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Abstract: The mechanical response of a solid continuum changes drastically as the deformation evolves from a diffuse state t
localized state. For this reason the subject of strain localization has received much research attention lately. This paper inves
impact of strain localization in the form of strong discontinuity, or displacement jump, on the limit strengths of retaining walls sup
an elastoplastic backfill. The analysis focuses on the propagation of strong instability in active and passive loading using a
developed strong discontinuity finite element model where the elements are enhanced to accommodate the presence of d
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strong instability is shown to initiate at the ground surface and propagate downward at an angle that depends on the state of s
onset of localization.
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Introduction

Material instability is generally regarded as a precursor to failu
in geomaterials. It manifests itself in the form of a shear band
narrow zone of intense shearing to which most softening phen
ena are attributed~Rudnicki 1977; Aydin and Johnson 1978; P
etruszczak and Mro´z 1981; Read and Hegemier 1984; Viggia
et al. 1994; Labuz et al. 1996!. Strain localization occurs in geo
materials under various stress conditions, from the simple cas
uniaxial compression of cyclindrical soil and rock specimens,
behavior as complex as those encountered in the hydraulic f
turing of rocks. Thus, it is important to be able to predict when
shear band forms and how this zone of intense deformation
oriented within the material.

Much research effort has focused lately on developing ma
ematical and numerical models for capturing experimentally o
served strain localization phenomena where the zone of inte
shearing has a finite and measurable characteristic thickness.
zone of localized deformation is termed ‘‘weak discontinuity’’ i
the general literature. In many instances, the shear band may
an infinitesimal thickness in the sense that the specimen pra
cally experiences a displacement jump, termed ‘‘strong disco
nuity’’ by Simo et al. ~1993!. Regardless of whether the shea
band has a zero or a finite thickness, strain localization remain
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intriguing problem that has attracted much research attention
to the difficulty in capturing the phenomenon with available co
ventional modeling techniques. This has led to the developm
of special models and less conventional numerical approach
such as those based on nonlocal models~Bazant and Pijaudier-
Cabot 1988; Adachi et al. 1991!, element breaking~Wan et al.
1980!, gradient plasticity~de Borst and Mu¨hlhaus 1992; de Borst
et al. 1995; Oka et al. 2000!, adaptive remeshing technique
~Zienkiewicz et al. 1995!, and element enhancements~Ortiz et al.
1987; Larsson et al. 1993; Simo et al. 1993; Armero and Gari
pati 1995!, among others.

For dense frictional materials it is well known that the residu
strength at large deformation is generally lower than the pe
strength. This implies that some strain softening must occur f
lowing the peak strength. The softening response is usually
companied by localized deformation~Perić et al. 1992; 1993!.
The goal of this article is to investigate and model this stra
softening response as a problem of material instability. Spec
cally, we outline precise conditions for the onset of strong disco
tinuity and follow the evolution of the slip surface until the struc
ture is brought to a final residual stress state.

Within the framework of the finite element~FE! method, an
important consideration in modeling strain localization phenom
ena is that the solution must be objective with respect to me
refinement and insensitive to element alignment. In addition,
theoretical localization model must be well formulated so th
length-scale issues are properly resolved. Here, we adopt a st
discontinuity formulation and devise a FE approximation
which the elements are enhanced to allow an accurate resolu
of highly localized deformation patterns. Recent results ha
shown that this approach can indeed provide mesh-independ
FE solutions~Reguerio and Borja 1999; Borja 2000; Borja et a
2000; Borja and Reguerio 2001; Regueiro and Borja 2001!.

A classic manifestation of strain localization in geotechnic
application occurs behind a retaining wall in the form of sli
surfaces. For horizontal loose sandy backfill supported by
smooth vertical wall, Rankine’s~1857! theory predicts that all
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points in the backfill will yield at the same time when eithe
horizontally stretched~active loading! or horizontally compressed
~passive loading!. In this case, a slip plane at failure theoretically
can pass through any point in the continuum. Rankine conside
yielding and failure to be synonymous—the formation of sli
surface is dictated by the satisfaction of a yield or failure crite
rion, and not by any material instability consideration. Howeve
such an approach may not necessarily hold for the case of de
granular backfill.

In this article we reanalyze the retaining wall problem usin
the strong discontinuity formulation and treat the backfill as a
elastoplastic, dilatant frictional material susceptible to localize
deformation instability. More specifically, we assume a nonass
ciated Drucker-Prager model for the continuum and investiga
the onset of strong discontinuity, or displacement jump, in activ
and passive loading. Due to a nonuniform stress field resulti
from the presence of gravity loads, localization in the continuu
takes place progressively, rather than simultaneously, start
from the most critically stressed points and propagating in th
direction favoring material bifurcations~Rudnicki and Rice 1975;
Runesson et al. 1991; Borja 2002a!. We show that the localization
condition for the retaining wall problem is first satisfied at th
ground surface, allowing displacement jumps to emerge. Then
displacement discontinuity, or slip line, propagates downward
an angle that depends on the state of stress—active or passive
which the localization condition is first satisfied. This contras
with the Rankine theory which states that failure at all poin
occurs simultaneously in a loose, homogeneous granular back

Localization Theory

Consider an elastic-perfectly plastic continuum deforming hom
geneously as shown in Fig. 1. Assume that the constitutive
sponse prior to localization is described by a yield functionF and
a plastic potential functionQ, and letci jkl

e denote the component
of the elastic tangential moduli tensor having the properties
major and minor symmetries, as well as positive definiteness. W
identify two modes of shear band bifurcation instability: continu
ous bifurcation and discontinuous bifurcation. In continuous b
furcation the continuum is assumed to yield plastically on bo
sides of the band at the onset of the instability; in discontinuo
bifurcation the continuum is assumed to yield plastically insid

Fig. 1. Elastoplastic continuum cut by a shear band
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the band and unload elastically outside the band. These
modes of bifurcation have been identified by Rudnicki and Ri
~1975! and Rice and Rudnicki~1980!. In a recent paper, Borja
~2002a! showed that the two modes in fact will occur at the sam
time for the case of perfect plasticity.

For an elastic-perfectly plastic model a necessary condition
the inception of a shear band along a potential slip surfaceS is the
vanishing of the determinant of the elastic-perfectly plastic aco
tic tensorA, with componentsAjk , and takes the form

det~A!50, Ajk5niCi jkl
ep nl (1)

where theni ’s5components of the unit normal vectorn to the
band, see Fig. 2. Here, the elastic-perfectly plastic moduli ten
Ci jkl

ep has the form

Ci jkl
ep 5ci jkl

e 2
1

x
ci jpq

e
]Q

]spq

]F

]s rs
crskl

e , x5
]F

]s i j
ci jkl

e
]Q

]skl
(2)

wheres i j 5Cauchy stress tensor. It must be noted that this res
only applies to the case of infinitesimal deformation. In gener
any result derived from such analysis must be taken with caut
since geometric nonlinearities do play a very crucial role in t
theory of bifurcation~Borja 2002b!.

Sinceci jkl
e is positive definite, the determinant function

D5det~A! (3)

will approach zero from the positive side, assuming that the bo
is loaded from an initially elastic state~Runesson et al. 1991;
Borja et al. 2000!. The value ofn at which the determinant func-
tion D vanishes for the first time defines the orientation of th
surface of discontinuityS, while the unit eigenvectorm obtained
from the eigenvalue problem~1! defines the instantaneous direc
tion of the velocity jump vector at the onset of localization. I
plane strain loading there are two possible orientations forS;
however, an algorithm for choosing the correct orientation c
always be devised provided that the displacement gradient ten
at the onset of localization is nonsymmetric. If the displaceme
gradient tensor is symmetric, then no uniquen can be chosen for
the orientation of the band.

The onset of displacement jump damages a previously int
continuum and results in a bifurcated mechanical response, wh
the latter response is characterized by plastic deformation tha

Fig. 2. Orientation of surface of discontinuityS and unit vectorsm
andn
AL AND GEOENVIRONMENTAL ENGINEERING / JANUARY 2002 / 65



i
o

n
r

h
s

n

th
t

r
l

ld
ed

n.

n
ent
now concentrated to the surface of discontinuity as the remain
part of the structure unloads elastically. Within the framework
small strain theory, the orientation vectorn and the unit velocity
jump vectorm characterize the geometry of the plastic moveme
in the post-localization regime. It is useful to define a symmet
slip tensorr , with componentr i j , as

r i j 5sym~minj !5 1
2~minj1mjni ! (4)

where the symbol ‘‘sym’’ denotes a symmetrization operator. T
tensorr i j defines the plastic deformation on the band at post-po
localization~Borja and Regueiro 2001; Borja 2001!, and has the
same meaning as the plastic slip tensor used by Rice~1980! in
seismic dislocation theory.

Yielding on the band is defined by a damage yield functionG
and a plastic potential functionR. Here, the term ‘‘damage’’ refers
to a break in a homogeneous pattern of deformation going i
localized deformation. It must be noted that the functionsG andR
may be entirely different from the prelocalization functionsF and
Q; the latter functions pertain to the intact state whereas
former pertain to the bifurcated state. In this paper we assume
the prelocalization model represented by the functionsF andQ is
described by a nonassociated elastic-perfectly plastic Druck
Prager model@see Borja et al.~2000! for the specific forms of
these functions#. Setting the cohesion parameter equal to ze
makes this model applicable to cohesionless granular materia

Fig. 3. FE meshes for plane strain localization analysis:~a! 100
elements;~b! 400 elements;~c! 1600 elements
66 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
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Once an element satisfies the localization condition it cou
theoretically exhibit a bifurcated response, herein characteriz
by a damage function of the form

G5nis i j t j2@cS2nis i j nj tanfS#50 (5)

where t j5component of unit vectort tangent to the band;cS
5mobilized cohesion on the band; andfS5mobilized friction
angle on the band. Note that Eq.~5! is nothing else but the stan-
dard Mohr–Coulomb law wherenis i j t j5resolved shear stress on
the surface of discontinuityS, and tY5cS2nis i j nj tanfS
5yield shear resistance onS ~the continuum mechanics conven-
tion is used in this equation!. Obviously, for consistency with the
prelocalization continuum model, the conditionsF50 and G
50 must be satisfied simultaneously at the onset of localizatio
However, since the mobilized friction anglefS at residual state

Fig. 4. Mesh convergence study: variation of localization functio
with depth, active case. Note: data points are evaluated at elem
centroids
EERING / JANUARY 2002
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must be less than that prior to localization, it follows that the
mobilized cohesioncS right after localization must be greater than
zero. Let us denote the value of the stress tensor at the onset
strong discontinuity bys i j* ; the conditionG50 at the onset of
bifurcation gives

cS5nis i j* t j1nis i j* nj tanfS.0 (6)

This defines the initial value ofcS at the onset of localization.
A purely frictional response at residual state implies that th

mobilized cohesioncS on the band must decay to zero with in-
creasing relative movement. This feature is captured by a coh
sion softening law~Vermeer and de Borst 1984!. The rate of
cohesion softening is dictated by a plastic softening modulusHS .
Here, we assume that the mobilized friction anglefS is constant
while the mobilized cohesioncS decays to zero. It must be noted

Fig. 5. Mesh convergence study: variation of localization function
with depth, passive case. Note: data points are evaluated at elem
centroids
JOURNAL OF GEOTECHNIC
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that for rocks the value of the mobilized angle of frictionfS on
the surface of discontinuity could also vary with slip speed a
some other state variables~Ruina 1983; Dieterich and Linker
1992; Dieterich and Kilgore 1994; Sleep 1997!.

Numerical Simulations

We will restrict the simulations to the case of smooth retainin
wall with a vertical backface and supporting an elastoplastic ho
zontal backfill. Three FE meshes of increasing degree of refi
ment are shown in Fig. 3. The meshes consist of 100, 400,
1600 constant strain triangle~CST! elements, which are unstruc
tured in the sense that no attempt was made to align element s
to expected orientation of the shear band. Vertical faces are s
ported on horizontal rollers, and the bases are supported by
tical tractions that balance the weight of the backfill and the s
face load acting on top of the backfill. This is a slight departu
from a conventional procedure of fixing the base of the me
which will not work in the present problem since the accomp
nying kinematical constraints will restrict the development of th
shear band.

We assume the following material parameters for the coh
sionless backfill prior to localization: Young’s modulusE
526 000 kPa; Poisson’s ration50.3; and Drucker–Prager pa
rametersb50.4 andb50.2 @the notations are the same as thos
used by Borja et al.~2000!#. Assuming that the circular cone ap
proximation passes through the inner corners of the Mo
Coulomb hexagon, then the parametersb and b correspond to
continuum friction and dilatancy anglesf̄523.1° and c̄

510.6°, respectively. Note that the friction anglef̄ corresponds
to initial yielding and not to failure, and that the value ofc̄
represents the dilatancy angle for the intact continuum. The m
terial parameters described above have been chosen on purpo
as to bring all gravity-induced stresses to yield condition ev
prior to active or passive loading.

Once the localization criterion is detected, the localizing e
ment on the way of the shear band is enhanced to accommo
the presence of displacement jumps. In this case, the bifurca
yield strength is described by the mobilized cohesioncS and mo-
bilized friction anglefS , where the former is assumed to softe
to zero at residual state while the latter is assumed to hav
constant valuefS522° throughout the bifurcated stage. The ra
at which the mobilized cohesion softens to zero is dictated by
value of the softening modulus on the band, and for this exam
we assumeHS5240 kPa/m. In all simulations we have em
ployed the standard Galerkin FE approximation with embedd
discontinuity advocated by Borja~2000! to model the bifurcated
response.

Slip-Line Tracing Algorithm

A slip-line tracing algorithm described in detail by Regueir
~1998! and Lai ~2001! is used to track the propagation of stron
discontinuity. In a nutshell, this algorithm classifies the elemen
as either ‘‘intact,’’ ‘‘detected,’’ or ‘‘traced.’’ Intact elements be-
have either elastically or plastically, and have yet to satisfy t
localization condition. Intact elements are never enhanced.
tected elements behave plastically and have satisfied the loca
tion condition, but have not yet been enhanced because the s
band has yet to cross them. It is possible for a detected elemen
remain unenhanced if it is not on the way of the shear ba
Traced elements are detected elements that have been cross

nt
AL AND GEOENVIRONMENTAL ENGINEERING / JANUARY 2002 / 67
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the shear band, and have been enhanced to accommodat
presence of displacement jumps.

The slip-line tracing algorithm consists of three cases. The fi
case pertains to element which is first to localize. Here, slip lin
traced through the element starting from a given element s
location and at an orientationu shown in Fig. 2. The second cas
pertains to an element adjacent to a traced element and shar
side intersected by the tip of the slip line. Here, the slip line
traced across the newly localizing element at a current orienta
u starting at the slip-line intersection of the adjacent traced e
ment. The third case pertains to element that is not adjacent
traced element. In this case, the element is not traced even
satisfied the localization condition. Note that it is possible to ha
multiple slip lines; in that case, there is more than one start

Fig. 6. Load-displacement curves for retaining wall problem: acti
loading

Fig. 7. Load-displacement curves for retaining wall problem: acti
loading with constant averaged shear band angle
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ment, but the tracing algorithm is the same. In the examples th
follow, we will restrict the analyses to the case with only one sli
line.

Initial Condition

Initial condition is first established by applying a downward grav
ity load of g520 kN/m3, a downward surface load ofq
520 kPa~equivalent to 1 m surcharge!, and an upward reactive
load of 120 kPa to the meshes of Fig. 3. The surface load abo

e

e

Fig. 8. Load-displacement curves for retaining wall problem: passiv
loading

Fig. 9. Active and passive wedges at residual state. Notes: all forc
in kN/m; failure plane orientations calculated from averaged she
band orientations
EERING / JANUARY 2002
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Fig. 10. Conforming octahedral shear strains showing different stages of shear band development: acti
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the mesh is applied to bring the uppermost stress points s
ciently far from the origin of the stress space, thus avoiding co
plications with vertex effects induced by the yield surface. W
this loading all initial stress points were brought to yield cond
tion even prior to active or passive loading. Theoretically, stres
should vary only with depth from the ground surface, but som
horizontal variations were also noted due to bias with orientat
of the standard CST elements. This bias is of secondary imp
tance and has been ignored in the present analysis.

For plane strain loading the determinant conditionD50 is
equivalent to the localization condition

F5~12n!S 3&s3

Asi j si j

1b1bD 2

22~b2b!250 (7)

where si j 5deviatoric component of Cauchy stress tensor;s3

5out-of-plane normal component ofsi j ; andn5Poisson’s ratio.
Variations of F with depth for the three meshes are plotted
JOURNAL OF GEOTECHNI
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Figs. 4 and 5, based on the stress values provided by the
solutions. Note that, under theK0 condition,F theoretically var-
ies uniformly with depth~see plots labeledDx50 m in Figs. 4
and 5!. SinceF is nowhere near zero initially, it is not possible fo
any element to localize underK0 loading ~trivial result!.

Onset of Strain Localization

For the active case the wall of Fig. 3 is moved horizontally to th
left so thatDx,0. Fig. 4 plots contours of the localization func
tion F as a function of wall movement. The figure clearly sug
gests a strong tendency for localization to initiate in the uppe
most row of elements. Here, data points are denoted by op
circles located at element centroids. The fact thatF can be cal-
culated at each element centroid implies that all stress points c
tinue to yield plastically during active loading. Localization i
first detected in the uppermost row of elements when the w
movement has reached a valueDx5220 mm for the 100-element
CAL AND GEOENVIRONMENTAL ENGINEERING / JANUARY 2002 / 69



case

70 / JOURNAL OF
Fig. 11. Conforming volumetric strains showing different stages of shear band development: active
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mesh, andDx5216 mm for the 400- and 1600-element mesh
~see dark circles!. This suggests that the 100-element mesh is
coarse to capture the spatial variation of the localization functi
however, convergence is easily achieved by refining meshes.
ther wall movement causes the value ofF to reverse in sign.
Since the topmost elements localize simultaneously, no uni
shear band position can be identified, implying that a poten
shear band can initiate anywhere on the ground surface. For s
lation purposes we prescribe a point on the ground surface f
which the shear band initiates; this is equivalent to prescribin
weak element from which the slip line may be traced.

For passive loading the wall of Fig. 3 is moved horizontally
the right so thatDx.0. Initially, this causes all elements behin
the wall to unload elastically and come in contact with the opp
site~compressional! side of the yield surface. At a wall movemen
of 24 mm, some elements within the upper soil layer have yield
GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
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plastically, allowing the localization functionF to be calculated
for those elements. At a wall movement of 60 mm for th
100-element mesh, and 48 mm for the 400- and 1600-elem
meshes, the topmost elements behind the retaining w
have yielded enough to satisfy the localization condition
Again, the 100-element mesh is too coarse to resolve the spa
variation of F, but convergence is easily achieved by refinin
meshes. Further wall movement causes the values ofF to reverse
in sign.

Note that for the same material parameters it takes a larg
wall movement to initiate a displacement jump in passive loadin
than it does to localize in active loading. Furthermore, note fro
the trends implied by the spatial variations of the localizatio
function that with further loading the slip line is likely to propa-
gate downward as the elements located at greater depths sa
the localization condition.
EERING / JANUARY 2002
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Fig. 12. Conforming octahedral shear strains showing different stages of shear band development: passiv
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Propagation of Strong Discontinuity: Force-
Displacement Responses

The soil response to active loading can be summarized with
aid of force-displacement curves shown in Fig. 6. Here, the w
reaction begins with an initial value ofK0(gH2/21qH)
5184 kN/m and initially decreases with wall displacement,
expected. Localization of uppermost elements are detected
point A, after which a slip line is traced from a prescribed poi
on the ground surface in such a way that the shear band fr
intersects the bottom boundary of the mesh. As the shear b
propagates, the cohesion parametercS softens to zero on all
traced elements. Slip-line tracing has been completed at poinB
when the shear band intersected the bottom boundary of the m
Note that the algorithm traces the shear band slightly sooner w
the 100-element mesh, again because this mesh is too coars
the problem at hand.
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After the slip line has been completely traced, cohesion s
ening accelerates following pointB, bringing the slip-line forces
to the residual state. Theoretically, the residual state is chara
ized by a plateau in the load-displacement plots, but the ac
forces continue to increase as the elements surrounding the
band begin to yield as a continuum. This is due to the gener
curved shear band that formed, whose orientations vary f
about 50° to 55° from the horizontal. A curved shear band inhi
a free kinematical movement of the active wedges and prev
the development of a true residual state.

To illustrate the effect of the nonconstancy of the shear b
orientation, a slight variation to the slip-line tracing algorith
described above has been explored. Here, the individual slip
orientations obtained previously have been averaged, and thi
eraged value~53° relative to the horizontal! was used to define
uniform slip-line orientations for all traced elements. Essentia
CAL AND GEOENVIRONMENTAL ENGINEERING / JANUARY 2002 / 71
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Fig. 13. Conforming volumetric strains showing different stages of shear band development: passiv
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this forces the surface of discontinuity to be a straight line. Fig
shows the results of the modified simulations and indicates
the load-displacement responses now exhibit constant wall re
tions at residual state. The shape of the force-displacement
sponses portrayed in Figs. 6 and 7 for the active case is consis
with a well-known trend exhibited by a retaining wall supportin
an initially dense granular backfill~Design Manual 1971!.

For passive loading the load-displacement responses
shown in Fig. 8. Starting from the same initial wall reaction
184 kN/m the passive forces first increase with wall moveme
Then, the topmost elements localize at pointA when the wall has
moved by about 0.05 m toward the backfill~cf. Fig. 5!. A shear
band then emerges and is traced starting from a prescribed p
on the ground surface in such a way that the slip line fre
intersects the bottom boundary of the mesh. In this example,
computed shear band orientations vary from about 36° to 4
with an averaged value of 37° relative to the horizontal. An ov
F GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
7
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all softening response follows until the shear band has been co
pletely traced, and even beyond this point. Like the active case
curved shear band did not allow the development of a true r
sidual state; nevertheless, the wall reactions appear to have st
lized enough to a constant value.

A limit equilibrium-type of solution is useful for checking the
final results provided by the FE localization model. Simple ca
culations based on the wedge method, and using the avera
slip-line orientations~53° from the horizontal for active, and 37°
for passive! to define the geometry of the wedges, are performe
in Fig. 9 for both active and passive loading. Note that the
averaged shear band orientations agree better with the expres

45°6(f̄1c̄)/4 from the horizontal, as suggested by Arthur et a

~1977!, than to either the expression 45°6f̄/2, or 45°6c̄/2. The
total wall reactions calculated in Fig. 9~158.6 kN/m for the active
case and 773.1 kN/m for the passive case! agree well with the
EERING / JANUARY 2002
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‘‘residual state’’ values predicted by the localization model, a
are sketched as horizontal dashed lines in Figs. 6–8.

Conforming Octahedral Shear and Volumetric Strains

Conforming strains are calculated by interpolating the total no
displacements provided by the FE solution using the stand
strain-displacement operator matrixB. For CST elements no
traced by a shear band, the conforming strains are piecewise
stant and discontinuous across element boundaries. For elem
traced by a shear band the conforming strains represent only
of the total strains, the ‘‘enhanced strains’’ representing the o
part ~Simo et al. 1993!. Since the total strains are singular on t
shear band where jumps in the displacement field take plac
follows that the enhanced part contains the singularities resu
from the displacement jumps. Contour plots of conforming stra
are useful in assessing the effect of the shear band on the d
mation patterns in neighboring elements, as well as in predic
what direction the shear band is heading. In this section
present contour plots of conforming octahedral shear and v
metric strains at different stages of shear band developmen
both active and passive loading.

For the active case contour plots of conforming octahed
shear and volumetric strains~in percent! are shown in Figs. 10
and 11, respectively. Here, the specific shear band of interest

Fig. 14. Deformed meshes at end of active loading:~a! 100 ele-
ments; ~b! 400 elements; ~c! 1600 elements ~displacement
magnification55; final horizontal displacement520.10 m!
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a-

nates from the ground surface at a prescribed point located
proximately at a distance of 3.9 m behind the wall. Theoretica
the shear band can have two possible orientations—either g
toward, or away from the wall; however, the orientations of CS
elements favored the development of a shear band that goe
ward the wall. The strain contours shown in Figs. 10 and 11 sh
different stages of shear band development, at about 1/3, 2/3,
full development, or stages 1, 2, and 3, respectively. These p
have been constructed using solutions from the 1600-elem
mesh. Clearly, the contours shown in Figs. 10 and 11 are ind
tive of the effect of the displacement jumps on the overall def
mation pattern in the mesh. For example, the stage 1 conto
clearly suggest where the shear band is heading if the wall c
tinues to move away from the soil.

For the passive case contour plots of conforming octahed
shear and volumetric strains~in percent! are shown in Figs. 12
and 13, respectively. These plots were also generated from
1600-element mesh. Here, the specific shear band of interest e
nates from a point located approximately at a distance of 6.9
behind the wall, and propagating downward toward the wall. O
serve from stages 1 and 2 propagation that the deeper elem
are less deformed than the shallower ones, but as the band
develops the deformation becomes more and more concentr

Fig. 15. Deformed meshes at end of passive loading:~a! 100 ele-
ments; ~b! 400 elements; ~c! 1600 elements ~displacement
magnification52; final horizontal displacement50.27 m!
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to the surface of discontinuity. Plastic dilatancy on the band
noted throughout the simulations, in agreement with observed
havior of most rocks and dense sands~Brace et al. 1966; Cook
1970; Vardoulakis and Graf 1985!.

Deformed meshes at the conclusion of the simulations
shown in Figs. 14 and 15 for the active and passive cases, res
tively. The shear band orientations are nearly the same for e
case, regardless of the mesh, and irrespective of the fact that
meshes are unstructured in the sense that the element sides a
necessarily aligned to the shear bands. Unlike the results repo
in a similar paper~Borja et al. 2000! where mesh independence t
machine precision was achieved with the FE solutions, it was
possible to achieve such a high level of accuracy in the pres
simulations due to the numerical errors associated with the s
line tracing procedure@the simulations presented by Borja et a
~2000! involved bifurcations from a homogeneous stress state a
did not necessitate any special slip-line tracing technique since
the elements have localized at the same time#. However, mesh
dependence was not a critical issue in the present simulati
particularly with the solutions from the 400- and 1600-eleme
meshes.

Remarks on Numerical Model and Results

Conforming strains in the traced elements may appear very h
but, again, one must add the enhanced part to obtain the t
strains. Once this is done, the values of the total strains in
traced elements become comparable in magnitude to those o
much less deformed neighboring elements, except on the sur
of discontinuity itself where the total strain is singular. Since th
total strains are small everywhere except on the surface of d
continuity, a small strain formulation is still acceptable even if th
conforming strains appear very high. Furthermore, as the m
becomes finer and finer the apparent thickness of the shear b
in Figs. 10–15 reduces to zero. However, an extremely fine m
is not required by the model because the FE formulation is
pable of handling just as accurately the effect of displacem
jumps even with a relatively coarse mesh.

As to the limitations of the analyses, we have assum
throughout that the horizontal and vertical axes coincide with t
principal stress directions, so, in effect the specific problem a
dressed in this paper has no dimension. In fact, even the heigh
the retaining wall has been used only as an artificial parame
Frictional effects at the base and other details of the bound
conditions such as wall rotation have been ignored. In gene
boundary conditions do influence the initiation and propagation
shear bands and must be captured accurately in a true bound
value problem. Work is underway dealing with shear strain loc
ization behind a geosynthetic-reinforced soil wall investigatin
how boundary condition effects influence the initiation and prop
gation of shear bands.

Summary and Conclusions
A recently developed strain localization FE model has been u
to investigate the propagation of strong discontinuity in elas
plastic solids subjected to active and passive loading. The an
ses apply to dilative frictional materials susceptible to shear ba
ing. Results of the analyses show that for a homogene
elastoplastic backfill displacement jump first emerges on t
ground surface, and then with continued wall movement stro
discontinuity propagates downward at an angle that depends
the state of stress—active or passive—at the onset of localizat
74 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
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This contrasts with the Rankine theory which states that failure
all points occurs simultaneously in a loose, homogeneous, gra
lar backfill.

The simulations replicate a well-known result that active load
ing requires a smaller movement to develop a displacement ju
as compared to passive loading. Separate parametric studies
presented in this article suggest that these conclusions are v
not only for the specific set of material data used in the prese
simulations, but also for a wider range of realistic material param
eter values. Work is underway involving shear strain localizatio
behind a geosynthetic-reinforced soil wall to investigate the r
bustness of the model for solving more realistic boundary-val
problems.
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