CoUPLING PLASTICITY AND ENERGY-CONSERVING ELASTICITY
MODELS FOR CLAYS

By Ronaldo I. Borja,' Claudio Tamagnini,” and Angelo Amorosi’

ABSTRACT: A class of two-invariant stored energy functions describing the hyperelastic characteristics of soils
is coupled with a critical-state plasticity model. The functions include constant as well as pressure-dependent
elastic shear modulus models, and automatically satisfy the requirement that the elastic response for any loading
path be energy conserving. The elastic responses predicted by the hyperelastic model are compared with mea-
sured undrained elastic responses of an overconsolidated clay in order to assess, both qualitatively and quanti-
tatively, the predictive capability of the hyperelastic model. The importance of the pressure-dependent nature of
the elastic shear modulus is assessed within the context of elastic and plastic responses. An energy-conserving
model provides a fundamentally correct description of elastic material behavior even in the regime of plastic

responses.

INTRODUCTION

Nonlinear elasticity is a critical component of elastoplastic
constitutive models for soils. In the past, linear elasticity and
isotropy were often considered as sufficient assumptions for
capturing the elastic behavior of most metals with reasonable
accuracy. However, the inappropriateness of thesec assumptions
for granular materials such as soils, particularly that of linear
elasticity, is now generally well recognized. Many constitutive
models developed for soils are now in fact capable of handling
the case of nonlinear elasticity (Wroth 1972; Vermeer 1978,
Boyce 1980; Mroz and Norris 1982; Houlsby 1985; Wroth and
Houlsby 1985; Loret 198S5; Jardine et al. 1986; Ortiz and Simo
1986; Lade and Nelson 1987; Britto and Gunn 1987; Gens
and Potts 1988; Molenkamp 1988; Borja and Lee 1990; Borja
1991; Hueckel et al. 1992; Simo and Meschke 1993).

Elasticity models are commonly incorporated into elasto-
plastic constitutive models through a hypoelastic formulation.
This approach may be traced historically from parallel devel-
opments in the theory of plasticity employing rate-type con-
stitutive equations (Hill 1967; Kachanov 1971). However, ex-
tension of a hypoelastic formulation to the case of nonlinear
elastic soil response could result, in some cases, in noncon-
servative models. For example, the formulation of Simpson
(1973), in which the elastic bulk and shear moduli are linear
functions of the effective confining stress and related through
a constant Poisson’s ratio, leads to a model that does not con-
serve energy (Zytynski et al. 1978). On the other hand, hy-
perelastic materials are those for which a stored energy func-
tion exists, and hence, are conservative. The stored energy
function for linear elasticity is clearly given by a quadratic
functional, but for nonlinear elasticity the form of the stored
energy function is not as obvious.

Energy-conserving elasticity models for sands have been
presented by Vermeer (1978), Boyce (1980), Loret (1985),
Lade and Nelson (1987), and Molenkamp (1988), among oth-
ers. The issue deals with incorporating the observed strong
dependence of the elastic bulk and shear moduli on the effec-
tive confining stress within the framework of a conservative
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elasticity model. Restricting to the case of isotropy, models
having this feature require that the elastic bulk and shear mod-
uli be functions of both the first and second stress invariants,
but not of the third stress invariant. Equivalently, some form
of elastic coupling of the volumetric and deviatoric responses
must be provided or the model will incorrectly generate/dis-
sipate energy over a closed elastic stress path.

A few investigators have provided some useful insight into
the elastic behavior of overconsolidated clays. Again, restrict-
ing the discussion to the case of isotropy, Wroth (1972), and
Wroth and Houlsby (1985) proposed an elasticity model for
overconsolidated clays in which the bulk and shear moduli are
normalized with respect to the mean effective normal stress
through an expression that varies with the logarithm of the
overconsolidation ratio. Rampello et al. (1994, 1995) provided
an exponential approximation for the shear modulus from re-
sults of bender element tests, which predicts a similar trend.
As for Wroth’s (1972) model, which was developed primarily
from the 1967 experimental results of Webb for London clay,
it is, strictly speaking, not conservative because of its use of
a constant Poisson’s ratio. Hueckel et al. (1992) attempted to
derive a hyperelastic model out of Wroth’s model by intro-
ducing some form of elastoplastic coupling, but this new
model had an undesirable feature—the elastic response is a
function of the plastic response, and vice versa. Ignoring the
effect of overconsolidation ratio, Houlsby (1985) proposed an
expression for free energy function for clays that results in
coupled elastic volumetric and deviatoric responses similar to
the form presented by Mroz and Norris (1982). Houlsby’s
model is conservative, and takes into account the dependence
of the elastic bulk and shear moduli on the effective confining
stress.

Plasticity models for clays are far better developed than
their nonlinear elasticity counterparts. It is not the objective of
this paper to focus on such plasticity models—we simply refer
the readers to, among others, Gens and Potts (1988) for a
survey of existing plasticity models for soils, and Duncan
(1996) for a survey of existing computer codes utilizing these
models. Not surprisingly, very few energy-conserving nonlin-
ear elasticity models for soils have found their way into mul-
tipurpose elastoplastic finite element (FE) codes. To the
knowledge of the writers, the only such model that has been
successfully implemented in practice is the isotropic elasticity
model with pressure-dependent bulk modulus and constant
shear modulus (Ortiz and Simo 1986; Britto and Gunn 1987,
Simo and Meschke 1993). Coupling a plasticity model with a
nonlinear elasticity model is not trivial, and the numerical im-
plementation of the coupled model can indeed by very com-
plex. Within the context of large-scale FE analysis, the com-
plexity is exacerbated by the fact that the overall performance
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of the constitutive model is not tested on the Gauss point level,
but on the mesh level, where important structural details and
boundary conditions can influence the overall response
(Hughes 1984).

The objective of this paper is to present a systematic ap-
proach for coupling conventional plasticity models for clays
with a nonlinear elasticity model with pressure-dependent bulk
and shear moduli. To this end, we generalize the hyperelastic
function of Houlsby (1985) to include the constant as well as
the variable elastic shear moduli cases, and combine the re-
sulting model with the modified Cam-clay plasticity model of
Roscoe and Burland (1968). The approach does not involve
elastoplastic coupling in the sense of Hueckel et al. (1992),
since the elasticity and plasticity models remain completely
intact in the present formulation. Thus, the proposed approach
may be applied equally well to any similar plasticity model
such as those advocated by the Cambridge group (Schofield
and Wroth 1968). However, a notable modification to the plas-
ticity theory used in the present formulation lies in the use of
a bilogarithmic compressibility law, proposed independently
by Hashiguchi and Ueno (1977) and Butterfield (1979), to de-
scribe the hardening response of the soil. As demonstrated by
these investigators, the bilogarithmic compressibility law im-
proves the predictive capability of the plasticity model in many
cases. Furthermore, Borja and Tamagnini (in press, 1997)
demonstrated that this hardening law can also be used in the
regime of finite strains, as well as lead to an analytical ex-
pression that is far simpler to implement than the conventional
linear void ratio-logarithm of effective stress model.

NONLINEAR ELASTICITY MODEL

The conventional solution of incremental plasticity prob-
lems is based on the integration of the rate-constitutive equa-
tion

g, = Cf'juéil; =6y — &} (la,b)

where o, = effective Cauchy stress tensor; €, = small strain
tensor; ¢y, = elastic stress-strain tensor; superscripts e and p
= elastic and plastic components, respectively; and the over-
dots imply a time differentiation. By assuming isotropy and
linear elasticity, the elastic stress-strain tensor cjy can be ex-
pressed in terms of the elastic bulk modulus K and elastic
shear modulus .

For soils the dependence of the elastic moduli K and . on
the effective confining stress is generally well recognized. To
incorporate this important feature, the rate-constitutive equa-
tion (1) is usually reformulated in terms of the variable elastic
moduli (Simpson 1973; Atkinson 1980; Britto and Gunn 1987;
Gens and Potts 1988; Borja and Lee 1990)

+
K=(1 e)p;
K

where p = mean normal stress; ¢ = void ratio; k = swell-
recompression index; and v = constant elastic Poisson’s ratio.
The first of (2) assumes that the volumetric unload-reload
curve involves a purely elastic process, and that the hysteretic
behavior exhibited by soils during unloading and reloading is
small. Although the elasticity model described here is widely
used, it is known to be nonconservative (Zytynski et al. 1978).

_ 3K - 2v)
T2+ v

(2a.b)

Hyperelastic Model

The formulation of hyperelasticity is based on the existence
of a stored energy function § = Ji(€}), where €, = elastic com-
ponent of the small strain tensor. The effective Cauchy stress
tensor g, can be expressed in terms of { as

0w

oy =—
I seg

3

Furthermore, the elastic moduli tensor can be expressed as

ooy 8y

— = 4
dey  GEyAEY “

Cfm =
The major symmeltry of cj,, follows immediately from the as-
sumption that the function {s does exist; the minor symmetry
arises from the symmetry of the elastic component of the small
strain tensor.
Now, consider a class of stored energy functions of the vol-
umetric and deviatoric invariants of the small strain tensor,
denoted by €] and g, respectively. The invariants are defined

as
e e e 2 € e e e 1 €
E, = Eu; & = 5 €y, ey = Ey — 3 8,;50 (Sa—c)

where §; = Kronecker delta. Assuming a stored energy func-
tion of the form ¥ = Y(g], €7), then we can use the chain rule
to expand (3) in the form

oo b e oy o ©
Y oef agy 0 Oej)
Setting
Ny o
= g=— 7a,b
P50t 9% 5% (7a,b)

then (6) takes the form

2
oy =pd; + \/; qfy 1))

where A; = \V/2/3¢j/e;. One can easily recognize that p and ¢

are, respectively, the mean normal stress and the deviatoric

invariant of the effective Cauchy stress tensor, and are given

explicitly by the expressions
1

P=30w 4= A5 SsSi g =0y — pdy

2 9a-c)

The elastic moduli tensor can be obtained by differentiating
the stress equation (7) with respect to the corresponding strain
components. In so doing, the following 2 X 2 Hessian matrix
of ¥ will be required (Borja and Tamagnini, in press, 1997)

pe = | D0 Di| _ | W/oeioe;  8°Wiaesde; (10)
TIDs Dy | T | doetost,  aNeetae!

The matrix D° has the physical significance of being the tan-
gential invariant stress-invariant elastic strain matrix, and sat-
isfies the rate equation

pl_|Dn Di| €&
{q}‘[Dsn Dsz] {e} ab

Note that D* is symmetric provided that the function s exists.
If DY, # 0, then the volumetric and deviatoric elastic responses
couple, that is, an imposed volumetric strain produces a shear-
ing stress response, and vice versa. The following section in-
vestigates the significance of these coupled elastic responses
within the context of a stored energy function developed spe-
cifically for cohesive soils.

Stored Energy Function

Consider a class of stored energy functions of the form

€, — €, 3
U(E;, ) = pok exp (“R—O) + 3 pes’ (12)
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where €;, = elastic volumetric strain corresponding to a mean
normal stress of py; R = elastic compressibility index; and
K = p(€;) = elastic shear modulus defined by the expression

€ — €
W= o + ap, exp (—-—-&—0) (13)

The elastic shear modulus . contains a constant term p, and
a term that varies with the elastic volumetric strain through
the constant coefficient a. If & = 0 and py > O, then the elas-
ticity model is defined by a variable elastic bulk modulus and
a constant elastic shear modulus; if o > 0 and p, = 0, then
the stored energy function (12) reduces to the model presented
by Houlsby (1985). Although w, and o can both take on non-
zero values, we will restrict this paper to the two previously
described extreme cases where only one of these two pa-
rameters is nonzero.

The following elastic constitutive equations can be derived
from (12):

€ — Ero

P = po3 exp (——R (14a,b)

); q = 3pE

where B = 1 + 3a(e))*/2k. Differentiating p with respect to
€; gives the tangential elastic bulk modulus

€ — €,
Dﬁsk=@=’?fsexp(—.e°) (15)
K K K

Thus, we recover an important feature of elastic soil behavior
that the elastic bulk modulus K be a linear function of p. The
elastic shear modulus is given by

a € — €
DL/3=p=po+ (E) P = po + apo eXp <T°> (16)

Thus, with a suitable choice of parameters, p. can be made
either constant or a linear function of p. The coupling terms
D%, and D3, in (10) are given by

. . 3ae; 3apees € — €,
D% = D%, = (———)p = =2 exp ( - °> an

Bi
Since the coupling terms can be nonzero for a # 0, the elastic
shear and volumetric responses are coupled for a general load-
ing path. Furthermore, if p, = 0 and € = \V/2&k/3a, then det(D*)
= 0, and so the Hessian matrix of \y becomes singular. This
situation arises when the stress ratio ¢/p reaches its maximum
attainable value of V3aik/2 (Houlsby 1985).

One way of investigating if the constant or the variable elas-
tic shear modulus model should be used for a given soil is to
perform undrained triaxial loading tests on overconsolidated
soil samples starting at different values of the stress ratio g/p,
and then plotting the resulting stress paths on the p-g plane.
Since for these soils de;, = 0 during undrained loading, then

dp D5, (3«16:) P
=l bl e (18)
dq D% Br / 3p

Now, if w = 0 and a > 0, then

2

dp € 1 1 (dp q

Lis@l: @
which implies that the slope dp/dg varies nonlinearly with the
stress ratio g/p as an effect of the volumetric-deviatoric cou-
pling of the elastic response. On the other hand, if a = 0 and
Mo > 0, then dp/dg = 0, which implies that during undrained
loading the stress path is perpendicular to the volumetric axis
p- The actual slope dp/dg exhibited by the soil sample can
then be used to assess which of the two models is more ap-
propriate for this soil.

————— [ = constant
q ——— U =variable

€7 = constant

L

; | F= O
€. = constant

)

p, P

FIG. 1. Contours of Constant Elastic Volumetric and Deviato-
ric Strains for Hyperelastic Model

To further clarify the main points raised in the previous
paragraph, consider the contours of constant €, and € on the
p-g plane for the proposed hyperelastic model shown in Fig.
1. This graphical representation was first presented by Houlsby
(1985), and is reproduced here because of its relevance for
interpreting the laboratory test results later reported in this pa-
per. For the pressure-dependent shear modulus model, the un-
drained stress paths in the overconsolidated region are iden-
tical to contours of constant €, and are given by a family of
curves shown in Fig. 1. The maximum attainable stress ratio
(@/P)max = \/3ai/2 may be interpreted as a straight line
through the origin to which all undrained stress paths even-
tually become tangent [because of its high value, this maxi-
mum stress ratio is unlikely to be attained by real soils
(Houlsby 1985)]. Contours of constant € are represented by
constant stress ratio lines, since (15) and (17) yield g/p =
3ag;/B = constant. On the other hand, for the constant shear
modulus model the undrained stress paths in the overconsoli-
dated region are defined by a family of vertical lines, since
€, = 0 implies p = 0 due to the uncoupled volumetric and
deviatoric responses. Finally, a trivial result, ¢ = constant,
characterizes the condition € = constant for the constant elastic
shear modulus model.

The choice of the stored energy function (12) offers the
advantage that it takes into account the dependence of the
elastic bulk and shear moduli on the effective confining stress,
in addition to assuring a conservative elastic model. It is also
convenient to use because it is defined in the space of elastic
strains. As shown in the following section, elastic strains are
used as primary state variables in the integration algorithm,
and so this feature can be exploited to integrate the constitutive
equation accurately. However, the resulting constitutive model
predicts an elastic shear modulus that varies linearly with the
mean normal stress, which may not be a very accurate de-
scription of observed clay shear behavior (Wroth and Houlsby
1985; Rampello et al. 1994, 1995). Nevertheless, this elasticity
model offers a good compromise between accuracy, funda-
mental correctness, and ease of implementation, and is thus
used here in conjunction with the plasticity model that follows.

PLASTICITY MODEL

The essential ingredients of a plasticity model are a yield
function, a flow rule, and a hardening law. As a matter of
illustration, let us assume a two-invariant yield function of the
form
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F=F(p,q,p)=0 20

where p and g = invariants defined in (7), and p. = scalar
plastic state variable describing the size of the yield function
F. The ellipsoid of modified Cam-clay theory (Roscoe and
Burland 1968) is an example of a yield surface that can be
put in the aforementioned form, with p, having the physical
significance of being the preconsolidation pressure.

On invoking the associative flow rule, the plastic strain rate

% can be evaluated from the yield function F as

& =A— (1)

where A = 0 is a parameter obtained from imposing the plas-
tic consistency condition. Bounding surface formulation also
provides a similar expression for &), except that F is now
replaced by some suitably defined plastic potential function,
and A = 0 is obtained from some plastic hardening modulus
that depends on the location of the stress point with respect to
the image point {see Eq. (10.5) of Dafalias and Herrmann
(1982) for the case of associative plasticity]).

Bilogarithmic Compressibility Law

The growth of p, is conventionally defined by a linear re-
lationship between the void ratio e and the logarithm of p,, or,
equivalently, by a linear variation of the specific volume v =
(1 + e) with the logarithm of p.. The limitations of this hard-
ening law are generally well recognized and include, among
others, that a negative void ratio can result even at realistically
low values of the preconsolidation pressure, and that the linear
relationship is valid only over a narrow range of values of the
effective volumetric stress.

An alternative hardening law, which appears to have been
first proposed by Hashiguchi and Ueno (1977), and later stud-
ied more extensively by Butterfield (1979) and Hashiguchi
(1995), is of the form

2o xE 2)
v Pe

where A = compressibility soil index for virgin loading. A
simple integration of (22) yields the relationship

In (3> = =% In (5—) (23)
Uo c0

which indicates a linear variation of In v with In p.. Eq. (23)
can also be written in the form

by

v_ (p_) 24)

Vo pc
which implies that v approaches zero as p, approaches infinity.
Since v cannot in principle have a value less than unity, then
the bilogarithmic compressibility law (23) is not without a
limitation either. However, Butterfield (1979) shows from
compression test data on natural soils, specifically soft clays,
that this law is more accurate than the unilogarithmic com-
pressibility equation over a wider range of values of the ef-
fective volumetric stress. Furthermore, the value of p. below
which e > 0 (and hence, v > 1) is higher with the bilogarithmic
compressibility law. In light of these desirable features, we
shall use the bilogarithmic law (23) in the mathematical model
that follows.

A simple inspection of (23) shows that in the limit of small
strains, the natural volumetric strain In(v/v) = In(1 — Av/w),
where Av = w, — v, coincides with the nominal volumetric
strain Aw/y, of the infinitesimal theory. Thus, the bilogarithmic
hardening law approaches the unilogarithmic law in the limit

of small volumetric strains. However, large deformation anal-
ysis requires the use of natural, and not nominal, strains (Borja
and Alarcén 1995), and so (23) is analytically more robust
since it is useful both for small and finite deformation analy-
ses. The next section shows that the hardening law given by
(23) offers a further computational advantage in that the ev-
olution equation for p, can now be integrated exactly over a
finite load increment.

Stress Integration Algorithm

As mentioned in the introduction, the true test of the utility
of a constitutive model lies in its efficient implementation.
Hence, the algorithm for stress-point integration must be ro-
bust enough to accommodate the strongly nonlinear response
predicted by the constitutive model. In this section, we present
a novel stress-point integration algorithm carried out in the
strain invariant space that applies to any two-invariant hyper-
elastic-plastic models of the form described in the previous
section.

Assume that the total strain tensor can be decomposed ad-
ditively into an elastic part and a plastic part. Using the back-
ward implicit scheme, the integrated flow rule at time ¢,
takes the form

aF

i 25
ol @)

Ejlner = €0 — A
where €"},.; = €|, + Ae;; €|, = converged elastic strain
tensor at time station ¢,; Ag; = imposed incremental strain
tensor; and A = 0 is a consistency parameter. From a com-
putational standpoint, (25) now requires that the elements of
the tensor €},+, be stored in the computer memory. The ele-
ments of the stress tensor g; can then be derived uniquely
through the free energy function ¥ (Borja and Tamagnini
1995).

Omitting the subscripts (n + 1) for brevity, the integrated
flow rule in the strain invariant space takes the form

oF
g€=e"—A— 26)
op
and
oF
€=~ A— @7
dq

where €7 = € & = V2¢["¢["/3; and €& = & ~
€:"8,/3. With the algorithm driven by the total strain tensor
€;", (26) and (27) describe the evolutions of the first and sec-
ond elastic strain invariants, respectively. The consistency con-
dition is imposed by the yield function (20), now written in
terms of the elastic strain invariants as

Flp(e: £, q(€;, €), p] = 0 (28)
The evolution of p. can be developed from the bilogarithmic
compressibility (22). Here, we note that €, = —ifv represents
the volumetric strain rate, and takes the form
e.=xEe 29)
pe

On the other hand, the elastic component of the volumetric
strain rate can be obtained from the hyperelastic constitutive
(15). For purely isotropic loading, we have

e=qlogbe (30)
14 Pe

since p, = p for soils yielding on the isotropic consolidation
line. Subtracting (30) from (29) and rearranging gives
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