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Abstract

The finite element model for strain localization analysis developed in a previous work is generalized to the finite

deformation regime. Strain enhancements via jumps in the displacement field are captured and condensed on the

material level, leading to a formulation that does not require static condensation to be performed on the element level.

A general evolution condition is first formulated laying out conditions for the continued activation of a strong dis-

continuity. Then, a multiscale finite element model is formulated to describe the post-bifurcation behavior, highlighting

the key roles played by the continuous and conforming deformation maps on the characterization of the finite de-

formation kinematics of a localized element traced by a strong discontinuity. The resulting finite element equation

exhibits the features of a Petrov–Galerkin formulation in which the gradient of the weighting function is evaluated over

the continuous part of the deformation map, whereas the gradient of the trial function is evaluated over the conforming

part of the same map. In the limit of infinitesimal deformations the formulation reduces to the standard Galerkin

approximation described in a previous work. Numerical examples are presented demonstrating absolute objectivity

with respect to mesh refinement and insensitivity to mesh alignment of finite element solutions. � 2002 Elsevier Science

B.V. All rights reserved.

1. Introduction

Strain localization involves the development of a very narrow zone, or band, in a solid continuum inside
which the deformation is intense and the material strength and stiffness have degraded significantly from
those prevailing outside this zone. Factors responsible for localized deformation include initial imperfec-
tions and defects in the continuum, non-uniform loading, and boundary constraints, among others [1–6].
Simulations of strain localization incorporating these factors are prohibitively expensive if not impossible,
leading the analyst to consider the phenomena from the point of view of material instability where the
localized deformation is triggered by a bifurcation from a homogeneous material behavior [7–13]. Such
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instability, as well as the accompanying nonhomogeneous deformation, are influenced to a great extent by
geometric nonlinearities particularly during the advanced stages of loading [14–18].

Capturing strain localization phenomena using finite element analysis requires a careful treatment of
both the microscale and macroscale fields [19–22]. Such treatment is not limited to the kinematical de-
scription of deformation alone but may also include characterization of the bifurcated constitutive response
inside the localization band [23–27]. An example of a bifurcated constitutive response is the accelerated
softening behavior exhibited by the granular material inside a crack or fault as compared to that exhibited
by the parent rock [28]. In bulk metallic glasses, the localization zone also exhibits an increase in the
production of free volumes not exhibited by the intact glass [29]. Incorporating these behavioral patterns as
well as the accompanying finite deformation effects into the microscale and macroscale fields is a chal-
lenging task for the analyst.

A majority of research effort in shear band mode bifurcation analysis has focused primarily on the
geometrically linear case. In general, any result derived from such analysis must be taken with caution since
geometric nonlinearities play a very crucial role in the theory of bifurcation. A recent paper shows that
finite deformation effects do enhance strain localization, and that bifurcation is possible even in the
hardening regime of an associative plasticity model [30]. This suggests that ignoring geometric nonlin-
earities is not conservative, and efforts to systematically include these effects both in the bifurcation and
post-bifurcation analyses must be supported whenever possible. To this end, significant strides have been
made in [31,32] to include large deformation effects in strain localization analysis, but progress in the
development of more efficient, accurate, and robust procedures remains limited.

The assumed enhanced strain (AES) formulation proposed in [33] is the most common basis of finite
element simulation of strain localization phenomena. With a suitable choice of the weighting function for
the enhanced field, it provides a general mathematical framework that circumvents the problem of mesh-
dependence afflicting the standard finite element formulation [25,26,31,32,34–36]. However, this approach
does not allow a unique definition of the enhanced weighting function. In general, there is a host of such
weighting functions that pass the so-called patch test [37], each one predicting a different post-localized
response that is not readily amenable to physical interpretation. Furthermore, the static condensation
technique required by the method is unwieldy and tricky, particularly when the enhanced weighting
function and the post-localized behavior vary nonlinearly with the slip degree of freedom being condensed.

A recent work has utilized the standard Galerkin procedure for casting the strain localization problem
within the framework of finite element method with embedded strong discontinuity [24]. The method was
shown to be equivalent to the AES formulation for the case of piecewise constant stresses and strains
provided by the constant strain triangle (CST) interpolation. More importantly, the formulation identi-
fies the auxiliary equation for the enhanced strain field as nothing more than the consistency condition
that must be satisfied on the band, as well as uniquely defines the auxiliary weighting function as the
gradient of the yield function on the band. This approach thus allows the predicted post-localized be-
havior to be interpreted in a more meaningful fashion. Furthermore, the tricky and undesirable static
condensation technique inherent in the AES method has been eliminated completely in the solution pro-
cedure.

The objective of this paper is to generalize the solution procedure proposed in [24] to the finite defor-
mation regime. To this end, we first derive conditions for the evolution of a preexisting band, and for the
case of strong discontinuity this requires that the objective jump velocity vector be tangent to the band.
Then, we formulate a multiscale finite element model to capture strong discontinuity in a finite deformation
setting. In order to preserve the sparse structure of the overall coefficient matrix, the global linear mo-
mentum balance is formulated spatially. Since the symmetric Kirchhoff (true) stress tensor is related to the
non-symmetric first Piola–Kirchhoff stress tensor through the deformation gradient of the continuous part
of motion, the gradient of the standard weighting function is evaluated over the so-called continuous de-
formation map. In contrast, the Kirchhoff stress tensor is formulated over the conforming deformation
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map, leading to a Petrov–Galerkin finite element formulation. In the limit of infinitesimal deformation, or
in the limit of zero displacement jump for the case of finite deformation, the standard Galerkin approxi-
mation is recovered naturally from the formulation.

As for notations and symbols, bold-face letters denote matrices and vectors; the symbol ‘�’ denotes an
inner product of two vectors (e.g. a � b ¼ aibi), or a single contraction of adjacent indices of two tensors (e.g.
c � d ¼ cijdjk); the symbol ‘:’ denotes an inner product of two second-order tensors (e.g. c : d ¼ cijdij), or a
double contraction of adjacent indices of tensors of rank two and higher (e.g. C : �e ¼ Cijkl�

e
kl). We also

adopt the following general tensor notations: P, non-symmetric first Piola–Kirchhoff stress; S, symmetric
second Piola–Kirchhoff stress; s, symmetric Kirchhoff (true) stress; r, symmetric Cauchy stress; F, defor-
mation gradient with respect to the undeformed configuration; f , relative deformation gradient; b, left
Cauchy–Green deformation, and l, spatial velocity gradient. Tangent operators are defined as they appear
in the text.

2. Formulation of microscale model

In this section we present a continuum formulation of the microscale model as well as develop necessary
conditions for the shear band to evolve in the localized state.

2.1. Shear band kinematics

Consider a shear band whose deformation is described by the ramp-like relation

/ ¼
�//; if j6 0;
�//þ js/t=h0; if 06 j6 h0;
�//þ s/t; if j P h0;

8><>: ð2:1Þ

where �// ¼ �//ðX Þ is a continuous deformation field, s/t is the relative deformation of one side ŜS0 of the
band with respect to the other side S0, and h0 is the thickness of the shear band in the reference configu-
ration. The variable j is a normal parameter given by the relation

j ¼ ðX � YÞ �N ; ð2:2Þ
where Y is any point on S0 whose unit normal is N . The associated deformation gradient is obtained as

F ¼ o/

oX
¼ F in B nD0;

F þ ðs/t�NÞ=h0 in D0;

�
ð2:3Þ

where F ¼ o�//=oX , and D0 ¼ S0 	 ½0; h0� is the shear band domain. Throughout the formulation we shall
assume that the jumps s/t and s _//t are spatially constant on S0 (in finite element analysis, the spatial
constancy of the jump vectors applies only to each finite element, but they may be discontinuous across the
element boundaries).

Next, consider the following ramp-like description of velocity field in the same continuum

VðX Þ ¼
V if j6 0;

V þ jsVt=h0 if 06 j6 h0;

V þ sVt if j P h0;

8><>: ð2:4Þ

where V ¼ _�//�//ðX Þ is the continuous velocity field, and sVt ¼ s _//t is the relative velocity of ŜS0 to S0 induced
by the shear band deformation. We recall that the material velocity VðX Þ of point X is equal to the spatial
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velocity vðxÞ of point x if the spatial point x is the same material point X in the reference configuration. The
time derivatives of F then take the form

_FF ¼
_FF in B nD0;
_FF þ ðsVt�NÞ=h0 in D0;

(
ð2:5Þ

where _FF ¼ oV=oX and _FF ¼ oV=oX .
The corresponding expressions for the spatial velocity gradient l ¼ _FF � F�1 can be derived with the aid of

the Sherman–Morrison formula for the inverse of F as

F�1 ¼ F
�1

in B nD0;

F
�1 � ðU�N � F�1Þ=ðh0 þN �UÞ in D0;

(
ð2:6Þ

where U ¼ F
�1 � s/t is a pull-back of the jump s/t. The final forms for l are then given by

l ¼
�ll in B nD0;

�ll þ ðs/
r
t� nÞ=h in D0;

(
ð2:7Þ

where h is the current thickness of the shear band, n is the unit normal vector to the shear band in the
current configuration, and

�ll ¼ _FF � F�1
; s/

r
t ¼ s _//t��ll � s/t: ð2:8Þ

At the onset of localization, s/t ¼ 0 and s/
r
t ¼ s _//t; however, in the post-localized regime where s/t 6¼ 0

the jump rate s/
r
t contains a convected part, which makes it an objective jump rate co-rotational with the

cumulative displacement jump s/t, see [32].
The shear band kinematics presented above allows an evaluation of the evolution of the shear band

thickness h as a function of the original thickness h0. Nanson’s formula states that nda ¼ JF�t �N dA,
where da and dA are infinitesimal surface areas whose unit normals are n and N , respectively, and J is the
Jacobian [38]. Let dv ¼ hda, dV ¼ h0 dA, and note that J ¼ dv=dV and ðF�t �NÞi ¼ ðN � F

�1Þi. Inserting
these into the above formula, we get

n

h
¼ N � F�1

h0

¼ N � F�1

h0 þN �U : ð2:9Þ

The above relation is the same as Eq. (29) of [32]. However, it must be noted that this relationship holds
only for the special case where the displacement varies across the band in a ramp-like fashion. For other,
nonlinear continuous functions that tend to the Heaviside function in the limit of zero shear band thickness,
the above relationship between h and h0 generally does not hold.

The above relations follow the normal transformation of the elements of the cotangent space. Note,
however, that the direction of n is affected only by the continuous part F

�1
, and that the discontinuous part

of F�1 simply serves to scale the magnitudes of the relevant vectors. Solving for h and utilizing once again
the expression for F inside the shear band gives

h ¼ h0n � F �N þ n � s/t: ð2:10Þ
The first term on the right-hand side represents the evolution of the shear band thickness induced by the
continuous part of deformation, while the second term represents the change in thickness induced by the
jump discontinuity. For isochoric plastic flow inside the shear band, n � s/t ¼ 0, and there is no change in
thickness induced by the jump component of deformation. With a dilatant plastic flow, n � s/t > 0, and the
shear band thickness grows with plastic deformation.
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2.2. Microscale constitutive formulation

The constitutive response of a damaged material is not necessarily related to the constitutive response of
an intact continuum. This implies that the pre-localized constitutive model does not necessarily carry over
to the post-localized regime. This statement has some physical justifications. For example, the constitutive
response of an intact rock cannot be used to describe the constitutive behavior of the particulate material
derived from this parent rock once this material has experienced strain localization. This idea is now
pursued in the formulation of a finite strain constitutive model for the microscale field discussed in the
following.

For the case of isotropy the hyperelastic constitutive equation takes the form [30]

s ¼ 2
ow
obe � be ¼ 2be � ow

obe ; ð2:11Þ

where w is the free energy function and be is the elastic left Cauchy–Green deformation tensor. Following
the multiplicative decomposition F ¼ Fe � Fp proposed in [39], be is obtained as

be ¼ Fe � Fet ¼ F � Cp�1 � F t; ð2:12Þ
where Cp ¼ Fpt � Fp is the plastic right Cauchy–Green deformation tensor.

The rate version of the hyperelastic constitutive equation is obtained from the chain rule as

_ss ¼ 1
2
u : _bbe; ð2:13Þ

where u is a rank-four tangential stress-deformation tensor of the form given in [30], and _bbe is given by

_bbe ¼ ðl � lpÞ � be þ be � ðl � lpÞt: ð2:14Þ

Here we have defined (see [40])

lp :¼ Fe � Lp � Fe�1; Lp :¼ _FFp � Fp�1: ð2:15Þ

Inserting into (2.13) yields

_ss ¼ ae : ðl � lpÞ � ae : le; ð2:16Þ

where le :¼ l � lp, and ae is a spatial elastic tangent operator which takes the form (see [30])

ae ¼ ae þ s� 1; ð2:17Þ
in which ðs� 1Þijkl ¼ sildjk. The two-point spatial tensor a has components

aikjl ¼ FkAFlBAiAjB; AiAjB ¼
oPiA

oFjB
; ð2:18Þ

where PiA and FjB are elements of the first Piola–Kirchhoff stress tensor P and the deformation gradient F,
respectively. The tensor u operates in such a way that u : ðw � be þ be � wtÞ ¼ 2ae : w for any second-order
tensor w.

Next, let us consider a bifurcated yield function G ¼ Gðs; sY Þ ¼ 0 of the Kirchhoff stress tensor s

characterizing yielding of the damaged material inside the band. Here, the elastic region inside the band is
defined by the set

E0 ¼ fðs; sY Þ 2 S 	 R1þjGðs; sY Þ6 0g; ð2:19Þ
where S is the space of symmetric second-order tensors. Once again, we note that G is generally not related
to the pre-localized yield function F characterizing the yield function for the intact material. In addition,
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we assume the following flow rules for the symmetric and skew-symmetric parts of the plastic component of
the velocity gradient

dp :¼ sym½lp� ¼ kr; xp :¼ skew½lp� ¼ kr0; lp ¼ dp þ xp; ð2:20Þ
where k > 0 is a plastic multiplier, and r and r0 define the directions of the plastic rate of deformation and
plastic spin tensors, respectively. In the absence of strain localization it is common to ignore the plastic spin
[40]; however, in the presence of strain localization this is not the case since the slip tensor naturally
contains a skew-symmetric part, as elaborated further in the following developments.

With the above flow rules, we can now write the rate constitutive equation inside the band as

_ss ¼ ae : ðl � lpÞ ¼ ae : ½�ll þ ðs/
r
t� nÞ=h� kðrþ r0Þ�: ð2:21Þ

Letting g ¼ oG=os, the consistency condition inside the band now reads

_GG ¼ g : _ss� kH ¼ 0; ð2:22Þ
where H is the softening modulus inside the band. Following standard lines [24–27,31,34,35], elastic un-
loading outside the band can be captured by assuming H to take the form

H ¼Hdh ¼ OðhÞ; ð2:23Þ
where Hd < 0. Equation (2.22) then leads to an expression for the plastic multiplier of the form

k ¼ �kkþ 1

h
kd; ð2:24Þ

where

�kk ¼ 1bvv g : ae : �ll; kd ¼
1bvv g : ae : ðs/

r
t� nÞ; bvv ¼ g : ae : r

�
þ r0

	
þHdh; ð2:25Þ

and where the hat symbol ðb�� Þ is used to suggest that the post-bifurcation constitutive model is now in-
voked. In the unregularized formulation �kk may be conveniently set to zero since k! kddS as h! 0, where
dS is the Dirac delta function [24–26,31,34,35].

Inserting (2.25) into the constitutive equation (2.21) yields the following expression for the material
Kirchhoff stress rate inside the band

_ss1 ¼ baaep : �ll



þ 1

h
ðs/
r
t� nÞ

�
; ð2:26Þ

where the superscript ‘‘1’’ implies ‘‘inside the band,’’ and

baaep ¼ ae � 1bvv ae : r
�
þ r0

	
� g : ae ð2:27Þ

is the elastoplastic tangential moduli tensor in the bifurcated state. As h! 0, bvv ! g : ae : rþ r0ð Þ, and baaep

approaches the perfectly plastic tangent tensor.

2.3. General evolution condition for the shear band

The localization condition pertains to the onset of discontinuity, while the evolution condition pertains
to the continued activation of a preexisting discontinuity. There is a conceptual difference between the two
conditions, the most notable being that the localization condition is developed from a stability analysis
requiring the solution of an eigenvalue problem, whereas the evolution condition is derived from a de-
formation analysis that specifies the character of an acceptable shear band.
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For simplicity, attention is restricted to the usual quasi-static problem focusing on the evolution of a
preexisting shear band. The weak form of the linear momentum balance readsZ

B

ðGRADg : P � q0g � GÞdV �
Z
oBt

g � tdA ¼ 0; ð2:28Þ

where q0G is the reference body force vector, t ¼ P � m is the nominal traction vector on oBt � oB, m is the
unit vector on oBt, and g is the weighting function. In the presence of a shear band we can use integration
by parts and Gauss theorem on the first term to obtainZ

BneS0

GRADg : PdV ¼ �
Z
BneS0

g �DIVPdV þ
Z
eS0

g � ðsP �NtÞdAþ
Z
oBt

g � ðP � mÞdA; ð2:29Þ

where N is the unit normal vector to a preexisting shear band fSS0, and sP �Nt is a possible jump in the
nominal traction vector across fSS0. Inserting into (2.28), a standard argument yields

DIVP þ q0G ¼ 0 in B nfSS0; ð2:30aÞ

P � m ¼ t on oBt; ð2:30bÞ
supplemented with the condition

sP �Nt ¼ sPt �N ¼ 0 on fSS0: ð2:31Þ
This suggests that the nominal traction vector t, or, equivalently, its rate, _tt ¼ s _PPt �N , must remain con-
tinuous across the band.

From the chain rule, we obtain the time derivative of P ¼ s � F�t as

_PP ¼ _ss � F�t � s � l t � F�t: ð2:32Þ
Evaluating just outside fSS0, where

_ss0 ¼ ae : �ll; l ¼ �ll; F ¼ F; _FF ¼ _FF; ð2:33Þ
we get

_PP0 ¼ A
e
: _FF; ð2:34Þ

where A
e

is the first tangential elasticity tensor evaluated just outside the band, with components

A
e

iAjB ¼ F
�1

Ak F
�1

Bl a
e
ikjl; ae

ikjl ¼ ae
ikjl � s0

ildjk: ð2:35Þ

The overline on A
e

denotes a pull-back induced by the operator F
�1

.
Next let us evaluate (2.32) just inside fSS0, but now using expressions for F�1, l, and _ss inside the band.

After some mathematical manipulations, we get

_PP1 ¼ bAAep : _FF



þ 1

h0

ðs _//t�NÞ
�
; ð2:36Þ

where bAAep is the first tangential elastoplastic moduli tensor with components

bAAep
iAjB ¼ F �1

Ak F �1
Bl baa ep

ikjl; baa ep
ikjl ¼ baa ep

ikjl � s1
ildjk: ð2:37Þ

Note that the pull-back inside the band is now induced by the full operator F�1. The evolution condition
can now be written as

ð _PP1 � _PP0Þ �N ¼ 0 on fSS0; 8 t > tb; ð2:38Þ
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where tb is the bifurcation point. The latter expression is equivalent to

bAAep
�h

� �AAe
�
: _FF
i
�N þ 1

h0

bAA � s _//t ¼ 0; bAAij ¼ NA
bAAep

iAjBNB; ð2:39Þ

where bAA is the Lagrangian elastoplastic acoustic tensor. This is the general evolution condition that must be
satisfied by the shear band.

2.4. Specialization to strong discontinuity

The limiting condition of strong discontinuity is of special interest since it provides a convenient finite
element implementation within the framework of embedded discontinuities. The evolution condition is
derived from (2.39) in the limit of a vanishing shear band thickness. As h0 ! 0 the first term remains a
regular function while the second term increases without bounds. In order for the jump in the traction rate
to remain bounded, we must havebAA � s _//t ¼ 0; 8 t > tb: ð2:40Þ
This is the Lagrangian evolution condition in the strong discontinuity limit.

A spatial counterpart of the evolution condition may be derived by rewriting the jump condition (2.38)
in the form (after skipping some details)

h0

h
baaep

�

� h0 þN �U

h
ae

�
: �ll

�
� nþ h0

h2
baa � s/rt ¼ 0; ð2:41Þ

wherebaaij ¼ nkbaa ep
ikjlnl: ð2:42Þ

Note that

h0

h
¼ N � F�1 � n; h0 þN �U

h
¼ N � �FF�1 � n; ð2:43Þ

which are both regular functions for non-collapsing shear band, see [41]. Multiplying (2.41) by h=h0 gives

baaep

�

� h0 þN �U

h0

ae

�
: �ll

�
� nþ 1

h
baa � s/rt ¼ 0: ð2:44Þ

As h! 0 the first term remains a regular function while the second term increases without bounds,
unless we set

baa � s/rt ¼ 0; 8 t > tb: ð2:45Þ
This is the Eulerian evolution condition in the strong discontinuity limit. Note that the equivalence of (2.40)
and (2.45) can only be established in the strong discontinuity limit.

Let us expand (2.45) using indicial notation,

nkbaaep
ikjlnls/j

r
t� silnlnks/k

r
t ¼ 0; 8 t > tb: ð2:46Þ

The first term is identically zero if we define the slip tensor as

s/
r
t� n ¼ kdðrþ r0Þ; 8 t > tb; ð2:47Þ

where r and r0 are the directions of the plastic rate of deformation tensor dp and plastic spin tensor xp

‘‘inside the band’’, respectively. That this is the case may be demonstrated from
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baaep : ðs/
r
t� nÞ ¼ baaep : kdðrþ r0Þ ¼ ae



� ae : ðrþ r0Þ � g : ae

g : ae : ðrþ r0Þ

�
: kdðrþ r0Þ � 0; ð2:48Þ

since any tensor w / ðrþ r0Þ lies in the null space of baaep (by construction). The choice of kd as the scaling
parameter is imposed by the requirement that the Kirchhoff stress rate given by (2.21) remains regular even

if h approaches zero. This implies that the slip tensor ðs/
r
t� nÞ is fully plastic, a similar conclusion de-

veloped for the infinitesimal case [24].
It remains to satisfy the condition that the second term in (2.46) must vanish identically in the post-

bifurcation regime. Since silnl 6¼ 0, we must have

nks/k

r
t ¼ n � s/

r
t ¼ kdrkk ¼ kdtrðrÞ ¼ 0; 8 t > tb; ð2:49Þ

which means that the plastic flow ‘‘inside the band’’ must be isochoric. This can easily be satisfied by re-

quiring that the objective velocity jump vector s/
r
t be perpendicular to the current normal vector n, i.e., s/

r
t

must be tangent to the band. Note that the plastic directions r and r0 need not be known, but the above
kinematical constraints must be considered when embedding discontinuities into the finite elements (with
the AES method this constraint affects the form of the weighting function for the enhancement equation).

Since the objective velocity jump vector s/
r
t remains tangent to the band, the cumulative displacement jump

vector s/t also remains tangent to the band.
From a physical standpoint the kinematical restriction to s/

r
t implies that no relative normal dis-

placement may occur between the opposite surfaces of the band if a strong discontinuity is to remain a
strong discontinuity. While this may seem obvious, this requirement is in fact not present in the infini-
tesimal formulation since the stress term that brings about this kinematical constraint does not appear in
the small-strain constitutive formulation [24,25]. These features are now incorporated into the finite element
model discussed in the next section.

3. Formulation of finite element multiscale model

For simplicity we restrict the following presentation to quasi-static loading. The finite element approx-
imations are based on a standard weak equation (2.28), which is rewritten herein for a typical localized
finite element Be as followsZ

Be

GRADg : PdV ¼
Z
Be

q0g � G dV þ
Z
oBe

g � tdA: ð3:1Þ

The left-hand side of the above equation is the internal virtual work, which can be written in spatial form as

W e
INT ¼

Z
Be

GRADg : PdV ¼
Z
Be

GRADg : s � F�t
dV ¼

Z
Be

�ggradg : sdV ; ð3:2Þ

where �ggradg ¼ og=o�xx. We emphasize that P is the first Piola–Kirchhoff stress tensor evaluated just outside
the band, which is related to the symmetric Kirchhoff stress tensor s outside the band by the deformation
gradient F of the continuous part of motion, see (2.3). Consequently, the spatial form of W e

INT now utilizes a
local gradient of the weighting function g with respect to the coordinates �xx of the continuous configuration.
Our goal in this section is to formulate a constitutive expression for s in terms of the deformation gradient
of the conforming part of motion, leading to a Petrov–Galerkin formulation.

Also, from previous developments, we recall that continued activation of a strong discontinuity repre-
sented by the surface Se intersecting Be is contingent upon the satisfaction of the local evolution condition

R.I. Borja / Comput. Methods Appl. Mech. Engrg. 191 (2002) 2949–2978 2957



s _PPt �N ¼ 0 () bAA � s/rt ¼ 0; 8 t > tb: ð3:3Þ
As demonstrated in Section 2, this requires that ðs/

r
t� nÞ be fully plastic and that the objective jump

velocity vector s/
r
t be tangent to /ðSeÞ.

3.1. Discrete kinematics of localized element

Consider a typical triangulation shown in Fig. 1 and let the surface of discontinuity be denoted by S.
The compact support is Bh ¼ Bh

� [Bh
þ, denoted by the shaded region in Fig. 1, and consists of all CST

elements traced by the shear band. A typical localized element Be 2 Bh is shown in Fig. 2. A discontinuous
displacement field u inside this element is represented by the equation

uðXÞ ¼ �uuðXÞ þ sutHSðXÞ; HSðXÞ ¼
1 if X 2 Be

þ;
0 if X 2 Be

�;

�
ð3:4Þ

where �uu is the continuous part of u, and sut is the jump discontinuity on Se. Here, we assume that sut is
spatially constant in Be but may be discontinuous across the element boundaries. More precisely, we have

sut ¼ fm; ð3:5Þ
where f is the magnitude of the jump, and m is the unit vector in the direction of the jump. Note that sut is
always co-rotational with the surface of discontinuity.

The same discontinuous displacement field may be written in a reparameterized form

uðXÞ ¼ euuðXÞ þ sutMSðXÞ; ð3:6Þ
where the jump of MS across Se is sMSt ¼ 1, with MS ¼ 0 on the surface Sh

� of the support Bh. A
comparison of (3.6) with (3.4) suggests that euu ¼ �uu in B� nBh

�, and euu ¼ �uuþ sut in Bþ nBh
þ, and so euu simply

describes the conforming total displacement field, i.e., the displacement field that conforms with the element
nodal displacements and the standard element shape functions, see Fig. 2. Conforming fields are also re-
ferred to as the coarse-scale field by some authors [19–22]. The jump function MS may be taken as

MSðXÞ ¼ HSðXÞ � f hðXÞ; ð3:7Þ

Fig. 1. Definition of surface discontinuity.
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where f h is any arbitrary smooth ramp function that satisfies the requirement that f h ¼ 0 in B� nBh
�, and

f h ¼ 1 in Bþ nBh
þ. Note that f h is not meant to approximate the Heaviside function HS since any ac-

ceptable form for this function can always be combined with MS to obtain the exact Heaviside function.
The term sutMSðXÞ is sometimes referred to as the fine-scale field, so that (3.6) may be interpreted as an
additive decomposition of the total displacement field into coarse-scale and fine-scale components [21,22].
With these parameterizations, the spatial coordinates of the continuous part of motion can be written as

�xx ¼ X þ �uu ¼ X þ euuðXÞ � sutf hðXÞ; X 2 Be: ð3:8Þ
The continuous deformation map for the same CST element is also shown pictorially in Fig. 2.

Let us denote the coordinates of the conforming part of motion in Be at time instants tn and t > tn,
respectively, byexxn ¼ X þ euun; exx ¼ X þ euu: ð3:9Þ
The coordinates of the corresponding continuous part of motion are

�xxn ¼ exxn � fnmnf h; �xx ¼ exx � fmf h: ð3:10Þ
Let us also define the following deformation gradients:

Fn ¼
o�xxn

oX
; eFF n ¼

oexxn

oX
; F ¼ o�xx

oX
; eFF ¼ oexx

oX
: ð3:11Þ

From these, and from the assumed spatial constancy of the jump function sut, we easily establish the
relationships

Fn ¼ eFF n � fnmn �
of h

oX
; F ¼ eFF � fm� of h

oX
: ð3:12Þ

Fig. 2. Conforming and continuous deformations in a localized CST element. Note: shaded region represents the total configuration /.
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Let us also define a relative deformation gradient that maps the continuous part of the motion function �xx
with the configuration �xxn, herein denoted by

�ff ¼ o�xx

o�xxn
¼ F � F�1

n : ð3:13Þ

As demonstrated later in this section, the relative deformation gradient �ff plays a key role in describing the
discrete evolution of the stresses in the post-localized regime.

The inverse of Fn can be determined explicitly with the aid of the Sherman–Morrison formula as

F
�1

n ¼ eFF�1
n þ

fn

1� fnbn

fMM n �
of h

oexxn
; ð3:14Þ

where

fMM n ¼ eFF�1
n �mn; bn ¼ fMM n �

of h

oX
¼ mn �

of h

oexxn
: ð3:15Þ

Now, let us define the relative deformation gradient of the conforming part of motion

eff ¼ oexx
oexxn
¼ eFF � eFF�1

n ; ð3:16Þ

which maps the conforming part of the motion function exx with the configuration exxn. Using (3.13) and the
definitions for the deformation gradients F and Fn, the relationship between the relative deformation
gradients �ff and eff can easily be established as

�ff ¼ eff þm
r � of h

oexxn
; ð3:17Þ

where

m
r ¼ fn

1� fnbn

eff �mn �
f

1� fnbn
m: ð3:18Þ

For future use let us also derive an expression for the inverse of the relative deformation gradient �ff ,

�ff �1 ¼ o�xxn

o�xx
¼ Fn � F

�1
: ð3:19Þ

Using the Sherman–Morrison formula once again, we get the inverse of F as

F
�1 ¼ eFF�1 þ f

1� fb
fMM � of h

oexx ; ð3:20Þ

where

fMM ¼ eFF�1 �m; b ¼ fMM � of h

oX
¼ m � of

h

oexx : ð3:21Þ

Thus, we have

�ff �1 ¼ eff �1 þm
r

n �
of h

oexx ; ð3:22Þ

where

m
r

n ¼
f

1� fb
eff �1 �m� fn

1� fb
mn: ð3:23Þ
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Note that �ff coincides with eff when f ¼ fn ¼ 0, i.e., when there is no jump discontinuity.

3.2. General stress point integration algorithm

Consider the case of a strong discontinuity in a continuum deforming at finite strain and assume that
elastic unloading persists outside the band. In this case the Kirchhoff stress rate takes the form

_ss0 ¼ ae : �ll: ð3:24Þ
If the band remains active, then yielding on the band is governed by the consistency condition

_GG ¼ g : _ss� fHHd
_ff ¼ 0; ð3:25Þ

where G is the post-localized yield function, g ¼ oG=os, _ff > 0 is the magnitude of the slip rate, and fHHd is a
plastic modulus which relates the rate of softening of the yield function with the slip rate (see [24,25]). The
notion of a dual response of a macroscopic point traced by a strong discontinuity as discussed in [25]
suggests that the stress rate just outside the band may be used in the above consistency condition.

Consider a shear band to emerge at time t ¼ tb where the current value of the elastic left Cauchy–Green
deformation tensor is given by

be
b ¼ Fe

b � Fet
b ; Fe

b ¼
oxb

oxu
b

: ð3:26Þ

Here, xu
b defines an unloaded configuration of the point just outside the band at the moment of bifurcation.

Note that at the point of bifurcation the deformations are still conforming, and so the notion of an un-
loaded configuration still applies. Assuming plastic softening ‘‘inside the band’’, then elastic unloading
persists outside the band, and the unloaded configuration xu

b outside the band remains fixed at post-
bifurcation. Thus, for any time t > tn > tb, where tn is any post-bifurcation time instant at which the
configuration /nðBeÞ has been fully defined, we have

beðt > tnÞ ¼ �ff � be
n � �ff

t; be
n ¼ �ffn � be

b � �ff
t
n ; X 2 Be; ð3:27Þ

where �ff ¼ o�xx=o�xxn and �ffn ¼ o�xxn=oxb are the relative deformation gradients of the continuous part of motion
introduced previously. A simple check demonstrates the validity of the latter equation: differentiating it
with respect to time and recognizing that be

n is fixed gives

_bbe ¼ �ll � be þ be ��ll t; �ll ¼ _�ff�ff � �ff �1 ¼ o�vv

o�xx
: ð3:28Þ

On substitution of this equation into (2.13), we recover (3.24).
Let us now perform a stress-point integration for a localized element, borrowing some ideas from

computational plasticity of continuum mechanics. The procedure consists of, first, calculating a trial elastic
stress predictor str by freezing plastic slip on the band, checking for yielding on the band, and, finally,
introducing a positive plastic slip parameter if yielding is detected on the band. Care must be taken in
performing each of these steps in the geometrically nonlinear regime as the displacement jumps need to be
transformed objectively.

A push-forward transformation on the vector mn using the relative deformation gradient of the con-
tinuous part of motion gives

m ¼ �ff �mn=k�ff �mnk: ð3:29Þ
That the push forward of the tangent vector m is induced by �ff is due to the fact that any point on the
tangent space S lies in the domain of the continuous deformation map. Now, let us combine (3.29) with
(3.17) and (3.18) to get
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�ff �mn ¼ k�ff �mnkm ¼
1

1� fnbn

eff �mn �
fbn

1� fnbn
m: ð3:30Þ

This implies that eff �mn / m, and so

m ¼ eff �mn=keff �mnk ¼ eFF �M=keFF �Mk; ð3:31Þ
where M is the fixed unit tangent vector to S0 in the undeformed configuration. Hence, the transformation
of mn (or M) may also be defined by the conforming motion. Since standard finite element formulations rely
on conforming motions, the latter push-forward transformation using the operator eff (or eFF ) offers a more
direct approach of tracking the evolution of the tangent vector.

Let us next define the evolution of the slip magnitude from the equation

f ¼ fn þ Df: ð3:32Þ
This, together with the discrete evolution equations (3.17) and (3.18), allows the evaluation of the elastic left
Cauchy–Green deformation tensor from the standard expression

be ¼ �ff � be
n � �ff

t: ð3:33Þ
A spectral decomposition of this tensor yields

be ¼
X3

A¼1

k2
An
ðAÞ � nðAÞ; ð3:34Þ

where k2
A are squares of the principal elastic stretches and nðAÞ are the principal directions. Writing the stored

energy function U in terms of the principal elastic logarithmic stretches ee
A ¼ lnðkAÞ, the Kirchhoff stress

tensor is then obtained from

s ¼
X3

A¼1

bAn
ðAÞ � nðAÞ; bA ¼

oU
oeA

; ð3:35Þ

where bA are the Kirchhoff principal stresses. In this development, we have assumed that isotropy persists
outside the band so that the principal directions of be and s remain coincident.

The elastic stress predictor phase consists of setting Df ¼ 0 and checking the sign of the post-bifurcation
scalar yield function Gðstr; sy;nÞ. Here, str is the trial elastic Kirchhoff stress tensor evaluated by freezing
plastic slip (Df ¼ 0), and sy;n is the yield strength on the band calculated from the previous converged load
step. A negative sign of the trial G implies unloading on the band (dormant shear band), while a positive
sign implies plastic yielding on the band (active shear band). For active yielding on the band a plastic
corrector is invoked by introducing an incremental plastic multiplier Df > 0. The value of this parameter
can be determined iteratively from the discrete consistency condition

ðGnþ1 � GnÞA � fHHd Df ¼ 0; ð3:36Þ

where ðGnþ1 � GnÞA is the incremental change in the value of the yield function G due to changes in the
stresses on the band, with the plastic state variable A of the yield function G held fixed, see [24]. The elastic
predictor–plastic corrector algorithm just described is represented pictorially in Fig. 3.

Putting (3.36) in residual form, we have

rðDfÞ ¼ ðGnþ1 � GnÞA � fHHd Df: ð3:37Þ

The problem is to determine the value of Df satisfying (3.35) that gives rðDfÞ ¼ 0. Using Newton’s method,
we evaluate the consistent tangent operator as
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�r0ðDfÞ ¼ g : aþ fHHd; ð3:38Þ
where

a ¼ � os

obe :
obe

oDf
¼ �ae :

o�ff

oDf
� �ff �1

 !
; g ¼ oGnþ1

os
: ð3:39Þ

The above expression for a has been obtained from the derivative

obe

oDf
¼ o�ff

oDf
� �ff �1 � be þ be � �ff �t � o

�ff t

oDf
; ð3:40Þ

where be and the stress-deformation tangent operator u ¼ 2os=obe have been combined to produce the
tangent operator ae, see (2.13). The remaining derivatives are readily obtained as

o�ff

oDf
¼ � 1

1� fnbn
m� of h

oexxn
; ð3:41Þ

o�ff

oDf
� �ff �1 ¼ � 1

1� fb
m� of h

oexx � oF

oDf
� F�1

; ð3:42Þ

and so,

a ¼ 1

1� fb
ae : m

�
� of h

oexx
�
: ð3:43Þ

The algorithm is summarized in Box 1. Some striking similarities with the general return mapping al-
gorithm of continuum plasticity are readily noted. First, the incremental slip Df ¼ f� fn plays the role of
the discrete plastic multiplier, and the vector direction m plays the role of the return direction. The con-
forming configuration defined by the relative deformation gradient eff is held fixed during the course of the

Fig. 3. Elastic predictor–plastic corrector algorithm for a localized CST element. Note: shaded region denotes total configuration,

triangle ABC ¼ conforming configuration, triangle A0BC ¼ continuous configuration.
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iteration, much like the trial elastic strain in continuum plasticity, while the relative deformation gradient �ff
takes the role of the final elastic strain. Since the return direction m is fixed during the course of the it-
eration, the local Newton iteration only involves a scalar unknown (i.e., f). Finally, since m is determined
exactly from the push-forward transformation of the fixed vector M, the return direction is exact and there
is no numerical approximation involved anywhere. In other words, the proposed overall stress-point in-
tegration algorithm is exact.

Box 1. Local Newton iteration algorithm for updating stresses in a traced element

3.3. Algorithmic/continuum tangent operator

The algorithmic tangent operator for a typical localized or damaged element Be is based on a consistent
linearization of the variational equations (3.1) and (3.2). As noted earlier, the proposed stress-point inte-
gration algorithm is exact, and so the algorithmic tangent operator is the same as the continuum overall
tangent operator. Let us then take the first variation of (3.2) as follows:

dW e
INT ¼ d

Z
Be

GRADg : PdV ¼
Z
Be

GRADg : ðds � F�t þ s � dF�tÞdV : ð3:44Þ

Recalling that

ds ¼ ae : �ggradd�uu; dF
�1 ¼ �F�1 � �ggradd�uu; ð3:45Þ

we obtain the following expression for the first variation of the element internal virtual work:

dW e
INT ¼

Z
Be

�ggradg : ðds� ds0ÞdV ¼
Z
Be

�ggradg : ae : �ggradd�uudV ; ae ¼ ae � s� 1; ð3:46Þ

where ðs� 1Þijkl ¼ sildjk and ds0 ¼ ðs� 1Þ : �ggradd�uu represents the stress contribution to the variation. An
alternative expression for the first variation utilizes a material description and takes the form

dW e
INT ¼

Z
Be

GRADg : A
e
: GRADd�uudV ; �AAe

iAjB ¼ F
�1

Aj F
�1

Bl a
e
ikjl: ð3:47Þ

The latter expression is less natural to use, and as pointed out earlier we shall focus instead on the spatial
form (3.46). It must be noted, however, that the quantities appearing in the expressions above all describe
the continuous part of motion. Our goal is to reformulate the first variation of W e

INT into a more standard
finite element format that utilizes the conforming part of motion.

Let us rewrite the first variation of the Kirchhoff stress tensor in the form

ds ¼ ae : �ggradd�uu ¼ ae : ðd�ff � �ff �1Þ ¼ ae : ðdF � F�1Þ: ð3:48Þ

Given ~ff , be
n, sy;n, fn; find be, sy , f:

Step 1. Compute m ¼ eFF �M=keFF �Mk.
Step 2. Set f ¼ fn; �ff ¼ �ff tr; be ¼ be tr; s ¼ str.
Step 3. Gðstr; sy;nÞ6 0? Yes: Accept be and exit.
Step 4. No: Initialize f ¼ fn; sy ¼ sy;n.
Step 5. Calculate �ff , be, s, and rðfÞ ¼ Gðs; syÞ.
Step 6. jrðfÞj < TOL? Yes: Accept be, sy , f and exit.
Step 7. No: Compute df ¼ �rðfÞ=r0ðfÞ.
Step 8. f fþ df; sy ¼ sy;n þ Dsy ; and go to Step 5.
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The first variation of F from (3.12), second part, is given by

dF ¼ deFF � ðfdmþ dfmÞ � of h

oX
: ð3:49Þ

Note that dF 6¼ deFF even if df ¼ 0 since the slip magnitude f is transformed by the motion, i.e., dm 6¼ 0. The
first variation of m ¼ eFF �M=keFF �Mk requires the first variation

deFF ¼ eggraddeuu � eFF ; ð3:50Þ
where eggradð�Þ ¼ oð�Þ=oexx. From the chain rule, we thus get

dm ¼ eggraddeuu �m� eggraddeuu : ðm½ �mÞ�m: ð3:51Þ
The obvious orthogonality condition m � dm ¼ 0 is readily recovered from the above result following the
normalization kmk ¼ 1.

Utilizing the expression (3.20) for the inverse F
�1

, and after some mathematical manipulations, we
obtain

dF � F�1 ¼ eggraddeuu þ f
1� fb

½eggraddeuu : ðm�mÞ�m� of h

oexx � df
1� fb

m� of h

oexx : ð3:52Þ

This leads to the following expression for the first variation of the Kirchhoff stress tensor:

ds ¼ ae : eggraddeuu þ f
1� fb

eggraddeuu : m½ �mÞ�ae : m

�
� of h

oexx
�
� df

1� fb
ae : m

�
� of h

oexx
�
: ð3:53Þ

In the expressions above, we recall that df ¼ 0 for a dormant shear band and df > 0 for an active shear
band.

For an active shear band we have an additional consistency condition (3.36) to satisfy. Linearizing this
equation gives

dG ¼ g : ds� fHHd df ¼ 0; ð3:54Þ
where g ¼ oGnþ1=os. Inserting (3.53) into this condition and solving for df yields

df ¼ 1

v
g : ae : eggraddeuu þ 1

v
f

1� fb
eggraddeuu : ðm½ �mÞ�g : ae : m

�
� of h

oexx
�
; ð3:55Þ

where

v ¼ 1

1� fb
g : ae : m

�
� of h

oexx
�
þ fHHd: ð3:56Þ

Inserting back into (3.53) gives

ds ¼ aep : eggraddeuu þ f
1� fb

eggraddeuu : ðm½ �mÞ�aep : m

�
� of h

oexx
�
; ð3:57Þ

where

aep ¼ ae � a� eaa
g : aþ fHHd

: ð3:58Þ

In this last equation, a is determined from (3.43) and eaa ¼ g : ae, cf. (3.10) of [24].
Next, let us rewrite the stress contribution ds0 to the internal virtual work as

ds0 ¼ ðs� 1Þ : �ggradd�uu ¼ ðs� 1Þ : ðd�ff � �ff �1Þ ¼ ðs� 1Þ : ðdF � F�1Þ: ð3:59Þ
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Following the developments of (3.52) and (3.53), we get

ds0 ¼ ðs� 1Þ : eggraddeuu þ f
1� fb

eggraddeuu : ðm½ �mÞ�ðs� 1Þ : m

�
� of h

oexx
�

� df
1� fb

ðs� 1Þ : m

�
� of h

oexx
�
: ð3:60Þ

Substituting the expression (3.55) for df gives

ds0 ¼ nep : eggraddeuu þ f
1� fb

eggraddeuu : ðm½ �mÞ�nep : m

�
� of h

oexx
�
; ð3:61Þ

where

nep ¼ s� 1� a0 � eaa
g : aþ fHHd

ð3:62Þ

and

a0 ¼ 1

1� fb
ðs� 1Þ : m

�
� of h

oexx
�
: ð3:63Þ

Let us now subtract (3.61) from (3.57). The result reads

ds� ds0 ¼ aep : eggraddeuu þ f
1� fb

eggraddeuu : ðm½ �mÞ�aep : m

�
� of h

oexx
�
; ð3:64Þ

where

aep ¼ aep � nep ¼ ae � ða� a0Þ � eaa
g : aþ fHHd

ð3:65Þ

and

a� a0 ¼ 1

1� fb
ae : m

�
� of h

oexx
�
; ð3:66Þ

with ae ¼ ae � s� 1 as before.
Finally, let us pull out the spatial gradient terms eggraddeuu to obtain the linearization

ds� ds0 ¼ a : eggraddeuu; ð3:67Þ
where

a ¼ aep þ f
1� fb

aep : m

�
� of h

oexx
�
� ðm�mÞ ð3:68Þ

is the overall algorithmic/continuum tangent operator. The plastic corrector component of aep appearing in
(3.65) results from the incremental plastic slip on the band, and for a dormant shear band this term reduces
identically to zero, giving aep ¼ ae. The second component of the overall tangent operator a appearing in
(3.68) arises from an objective transformation of the accumulated plastic slip f and vanishes identically
when f ¼ 0.

On substitution of (3.68) into (3.46), we get the final form for the first variation of the internal virtual
work

dW e
INT ¼

Z
Be

�ggradg : a : eggraddeuu dV : ð3:69Þ
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The integral developed above has a structure of a Petrov–Galerkin formulation in that the gradient of the
weighting function g and the gradient of the trial function deuu are evaluated over two distinct deformation
configurations. The standard Galerkin approximation is recovered from this formulation when f ¼ 0,
which occurs before and up to the moment of bifurcation. However, beyond the bifurcation point the
conforming deformation map deviates away from the continuous deformation map with accumulating
plastic slip on the band.

3.4. Finite element implementation

Determining the spatial gradients of the continuous map requires a very small incremental effort.
Consider, for example, a standard finite element interpolation of the weighting function g

g ¼
Xnen

A¼1

NAgA; ð3:70Þ

where gA are the nodal values and NA are standard finite element shape functions, with nen being the number
of nodes. The spatial gradient of the continuous map is then obtained as

�ggradg ¼ og

o�xx
¼
Xnen

A¼1

oNA

o�xx
� gA ¼

Xnen

A¼1

oNA

oX
� F�1 � gA: ð3:71Þ

Inserting the closed-form expression for the inverse of F from (3.20), and after simplifying, we get

�ggradg ¼
Xnen

A¼1

oNA

oexx



þ f
1� fb

oNA

oexx �m
� �

of h

oexx
�
� gA: ð3:72Þ

In other words, we have

oNA

o�xx
¼ oNA

oexx þ f
1� fb

oNA

oexx �m
� �

of h

oexx ; ð3:73Þ

where oNA=oexx are the gradients of the standard shape functions with respect to the conforming map. Thus,
the gradients of the shape functions with respect to the continuous map can be obtained from the gradients
of the shape functions with respect to the conforming map through a simple additive vector correction in
the direction of of h=oexx.

The evolution of deformation for a typical CST element, starting from the undeformed configuration, is
depicted in Fig. 4. Checks are done for possible bifurcation at the end of each loading step. If the element
localizes, and if it lies in front of an active shear band, then it is enhanced with a slip degree of freedom that
is eliminated on the material level. Note that no static condensation on the element level is required by the
proposed approach.

The bifurcation analysis generally results in two possible slip surface orientations one of which is selected
according to the algorithm described in the next paragraph. The eigenvectors determined from this stability
analysis represent possible instantaneous directions of the emerging velocity jump, and may or may not be
tangent to the band depending on the constitutive response of the continuum in the intact state. One of
these eigenvectors is denoted by m0 in Fig. 4. However, the evolution condition requires that the slip di-
rection m be tangent to the band immediately after localization, implying that the eigenvector m0 plays no
role in the subsequent multiscale simulation.

To select the more critical shear band orientation from two possible solutions, we consider the push-
forward transformations of two material vectors, one parallel to the tangent vector M and another parallel
to the normal vector N in the undeformed configuration, see Fig. 4. Since the critical shear band orientation
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should conform with the instantaneous deformation of the continuum at the moment of bifurcation, we
select the shear band orientation that maximizes the scalar product

h ¼ ðFb �MÞ � ðFb �NÞ; ð3:74Þ
where Fb is the current deformation gradient at the moment of bifurcation. Now, since

M ¼ F�1
b �m=jjF�1

b �mjj; N ¼ n � Fb=jjn � Fbjj; ð3:75Þ
where m and n are candidate tangent and cotangent spatial vectors determined from the bifurcation
analysis, then the critical shear band orientation also can be chosen as the one that maximizes the scalar
product

h0 ¼ ðm � FbÞ � ðn � FbÞ ¼ 2ðm� nÞ : oub

oX
þ m � oub

oX

� �
� n � oub

oX

� �
; ð3:76Þ

where ub is the displacement field at the bifurcation point. In the limit of infinitesimal deformation the
second-order term drops out, and this criterion reduces to the one proposed in [24].

The ramp function f h is a critical component of the multiscale formulation, and its gradients represent
the single most important information needed by the model to provide a truly objective, mesh-independent
solution. We find it convenient to evaluate of h=oX once and for all, which are stored in the memory. The
spatial gradients of h=oexxn and of h=oexx can then be evaluated by using the inverses of the deformation
gradients eFF n and eFF . Since a traced CST element always contains a one-node side and a two-node side, then
the element shape function proposed in [34] may be used, which results in the gradient of h=oX being always
perpendicular to the two-node side. Referring to Fig. 5, K e ¼ ðX� � XAÞ=he

0 is the outward unit normal
vector to the two-node side of a CST element; hence, of h=oX ¼ �K e=he

0, where the appropriate sign is
chosen so that N � of h=oX > 0. Because the shear band is embedded in the element, the one-node and two-
node sides always remain on the same sides no matter how much the element has deformed.

Fig. 4. Evolution of a CST element from undeformed configuration to bifurcation point and beyond.
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3.5. Embedded slip plane: yielding based on resolved shear stress

So far we have only considered a class of post-localized yield functions of the form G ¼ Gðs; syÞ ¼ 0
characterizing yielding of the material on the band. The Mises yield criterion formulated in Kirchhoff stress
space is an example of such yield function,

Gðs; syÞ ¼ jjsjj � sy ¼ 0; s ¼ s� trðsÞ1=3: ð3:77Þ

From a physical standpoint, the use of this class of yield functions implies that the shear band is represented
as an embedded continuum since the yield condition only depends on the continuum stresses inside a lo-
calizing element but not on the configuration of the shear band inside this element.

In a true strong discontinuity, it may be argued that such class of continuum yield models no longer
applies. For example, consider a shear band on the plane ð1; 2Þ normal to which the stress component s33

acts. If the shear band thickness is zero, then there is no shear band area on which s33 can possibly act, and
so it may be argued that yielding of the material ‘‘inside the band’’ cannot possibly depend on s33 due to the
loss of dimension associated with strong discontinuity. In this case, an alternative yield criterion of the form
G ¼ Gðs; eFF ; syÞ ¼ 0 may be assumed to describe the plastic slips occurring on the surface of discontinuity.
Thus, the shear band here is an embedded slip plane and the strong discontinuity acts like a ‘glide plane’ of
crystal plasticity [42].

A specific yield criterion pursued in this work is based on the resolved shear stress on the band, and takes
the form

Gðs; eFF ;�ccÞ ¼ ðn� lÞ : s� �cc ¼ 0; l ¼ mþ n tan �//; ð3:78Þ
where �// and �cc are the mobilized friction angle and cohesion on the surface of discontinuity, respectively,
and m and n are the spatial tangent and normal vectors to the shear band. Here, the deformation gradient eFF
enters into the yield criterion through the vectors m and n.

Introducing the additional kinematical variable eFF into the yield criterion G does not affect the formu-
lation for the local iteration algorithm, as may be seen from Box 1, since m and n remain fixed during the
course of the local iteration. However, it impacts the discrete consistency condition (3.36) for the global
iteration, since its exact linearization now writes

Fig. 5. Evaluation of ramp function gradient for CST element crossed by a shear band reckoned from the underformed configuration:

(a) one-node side on the positive side of S; (b) two-node side on the positive side of S.
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dG ¼ g : dsþ h : deFF � fHHddf ¼ 0; ð3:79Þ
where g ¼ oGnþ1=os and h ¼ oGnþ1=oeFF . In the limit of infinitesimal deformation the additional term h : deFF
drops out, see [24], but in finite deformation calculations ignoring this term could lead to a loss of quadratic
convergence in Newton iterations.

Noting that the first variation of n ¼ N � eFF�1=jjN � eFF�1jj is

dn ¼ �n � eggraddeuu þ n ðn½ � nÞ : eggraddeuu�; ð3:80Þ
and using (3.45) and (3.50), we obtain (after skipping some details)

h : deFF ¼ s
r
: eggraddeuu; ð3:81Þ

where

s
r ¼ tn �m� snmm�m� tan �//n� tn þ snn tan �//n� n� n� tl þ snln� n; ð3:82Þ

and where we have used the symbols

snn ¼ s : ðn� nÞ; snm ¼ s : ðn�mÞ; snl ¼ s : ðn� lÞ; tn ¼ n � s ¼ s � n;
tl ¼ s � l ¼ l � s: ð3:83Þ

With these extra terms, the first variation of the plastic multiplier now takes the form

df dfþ 1

v
s
r
: eggraddeuu; ð3:84Þ

while the first variations of the stresses become

ds� ds0  ðds� ds0Þ � 1

vð1� fbÞ a
e : m

�
� of h

oexx
�
� s
r
: eggraddeuu: ð3:85Þ

Finally, the algorithmic/continuum tangent operator changes to

a a� 1

vð1� fbÞ a
e : m

�
� of h

oexx
�
� s
r
; ð3:86Þ

where the symbol ‘ ’ suggests that the corresponding additional terms must be added to or subtracted
from the expressions derived in Section 3.3. Note that these additional corrections are incorporated only for
purposes of obtaining an exact linearization of the momentum balance equation and thus preserve the
asymptotic quadratic rate of convergence of the global Newton iteration.

4. Numerical examples

In this section we present two numerical examples demonstrating objectivity with respect to mesh re-
finement and insensitivity to element alignment of finite element solutions employing the proposed mul-
tiscale modeling approach. We emphasize that in a general setting a truly mesh-independent solution does
not exist since even the standard finite element solution exhibits some mesh dependency. However, under
special circumstances a truly mesh-independent solution is possible, and in multiscale modeling this can be
achieved if: (a) the standard finite element solution in the pre-localized state is truly mesh independent,
which is possible if the mesh is subjected to a homogeneous state of stress prior to localization; (b) lo-
calization of all the elements in the mesh occurs at the same time, which follows directly from having a
homogeneous state of stress at pre-localization; and (c) the band is completely traced in one time step, a
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reasonable proposition considering that all the elements are assumed to localize at the same time. Once
localization takes place the band theoretically can emerge at any point in the mesh, although at this point it
is important to select a band that is not inhibited to grow by any boundary constraint. Thus we can simply
specify a point through which a specific band of interest passes. This latter technique is somewhat equiv-
alent to specifying a weak element in the mesh, except that the latter approach perturbs the homogeneous
state of stress and does not quite result in a truly mesh-independent solution.

The numerical examples involve plane strain extension and plane strain compression simulations on a
hyperelastic–plastic solid deforming at finite strain. Fig. 6 shows five macroscale finite element meshes of
varying mesh refinement and element alignment. The meshes are 3 m tall and 1 m wide, with a corner node
D pinned to the base and the rest of the top and bottom nodes supported on vertical roller supports.
Computations were done on a PC with a 16-digit double precision, which was sufficient for smaller meshes
such as the ones shown in Fig. 6. Larger meshes may require higher precision calculations (such as a 32-
digit machine precision), but this was deemed unnecessary for now since our objective is simply to dem-
onstrate absolute objectivity of the solutions and not to analyze a large-scale boundary value problem. The
material was represented by a quadratic logarithmic Drucker–Prager model described in [30], with a stored
energy function that is quadratic in the principal elastic logarithmic stretches.

4.1. Plane strain extension simulations

In these simulations the top roller supports were moved uniformly upward in increments of 0.01 m while
allowing both the top and bottom nodes to displace laterally (except the pinned node D), thus preserving a
homogeneous state of stress up until the moment of bifurcation. The material parameters were as follows:
hyperelastic Young’s modulus E ¼ 500 kPa and Poisson’s ratio m ¼ 0:40; the friction and dilatancy angles
of the pre-localized Drucker–Prager model were set to zero, thus capturing a Von Mises plasticity with a
pre-localized cohesion of 15 kPa and a pre-localized plastic modulus H ¼ 0 (perfect plasticity). A slip plane
was embedded at post-bifurcation, with a mobilized friction angle on the band �// ¼ 0 (frictionless, purely
cohesive) and a softening modulus fHHd ¼ �40 kN/m.

The bifurcation point was detected at a total vertical displacement of 0.28 m, and as mentioned earlier an
infinite number of shear bands is possible after localization. For analysis purposes the shear bands traced
for each of the five meshes are shown in Fig. 7, all reckoned with respect to the undeformed configuration.
Fig. 8 shows the deformation of Mesh#4 at the moment of bifurcation and at the conclusion of the sim-
ulation. An Eulerian bifurcation analysis predicted an orientation of the unit normal vector n at 44� to the

Fig. 6. Macrofinite element meshes for plane strain extension and compression examples.
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horizontal, which, by Nanson’s formula, is equivalent to a pull-back orientation of the unit normal vector
N at 49� from the horizontal. Note that the orientation of n is not quite equal to the value of 45� predicted
by the small-strain theory because of the additional stress-term contributions to the acoustic tensor.

The predicted vertical load-vertical displacement curve is shown in Fig. 9. Predictions of the five meshes
are identical to machine precision, as corroborated further in Table 1 which shows the calculated numerical
values of the final displacements of corner nodes A, B, and C, as well as the calculated final cohesions and
final accumulated slips at the conclusion of the simulations. Slips and cohesions across all traced elements
were uniform, as expected. In Fig. 9, the elastic portion of the load–displacement response slightly curves
downwards, and the apparent yield strength of the perfectly plastic region shows a slight decrease due to
geometric effects as the effective loading area of the specimen decreases with increasing vertical elongation.

Fig. 7. Shear bands (dashed lines) and traced finite elements (shaded regions) for plane strain extension example.

Fig. 8. Shear band initiation and evolution for plane strain extension example: displacement magnification factor ¼ 1.
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4.2. Plane strain compression simulations

In these simulations the top roller supports were moved uniformly downward in increments of 0.01 m
while allowing the top and bottom nodes to displace laterally (except node D). The material parameters
were as follows: hyperelastic Young’s modulus E ¼ 500 kPa and Poisson’s ratio m ¼ 0:40; Drucker–Prager
friction parameter b ¼ 0:495 and dilatancy parameter b ¼ 0:30 (nonassociative flow rule); pre-localized
plastic modulus H ¼ 10 kPa (hardening). An embedded Von Mises continuum and an embedded slip plane
were both tested at post-bifurcation, with a mobilized friction angle on the band �// ¼ 0 (frictionless, purely
cohesive) for the embedded slip plane case, and a softening modulus fHHd ¼ �55 kN/m for both the em-
bedded continuum and embedded slip plane cases.

The bifurcation point was detected at a total vertical displacement of �0:40 m, and compression was
stopped at a total final vertical displacement of �0:49 m. Fig. 10 shows the shear bands traced for each of
the five meshes, again reckoned with respect to the undeformed configuration. Fig. 11 shows the defor-
mations of Mesh#4 at the bifurcation point and at the conclusion of the simulation. An Eulerian bifur-
cation analysis predicted an orientation of the vector n at 37� to the horizontal, or a pull-back orientation of
the vector N at 30� to the horizontal.

The load–displacement curves predicted by the multiscale model are shown in Fig. 12 for both the
embedded Von Mises continuum and the embedded slip plane cases discussed in Section 3.5. The apparent
stiffening elastic response is again due to geometric effects as the effective loading area of the specimen
increases with vertical compression. Note that bifurcation was detected in the hardening region, a possible

Table 1

Numerical values of final displacements at corner nodes, final cohesion and final accumulated slip at end of plane strain extension

simulation with embedded slip plane (total vertical elongation ¼ 0:33 m)

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5

ux(A) (m) �0.131970 �0.131970 �0.131970 �0.131970 �0.131970

ux(B) (m) �0.185585 �0.185585 �0.185585 �0.185585 �0.185585

ux(C) (m) �0.053615 �0.053615 �0.053615 �0.053615 �0.053615

Cohesion �cc (kPa) 7.531795 7.531795 7.531795 7.531795 7.531795

Slip f (m) 0.186003 0.186003 0.186003 0.186003 0.186003

Fig. 9. Load–displacement curve for plane strain extension example.
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outcome with a nonassociated plasticity model particularly with the inclusion of geometric nonlineari-
ties which tend to further enhance strain localization. Once again, the predictions from the five meshes
were identical to machine precision as corroborated further by the calculated numerical values shown in
Table 2.

As mentioned previously the stress-point integration algorithm at post-bifurcation is exact, and this is
illustrated in Table 3 which reports the final values of the calculated cohesion and accumulated slip across
the traced elements at the conclusion of the multiscale simulations. The table shows that the final values of
the state variables are the same regardless of the number of load increments used. Note that the term
‘‘cohesion’’ here takes on the meaning of �cc ¼ jjsjj for the Von Mises embedded continuum example, and
�cc ¼ s : ðm� nÞ for the embedded slip plane model, and so the two sets of values may not be compared one-
on-one. Also, note that the starting point of the accuracy analysis calculations shown in Table 3 must be the
same bifurcation point since the pre-localized stress-point integration algorithm is not exact.

The convergence profiles of both the local and global Newton iterations are shown in Tables 4 and 5 for
the embedded Von Mises continuum example and the embedded slip plane case, respectively. These profiles

Fig. 11. Shear band initiation and evolution for plane strain compression example: displacement magnification factor ¼ 1.

Fig. 10. Shear bands (dashed lines) and traced finite elements (shaded regions) for plane strain compression example.
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pertain to the very last load step of the numerical simulations to get an idea of the performance of the
algorithm at the very advanced stages of shear band development. The rapid rate of convergence of the
iterations validates the exact linearization procedure used for the example at hand.

Fig. 12. Load–displacement curves for plane strain compression example using embedded continuum and embedded slip plane

approaches.

Table 3

Accuracy analyses for plane strain compression example: Mesh 1 with embedded continuum and embedded slip plane

Number of load increments

1 10 40

Embedded continuum

Cohesion �cc (kPa) 37.894533 37.894533 37.894533

Slip f (m) 0.192704 0.192704 0.192704

Embedded slip plane

Cohesion �cc (kPa) a 17.760723 17.760723

Slip f (m) a 0.276160 0.276160

Note: number of imposed displacement increments are reckoned from bifurcation point.
a Did not converge.

Table 2

Numerical values of final displacements at corner nodes, final cohesion, and final accumulated slip at end of plane strain compression

simulation with embedded slip plane (total vertical compression ¼ 0:49 m)

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5

ux(A) (m) 0.157099 0.157099 0.157099 0.157099 0.157099

ux(B) (m) 0.252852 0.252852 0.252852 0.252852 0.252852

ux(C) (m) 0.095754 0.095754 0.095754 0.095754 0.095754

Cohesion �cc (kPa) 17.760723 17.760723 17.760723 17.760723 17.760723

Slip f (m) 0.276160 0.276160 0.276160 0.276160 0.276160
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5. Closure

The multiscale finite element model proposed in this paper has been developed with a central goal that it
be physically based. It is believed that with a formulation that clearly defines the key roles played by finite
deformation theory and the bifurcated constitutive model on the prediction of the post-localization re-
sponses, a first step has been taken to reach this goal. The fact that the proposed multiscale model does not
require static condensation to be performed on the element level is an added attribute of the formulation.
Large deformation effects are currently not well understood in strain localization modeling, and although
significant strides have been made in the past, progress in the development of more efficient, accurate, and
robust procedures remains limited. Although there are several other aspects of the formulation that need
more work, such as the development of an efficient band tracing algorithm, it is hoped that this paper,
together with its predecessors, will help make finite deformation theory a routine part of strain localization
modeling.
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