressure
(i.e. pressure in excess of that at steady state), 1 ¼ second-order
unit tensor, u ¼ displacement field for the solid matrix, ~v ¼ super-
ficial velocity field (average relative velocity of seepage per unit to-
tal area), q ¼ buoyant density of the mixture in the saturating
fluid, and g ¼ vector of gravity accelerations. It is also common to
see the balance equations expressed in terms of the total pressure
rather than the excess pressure. The major difference lies in the
definition of the constitutive equation for the fluid, which either
relates the superficial velocity to the excess or the total pressure.
In the current case we employ a generalized Darcy law of the
form

~v ¼ � 1
qf g

k � rp; ð2Þ

where k ¼tensor of hydraulic conductivities (with typical units of
m/s), qf ¼density of the fluid phase, and g ¼ kgk. We emphasize
that one should use the buoyant density of the mixture, rather than
the total density, when employing an excess pressure formulation.

We must also introduce a constitutive equation for the effective
stress, which for now we express in general rate form

_r0 ¼ Cep : _�; � ¼ rsu ¼ 1
2
ruþruT� �

: ð3Þ

Here, Cep ¼ fourth-order tensor of tangential moduli. In the follow-
ing derivations we assume we have a nonlinear material model that
can be expressed in form (3). A complete description of the critical
state plasticity model employed will be given in Section 4.

The mixture occupies a domain X with boundary C. This bound-
ary is suitably decomposed into regions where essential and natu-
ral boundary conditions are specified for both the solid and fluid. In
particular, we define:

� Cu: solid displacement boundary.
� Ct: solid traction boundary.
� Cp: fluid pressure boundary.
� Cq: fluid flux boundary.

This decomposition is subject to the restrictions

C ¼ Cu [ Ct ¼ Cp [ Cq; ð4Þ
Cu \ Ct ¼ Cp \ Cq ¼£: ð5Þ

The boundary conditions are given as

u ¼ u on Cu ðspecified displacementÞ; ð6Þ
n � r0 ¼ t on Ct ðspecified tractionÞ; ð7Þ
p ¼ p on Cp ðspecified pressureÞ; ð8Þ
� n � ~v ¼ q on Cq ðspecified fluxÞ: ð9Þ

Finally, initial conditions at t ¼ 0 are given as fu0;p0g.

2.2. Variational form

For the purposes of the finite element implementation, we pres-
ent the weak form of the boundary value problem. First, two spaces
of trial functions are defined as

Su ¼ fu : X! R3ju 2 H1;u ¼ u on Cug; ð10Þ
Sp ¼ fp : X! Rjp 2 H1;p ¼ p on Cpg; ð11Þ

where H1 denotes a Sobolev space of degree one. We also define the
corresponding spaces of weighting functions, with homogeneous
conditions on the essential boundaries,

Vu ¼ fg : X! R3jg 2 H1; g ¼ 0 on Cug; ð12Þ
Vp ¼ fw : X! Rjw 2 H1;w ¼ 0 on Cpg: ð13Þ

The weak form of the problem is then to find fu;pg 2 Su � Sp such
that for all fg;wg 2 Vu � Vp,
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G ¼
Z

X
rs

g : r0 � pr � g� g � qgð ÞdX�
Z

Ct

g � �tdC

¼ 0 ðEquilibriumÞ; ð14aÞ

H ¼
Z

X
�wr � _uþrw � ~vð ÞdXþ

Z
Cq

w�qdC

¼ 0 ðContinuityÞ: ð14bÞ

It is useful to compare the above mixed formulation with those
encountered for other incompressible problems in solid and fluid
mechanics – especially in the definition of the spaces Sp and Vp.
In mixed formulations for incompressible elasticity or Stokes’ flow,
the pressures are usually only required to be in L2 (or perhaps L2=R)
and no essential boundary conditions are specified. The case is
somewhat different when we consider a fluid saturated porous
medium with non-zero permeability. At the initial moment of load-
ing, as t ! 0 and no time has passed for drainage to occur, the med-
ium acts as an incompressible solid, with the pore pressures serving
as Lagrange multipliers to enforce the incompressibility constraint.
As time passes and drainage proceeds, however, the fundamental
character of the fluid flow problem switches to a diffusion equation,
with the pore-pressure becoming a potential determining the veloc-
ity field. It is for this reason that it is appropriate to require the pres-
sures be in H1 and specify essential boundary conditions on them.
The diffusive nature of the pressures distinguishes the current prob-
lem from comparable incompressible problems encountered in
other fields. An interesting discussion of these considerations can
be found in Murad and Loula [34], where the authors consider the
variational form of the linear Biot consolidation equations as three
separate problems: one governing the system at the moment of
loading, another describing the time-dependent deformation/diffu-
sion process, and another describing the steady-state system when
all excess pressures have dissipated.

2.3. Discretization in time

Given the time-dependent nature of the variational form, we
introduce a temporal discretization using a generalized trapezoidal
integration method [35]. We rewrite the balance of mass at a dis-
crete time step n such that

Hnþ1 ¼
Z

X
�wr � unþ1 � un

Dt
þrw � ~vnþh

� �
dXþ

Z
Cq

w�qnþhdC ¼ 0;

ð15Þ

where

�qnþh ¼ h�qnþ1 þ ð1� hÞ�qn; ð16Þ
~vnþh ¼ h~vnþ1 þ ð1� hÞ~vn; ð17Þ

and h 2 ½0;1� is an integration parameter. Common choices include
h ¼ 1, giving the first-order accurate backward-Euler scheme, and
h ¼ 1=2, giving the second-order accurate Crank-Nicolson scheme.
The equilibrium equation G does not contain any time-derivatives,
and we implicitly evaluate all terms at step nþ 1.

2.4. Linearization

In general, G and H (or the time-discrete versions Gnþ1 and
Hnþ1) represent two nonlinear residual equations that must be
solved using an iterative procedure. To do so, we implement a New-
ton–Raphson scheme, in which we expand the governing equations
about a trial configuration ðuk; pkÞ using a linear model, i.e.

0 ¼ Gðu; p; gÞ � Gðuk;pk; gÞ þ DGðDuk;Dpk; gÞ; ð18Þ
0 ¼Hðu;p;wÞ �Hðuk;pk;wÞ þ DHðDuk;Dpk;wÞ; ð19Þ
which leads to an iterative update scheme in which we solve,

DGðDuk;Dpk; gÞ ¼ �Gðuk;pk; gÞ; ð20Þ
DHðDuk;Dpk;wÞ ¼ �Hðuk;pk;wÞ; ð21Þ

for the incremental variations Duk and Dpk, and update
ukþ1 ¼ uk þ Duk and pkþ1 ¼ pk þ Dpk. Thus within each time-step
(with index n) we solve a sequence of linear problems (with index
k) to find the configuration satisfying the residual equations. Upon
convergence, n ðnþ 1Þ and k 0.

For the equilibrium equation,

DGk ¼
Z

X
rs

g : Ck : rsDuk � Dpkr � gð ÞdX; ð22Þ

where

Ck �
or0k
o�k

ð23Þ

is the fourth-order tensor of algorithmic tangent moduli. For the
continuity equation,

DHk ¼
Z

X
�wr � Duk

Dt
� hrw � k

qf g
� rDpk

� �
dX: ð24Þ
2.5. Discretization in space

We now consider an element partitioning of the domain X. In
the standard manner, we introduce a discrete trial space Sh

u � Sh
p

and weighting space Vh
u � Vh

p corresponding to the chosen finite
element interpolations. We use a superscript h to indicate spa-
tially-discrete quantities, just as we use subscripts n and nþ 1 to
indicate temporally-discrete quantities. The fully discrete varia-
tional statement of the problem is now: find fuh

nþ1; p
h
nþ1g 2 Sh

u � Sh
p

such that for all fgh;whg 2 Vh
u � Vh

p,

Gh
nþ1 ¼

Z
X
rs

gh : r0nþ1 � ph
nþ1r � gh � gh �qg

� �
dX�

Z
Ct

gh ��tnþ1dC¼ 0;

ð25aÞ

Hh
nþ1 ¼

Z
X
�whr�u

h
nþ1 �uh

n

Dt
þrwh � ~vh

nþh

� �
dXþ

Z
Cq

wh�qnþhdC¼ 0:

ð25bÞ

The displacement and pore pressure fields are approximated as

uh ¼ Ndd; ph ¼ Npp; ð26Þ

where Nd and Np are arrays of displacement and pressure shape
functions, and d and p are corresponding vectors of unknowns.
The weighting functions are represented as

gh ¼ Ndc; wh ¼ Npc: ð27Þ

Further, we define the following transformation matrices:

rsuh ¼ Bd; ð28Þ
r � uh ¼ bd; ð29Þ
rph ¼ Ep: ð30Þ

Introducing these discrete functions into the residual equations,
and recognizing the arbitrary nature of the weights c and c, we ar-
rive at an algebraic statement of the problem: find ðd;pÞnþ1 such
that

RG

RH

� �
nþ1

¼ Gext � Gint

DtHext � DtHint

 !
nþ1

¼ 0; ð31Þ

where
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Gint
nþ1 ¼

Z
X

BTðr0nþ1 � ph
nþ11ÞdX; ð32Þ

Gext
nþ1 ¼

Z
X
ðNdÞTqgdXþ

Z
Ct

ðNdÞTtnþ1dC; ð33Þ

Hint
nþ1 ¼

Z
X
�ðNpÞTbðdnþ1 � dnÞ þ ET~vh

nþh

h i
dX; ð34Þ

Hext
nþ1 ¼

Z
Cq

ðNdÞTqnþhdC: ð35Þ

The incremental solution for the Newton–Raphson update at the
kþ 1 iteration is determined as

K H

HT ðhDtÞU

� 	
k

Dd
Dp

� �
ðkþ1Þ

¼
RG

RH

� �
k

; ð36Þ

where

Kk ¼
Z

X
BTCkBTdX; ð37Þ

H ¼ �
Z

X
bTNddX; ð38Þ

U ¼ � 1
qf g

Z
X

ETKEdX: ð39Þ

Here, Ck is a matrix of elastoplastic tangential moduli (correspond-
ing to the fourth-order tensor Ck defined earlier), and K is a matrix
of permeability coefficients.

We observe that the previous formulation reduces to an even
simpler one if we consider a linear-elastic constitutive equation
with constant moduli,

r0 ¼ Ce : �: ð40Þ

In this case, the linearization of the governing equations is exact,
and Newton’s method will converge in a single iteration. The tan-
gent matrix Ck can be replaced with a constant matrix C, and several
of the right hand side terms simplify. In Section 4 we instead con-
sider a nonlinear description for the effective stress-strain relation-
ship, based on a critical state plasticity model.

3. Stabilized formulation

The goal in this section is to develop a stabilized formulation
that allows for the successful use of Q4P4 elements in coupled
deformation-diffusion problems. We first begin with a few preli-
minary observations, and then present a stabilized formulation
based on the Polynomial-Pressure-Projection technique.

Let us first examine the algebraic problem (36) in the undrained
limit. In this case, the linear system reduces to the form

K H

HT 0

� 	
Dd
Dp

� �
¼

RG

RH

� �
; ð41Þ

where a zero-block appears in the (2,2) position. Matrices with the
same block structure arise in a variety of constrained problems in
solid and fluid mechanics. Although (41) can be thought of as a sin-
gle problem, it is helpful rather to think of it as a series of algebraic
problems parameterized by the element diameter h. The goal is to
ensure that the approximate solution converges to the exact solu-
tion at optimal convergence rates as h! 0.

To do so, it is necessary for the spaces Sh
u and Sh

p chosen for the
displacement and pressure interpolation to satisfy the discrete LBB
condition [4],

sup
vh2Sh

u

R
X qhr � vhdX
kvhk1

P Ckqhk0 8qh 2 Sh
p; ð42Þ

with C > 0 independent of h. Unfortunately, the spaces Sh
u and Sh

p

associated with linear-pressure/linear-displacement interpolations
do not satisfy this condition and lead to unstable approximations.
In [24], however, Bochev et al. demonstrated that this pair does sat-
isfy a weaker condition. Consider a projection operator
P : L2ðXÞ ! R0, where R0 is the space of piecewise constants. The
authors showed that the discrete spaces Sh

u and Sh
p satisfy

sup
vh2Sh

u

R
X qhr � vhdX
kvhk1

P C1kqhk0 � C2kqh �Pqhk0 8qh 2 Sh
p; ð43Þ

with C1 > 0 and C2 > 0 independent of h. Comparing this result
with the discrete LBB condition, we see that the term
C2kqh �Pqhk0 quantifies the inherent deficiency in the Q4P4 pair.
The stabilization methodology is therefore to add stabilizing terms
to the variational equations to penalize this deficiency. Schemes for
the Stokes equations and Darcy equations can be found in [13,25].
We now take the same approach for the coupled deformation-diffu-
sion problems under consideration.

We first need to define a projection operator with a suitable
range – that of piecewise constants. Therefore, let

PphjXe ¼ 1
Ve

Z
Xe

phdX: ð44Þ

Here, Ve is the volume of the element. The value of the projected
field within each element is simply equal to the element average
of ph. We then modify the discrete variational equation for the bal-
ance of mass, Hh ¼ 0, to include an additional term,

Hh �Hstab ¼ 0; Hstab ¼
Z

X

s
2G
ðwh �PwhÞ _ðph �PphÞdX: ð45Þ

The time-discrete version is

Hh
nþ1�Hstab

nþ1 ¼ 0;

Hstab
nþ1 ¼

Z
X

s
2GnþhDt

ðwh�PwhÞðph
nþ1�Pph

nþ1�ph
nþPph

nÞdX: ð46Þ

Here, G is the shear modulus and s > 0 is a constant multiplier. Typ-
ically this parameter is Oð1Þ, but it can be used to ‘‘tune” the level of
stabilization. In the numerical examples we provide further discus-
sion on this point. Note also that in equation (46) the shear modulus
appears as a coefficient on the stabilizing term. In many hyperelas-
tic and elastoplastic models, including those examined in this work,
the shear modulus is a function of the current state of stress and
will therefore evolve with the configuration. To be fully consistent
in such cases, we evaluate

Gnþh ¼ hGnþ1 þ ð1� hÞGn: ð47Þ

The linearization of the stabilizing term about an intermediate con-
figuration ðuk;pkÞ is taken as

DHstab
k ¼

Z
X

s
2GkDt

ðwh �PwhÞ½Dph
k �PðDph

kÞ�dX: ð48Þ

We note that additional terms associated with the linearization of
the coefficient 1=Gk have been omitted. Unless the modulus changes
dramatically over an increment, these additional contributions are
minor and can be ignored without losing quadratic convergence
behavior in the global Newton iterations.

The additional quantities associated with the stabilization
scheme can be readily assembled into the matrix problem using
standard shape function information. Noting that PðwhÞ ¼
PðNp�cÞ ¼ PðNpÞ�c, the stabilized version of Eq. (36) becomes

K H

HT ðhDtÞU

� 	
k

�
0 0
0 S

� 	
k


 �
Dd
Dp

� �
ðkþ1Þ

¼
RG

RH

� �
k

þ
0

Hstab
nþ1

� �
k

;

ð49Þ

where the two stabilizing terms are given by



Fig. 2. Slip weakening of a frictional fault. During slip instability coefficient of
friction decreases from initial value l0 when slip D ¼ 0 to residual value lres when
slip D P D	 . AB = slip weakening with plastic compaction and pore pressure
increase; AC = slip weakening with plastic dilation and pore pressure decrease
(concept adapted from Wong [40]).
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Hstab
nþ1 ¼

Z
X

s
2Gnþh

½Np �PðNpÞ�½ph
nþ1 �Pph

nþ1 � ph
n þPph

n�dX; ð50Þ

S ¼
Z

X

s
2Gnþh

½Np �PðNpÞ�½Np �PðNpÞ�dX: ð51Þ

We see that the result of the scheme is to introduce a stabilizing
sub-matrix into the (2,2) position, eliminating the zero-block that
would otherwise appear in the incompressible case. Because the
stabilization is based on the original shape functions, however,
the sparsity pattern of this block remains unchanged and no fill-
in occurs. Also note that modifications are only made to the pres-
sure-pressure coupling block – the other sub-matrices remain un-
changed. This is a key contrast with stabilization schemes based
on adding residual equations to the variational form, for example,
[18–20], where other sub-matrices are modified as well. Finally, un-
like subgrid scale methods, the stabilization does not require addi-
tional basis functions or element level condensation.

4. Constitutive theory for slip weakening and shear-induced
compaction

In this section we describe a constitutive theory for modeling
the mechanical deformation behavior of the fault gouge material
as well as the surrounding rock for a typical fault zone. Our
assumption is that fluids are present in the fault zone and that they
could play a major role in the weakening of the fault as it slips. We
first describe the relevant background on the expected mecha-
nisms in a fault zone, then elucidate the details of the constitutive
model that is eventually used with the stabilized formulation. For
simplicity we restrict the discussions of this section to isothermal
deformation.

4.1. Background

Gouge is the name given to the highly damaged granular mate-
rial representing the core of a fault that is the product of wear as
sliding takes place [36]. Friction is a very important factor in the
brittle behavior of rocks [37]. The coefficient of friction is known
to depend on slip speed [38] and on a state variable reflecting
the maturity of contact [39]. Healing increases the value of the
coefficient of friction when the fault is stationary. When the stres-
ses reach a certain critical value, however, the fault could undergo
slip instability, causing a reduction in the value of the coefficient of
friction. The process is called slip weakening, and during this pro-
cess the shear stress sf on the fault can be written for a purely fric-
tional fault as

sf ¼ �lr0f ¼ f ðr0f ;DÞ; ð52Þ

where l is the coefficient of friction, r0f is the effective normal stress
on the fault (negative for compression), and D is a measure of slip.
The function f ðr0f ;DÞ implies that when r0f is constant the coefficient
of friction l depends on slip D. The same function, however, could
also be taken to mean that during slip weakening the normal stress
r0f itself could also vary with slip. The latter possibility is shown
schematically in Fig. 2 [40]: when the fault gouge undergoes
shear-induced compaction (dilation) the pore pressure could in-
crease (decrease), resulting in a reduction (increase) of �r0f . Of
course, these processes are linked to the coupled theory and could
be influenced by the stabilized formulation.

The mechanism of interest is that of shear-induced compaction,
and in order to model this process we employ a critical state plas-
ticity model based on the Modified Cam-Clay (MCC) yield surface
[41]. The plasticity model provides a compression cap that is
essential for the simulation of plastic compaction. The constitutive
framework can also capture several other features commonly ob-
served in the behavior of soils and porous rocks – including pres-
sure sensitivity, hardening response with plastic volumetric
compaction, softening response with plastic dilation, and the pos-
sibility of isochoric plastic shear. As the focus of this paper is not on
the constitutive model itself, however, we only briefly review the
salient features and highlight those that are relevant for simulating
the key mechanisms in a fault zone. A complete description, as well
as the extension to finite deformations, has been presented by
Borja et al. in [42] and companion papers.

4.2. Hyperelastic response

We define mean normal stress p0 and deviatoric stress q by

p0 ¼ 1
3

trðr0Þ; q ¼
ffiffiffi
2
3

r
ksk; s ¼ r0 � p01: ð53Þ

Using classical elastoplastic theory, the response inside a yield sur-
face is governed by a hyperelastic model which produces pressure
dependent elastic bulk and shear moduli. Hyperelasticity is derived
from a stored energy density function of the form

Wð�e
v; �

e
sÞ ¼ �p0 ~j exp Xþ 3

2
G�e2

s ; X ¼ �
e
v0 � �e

v
~j

;

G ¼ G0 � ap0 exp X; ð54Þ

with volumetric and deviatoric strain invariants given by

�e
v ¼ trð�eÞ; �e

s ¼
ffiffiffi
2
3

r
knek; ne ¼ �e � 1

3
�3

v 1: ð55Þ

The parameters of the model are the reference strain �e
v0 and refer-

ence pressure p0 of the elastic compression curve, the elastic com-
pressibility index ~j, and two parameters a and G0 controlling the
behavior of the shear modulus. Choosing a ¼ 0 leads to a constant
elastic shear modulus G ¼ G0, while choosing a > 0 produces a
pressure-dependent modulus [43].

The effective stress r0 is determined as

r0 ¼ oW
o�e
¼ oW

o�e
v

o�e
v

o�e
þ oW

o�e
s

o�e
s

o�e
: ð56Þ

Using the relationships

o�e
v

o�e
¼ 1;

o�e
s

o�e
¼

ffiffiffi
2
3

r
n̂; n̂ ¼ ne=knek; ð57Þ

leads to the equivalent form

r0 ¼ p01þ
ffiffiffi
2
3

r
qn̂; ð58Þ

where p0 and q can be derived from the elastic energy function as
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p0 ¼ oW
o�e
¼ p0 1þ 3a

2~j
ð�e

sÞ
2

� 	
exp X; ð59Þ

q ¼ oW
o�e
¼ 3 G0 � ap0 exp Xð Þ�e

s : ð60Þ
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Fig. 3. Comparison of the current constitutive model with fixed-ring oedometer
tests by McKiernan and Saffer [47] on subduction zone sediments.
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Fig. 4. Geometry and loading profile for Terzaghi’s problem.
4.3. Plastic response

The elastic region is bounded by a two-invariant yield surface,

F ¼ q2

M2 þ p0ðp0 � p0cÞ ¼ 0 ð61Þ

where p0c < 0 is a plastic internal variable determining the size of
the yield surface, and is known as the preconsolidation pressure.
The material parameter M > 0 determines the slope of the critical
state line (CSL), and is related to the continuum friction angle at
critical state, /cs via [41]

M ¼ 6 sin /cs

3� sin /cs
: ð62Þ

The yield surface plots as a semi-ellipse on the p0–q plane. Inasmuch
as we view the fault gouge as a continuum, slip weakening may
now be viewed as a decrease in the value of M (or /cs) with shear
strain D=h, where D is the relative slip of the two faces of the gouge
separated by a thickness h.

We now examine the plastic behavior of the constitutive model.
The model assumes an associative flow rule,

_� ¼ _u
oF
or0
¼ _u

1
3

oF
op0

1þ
ffiffiffi
3
2

r
oF
oq

n̂

 !
;

oF
op0
¼ 2p0 � p0c;

oF
oq
¼ 2q

M2 : ð63Þ

The condition for isochoric deformation is oF=op0 ¼ 0, or p0 ¼ p0c=2.
This corresponds to a stress state at the peak of the ellipse, and sep-
arates two regions of the yield surface – one corresponding to plas-
tic compaction and the other to plastic dilation. In the current work
we do not consider the effect of non-associativity on the plastic re-
sponse. There is sufficient experimental evidence supporting the
associative flow rule for critical state models dating as far back as
when Roscoe and Burland [41] first proposed the model. In the cur-
rent case, the effect of non-associativity would be to reduce the
plastic compaction for a given deviatoric plastic strain (the plastic
flow direction is more deviatoric), thereby reducing the magnitude
of pore pressure increase for the same plastic deviatoric strain. If
non-associative effects are deemed important, however, we note
that the current model is actually a subclass of a more general
non-associative model developed by Borja in [44].

Hardening (or softening) is introduced through the parameter
p0c. Let e be the void ratio of the porous material, and define the spe-
cific volume as v ¼ ð1þ eÞ. It is commonly observed that a biloga-
rithmic relationship exists between the specific volume and the
preconsolidation pressure; that is, in isotropic compression tests
there is a linear relationship between lnðvÞ and lnð�p0cÞ, with the
slope of this line represented by the compressibility index ~k. Alter-
natively, one often sees experimental data plotted as e vs. lnð�p0cÞ.
For an extensive comparison of these relationships, see [45,46]. The
hardening law for the current model then takes the form,

_p0c ¼
tr _�p

~k� ~j

� �
p0c: ð64Þ

For illustration purposes, Fig. 3 compares the current constitutive
model with fixed-ring oedometer tests by McKiernan and Saffer
[47] on sediments extracted near the deformation front of the Costa
Rica subduction zone.

We have omitted the details of the numerical implementation
of the material subroutine, as an extensive presentation is already
available in the literature. We note, however, that one difficulty in
the implementation is that the elastic bulk and shear moduli are
stress-dependent. This introduces considerable challenge for a
classical return-mapping algorithm in stress space, since the pre-
dictor and corrector stresses are related to the elastic and plastic
strains in a nonlinear fashion. Instead, we implement the model
with a return-mapping algorithm in elastic strain space. This ap-
proach preserves the classical predictor-corrector operator split,
and readily allows for the construction of consistent algorithmic
tangent operators. Again, the interested reader is urged to consult
[42] for further details.

5. Numerical examples

We now present three numerical examples to test the perfor-
mance of the stabilization technique. Two of the examples are
drawn from geotechnical applications, while the last is devoted
to modeling an idealized fault zone. The examples were imple-
mented using the deal.II Finite Element Library – a collaborative,
open-source project focused on developing a toolbox of common
algorithms and data structures for use in object-oriented finite ele-
ment codes [48]. All linear systems were solved using the UMFPACK
unsymmetric multifrontal direct solver [49].

5.1. Terzaghi’s problem

Few analytical solutions exist for coupled consolidation prob-
lems. One classic example for which such a solution does exist is
Terzaghi’s one-dimensional problem. The domain consists of a lin-
ear-elastic soil mass of height h and infinite extent (Fig. 4). The
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Fig. 6. Mesh and loading profile used for the elastoplastic footing example.

4360 J.A. White, R.I. Borja / Comput. Methods Appl. Mech. Engrg. 197 (2008) 4353–4366
lower boundary is rigidly fixed and impermeable, while the upper
boundary is fully drained (p ¼ 0). At the initial time, a distributed
load w is suddenly applied, leading to an instantaneous rise in pore
pressures, after which these pressures dissipate. The mesh used for
the problem consists of a single column of quadrilateral elements,
which are restrained in the horizontal direction but can displace
vertically. The linear elastic behavior of the soil is characterized
by the two Lamé parameters, with k ¼ 0 and G ¼ 0:5 kPa. The other
model parameters are cs ¼ 0, cf ¼ 10:0 kN=m3, Dt ¼ 1:0 s, and
k ¼ 10�5 m/s. The stabilization coefficient is simply s ¼ 1.

Fig. 5 presents the pressure profiles after the initial step, with
the exact solution indicated by the thin dashed line. The pore pres-
sures throughout the domain are equal to the overburden stress,
except for in a thin layer near the drainage boundary. The unstable
Q4P4 element, however, predicts wild oscillations in the pressure
field. In contrast, the stable Q9P4 and stabilized Q4P4 perform
well. The sharp gradient in the pressure profile near the drainage
boundary poses a challenge for standard finite element methods,
however, and lead to some minor oscillations even in the stable
elements. Nevertheless, these oscillations do not propagate to the
rest of the domain, and the performance of the two stable elements
is far superior to the Q4P4.

We note that with progressing time, the initial errors in the
pressure field for the Q4P4 element slowly dissipate. A careful
study of this effect can be found in [34]. Clearly, however, the
behavior at early times is unacceptable.

5.2. Strip footing

The next test case is a plane-strain strip footing. The geometry
and loading profile are indicated in Fig. 6. From symmetry consid-
erations only half of the domain is modeled. The soil behavior is
described by the critical state plasticity model of Section 4, with
the following model parameters: ~j ¼ 0:05, ~k ¼ 0:20, a ¼ 0,
G0 ¼ 200 kPa, M ¼ 1:0, cs ¼ 20 kN=m3, and cf ¼ 10 kN=m3. The ini-
tial time step is Dt ¼ 1 day, after which increasingly large steps are
taken using the recurrence relation Dtnþ1 ¼ 1:2Dtn. Again, the sta-
bilization coefficient is simply s ¼ 1.

Since the model does not allow for a stress-free state, special
care must be taken to establish initial conditions. We assume that
the soil formation is normally consolidated throughout, with initial
stresses due to gravity loads assigned based on a prior elastic anal-
ysis. A small surface load of 1 kPa, representing overburden pres-
sures, is also applied. For a more complete discussion on
methods for establishing initial geostatic conditions in elastoplas-
tic problems, see [50].

In this example, we analyze two cases. In the first the perme-
ability has an extremely low value of k ¼ 10�9 m/day, leading to lo-
Fig. 5. Pressure profiles at the end of the first time-step for different element types appl
indicated by the dashed lines.
cally undrained conditions within the time scale considered. The
second case has a much higher permeability value of k ¼ 0:01
m/day. In both cases, the strip load indicated in Fig. 6 is applied
at a rate of 1 kPa/day over five days. Once a peak load of 5 kPa is
reached, it is held constant for the remainder of the simulation.
In the high-permeability simulation, the surface to the right of
the footing is treated as a drainage boundary (p ¼ 0). In the low
permeability simulation, however, this surface boundary is treated
as undrained. In this situation, the length scale over which drain-
age can take place is so short that the current coarse mesh is insuf-
ficient to resolve a meaningful boundary layer.

Fig. 7 shows contours of constant pressure at t ¼ 5 days for the
low-permeability simulation. Again, we observe oscillations in the
Q4P4 element, while the Q9P4 and Q4P4s produce smooth solu-
tions. The two stable solutions compare well with each other. Some
differences, however, can be observed in the contours near the
upper boundary. Fig. 8 compares the time-histories of pressure
and displacement for the undrained case at two points in the do-
main (points A and B). Since the medium is locally undrained, we
expect that once the peak load has been applied, pressures and dis-
placements should remain constant for the remainder of the simu-
lation. The Q9P4 and Q4P4s elements reproduce the expected
behavior. Furthermore, the maximum difference in the curves for
these two elements is less than 0.1%.

In contrast, the unstable Q4P4 grossly underpredicts the pres-
sure at the end of the loading sequence. Afterward, the pressure
appears to oscillate around the reference Q9P4 solution. Ultimately
the erroneous pressures dissipate with time and the quality of the
unstable Q4P4 solution improves. We see, however, that these ini-
ied to Terzaghi’s consolidation problem, with k ¼ 10�5 m=s. The exact solutions are
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tial errors persist for quite a while, and do not even capture the
qualitative behavior of the true solution. The displacement histo-
ries for all three elements (even the unstable Q4P4) match closely,
as the spurious pressure modes are uncoupled from the
displacements.

Turning now to the high-permeability case (Fig. 9), no instabil-
ities are observed, and all three elements perform well. We note
that after the peak load has been applied, the pressure rises slightly
before beginning to dissipate. This initial rise in pore pressures is
the well-known Mandel-Cryer effect [51], a signature of the
coupled solid/fluid flow problem that cannot be captured by
uncoupled or loosely coupled solution strategies.

In the high-permeability case, it appears then that there is no
advantage to employing a stabilized formulation. Indeed, the
unstable Q4P4 is often used in practice without stabilization be-
cause good results can be achieved in such cases. The reason we
have presented this example, however, is to emphasize that the
stabilization scheme causes no unusual behavior in the high-per-
meability limit, and can therefore be used across the complete
range from compressible to incompressible. As the method intro-
duces trivial additional computational expense and can be added
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with minimal coding effort, we argue that is is practical to use the
proposed scheme at all times, instead of having a specialized for-
mulation that is only used when incompressible behavior appears.

5.3. Weakening of a fault segment

Our final example is of an idealized fault zone. The mesh used
for the analysis is indicated in Fig. 10. The geometry consists of a
thin but finite width fault running horizontally through the sur-
rounding host rock. This surrounding formation is modeled as
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hyperelastic, while a critical state plasticity model is used for the
fault gouge itself. The model parameters are as follows: ~j ¼ 0:03,
~k ¼ 0:18, a ¼ 0, M ¼ 1:2, cs ¼ 20kN=m3, cf ¼ 10 kN=m3,
k ¼ 10�10 m/day. The shear modulus for the host rock is
G0 ¼ 5� 105 kPa, while a weaker modulus of 5� 103 is used for
the fault gouge. The initial time step is Dt ¼ 1 day, after which
increasingly large steps are taken using the recurrence relation
Dtnþ1 ¼ 1:2Dtn. The modeled domain is 40 m�25 m, with a
0.2 m-thick fault.

To simulate faulting behavior, we assume that the domain is in
a state of high shear near the CSL and slightly on the compression
cap of the yield surface, but is in static equilibrium. At some initial
time, however, a small portion of the fault (2.5 m) weakens due to
a small amount of slip – induced, for example, by material instabil-
ity [52]. As a result, the domain is no longer in equilibrium and fur-
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-step. In the case of the Q4P4s element, solutions are computed using two values of
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ther slip is nucleated on the weak zone – which then propagates to
the rest of the fault trace. Since the fault is assumed to be saturated
and the initial stress points are located on the compression cap of
the yield surface, we observe a sudden rise in pore-pressures due
to shear-induced compaction [53].

Again, the initial state of stress is crucial for the model. We as-
sume that the fault has undergone significant plastic shear in the
past, and thus the material in the fault should be close to critical
state. This idea is indicated schematically in Fig. 11, which illus-
trates the initial stress point and yield surface for the material
within the fault. To simulate the weakening event along the central
Fig. 13. 3D surfaces showing the pressure profile around the slip zone for each of the thre
days.
portion, the slope of the CSL is suddenly lowered. This causes the
yield surface to flatten (assuming p0c remains fixed during slip
weakening), and initiates plastic shear as well as a small amount
of plastic compaction. The time-frame over which this deformation
occurs, however, is controlled by the permeability of the formation.

Fig. 12 plots the trace of the pore-pressure along the axis of the
fault after the initial time-step. We see that the slip event leads to a
sharp rise in pressure within the weakened zone. The Q4P4 ele-
ment produces spurious pressures, as expected, but the Q9P4 also
displays slight oscillations as well. This is to be expected, since the
pressure profile is almost a step-function, and even our refined
e element types. The left column is the pressure after 1 day, and the right is after 985
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mesh may be insufficient to capture this behavior. Nevertheless,
this simulation provides a good illustration of a potential short-
coming of the stabilization scheme. Fig. 12 compares the predicted
profile for the stabilized Q4P4s to the stable Q9P4 using two values
of the stabilization parameter s. In both cases we find smooth solu-
tions, but using s ¼ 1 (as we have for the other examples in this pa-
per) leads to an overly diffuse profile. Examining Eq. (46), it
appears that the gradients in the solution are so large that the sta-
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Fig. 14. Horizontal and vertical strains along the fault trace, averaged over the fault thick
was triggered.

Fig. 15. Comparison of the predicted pressure pr
bilization severely over-relaxes the continuity equation and leads
to a poor solution. Fortunately, the situation can be remedied by
decreasing the magnitude of the stabilization coefficient s for the
elements within the fault zone. Choosing s ¼ 0:04, a sharp pres-
sure profile is recovered, with peak values in agreement with the
Q9P4 solution.

This example suggests that in practice the analyst should be
sure to examine the sensitivity of the solution to the stabilization
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ness, at t ¼ 985 days. The gray bars indicate the width of the weak zone where slip

ofiles for the three permeability cases, A-C.
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parameter s. Of course, this is good advice with respect to any sim-
ulation parameter. The current example represents an extreme
case, however, and for smooth solutions choosing a good s value
should be relatively straightforward.

To examine the behavior of the fluid pressures in the surround-
ing host rock, Fig. 13 presents surface plots of the pore pressure in
the near field around the weakened zone at t ¼ 1 day and at
t ¼ 985 days. In the case of the unstable element, spurious modes
are visible throughout the domain. As time passes, however, these
modes are slowly damped until eventually a smooth solution is
recovered. The presence of relatively large pressures even after
985 days indicates that, in such a low-permeability formation,
the dissipation of excess pore-pressures can take several years un-
til a new equilibrium configuration is achieved.

The kinematic behavior of the fault is presented in Fig. 14,
which plots horizontal and vertical strains along the fault trace.
These strains are an average over the fault thickness, computed
as the relative displacement between the upper and lower edge
of the fault divided by the fault thickness. All three elements pro-
duce good displacement solutions, with essentially identical re-
sults, so separate figures are omitted. Interestingly, though slip
was initiated on a relatively short segment, a significant portion
of the surrounding fault has been activated as well. Furthermore,
vertical strains signify a significant level of shear induced compac-
tion within the weakened zone, as expected.

Before concluding this section, we present a brief parametric
study. We wished to study the robustness of the stabilization
scheme in the presence of sharp discontinuities in material coeffi-
cients. The previously presented fault analysis has already some-
what addressed this issue, as the shear modulus for the fault
material was taken as 100 times weaker than the surrounding host
rock. We now consider the behavior of the scheme when the per-
meability varies by several orders of magnitude between host rock
and fault gouge. Capturing this behavior also has practical rele-
vance to field observations of fault behavior, where the permeabil-
ity of the material within the fault commonly differs significantly
from the surrounding rock as a result of the evolution process,
and may be either more or less permeable.

The study consists of three cases. Case A is the previously exam-
ined base case, where the hydraulic conductivity in the fault, kin, is
the same as the conductivity outside the fault, kout, with
kin ¼ kout ¼ 1� 10�10 m/day. For Case B, the permeability in the
surrounding host rock is several orders of magnitude higher, such
that kin ¼ 1� 10�10 m/day and kout ¼ 1� 10�6 m/day. Case C is the
reverse, a highly permeable fault with kin ¼ 1� 10�6 m/day and
kout ¼ 1� 10�10 m/day.

Fig. 15 presents the predicted pressure surfaces in the region
around the slip zone for each of the three elements and each
of the three test configurations. In all cases, we find that the sta-
bilized formulation performs well, with no instability observed.
Indeed, the presence of higher permeability regions introduces
compressibility that tends to mitigate the appearance of oscilla-
tions in those regions, and the stabilization introduces no unu-
sual behavior at the interface. Though not presented, we have
examined a variety of other permeability configurations – in both
higher and lower ratios – and found satisfactory results in all
cases.

The stabilized formulation provides a convenient means of
modeling compressible, nearly compressible, and incompressible
behavior in the same domain. The key difficulty, however, that
even the stabilized element cannot escape is that jumps in material
coefficients may introduce large solution gradients across the
interface, requiring severe mesh refinement if a continuous ele-
ment is to be employed. The small oscillations observed with even
the Q9P4 element are symptomatic of this effect. Indeed, depend-
ing on the time and length scales associated with the problem
investigated, it may be inappropriate to enforce strict continuity
of the pressure in such cases.
6. Closure

Stabilized methods can offer tremendous computational advan-
tages over standard approaches. In particular, one can employ
meshes with fewer degrees of freedom, fewer Gauss points, and
simpler data structures. The additional stabilization terms can also
improve the convergence properties of iterative solvers. These fac-
tors become crucial when considering large-scale, coupled, three-
dimensional problems.

In this work we have proposed a stabilization scheme to allow
for the use of Q4P4 elements, though the same scheme can also
be applied to simplicial elements and three-dimensions. The meth-
od employed has several appealing features. It requires only a
minor modification of standard finite element codes, and adds
little additional computational cost to the assembly routines. All
necessary computations can be performed at the element level
using standard shape-function information, and no higher-order
derivatives or stress-recovery techniques must be employed. It also
leads to a symmetric modification of the system matrix, which is
advantageous if the underlying problem is symmetric.

As the numerical examples have demonstrated, the stabilization
scheme is robust and leads to high-quality solutions. In our opinion
the key disadvantage is that the resulting solution may be overly
diffusive in the presence of extremely sharp gradients, such as
those encountered during the fault-zone analysis. As we have indi-
cated, this is an extreme case and the effect can be controlled using
the stabilization parameter s.

Future work will include extending the stabilization scheme to
other useful elements such as the Q4P0. Additional investigation
should also be devoted to exploring the behavior of stabilization
schemes near boundaries, as it is well known that many schemes
have degraded accuracy in these regions [54]. More detailed stud-
ies of the interaction of the stabilization scheme with the time
integration method would also be of interest.

The general conclusion, however, is that the computational
advantages offered by stabilized methods are very appealing. This
fact will prove useful as we look towards demanding, larger-scale
models of fault zone behavior, especially those employing coupled
microscale/macroscale simulation techniques [55].
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