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Abstract The focus of this work is efficient solution
methods for mixed finite element models of variably
saturated fluid flow through deformable porous media.
In particular, we examine preconditioning techniques
to accelerate the convergence of implicit Newton–
Krylov solvers. We highlight an approach in which
preconditioners are built from block-factorizations of
the coupled system. The key result of the work is the
identification of effective preconditioners for the vari-
ous sub-problems that appear within the block decom-
position. We use numerical examples drawn from both
linear and nonlinear hydromechanical models to test
the robustness and scalability of the proposed methods.
Results demonstrate that an algebraic multigrid variant
of the block preconditioner leads to mesh-independent
convergence, good parallel efficiency, and insensitivity
to the material parameters of the medium.
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1 Introduction

In many applications involving porous media, it is nec-
essary to model hydromechanical processes in a tightly
coupled way in order to make meaningful predictions.
The focus of this work is efficient numerical methods
for modeling these coupled systems. In particular, we
focus on efficient preconditioning techniques to ac-
celerate the convergence of implicit Newton–Krylov
solvers.

Coupled fluid–structure interaction problems appear
in many geotechnical and geoscientific applications,
e.g., earthen dams, levees, and other geotechnical struc-
tures [1–5]; oil and gas formations [6–8]; natural and
engineered geothermal reservoirs [9]; and carbon se-
questration sites [10–12]. Of course, each class of prob-
lem presents its own modeling issues, and the choice
of methods that may be applied vary widely. Neverthe-
less, there is widespread recognition that uncoupled or
loosely coupled models are often insufficient.

In this broader context, this work focuses on a
formulation suitable for modeling variably saturated
flow in soils—a useful formulation for many geotechni-
cal and hydrologic applications. Many ideas contained
herein can also be extended to other subsurface sys-
tems. The resulting discretization leads to a nonlinear
system of residual equations that must be solved to
advance the solution in each timestep of the simulation.
The roots of these residual equations are found using
Newton’s method, and it is this portion of the code
that dominates the computational expense of a typical
simulation. The key focus of this work is how to design
a scalable nonlinear solver that can readily handle in-
creasingly large problems by taking efficient advantage
of today’s parallel computing platforms.
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Because the coupled formulation is a multi-field
problem, the Jacobian system that must be solved in
each Newton iteration inherits a useful block structure.
Unfortunately, this system is typically ill-conditioned,
making its solution using iterative solvers inefficient
without good preconditioning. Efficient solvers can be
designed, however, by using the underlying block struc-
ture to break the global problem into easier-to-solve
sub-problems. In particular, here we explore the use of
triangular block preconditioners for this class of prob-
lem. Preconditioners of this type were first explored
by Bramble and Pasciak [13] for Stokes flow, and
this and similar approaches have become increasingly
popular in the fluid dynamics community for dealing
with Stokes and Navier–Stokes systems [14]. This is
particularly true in the geoscience community focused
on magma migration and crustal dynamics [15, 16]. A
key advantage of the block-focused approach is that
the global preconditioner can be built from smaller al-
gebraic or physics-based preconditioners, allowing for
significant code reuse. The resulting approach naturally
lends itself to an object-oriented design and an elegant
algorithmic framework for incorporating single-physics
expertise into multiphysics codes. Unfortunately, while
the block preconditioning approach is quite flexible and
can be applied to a wide range of problems, the success
of the method depends on identifying effective precon-
ditioners for the various sub-problems that appear in
the block decomposition. Effective sub-preconditioners
are problem specific, and the key focus of this work
is identifying good strategies for the coupled hydrome-
chanical model at hand.

The application of the block approach to coupled
hydromechanical systems is quite natural, but unfortu-
nately this avenue has not been sufficiently explored to
date. One exception is the work of Toh et al. [17], who
considered the application of a block-preconditioning
approach to Biot’s linear consolidation model [18, 19].
In this work, we consider a more general, nonlinear for-
mulation and also examine the parallel implementation
of the solver. We also advocate a different approach
for preconditioning the various sub-problems that arise.
We identify a particular sub-preconditioning strategy
that leads to mesh-independent convergence, good par-
allel efficiency, and insensitivity to the material para-
meters of the problem.

As a general outline, Section 2 presents the gov-
erning formulation, derived from continuum theory of
mixtures. Section 3 discusses the implementation of the
model via a stabilized mixed finite element method.
The heart of the work is Section 4, which considers the
design of a scalable Newton–Krylov solver framework.
Finally, Section 5 examines the scalability and parallel

efficiency of the proposed methodology on several test
problems and highlights important features of the vari-
ably saturated problem to consider when implementing
preconditioning strategies.

2 Coupled formulation

2.1 Governing equations

We are interested in solution techniques for the follow-
ing nonlinear model of a quasi-static, variably saturated
soil,

θψ̇ + ψ∇ · u̇ + ∇ · w = 0

∇ · (σ ′ − ψp1) + ρg = 0. (1)

Here, θ is the soil porosity, ψ is the water-phase sat-
uration, u is the solid displacement, w is the seepage
(Darcy) velocity, σ ′ is the effective stress, 1 is a second-
order unit (Kronecker) tensor, and ρg is a body force
due to the self-weight of the three-phase mixture. We
solve the problem via a two-field mixed finite element
formulation in which the primary unknowns are u
and p.

Several assumptions about the soil behavior are
necessary to arrive at this particular model. For near
surface formations, a common assumption is that the
air pressure remains in equilibrium with atmospheric
pressure, or pa = 0. This passive-gas assumption leads
to a pseudo-three-phase formulation in which it is un-
necessary to track the air-phase pressures. At typical
pressures in applications of interest here, the solid and
fluid phases are approximately incompressible, so that
the bulk moduli Ks = Kw ≈ ∞. Several compressibility
terms have therefore been dropped. This also implies
that the Biot coefficient,

b = 1 − Ksk

Ks
≈ 1, (2)

where Ksk is the bulk modulus for the solid skeleton.
We have also adopted a particular form for the effective
stress decomposition,

σ ′ = σ + ψp1. (3)

All of these assumptions can be relaxed if they are
inappropriate for a particular geologic system. For ex-
ample, see Borja [20] for a formulation containing full
phase compressibility, Ehlers et al. [2] for the active air-
pressure case, and Gawin et al. [1] for hydrothermal–
mechanical models. Additional discussion concerning
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the appropriate choice of the effective stress decompo-
sition can also be found in [20–25]. For our purposes
here, the above model contains all the salient features
necessary for a discussion of solution methodologies.

2.2 Constitutive models

To complete the formulation, several constitutive re-
lationships are required. A generalized Darcy’s law is
used to relate the seepage velocity to the pressure and
elevation potential,

w = −krk
η

(∇ p − ρw g) . (4)

Here, kr ∈ [0, 1] is a relative permeability factor
(dimensionless), k is the saturated intrinsic perme-
ability (units of square meters), and η is the fluid
viscosity (units of pascal second). For notational con-
venience, we also define a lumped coefficient κ =
(krk)/η. In this work, we use the van Genuchten [26]
pressure/saturation and pressure/relative permeability
relationships ψ(p) and kr(p).

An elastoplastic model is used to represent the soil
behavior. For simplicity of presentation, we make a
small-strain assumption and define the strain measure
ε as the symmetric gradient of the displacement,

ε = ∇su = 1

2

(∇u + ∇Tu
)
. (5)

The effective stress–strain relationship can be written
in a general incremental form as

�σ ′ = C : �ε, (6)

where C is a fourth-order tensor of tangential moduli.
In the numerical examples to follow, we have adopted
a relatively simple plasticity model—non-associative
Drucker–Prager plasticity.

The solver techniques presented below can be read-
ily extended to the finite deformation regime, but for
the present, we wish to avoid clouding the presentation
with the proliferation of geometric terms that would
appear in the linearization of the variational form.
The key difference between the small-strain and finite-
strain regimes is that certain symmetries are lost in
the operators when including geometric terms. The
solution strategies proposed below do not rely on any
particular symmetry properties for the system anyway,
so the finite deformation case can be handled quite
naturally.

2.3 Simplified models

Before concluding this section, we make some obser-
vations concerning certain limit states of the variably
saturated model. The studied model contains both non-
linear solid and fluid behavior. If, however, the soil is
fully saturated and the stress–strain response is linear,
we recover a linear model of coupled consolidation
[18, 19, 27],

∇ · u̇ + ∇ · w = 0

∇ · (σ ′ − p1) + ρg = 0. (7)

Also note that in the undrained limit, as the permeabil-
ity of the medium k → 0, the mass balance equation
further reduces to the constraint equation,

∇ · u̇ = 0. (8)

That is, the fluid trapped in the pore space enforces
volumetric incompressibility on the solid skeleton, and
the fluid pressures can be reinterpreted as Lagrange
multipliers enforcing this constraint. In the discrete
setting, the presence of this constraint introduces an
inf–sup stability restriction on the choice of finite el-
ement spaces that can be used without spurious pres-
sure oscillations—in exactly the same manner as for
mixed finite element implementations of Stokes flow
or incompressible elasticity [28–31]. As a result, the
mixed finite element implementation must either adopt
a Ladyzhenskaya–Babuska–Brezzi (LBB)-stable finite
element pair or employ a stabilized formulation that al-
lows for a broader range of stable combinations [6, 32–
34]. In this work, we adopt the stabilized formulation
proposed in [32], which allows for equal-order linear
interpolation of the displacement and pressure fields
while maintaining optimal convergence. We emphasize
though that the solution strategies proposed in this
work can be used interchangeably with LBB-stable and
stabilized formulations.

3 Implementation

3.1 Variational form

The mixture occupies a domain � with boundary 	.
Initial conditions at t = 0 are given as {u0, p0}. The
boundary is suitably decomposed into regions where
essential and natural conditions are specified for both
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the solid and fluid. For the two-field discretization, two
spaces of trial functions are defined as

U = {u : � → R
3 | u ∈ H1, u = u on 	u} (9)

P = {p : � → R | p ∈ H1, p = p on 	p} (10)

where H1 is a Sobolev space of degree one. Corre-
sponding spaces of weighting functions are similarly
defined, with homogeneous conditions on the essential
boundaries,

U0 = {η : � → R
3 | η ∈ H1, η = 0 on 	u} (11)

P0 = {φ : � → R | φ ∈ H1, φ = 0 on 	p} (12)

The resulting weak problem is to find {u, p} ∈ U × P
such that for all {η, φ} ∈ U0 × P0,

Rmom. = −
∫

�

∇sη : σ ′d� +
∫

�

ψp ∇ · η d�

+
∫

�

η · ρg d� +
∫

	t

η · t d	 = 0 (13)

Rmass =
∫

�

φ θψ̇ d� +
∫

�

φψ ∇ · u̇ d�

+
∫

�

∇φ · κ∇ p d� −
∫

�

∇φ · κ ρw g d�

−
∫

	q

φq d	 = 0 (14)

Here, q and t are specified flux and traction values at
the boundaries. Note that in many hydrologic applica-
tions, more complicated mixed boundary conditions are
also common.

3.2 Discrete form

These two nonlinear residual equations govern the be-
havior of the mixture and can be suitably discretized in
space and time. For brevity, we will not review these
details, as they are more or less standard. The spatial
discretization uses mixed hexahedral elements for the
displacement and pressure field, and the temporal dis-
cretization uses a trapezoidal integration scheme, i.e.,
either implicit Euler or Crank–Nicolson.

Let the vector Xn = {Un, Pn} represent the discrete
solution at time tn. The fully discrete system of equa-
tions for the solution at each timestep is given by

R(Xn, Xn−1) =
[

Rmom.

Rmass

]
= 0. (15)

This system is nonlinear due to nonlinear the constitu-
tive behavior of the σ ′(u), ψ(p), and κ(p) relationships
and can exhibit very stiff behavior. A full Newton
iteration is used to drive this residual system to zero.
Because the residual vector R consists of two blocks,
the Jacobian system that must be solve in each Newton
update has a 2 × 2 block structure,
[

A B1

B2 C

] [
�U
�P

]
= −

[
Rmom.

Rmass

]
. (16)

The various matrices are assembled in the standard
way from element contributions. For an implicit Euler
time integration scheme, the respective sub-matrices
are given by

[A]a,b
e = −

∫

�e
∇sηa : C : ∇sηb d� (17)

[B1]a,b
e =

∫

�e
∇ · ηa

(
ψn + ∂ψ

∂p

∣
∣
∣
n

pn

)
φb d�

+
∫

�e
ηa ·

(
∂ρ

∂p

∣∣
∣
n
g
)

φb d� (18)

[B2]a,b
e =

∫

�e
φaψn∇ · ηb d� (19)

[C]a,b
e =

∫

�e
φa

(
θ
∂ψ

∂p

∣
∣
∣
n

)
φb d�

+
∫

�e
φa ∂ψ

∂p

∣
∣∣
n
∇ · (un − un−1) φb d�

+
∫

�e
∇φa · (�tκn)∇φb d�

+
∫

�e
∇φa · �t

∂κ

∂p

∣∣
∣
n
(∇ pn − ρw g) φb d� (20)

where a, b are degree-of-freedom indices and e is an el-
ement domain index. Note that in the saturated regime,
the symmetry B2 = BT

1 exists, but this symmetry is lost
when the saturation ψ < 1. Furthermore, for general
models of solid and fluid constitutive behavior, the A
and C blocks may lose symmetry as well. As a result, a
general solver methodology must avoid relying on any
symmetry assumptions for the system.

3.3 Stability

As noted earlier, the coupled formulation is subject
to an inf–sup stability restriction in certain regimes. In
particular, if we consider a saturated mixture and look
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at the limit as the permeability goes to zero, we find that
the pore fluid exerts an incompressibility condition on
the deformation of the solid matrix. In discrete form,
the Jacobian system becomes

[
A B1

BT
1 0

] [
�U
�P

]
= −

[
Rmom.

Rmass

]
(21)

where the C-block vanishes. The saddle-point structure
of this matrix is familiar from other applications involv-
ing constraints, including Stokes flow and Darcy flow
[28–31].

We adopt a stabilizing modification to the variational
form that allows us to circumvent the inf–sup condition
and use equal-order elements even in the vanishing per-
meability regime. There are a variety of such schemes
available, but here we use a variant of the polynomial
pressure projection (ppp) technique. This scheme was
developed by Dohrmann, Bochev, and Gunzburger for
Stokes flow and Darcy flow [35, 36] and was further
analyzed by Burman in [37]. In [32], the authors ap-
plied a ppp-type stabilization for mixed finite element
models of coupled fluid flow and geomechanics, with
good results. It is not our purpose here to describe
the use of a stabilized formulation, as this has already
be described extensively in [32, 38]. Other stabilization
schemes for coupled consolidation problems have also
been tested in [6, 33, 34]. Note that the solver methodol-
ogy proposed here does not depend on the introduction
of stabilizing terms and can just as well be applied to
intrinsically stable discretizations.

4 Newton–Krylov solver

The efficiency of the solution process depends on two
factors: the convergence rate of the outer Newton
search and the efficiency of the linear solver chosen
to handle the Newton update equation. While variably
saturated soil models often exhibit very stiff behavior, a
full Newton iteration typically shows good convergence
properties—in particular, quadratic behavior when the
current guess moves into a neighborhood of the solu-
tion. The time-dependent nature of the problem helps
in this respect, as the solution to the previous timestep
often provides a good initial guess for the subsequent
step.

The key computational challenge is therefore to
solve the large, ill-conditioned Jacobian systems in an
efficient and scalable manner. As direct solvers quickly
become memory-limited, Krylov methods are the strat-
egy of choice. Unfortunately, given the sensitivity of

Krylov solvers to the conditioning properties of J, qual-
ity preconditioning is essential. For simplicity, we focus
on left preconditioning the linear systems, i.e.,

P−1 Jx = P−1b (22)

The key question to be addressed in this work is how
to choose P−1 for the coupled hydromechanical model
such that a Krylov solver applied to (22) exhibits mesh-
independent convergence.

4.1 Block preconditioner

The Jacobian admits a variety of block factorizations
[39]. In particular, a block LU factorization is

J =
[

A 0
B2 S

] [
I A−1 B1

0 I

]
, (23)

where S = C − B2 A−1 B1 is the Schur complement—
with respect to A—for the system. The key observation
for our purposes here is that while the system J is
ill-conditioned, its upper-triangular factor U only has
a single distinct eigenvalue λ = 1.0. A Krylov-based
iteration on U would therefore converge in at most two
iterations. This implies that an effective precondition-
ing strategy is to choose P ≈ L such that P−1 J ≈ U .
Depending on the quality of this approximation, one
would expect the Krylov solver to converge in only
a few iterations. Note that the inverse of the “exact”
preconditioner can be formally computed as

P−1 =
[

A−1 0
−S−1 B2 A−1 S−1

]
. (24)

Block-triangular preconditioners were first explored by
Bramble and Pasciak [13] for the Stokes problem and
have become increasingly popular for dealing with a va-
riety of two-field problems in fluid and solid mechanics
[14–17]. In practice, Eq. 24 only provides a template for
forming the preconditioner, as the exact inverses A−1

and S−1 are too expensive to compute. Instead, these
operators are replaced with their own preconditioners
P−1

A and P−1
S , which by design are good approximations

to the exact inverses,

P−1 =
[

P−1
A 0

−P−1
S B2 P−1

A P−1
S

]
. (25)

Because the block preconditioning strategy is based
on a purely algebraic argument, it can be applied to
a wide range of model problems. Unfortunately, the
strategy only provides a framework for constructing
a good global preconditioner when one has readily
available methods for approximating the inverses A−1
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and S−1. The behavior of these sub-operators is obvi-
ously problem specific, and so the ultimate success of
this approach lies is finding good preconditioners P−1

A
and P−1

S for the specific problem under consideration.
The heart of this work is focused on good choices for
these operators in the case of coupled hydromechanical
models.

Note that the block-triangular preconditioner is
asymmetric, and therefore, an asymmetric Krylov
method must be employed, e.g., gmres or bicgstab . In
[13], the authors recovered a symmetric method for the
Stokes system by using a non-standard inner product
inside a cg iterations. In practice, if the preconditioner
works well and the number of iterations is kept small,
the disadvantage to using an asymmetric method will
not be great. Further, except under limiting constitutive
assumptions, the symmetry of the Jacobian for the vari-
ably saturated hydromechanical model is lost anyway,
so an asymmetric formulation is often unavoidable.

Also, we observe that an alternative decomposition
could take the Schur complement with respect to C
instead, i.e., S = A − B1C−1 B2. We have chosen the
Schur complement with respect to A because the term
B2 A−1 B1 is definite and relatively easy to precondition.
In contrast, the term B1C−1 B2 is singular and can
make conditioning S = A − B1C−1 B2 a more challeng-
ing problem. There is also the additional difficulty that
for a LBB-stable discretization and the undrained limit,
C = 0, and therefore C−1 does not exist. It is quite
common for an undrained analysis to be performed
to assess certain features of the geotechnical response,
and so a special case preconditioner would need to be
developed to handle this condition.

4.2 Sub-preconditioners

We now consider various strategies for approximating
the necessary inverse operators to build the global
block preconditioner. The more straightforward prob-
lem is finding a good candidate for P−1

A . The A block
of the Jacobian system is a stiffness matrix associated
with the mechanical response of the porous medium.
Over the years, many quality algebraic preconditioners
have been developed for elastic and elastoplastic prob-
lems, and these can be used directly within the block-
preconditioning framework. In the numerical experi-
ments to follow, we test two basic strategies: incomplete
LU (ilu) and algebraic multigrid (amg) precondition-
ing.

The trickier problem is how to precondition the
Schur complement S = C − B2 A−1 B1. While C is
sparse, the presence of A−1 in the second term leads
to a dense S which is awkward to deal with. Again,

a variety of strategies are available. The first ap-
proach is to develop an explicit but sparse approxima-
tion to S and then compute the preconditioner based
on this sparse approximation. Consider the simple
approximation

SD = C − B2 diag(A)−1 B1 (26)

This operator is easy to compute and has a good spar-
sity pattern. An algebraic preconditioner (such as ilu
or amg) is then applied to SD. An appealing feature is
that SD accounts for possible asymmetries in B2 and
B1. The quality of this approximation, however, will
depend on the diagonal dominance of A.

A second, more interesting strategy also involves a
sparse approximation to S. Consider the approximation

SM = C − αMp, [Mp]a,b
e =

∫

�e
φaφb d� (27)

Here, Mp is the pressure mass matrix. The use of
the pressure mass matrix to approximate B2 A−1 B1 is
motivated by observations in [40, 41] on discretizations
of incompressible elasticity and Stokes flow. For a
saturated, linear elastic model in the undrained limit
(k → 0), note that the Schur complement operator
B2 A−1 B1 for the hydromechanical model is formally
equivalent to that encountered in a Stokes flow
discretization. One can show from an inf–sup argument
[41] that the pressure mass matrix is spectrally
equivalent to B2 A−1 B1, and therefore, it can serve as
the basis for a sparse preconditioning operator.

The current problem is slightly different in that the C
block is generally non-zero. The relative magnitudes of
the C and B2 A−1 B1 terms depend on the given perme-
ability and timestep. The scalar α is a weighting factor
which is used to ensure that the two components Mp

and C of the sparse approximation have appropriate
relative magnitudes. One choice is

α = −1

‖C‖ (28)

where ‖C‖ is the norm of the current elastoplastic
tangent operator.

Also note that the symmetry B2 = BT
1 is lost in

the unsaturated regime. The question is then whether
the symmetric mass matrix approximation continues to
work well in the unsaturated regime. Note that when
the soil is unsaturated, however, it is significantly more
compressible than in the saturated state—due to the ad-
ditional fluid storage available through slight changes
in saturation—and thus the magnitude of C is large in
comparison to B2 A−1 B1. As a result, for unsaturated
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models or highly permeable media, the particular ap-
proximation to B2 A−1 B1 becomes less crucial in deter-
mining convergence behavior. The numerical results in
the next section illustrate this particular behavior.

A final option to consider in preconditioning the
sub-problems is to approximate the action of A−1

and/or S−1 through a few iterations of their own Krylov
solvers. In this approach, note that the preconditioners
become variable operators, and therefore, a flexible
outer iteration such as gmresr or fgmres must be
employed. The advantage of this approach is that the
quality of the approximation of P−1

A and P−1
S can be

controlled by using higher or lower tolerances, allowing
one to reduce the number of global iterations in favor
of a larger number of sub-iterations and vice versa. The
disadvantage of this approach is that the complexity
of the nested iterations can create significant compu-
tational overhead.

5 Numerical experiments

We now consider a series of numerical experiments
to test the performance of the proposed block-
preconditioning strategies. As indicated earlier, the
block-preconditioning approach can lead to a host of
alternative strategies depending on how the particular
sub-operators are preconditioned. Here, six variants
are studied. The first four are labeled bp-ilu-sd, bp-
amg-sd, bp-ilu-sm, and bp-amg-sm. The “sd” precon-
ditioners are based on the sparse Schur-complement
approximation SD, while “sm” variants use the mass
matrix approximation SM. “ilu” and “amg” denote the
algebraic strategy that is used to compute the sub-
preconditioners P−1

A and P−1
S . We also test two ad-

ditional strategies, labeled bp-exact and bp-inexact.
Both of these strategies instead use inner solvers to
approximate the action of A−1 and S−1 whenever they
are required. Note that this leads to several levels of
nested iterations. The difference between the two is
that bp-exact uses a high tolerance for convergence
(equal to the outer Krylov convergence tolerance),
so that the approximation of the inverse operators is
precise. This is not meant as a practical computational
strategy, but is used to illustrate the convergence of the
outer Krylov solver given the “exact” preconditioner
(Eq. 24). In the inexact strategy, a much lower tolerance
for convergence is specified—a more practical strategy.
In both cases, these inner iterations can be left unpre-
conditioned, or take their own inner preconditioners.
Here, we precondition the sub-iterations with amg pre-
conditioners for A and SM.

The examples test both serial and parallel perfor-
mance. The parallel tests were run on a distributed
memory platform using 2.3-GHz quad-core processors.
These multi-core CPUs are arranged into 16-processor
nodes sharing 32 GB of memory, with InfiniBand
switches between nodes. The serial computations were
run on individual processors of the same platform.
In general, all performance metrics have been aver-
aged over many timesteps to provide a representative
sample.

The finite element code used for these examples
employs a number of widely available, open-source
packages: the deal.ii finite element library [42], the
p4est mesh-handling library [43, 44], and the trili-
nos suite of algorithms [45]. The ilu decomposi-
tions use the ilu(0) implementation in the trilinos-
ifpack package [46]. The amg preconditioners use the
smoothed-aggregation multigrid strategy implemented
in the trilinos-ml package [47]. We use a Chebyshev
smoother and a full W-cycle. The number of grid levels
in the hierarchy is allowed to grow with the problem
size to achieve a desired coarsening rate.

Constitutive and numerical parameters for all the
examples are summarized in Table 1. In all examples,
a relative reduction convergence tolerance of 10−8 is
used for the linear solves. The particular Krylov solver
employed is indicated in the discussion of each test
problem. For the nonlinear model, an exact Newton
algorithm is used, with updates in each timestep con-
tinued until a reduction criterion

‖Rk‖
‖R0‖ + 1

< 10−8 (29)

is satisfied. In general, a more efficient inexact Newton
algorithm can be employed [48], but for simplicity we
do not focus on this additional detail.

5.1 Cryer’s sphere

The first example examines the behavior of a linear
elastic, fully saturated soil. In this case, the governing
equations are linear, and only a single Krylov solve
is required per timestep. As a test problem, we con-
sider Cryer’s sphere, a classic consolidation problem
for which an analytical solution exists [27, 49]. A three-
dimensional, poro-elastic sphere of radius r is loaded
on its outer boundary by a confining pressure p0, while
its outer boundary is allowed to drain freely. Figure 1
illustrates the geometry of the test problem as well as
a comparison of the analytical and numerical solutions
for the pore pressure at the center of the sphere, for
several values of the Poisson ratios ν. The problem
is non-dimensionalized in terms of the consolidation
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Table 1 Constitutive and
numerical parameters used
for the numerical examples

Parameter Symbol Cryer’s sphere Unsaturated levee Units

Porosity θ 0.5 0.5
Solid density ρs 1.0 2.0 Mg/m3

Fluid density ρw 1.0 1.0 Mg/m3

Bulk modulus Ksk 10.0 2.0 MPa
Poisson ratio ν 0.25 0.30
Cohesion c – 5.0 kPa
Friction angle ϕf – 25.0 deg
Dilatancy angle ϕd – 0.0 deg
Intrinsic permeability k 5.56 × 10−8 10−12 m2

Dynamic viscosity η 10−6 10−6 kPa s
Residual saturation ψ1 – 0
Maximum saturation ψ2 – 1.0
Scaling suction sa – 10.0 kPa
Shape parameter n – 2.0
Shape parameter m – 0.5
Timestep �t 1.0 1,800.0 s
Integration parameter θ 0.5 1.0
Krylov tolerance εk 10−8 10−8

Newton tolerance εn – 10−8

coefficient c and demonstrates a sharp rise in pore
pressure before subsequent dissipation—see [27, 49]
for further details. For comparison, we have included
numerical results using both a stabilized equal-order
Q1Q1 interpolation and an intrinsically stable Q2Q1
(Taylor–Hood) discretization. For the preconditioner
tests to follow, we use the less expensive Q1Q1 dis-
cretization and a Poisson ratio of ν = 0.25. The size
of the test problem at various levels of refinement is
indicated in Table 2. Levels 1 to 3 are examined in

single-processor studies, while levels 4 to 7 are used for
a weak-scaling study.

We first consider the serial performance of the
six suggested preconditioning strategies upon mesh
refinement. In this study, fgmres is used, as a flexible
iteration is required for bp-inexact. All performance
metrics are summarized in Table 3. The setup time
refers to the time taken to initialize the various sub-
preconditioners, e.g., computing the multigrid hierar-
chy for the amg preconditioners, or performing the

(a) Pressure (kPa), v = 0.25, t = 0.02 s (b) Nondimensional pressure vs. time
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Fig. 1 Comparison of numerical and analytical pressure solutions to Cryer’s sphere problem, using both a LBB-stable Q2Q1
discretization and a stabilized Q1Q1 formulation
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Table 2 Cryer’s sphere problem dimensions at various refine-
ment levels

Ref. Total unknowns Displacement Pressure

1 2,388 1,791 597
2 16,292 12,219 4,073
3 120,132 90,099 30,033
4 922,244 691,683 230,561
5 7.2 million 5.4 million 1.8 million
6 57.2 million 42.9 million 14.3 million
7 455.3 million 341.5 million 113.8 million

Levels 1 to 3 are addressed with a serial scaling study, while levels
4 to 7 are addressed with a parallel scaling study

decomposition for ilu. While these are relatively ex-
pensive operations, for the linear test problem, they can
be performed once at the beginning of the simulation
and remain fixed over subsequent timesteps. The table
also records the average number of iterations to con-
vergence in each timestep and the average solve time.

As expected, bp-exact converges in only two itera-
tions regardless of the refinement level. While this pro-
vides a convenient check that the block preconditioner
is properly implemented, it is by far the most expen-
sive strategy. To improve the performance, bp-inexact
uses a lower convergence tolerance, allowing additional
outer iterations in favor of cheaper sub-preconditioner
operations. In this particular case, choosing a sub-
tolerance of 10−3 led to the best performance, but the

Table 3 Serial performance of various preconditioning strategies
applied to Cryer’s sphere problem

Strategy Ref. Setup (s) Average Average
iterations solve (s)

bp-exact 1 0.1 2.0 2.0
2 0.5 2.0 34.9
3 3.4 2.0 324.5

bp-inexact 1 0.1 8.5 1.2
2 0.5 8.0 16.6
3 3.4 8.0 165.0

bp-ilu-sd 1 0.1 26.9 0.1
2 0.7 42.7 1.1
3 5.3 87.4 18.5

bp-ilu-sm 1 0.1 28.7 0.1
2 0.5 46.3 1.1
3 3.9 94.6 21.8

bp-amg-sd 1 0.1 26.4 0.1
2 0.6 29.9 1.3
3 4.3 30.0 11.0

bp-amg-sm 1 0.1 21.0 0.1
2 0.5 19.4 0.7
3 4.0 19.9 6.4

Solver is fgmres

strategy is still very expensive. It appears that the com-
plexity associated with the various levels of iteration
strongly affects performance. The more direct, single-
iteration strategies are significantly cheaper.

While both of the ilu preconditioner variants are
significantly cheaper than the inner-iteration strategies,
both of them exhibit a significant growth in iterations
as the mesh is refined. While these may therefore serve
as the basis for useful strategies on small problems,
they do not exhibit the desired scaling properties. The
algebraic multigrid variants, in particular bp-amg-sm,
are the strongest performers. bp-amg-sm exhibits mesh-
independent behavior and the quickest solve times.
From this example alone, however, both amg strategies
appear quite satisfactory.

A second study reveals the sharp difference be-
tween bp-amg-sd and bp-amg-sm. We again consider the
Cryer sphere problem but examine the sensitivity of
the preconditioners to the permeability of the medium.
bicgstab is used for the simulations, as a flexible it-
eration is no longer required. Figure 2 illustrates the
computational results. In the high permeability regime,
both the preconditioners exhibit very similar perfor-
mance properties and little growth in iteration count
when moving from one refinement level to the next.
When the permeability is large, the C term in the Schur-
complement operator S = C − B2 A−1 B1 is dominant,
and the particular approximation to the dense compo-
nent is unimportant. In the low-permeability regime,
however, the reverse situation holds and there is a
marked difference in preconditioner behavior. While
there is some mild growth in iteration count when
moving toward the undrained regime, the mass matrix
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Table 4 Parallel performance of various preconditioning strate-
gies applied to the linear consolidation problem

Strategy Ref. Processors Setup Average Average
(s) iterations solve (s)

bp-amg-sd 3 1 4.3 19.9 13.5
4 8 5.8 16.7 14.6
5 64 9.0 18.2 47.6
6 512 17.7 20.1 66.9
7 4,096 44.0 18.8 70.1

bp-amg-sm 3 1 3.4 12.0 6.9
4 8 4.8 11.8 9.5
5 64 6.6 13.2 33.4
6 512 15.3 11.9 42.5
7 4,096 39.8 11.8 56.1

Solver is bicgstab

approximation SM continues to exhibit approximately
constant iteration counts. In contrast, the SD approxi-
mation appears quite poor and shows significant growth
upon refinement. From this example, there appears
little to recommend bp-mg-sd over bp-amg-sm.

As a final linear example, we consider a weak scaling
study with the Cryer sphere problem to see if the
block preconditioner provides a viable parallel solution
strategy. We again focus only on the bp-amg-sd and
bp-amg-sm variants as they are the most competitive,
and use bicgstab. Table 4 presents the computational
results. Beginning with a single processor, each time the
mesh is refined, the number of processors is increased
by a factor of 8, leading to a constant number of
elements per processor. The size of the various prob-
lems is reported in Table 2. The permeability of the
medium (5.56 × 10−8 m2) leads to a regime where ei-
ther the SM or SD approximations work well, and both
exhibit mesh-independent behavior. The mass matrix

approximation is still the best, leading to the quickest
convergence behavior. While the iteration counts are
mesh-independent, the current implementation clearly
exhibits some growth in wall-clock time—a factor of
8.1 for a problem 4,096 times as large. Additional op-
timization of the sub-preconditioning strategy can cer-
tainly improve this behavior further. Nevertheless, we
see that solution times for a problem with 455 million
unknowns are still very reasonable.

5.2 Unsaturated levee problem

The previous example focused on a fully saturated,
linear elastic medium, so that the problem is linear
in each timestep. This example features a variably
saturated, elastoplastic soil for which both the solid
and fluid flow responses are nonlinear. The block-
preconditioned solver is therefore embedded within an
outer Newton iteration to drive the coupled residual
equations to zero.

This example considers a typical geotechnical appli-
cation: analyzing the behavior of an L-shaped levee
(Fig. 3) during a flood event. The levee rests on a rigid,
impermeable layer so that all flow and deformation
takes place within the levee itself and the foundation
layer may be ignored. The levee is 6 m tall and 24 m
wide along the generating cross section. The levee walls
have a 1:1.5 slope ratio. The protected side on the levee
lies to the south and east, while a flood plain is located
to the north and west. The relevant material parame-
ters are summarized in Table 1. The geometry of the
levee has a mirror symmetry, so it is only necessary to
discretize half of the domain.

A flooding event is simulated, described by a time-
dependent water level h(t) on the upstream face.

12

24

0

-12
6

-24

-12

0

12

24

Symmetry Plane

North

x, meters

y, meters

1.5
1

Rigid, Impermeable Bedrock

Seepage Face

h(t)

Seepage Face

Seepage Face

Phreatic Surface

Flooding Phase:

Drawdown Phase:

Fig. 3 Computational mesh and boundary conditions for the levee analysis
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(a) t = 12 h (b) t = 24 h

(d) t = 60 h(c) t = 48 h

Fig. 4 Saturation within the levee at several time steps during flooding and drawdown

Figure 3 illustrates a typical cross-section through the
levee during both the flooding and drawdown phases.
At the start of flooding, the water level rises linearly
over day 1 to a maximum height of 5 m. After this,
the flood height remains constant for day 2, before
linearly drawing down to zero again over day 3. On
the protected side, it is assumed that the water table
remains level with the ground surface for all time. A
uniform timestep of 0.5 h is used throughout. Note that
the evolution of the water level is rapid in comparison
to the hydraulic conductivity of the medium. As a
result, the phreatic surface is not necessarily in equi-
librium with the external water level and seepage faces
may develop at the boundaries. Contours of saturation
within the levee at several timesteps are shown in Fig. 4.
For this particular example, the material parameters of
the soil are such that the levee remains stable during
the entire loading and unloading process. In a weaker
levee, however, the process of rapid drawdown may
lead to shear localization and dramatic failure.

All simulations were run on 16 processors. The di-
mensions of the problem at various refinement levels

are indicated in Table 5. We again focus only on the
bp-amg-sd and bp-amg-sm preconditioner variants and
use a bicgstab solver. Table 6 summarizes the various
performance metrics as a function of refinement level.
The average Newton iterations refer to the number of
Newton iterations necessary to achieve convergence in
a given timestep. This convergence behavior does not
depend on the particular preconditioner chosen and so
is the same for both strategies. We see that the Newton
iteration is robust for this particular problem and is
able to drive the nonlinear residual to zero with only
a few updates. The average Krylov iterations refers to
the average number of Krylov iterations per Newton

Table 5 Unsaturated levee problem dimensions at various
refinement levels

Ref. Total unknowns Displacement Pressure

1 2,236 1,677 559
2 14,900 11,175 3,725
3 108,388 81,291 27,097
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Table 6 Performance of
various preconditioning
strategies applied to the
unsaturated levee problem

Solver is bicgstab

Strategy Ref. Average Newton Average Krylov Setup Re-initialize Solve
iterations iterations (s) (s) (s)

bp-amg-sd 1 3.3 21.1 0.02 0.01 0.08
2 3.6 15.1 0.10 0.08 0.30
3 4.3 15.0 0.55 0.37 2.81

bp-amg-sm 1 3.3 21.0 0.02 0.01 0.08
2 3.6 15.1 0.10 0.08 0.28
3 4.3 13.7 0.50 0.36 2.32

update, not per timestep. The actual number of Krylov
iterations varies substantially with the timestep and
Newton iteration, and so these metrics merely provide
a representative mean value. The setup time again
refers to the time taken to initialize the various sub-
preconditioners. In the nonlinear problem, however,
the Jacobian matrix entries change in each Newton up-
date, and so the preconditioner is re-initialized at every
Newton iteration. Much of the algebraic multigrid hier-
archy can be re-used, however, so this re-initialization
process is faster than the initial setup.

We see similar performance trends as in the pre-
vious examples. Both the strategies perform well,
with bp-amg-sm only slightly outperforming bp-amg-
sd. As mentioned earlier, for unsaturated problems,
the medium becomes significantly more compressible
due to the additional storage available through slight
changes in saturation, and thus, the C component of the
Schur-complement approximation tends to dominate.
As a result, the performance here is less sensitive to the
particular approximation chosen for B2 A−1 B1. Never-
theless, given that bp-amg-sm outperforms bp-amg-sd
and continues to perform well in the saturated, low-
permeability regime, the mass matrix approximation
again appears to be the strategy of choice.

6 Conclusion

In this work, we have presented a block-preconditioned
Newton–Krylov solver for two-field hydromechanical
models. The key issue that has been addressed is how to
efficiently precondition the sub-problems that appear
in the block-decomposition—in particular, how to pre-
condition the Schur-complement operator for the cou-
pled hydromechanical model. The proposed bp-amg-sm
preconditioner demonstrates mesh-independent con-
vergence, good parallel efficiency, and insensitivity to
the material parameters of the medium. The method
outperforms a number of alternative strategies.

Current work is focused on preconditioning alter-
native discretizations of hydromechanical models. In

particular, ideas from this work can be extended to
cover three-field, locally conservative formulations in
which the displacement, pressure, and seepage velocity
are chosen as primary variables.
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