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Abstract
We present a Lagrangian formulation for simulating the continuum hydrodynamics of dry granular flows based on

multiplicative elastoplasticity theory for finite deformation calculations. The formulation is implemented within the

smoothed particle hydrodynamics (SPH) method along with a variant of the usual dynamic boundary condition. Three

benchmark simulations on dry sands are presented to validate the model: (a) a set of plane strain collapse tests, (b) a set of

3D collapse tests, and (c) a plane strain simulation of the impact force generated by granular flow on a rigid wall.

Comparison with experimental results suggests that the formulation is sufficiently robust and accurate to model the

continuum hydrodynamics of dry granular flows in a laboratory setting. Results of the simulations suggest the potential of

the formulation for modeling more complex, field-scale scenarios characterized by more elaborate geometry and multi-

physical processes. To the authors’ knowledge, this is the first time the multiplicative plasticity approach has been applied

to granular flows in the context of the SPH method.

Keywords Debris flow � Granular flow � Landslide � Multiplicative plasticity � Smoothed particle hydrodynamics

1 Introduction

The recent events in Santa Barbara County, Califor-

nia [48], are a reminder of the serious threat mudslides and

debris flows pose to property and human life. They also

raise the question as to why predicting or mitigating

landslides and debris flows remains elusive. Numerous

models for landslide triggering have emerged in recent

years. A majority of these models define the problem

domain using grids and meshes that maintain element

connectivity [3, 6–8, 14, 25, 28, 33]. However, whereas

this class of models may be adequate for simulating slope

responses prior to landslide triggering, they are not suit-

able for quantitative simulation of the very large defor-

mation that develops after landslide initiation, which could

lead to loss in element connectivity. Mesh-based numerical

modeling usually breaks down due to severe element dis-

tortion when applied to phenomena such as granular flow,

debris flow, and mudslides.

There has been significant progress in recent years on

the numerical modeling of granular flows, debris flows, and

mudslides. Apart from the traditional discrete element

methods [13, 15, 47], numerous continuum methods that

do not rely on any mesh or grid have emerged in the lit-

erature. Among these so-called continuum particle methods

are the material point method [2, 19, 45], reproducing

kernel particle method [17, 43], peridynamics [26], and

smoothed particle hydrodynamics (SPH) [20, 21, 32, 37].

In general, these methods can accommodate very large

deformation, and they do not suffer from severe mesh

distortion since there is no mesh to deal with in the first

place. Furthermore, unlike the discrete element method that

requires brute-force calculations, continuum particle

methods define ‘‘particles’’ in a continuum sense, thus

significantly reducing the size of the problem to solve.

With few exceptions, a majority of meshless methods

employ an Eulerian formulation to impose the equation of

motion and perform the kinematical updates. While this

framework may be appropriate for fluids and fluidized
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media, it may not be ideal for solids and solidified mate-

rials where some memory of the loading history must be

preserved, such as elastoplastic [5] and elasto-viscoplas-

tic [42] materials. This is due to the convected term in the

Eulerian formulation that results in a more complicated

constitutive update. For this latter class of materials, a

Lagrangian formulation is more appropriate because the

description follows the material motion, thus preserving the

history of loading naturally. This is especially true for the

problem of landslide initiation and evolution where the

sediment may fluidize from an initially solid state, subse-

quently flow, and later come to rest in a solidified state.

In this work, we focus specifically on the SPH frame-

work for capturing granular flow. There have been some

works in the literature on the application of SPH to

investigate the stability of homogeneous slopes using

modern plasticity theory [11, 12]. Benchmark simulations

have also been reported in the literature to show the suit-

ability of this approach for slope stability prob-

lems [16, 36], as well as for soil–fluid interaction

problems [9, 10, 52]. More recently, a hypoplastic consti-

tutive model has been incorporated into the SPH frame-

work [23, 38], which was further extended to account for

granular inertial effects [39]. Similar developments have

been reported in [24, 46]. Common to all of these works is

the lack of a unique definition of an objective stress rate for

finite deformation calculations, with a majority of the

works often attributing objectivity to Jaumann [41]. The

use of an Eulerian kernel also comes with numerical issues

such as tensile instability [22].

This paper takes a different point of view and adopts a

Lagrangian finite deformation formulation for investigating

the problem of granular flow with the SPH approach. The

constitutive model is based on hyperelasto-plasticity that

employs a multiplicative split of the deformation gradient

tensor. There are numerous advantages of such an

approach. First, it bypasses the issue of having to write the

elastic constitutive equation in rate form, thus circum-

venting the question of what objective stress rate to

use [42]. Second, tensile instability is avoided with the

total Lagrangian approach. On top of these, since the

accuracy and stability of the SPH approach are directly

related to the particles’ arrangement, the updated or total

Lagrangian approach improves these characteristics of the

method, since they rely on a more ordered configuration of

particles. The use of hyperelasticity along with the multi-

plicative plasticity enables the state of stress to be uniquely

determined from the current state of elastic strain, which

depends only on the update of the particles positions, thus

reducing the integration error associated with an additional

integration of the elastic strain and stress rate equations.

Finally, all the canonical constitutive update algorithms for

infinitesimal deformation may be employed for finite

deformation calculations in a form that is essentially

unchanged [41].

To demonstrate the predictive capability of the proposed

approach, we simulate three laboratory experiments

involving granular flow. The first two simulations involve

dry sand column collapse in plane strain and 3D. The

numerical results are compared with the experimental

results reported in [30, 31], as well as with the results of

the simulations conducted by other authors. The third and

final problem demonstrates the ability of the model to

capture the impact force produced by granular flow on a

rigid wall. For these latter simulations, we use the labora-

tory-scale tests on dry sand released on an inclined flume

conducted by Moriguchi et al. [34] to investigate the

capability of the approach to predict the impact force

generated by sand on a rigid wall located at the bottom of

the flume.

As for the order of presentation, Sect. 2 presents the

theoretical background relevant to the multiplicative

elastoplasticity theory employed in this work. Section 3

describes how the theory is incorporated into the SPH

approach. Section 4 presents the numerical simulations

and comparison with experimental data. Finally, Sect. 5

concludes the paper and outlines some ideas for future

work.

2 Kinematics and constitutive framework

Consider a material point X interpreted to be a volume

representation of an assembly of soil particles contained in

a representative elementary volume with an associated

reference position X. We assume that this material point

has moved and is now at the current configuration

xðXÞ ¼ X þ uðXÞ, where uðXÞ is the displacement of the

material point relative to the reference configuration. The

deformation gradient is given by

F ¼ ox

oX
¼ 1þ ou

oX
; ð1Þ

where 1 is the second-rank identity tensor. Following Lee’s

theory [27], we assume a multiplicative decomposition of

F into an elastic part Fe and a plastic part Fp,

F ¼ Fe � Fp: ð2Þ

The decomposition assumes that there exists an interme-

diate configuration v to which the material point will

unload when the stresses are removed.

From these deformation gradient tensors, the elastic

(left) and plastic (right) deformation tensors can be

obtained from the expressions
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be ¼ Fe � FeT; Cp ¼ FpT � Fp: ð3Þ

The elastic left Cauchy–Green deformation tensor be is

used to determine the stresses via a hyperelastic equation of

the form

s :¼ Jr ¼ 2
oW
obe

� be; ð4Þ

where J ¼ detðFÞ; r is the Cauchy stress tensor, s is the

Kirchhoff stress tensor, and W ¼ WðbeÞ is the elastic stored
energy function. In expressing the stored energy function in

terms of be, it is assumed that the material is elastically

isotropic. Frame invariance then suggests that the stored

energy function depends only on the principal values of be,

i.e.,

W ¼ Wðke1; k
e
2; k

e
3Þ; ð5Þ

where keA;A ¼ 1; 2; 3, are the principal values, also called

the elastic principal stretches. Since functions of invariants

are also invariant, we can also write

W ¼ Wðee1; ee2; ee3Þ; ð6Þ

where eeA ¼ logðkeAÞ;A ¼ 1; 2; 3 are called the elastic log-

arithmic principal stretches. Spectral decomposition for

isotropic elastoplasticity leads to an elastic constitutive

equation of the form

sA ¼ oW
oeeA

; ð7Þ

where sA;A ¼ 1; 2; 3, are the principal values of s.

To accommodate the inelastic component of deforma-

tion, we consider a rate-independent elastoplastic response

in which the plastic response is contingent on the satis-

faction of the yield condition

F ¼ Fðs1; s2; s3; jÞ ¼ 0; ð8Þ

where F is the yield function and j is a plastic internal

variable that determines the size of the elastic region. In the

preceding equation, it was assumed that F is an isotropic

function of the Kirchhoff stress, and so only the principal

values of the stress tensor are considered. The flow rule can

either be associative or non-associative. For non-associa-

tive plastic flow, a plastic potential function Q 6¼ F is

needed, from which the flow rule can be written as

� 1

2
Lvb

e ¼ _c
oQ
os

� be; ð9Þ

where Lvb
e is the Lie derivative of be.

The integration algorithm for the constitutive model

follows the standard elastic predictor–plastic corrector

scheme. In the elastic predictor phase, plastic deformation

is frozen at the current state of stress, while in the plastic

corrector phase the stresses are relaxed to enable the

satisfaction of the yield condition. Let ben denote the current

value of be at time tn. Over the time interval ½tn; tnþ1� the
relative deformation gradient is given by

f nþ1 ¼
oxnþ1

oxn
¼ oxnþ1

oX
� oX
oxn

¼ Fnþ1 � F�1
n : ð10Þ

By freezing plastic flow during this time interval, we obtain

the elastic predictor

be trnþ1 ¼ f nþ1 � ben � fTnþ1: ð11Þ

From this predictor value of be, we can calculate the trial

elastic Kirchhoff stress using the hyperelastic constitutive

equation

strnþ1 ¼ 2
oW

obe trnþ1

� be trnþ1: ð12Þ

Checking for yielding, the trial elastic predictor values are

accepted if the condition Fðstrnþ1; jnÞ� 0 is satisfied;

otherwise, plastic correction is performed by updating s

and j to enforce the yield condition Fðsnþ1; jnþ1Þ ¼ 0.

Employing the first-order accurate backward integration

scheme on the flow Eq. (9) yields

benþ1 ¼ exp �2Dcnþ1

oQ
osnþ1

� �
� be trnþ1; ð13Þ

where Dcnþ1 is the incremental plastic multiplier. After

recognizing the co-axiality of s; be and be tr, spectral

decomposition of (13) leaves the scalar equations

ðkeAÞ
2
nþ1 ¼ exp �2Dcnþ1

oQ
osA;nþ1

� �
ðke trA Þ2nþ1 ð14Þ

for A ¼ 1; 2; 3. Taking the natural logarithm of both sides

of the above equation results in an additive decomposition

of the principal elastic logarithmic stretches of the form

resembling the one obtained from the infinitesimal

formulation,

eeA;nþ1 ¼ ee trA;nþ1 � Dcnþ1

oQ
osA;nþ1

: ð15Þ

Together with the update equation for the plastic internal

variable j of the form

jnþ1 ¼ f ðjn;DcÞ; ð16Þ

the rate-independent elastoplastic limit can be determined

sequentially at each time step.

Stress-point integration consists of solving update

Eq. (15) along with yield condition (8) imposed at time

tnþ1. One can choose either the three elastic logarithmic

principal stretches or the three principal values of the

Kirchhoff stress tensor as the unknowns, along with the

discrete consistency parameter Dcnþ1, for a total of four

unknowns. These unknowns are typically solved by a local
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Newton–Raphson iteration [5, 42]. In the context of the

SPH method, stress-point calculations are done locally for

each particle whose motion is tracked using either a total

Lagrangian or an updated Lagrangian description. The next

section describes how the multiplicative plasticity frame-

work is integrated into the SPH method to solve granular

flow problems.

3 SPH implementation

The stress-point integration algorithm described in the

preceding section is driven by the incremental displace-

ment Du ¼ unþ1 � un of each particle, which in turn is

calculated from the dynamic equation of equilibrium.

Formally, the strong form of the boundary-value problem

goes as follows. Consider a domain B bounded by surface

oB in the reference configuration. Conservation of linear

momentum in this domain, along with relevant boundary

conditions, yields the strong form of the boundary-value

problem,

1

q0
DIVðPÞ þ g ¼ a in B � t ð17Þ

v ¼ �v on oBv � t ð18Þ

P � N ¼ t0 on oBt � t ð19Þ

subject to initial conditions u; v, and a = given at t ¼ 0.

Here, P is the first Piola–Kirchhoff stress tensor, DIV is the

Lagrangian divergence operator, q0 is the pullback mass

density in the reference configuration, g is the gravity

acceleration vector, u; v, and a are the particle displace-

ment, velocity, and acceleration, respectively, and t is time.

We then solve this problem with the SPH approach. For

relevant background about this approach, the reader is

referred to [21, 29, 32, 49–51] and references therein.

We adopt an updated Lagrangian point of view

(see [4, 51], e.g.), in which the reference configuration is

the configuration at time tn and the next configuration is at

time tnþ1 (Fig. 1). This implies that the relative deforma-

tion gradient f nþ1 defined in the previous section now takes

the role of the deformation gradient F. The sequence of

calculations goes as follows. We assume that the following

kinematical variables for particle i at time tn are given:

position xi;n, velocity vi;n and acceleration ai;n. The update

equations consist of semi-implicit sequential calculations

of the form [51]

vi;nþ1 ¼ vi;n þ ai;nDt ð20Þ

xi;nþ1 ¼ xi;n þ vi;nþ1Dt: ð21Þ

For stability, the time step is assumed to obey the Courant–

Friedrich–Lewy (CFL) condition [29], given by

Dt ¼ a
h

cv
; ð22Þ

where a\1 is a scalar coefficient, h is the smoothing

length defined previously, and cv is the numerical sound

speed for the material, usually smaller than the physical

sound speed. In all our simulations, we take a ¼ 0:2 and

cv;i ¼
ffiffiffiffiffiffiffi
E0

qi;0

s
; ð23Þ

where E0 is the initial tangent modulus for the granular

material, and qi;0 is the reference mass density associated

with particle i. Furthermore, we take h ¼ 1:5D, where D is

the initial distance between adjacent particles.

The relative deformation gradient with respect to the

configuration at time tn can be calculated as

Fh ii;nþ1¼ 1þ
XN
j¼1

mj

qj;n
uj;nþ1 � ui;nþ1

� �
�rnW ; ð24Þ

where W is a kernel function. Note that the gradient of this

kernel function is taken with respect to the configuration at

time tn. This deformation gradient produces stresses at time

tnþ1, which can be evaluated using the update equations

from the multiplicative elastoplasticity theory presented in

the previous section. The balance of linear momentum (17)

can then be used to obtain the acceleration at time tnþ1,

which, for SPH, takes the form

ai;nþ1 �
dv

dt

� �
i;nþ1

¼
XN
j¼1

mj

Pi;nþ1 þ Pj;nþ1

� �
qi;nqj;n

� rnW þ gi;

ð25Þ

where q is mass density, and mj is mass of particle j.

Furthermore, the mass density can be updated through the

kinematic relationship

Fig. 1 Configurations of a body at time tn and time tnþ1. The

reference configuration is taken at time tn following the updated

Lagrangian approach
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qnþ1 ¼
qn
Jnþ1

; ð26Þ

where Jnþ1 is the Jacobian of the relative deformation

gradient tensor defined in (24).

The kernel chosen for all simulations reported in this

paper is the Wendland kernel C6 [18], given in two

dimensions by the following expression

W r; hð Þ ¼ 78

7p
1� rð Þ8 1þ 8r þ 25r2 þ 32r3

� �
0� r� 1;

ð27Þ

where r ¼ kxijk=2h, and xij defines the relative position

vector of the neighboring particle j with respect to particle

i. In this definition of the kernel function, W ¼ 0 when

r[ 1. It is worth noting that the gradient of the kernel is

taken with respect to the reference coordinates xn, consis-

tent with the updated Lagrangian approach.

Solid boundary conditions require that sediment parti-

cles do not penetrate solid boundaries and that some degree

of friction between the fluid and boundary is attained. The

most widely used method for imposing solid boundary

conditions is the dynamic particle (or dummy particle)

method. In this method, the solid boundary is modeled with

layers of real particles fixed in space or moving with a

prescribed motion. These particles enter the equations of

motion, in particular, in the calculation of the deformation

gradient tensor, generating additional strain on the sedi-

ment particles, and hence, changing their stress state as

well (through contact). A slightly different approach is

proposed in this work to determine the evolution of the

strain and stress states of the boundary particles, and it is

based on the ideas of Adami et al. [1].

In our approach, the relative displacement between

boundary particles and sediment particles is used to eval-

uate the deformation gradient of the sediment particles

only. The stress state of a boundary particle is assigned

based only on the stresses of its surrounding sediment

neighbors. The stress assigned to a given boundary particle

is given by:

Pw ¼
XNs

s¼1

ms

qs
Ps þ qsg� xs � xwð Þ½ � ~Wws; ð28Þ

where w and s refer to the boundary (wall) and sediment

particles, respectively, Ns is the number of sediment

neighbors of particle w, and ~Wws is given by

~Wws ¼
WwsPNs

s¼1

ms

qs
Wws

: ð29Þ

With this approach, the no-slip and no-penetration condi-

tions may be achieved in an approximate sense. The

accuracy of the approximation generally depends on the

state of motion of the particles in the vicinity of the

boundary. If the particles are traveling with considerable

speed toward the boundary, for example, then some pen-

etration may still occur. However, in the simulations pre-

sented in the next section, we find this technique to be

satisfactory for imposing the solid boundary conditions.

4 Comparison with laboratory test results

We have implemented the methodology presented in the

previous section into a Python/Cython-based SPH code.

The code uses an updated Lagrangian approach in which

the reference configuration is updated at every time step,

thus avoiding difficulty with very large deformation that

typically arises with the total Lagrangian approach [49].

The code structure is fairly simple, with only one main

loop that marshals the simulation in time. Within this loop,

however, are local iteration loops required by the implicit

integration of the multiplicative elastoplasticity theory.

The specific constitutive model we used in the simula-

tions is a hyperelastic-perfectly plastic model with the

Drucker–Prager yield criterion. The elastic stored energy

function is of the form

W ¼ 1

2
K lnðJeÞ2 þ lkeek2; ð30Þ

where K and l are the elastic bulk and shear moduli,

respectively, Je is the Jacobian of the elastic deformation

gradient tensor, and ee is the deviatoric part of the loga-

rithmic elastic principal stretches. This elastic constitutive

relationship is known as the Henky model [44] and is a

finite deformation extension of Hooke’s law.

The Drucker–Prager yield criterion is given by

F ¼
ffiffiffiffiffiffiffi
3J2

p
þ a/p� j� 0; ð31Þ

where J2 ¼ ksk2=2; s is the deviatoric part of

s; p ¼ trðsÞ=3, and a/ and j are material parameters related

to the Mohr–Coulomb parameters / = internal friction

angle and c = cohesion, respectively. For non-associative

flow rule, the plastic potential Q may be written in similar

form,

Q ¼
ffiffiffiffiffiffiffi
3J2

p
þ awp; ð32Þ

where aw is a material parameter related to dilation angle

w. Explicit relationships between /; c, and w, and the

Drucker–Prager parameters a/; j, and aw may be found

in [5].

The above constitutive model was used in all of the

simulations reported in the following subsections. The

laboratory-scale tests simulated include: (a) plane strain

collapse tests on dry sand [31]; (b) 3D collapse tests on dry
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sand [30]; and (c) impact force of dry sand on a rigid

wall [34]. For cohesionless material, which is what we

assumed in all of the simulations, c ¼ j ¼ 0.

4.1 Plane strain collapse of dry sand

In this test, laterally contained dry sand was set free to flow

under the action of gravity. Lube et al. [31] determined

empirical relationships relating the initial halfwidth d0 of

the sample, and its initial height h0, to the final runout

distance d1, and final deposit height h1. Figure 2 shows a

schematic setup along with the aforementioned

dimensions.

In our simulations, we varied the initial column height-

to-halfwidth ratio a ¼ h0=d0 from 0.5 to 10 and selected

two values for the internal friction angle, / ¼ 33	, and
/ ¼ 37	, with cohesion c set to zero. These values are

about the same as those used in [16, 39, 46] and provide a

good basis for comparison of the different solution results.

The sand was considered to be in the critical state, and

hence, the dilation angle was set to w ¼ 0. This value of w
has been supported by many modelers of granular flow

behavior, including Peng et al. [38], who used w ¼ 1	 (i.e.,
very close to zero), Bui et al. [11], Nonoyama et al. [36],

and He and Liang [24], who also reported that the variation

of void ratio during the propagation process is relatively

small on the basis of experimental observations.

Table 1 summarizes the basic information for each

simulation. The initial interparticle distance was set equal

to D ¼ 0:02 m, the smoothing length to h ¼ 0:03 m, and

the Young’s modulus and Poisson’s ratio were set at

E ¼ 20:16 MPa and m ¼ 0:3, respectively (which, in turn,

determined the elastic bulk and shear moduli, K and l,
respectively, of the Henky model). The time step was taken

as Dt ¼ 6� 10�5 s, and the simulation was run for about

1.5 s. We did not apply any artificial viscosity that could

reduce stress oscillation, since the latter was quite minor

and was not found to be detrimental to the kinematic

behavior; see [35].

Prior to reporting the results of the simulations, we first

conducted sensitivity analyses to determine whether the

number of particles used in the simulations was sufficient

for the problem at hand. Figure 3 shows three final con-

figurations from the simulations of the plane strain collapse

tests with different number of particles. We see that the

simulations with medium and high resolutions produced

nearly identical final configurations. Thus, we conclude

that the results obtained from any of these two simulations

would be sufficiently accurate and that there would be no

need to go beyond the high-resolution simulation. Snap-

shots of the configurations at different time instants are

shown in Fig. 4 for the simulation with a ¼ 8:0 and

/ ¼ 37	.

Fig. 2 Two-dimensional plane strain collapse of a rectangular sand

body: shaded region denotes initial sand column and dashed curve

denotes final configuration

Fig. 3 Final configurations for plane strain sand collapse test with

a ¼ 8:0 and / ¼ 37	. Low resolution (top image): 775 particles;

medium resolution (middle image): 2400 particles; high resolution

(bottom image): 9600 particles

Table 1 Simulations of 2D plane strain collapse tests

Case nos. h0 (m) d0 (m) a ¼ h0=d0 No. of particles / (deg)

1 0.20 0.40 0.5 1000 33

2 0.20 0.40 0.5 1000 37

3 0.20 0.20 1.0 800 33

4 0.20 0.20 1.0 800 37

5 0.30 0.20 1.5 900 33

6 0.30 0.20 1.5 900 37

7 0.40 0.20 2.0 1000 33

8 0.40 0.20 2.0 1000 37

9 0.80 0.20 4.0 1400 33

10 0.80 0.20 4.0 1400 37

11 1.20 0.20 6.0 2000 33

12 1.20 0.20 6.0 2000 37

13 1.60 0.20 8.0 2400 33

14 1.60 0.20 8.0 2400 37

15 2.00 0.20 10.0 3200 33

16 2.00 0.20 10.0 3200 37
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Figure 5 presents the results of the simulations in terms

of runout distance, determined as the farthest distance from

the centerline where the density of particles dropped below

around 90–95% of the original density. For comparison

purposes, these results are compared with the experimental

observations of Lube et al. [31], who concluded that the

final geometry of the sand is independent of the internal

friction angle of the material and roughness of the

boundary. They obtained the following empirical rela-

tionships for the final runout distance d1 and final height

h1 as functions of the initial aspect ratio a:

d1
d0

� �
¼

1þ 1:2a; 0� a� 2:3;

1þ 1:9a2=3; a
 2:3:

	
ð33Þ

h1
d0

� �
¼

a; 0� a� 1:15;

ha2=5; a
 1:15:

	
ð34Þ

In addition, Lube et al. [31] determined that the coefficient

h appearing in Eq. (34) varies for different tests, with

values of h ¼ 1:0 and h ¼ 1:1 obtained from the tests.

Referring to Fig. 5, we observe that our formulation is

influenced by the internal friction angle, with an intuitive

outcome that lower friction angles allow for increased

mobility of the sand. The best results were obtained for

/ ¼ 37	, and a least squares curve adjusted to our data

points yields the following relationship for the runout

distance:

d1
d0

� �
¼

1þ 1:2a; 0� a� 2:3;

1þ 1:83a0:69; a
 2:3:

	
ð35Þ

These results agree well with those reported in [31]. The

median error between the curves is around 1.45%, with a

standard deviation of 0.71%. Even for the smaller friction

angle, our results compare quite well, with the maximum

error of approximately 12% for a[ 8:0.

Figure 6 shows the results for the final height of the

deposit along with the empirical relationships presented

in [31]. The simulations recover the results from the

experimental data very well. In addition, in contrast to the

results reported in [31], the calculated final deposit height

seems to be less influenced by the internal friction angle /.
A least square fit on the simulation data yields the fol-

lowing equation for the final height of the deposit:

h1
d0

� �
¼

0:92a; 0� a� 1:15;

1:03a2=5; a
 1:15:

	
ð36Þ

Comparing the results for the final height, the error within

the linear range is around 8.0%, whereas the error is less

than 7.0% in the nonlinear range.

Fig. 4 Snapshots of configurations for simulation of plane strain collapse test with a ¼ 8:0 and / ¼ 37	. Simulation was conducted with 2400

particles
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Lube et al. (2005)
Szwec (2017)

Fig. 5 Two-dimensional plane strain collapse tests on dry sand: non-

dimensionalized runout distance versus initial aspect ratio a
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The discrepancy with the experimental observation that

the runout distance is invariant with respect to the internal

friction angle needs further elaboration, since the simula-

tions conducted by other authors do not seem to support

this observation either, much like our results. Peng

et al. [38] used a hypoplastic constitutive model with their

SPH code to simulate collapse tests. Their main goal was

only to evaluate their hypoplastic implementation, and

hence, they conducted only one simulation with a ¼ 0:5.

They selected a friction angle of / ¼ 33	 and reported a

larger runout distance than the one reported in [31]. This

behavior is consistent with our findings. He and Liang [24]

also utilized the SPH method along with a viscoplastic

constitutive model to simulate dry sand collapse tests. They

reported that the conventional Mohr–Coulomb model with

a constant friction angle is unable to capture the overall

runout dynamics and the final runout distance accurately.

They also pointed out that for friction angles less than 33	,
the agreement is good only for low values of aspect ratio

(i.e., a\3). For higher values of aspect ratio (a
 3), a

value of / ¼ 37	 yields closer results to the experimental

data, while lower values of friction angle overestimate the

runout distance. This behavior is also captured by

Szewc [46], who simulated collapse tests using / ¼ 31	

and also observed an overestimation of the runout distance.

4.2 Axisymmetric collapse of dry sand

Lube et al. [30] conducted axisymmetric collapse tests on

dry sand. Similar to the plane strain collapse tests, dry sand

was initially contained within a cylindrical column resting

on a flat surface. The container was then removed instan-

taneously allowing the sand to flow under gravity. Figure 7

shows the initial and final schematic configurations of the

sand.

For the axisymmetric experiments, Lube at el. [30]

proposed the following equations to estimate the final

runout radius and height of the sand column:

d1
d0

� �
¼

1þ 1:24a; 0� a� 1:7;

1þ 1:6a1=2; a
 1:7;

	
ð37Þ

h1
d0

� �
¼

a; 0� a� 1:0;

0:88a1=6; a
 1:0;

	
ð38Þ

where a is the initial column height-to-radius ratio. Note

that Eqs. (37) and (38) differ only slightly from the plane

strain empirical relations presented earlier.

The aforementioned axisymmetric collapse tests were

simulated as a 3D problem. Before reporting the results of

our simulations, however, we first demonstrate that our

model can reproduce a well-known result that the final

collapsed configuration for a shorter and stouter sand col-

umn has a flatter top surface compared to the collapsed

configuration for a taller and more slender sand column,

which has a more conical shape. This is evident in Figs. 8

and 9 for simulations with a ¼ 0:5 and a ¼ 4:0,

respectively.

2.0

1.5

1.0

0.5

0.0
0.0 2.0 4.0 6.0 8.0 10.0

2.5

3.0

Fig. 6 2D plane strain collapse tests on dry sand: non-dimensional-

ized final height versus initial aspect ratio a. h-values from Lube

et al. [31]

Fig. 7 Axisymmetric collapse of a cylindrical sand body: shaded

region denotes initial sand column, dashed curve denotes final

configuration

Fig. 8 Final collapsed configuration for a cylindrical sand column

with / ¼ 37	 and a ¼ 0:5: a elevation and b isometric view.

Simulation was conducted with 27,000 particles
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To obtain solutions that are comparable in accuracy to

those obtained from the plane strain simulations, approxi-

mately 100 times as many particles were used. Table 2

summarizes the basic information for each simulation. The

initial interparticle distance was 0.01, which is about half

the distance used for the plane strain simulations, and the

smoothing length h was 0.015; Young’s modulus and

Poisson’s ratio were the same as those used for the plane

strain simulations. Figures 10 and 11 summarize the

results for runout distance and final height, respectively.

From the new set of computer-generated points, we

obtain the following least square equations for the final

runout distance and column height:

d1
d0

� �
¼

1þ 1:11a; 0� a� 1:7;

1þ 1:66a0:48; a
 1:7:

	
ð39Þ

h1
d0

� �
¼

0:87a; 0� a� 1:0;

0:87a0:16; a
 1:0:

	
ð40Þ

For the runout equation, the median error for the nonlinear

part is less than 1.3%, with a standard deviation of 0.73%.

For the linear part, the error is 10.5%. In terms of final

height, the error in our equation is 13% for the linear part

of the curve, while for the nonlinear part, the median error

is 5.25% with standard deviation of 1.62% within the range

2� a� 4. If we extrapolate our adjusted curve for larger

values of a, the expected error is less than 18%.

4.3 Impact force of sand on a rigid wall

Moriguchi et al. [34] conducted a series of laboratory

experiments on dry Toyoura fine sand released on an

inclined flume to impact a rigid wall at the base of the

flume. The objective of the experiment was to obtain

detailed information on the magnitude of the impact force

as a function of the flume inclination, as well as to test their

granular flow model employing CFD calculations based on

an Eulerian formulation. The sand was nearly uniform with

grain sizes D10 ¼ 0:206 mm, D30 ¼ 0:241 mm,

D50 ¼ 0:273 mm, and D60 ¼ 0:281 mm, where the sub-

scripts denote percent finer; minimum and maximum grain

sizes were 0.102 and 0.425 mm, respectively. Specific

Fig. 9 Final collapsed configuration for a cylindrical sand column

with / ¼ 37	 and a ¼ 4:0: a elevation and b isometric view.

Simulation was conducted with 177,000 particles
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Lube et al. (2004)

2.0

Fig. 10 Three-dimensional axisymmetric collapse tests on dry sand:

non-dimensionalized runout distance versus initial aspect ratio a
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Fig. 11 Three-dimensional axisymmetric collapse tests on dry sand:

non-dimensionalized final height versus initial aspect ratio a

Table 2 Simulations of axisymmetric collapse tests modeled as 3D

problems

Case nos. h0 (m) d0 (m) a ¼ h0=d0 No. of particles / (deg)

1 0.10 0.20 0.5 27,712 33

2 0.10 0.20 0.5 27,712 37

3 0.20 0.20 1.0 44,338 33

4 0.20 0.20 1.0 44,388 37

5 0.40 0.20 2.0 88,678 33

6 0.40 0.20 2.0 88,678 37

7 0.80 0.20 4.0 177,484 33

8 0.80 0.20 4.0 177,484 37
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gravity of the solid phase was measured as 2.65, and

density tests showed minimum and maximum void ratios

of 0.61 and 0.97, respectively.

The sand was initially contained in a box atop the flume

and then was suddenly released through a side door to

impact a rigid wall waiting at the bottom of the flume. A

force transducer attached to the wall recorded the impact

force as a function of time for different flume inclinations,

which varied from 45	 to 65	. Moriguchi et al. [34] noted

that the timing of sand release was not synchronized with

that of the sensor, and thus, for flume inclination of 45	, for
example, they had to rely on a video camera to infer the

arrival time of the sand. However, this did not affect the

shape of the impact force–time curve. Figure 12 shows the

initial setup for flume inclination of 45	, which is the

configuration simulated in the present study. Table 3

summarizes the parameters used in the simulations.

Figure 13 shows snapshots of the sand configurations at

different time instants for flume inclination of 45	. In

generating these configurations, the experiments were

modeled as a plane strain problem with 1500 sand particles

and 1317 boundary particles. The figure suggests that after

contact with the wall, the particles stopped moving almost

immediately, and a static wedge forms between the flow

and the wall. This wedge grows in size and at some point

reaches the top of the wall barrier. This behavior is con-

sistent with the experimental observations and numerical

results of [40]. In our simulation, some spillage over the

wall occurs, as can be seen in the last four frames of

Fig. 13. It is interesting to note that the simulation for / ¼
35	 predicted an angle of repose of approximately 35	, as
seen from the frame corresponding to t ¼ 3:0 s.

More important than the kinematics of the flow in this

case is the ability of our formulation to predict the impact

forces. Our proposed boundary formulation is very useful

for this purpose since for each time step, we calculate the

average stress on the sand using the kernel and extrapolate

it to the boundary. To calculate the resultant force, we

employ a direct summation of forces on each boundary

particle. The resultant force Rn is calculated as follows:

Rn ¼
XNb

b¼1

Pb : nb � nbð ÞBD; ð41Þ

where nb is the normal vector to the impacted wall, B ¼
0:3 m is the width of the flume used in the experiments, and

Nb is the number of particles at the wall in direct contact

with the sand.

Figure 14 shows the calculated impact forces for

/ ¼ 33	; 35	, and 44	, along with the experimental mea-

surements and numerical simulation results reported by

Moriguchi et al. [34]. A number of observations can be

made from these results. First, the values of / within the

range of engineering interest seem to have little effect on

the predicted maximum impact force. In contrast, the

results presented by Moriguchi et al. [34] using their CFD

model showed a significant drop in the calculated impact

force for / ¼ 40	. This has important implications, given

that we are solving a problem in dynamics where the value

of the friction angle has inherent uncertainties. It suggests

that our model is predictive because the results do not

depend significantly on the uncertainties in the value of /,
provided that it lies within the range of engineering inter-

est. Second, we observed some spillage over the top of the

wall barrier in all of the simulations, even for / ¼ 44	 (not
shown), whereas Moriguchi et al. [34] noted that spillage

was observed only for the simulations with / ¼ 30	 and
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Fig. 12 Inclined flume and sand box configuration for granular flow

experiment. Dimensions are in cm. After Moriguchi et al. [34]

Table 3 Simulation of impact force of granular flow on a rigid wall

Parameter Value

Mass m 0.138 kg

Density q 1379 kg/m3

Friction angle / Varies

Dilation angle w 0

Spacing D 0.01 m

Smoothing length h 0.015 m

Modulus E0 21.6 MPa

Poisson’s ratio m 0.3

Coefficient cv 125 m/s

Step size Dt 3� 10�5 s

Total duration t 3.00 s

Number of steps 100,000
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35	, but not for / ¼ 40	 where all of the sand simply

stopped in front of the wall, a behavior that we have also

observed when we increased / to an unreasonably high

value of 60	. Once again, the uncertainties in the value of /
do not seem to influence the resulting kinematics signifi-

cantly. Finally, all of the calculated peak impact forces,

including the ones reported by Moriguchi et al. [34] for

/ ¼ 30	 and 35	, overestimated the measured response by

around 15%. For our own simulations, this could be due to

the fact that we did not introduce any viscosity into the

model, which could have slowed down the flow and

reduced the impact force. As an aside, the effect of vis-

cosity can easily be accommodated in our formulation

through an extension of the multiplicative plasticity theory

to viscoplasticity [42].

Finally, Fig. 15 compares the calculated impact forces

for two analyses with different number of particles, sug-

gesting that the numerical results are sufficiently accurate.

0.0 0.4 0.8 1.2

0.0 1.0 2.0

T = 0.15 s

T = 0.30 s

0.0 1.0 2.0 3.0

T = 0.60 s

0.0 1.0 2.0 3.0

T = 0.75 s

0.0 1.0 2.0 3.0

0.0 1.0 2.0 3.0

0.0 1.0 2.0

0.0 1.0 2.2

T = 0.90 s

T = 1.20 s

T = 1.50 s

T = 3.0 s

35o

Fig. 13 Snapshots of simulated granular flow down a 45	 inclined flume at internal friction angle of 35	. For reference, the 35	 angle of repose is
indicated at time t ¼ 3:0 s. Color bar (electronic version only) is resultant velocity in m/s
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To summarize, the above results demonstrate the predictive

capability of our model for laboratory-scale experiments,

as well as suggest its potential applications for field-scale

problems.

5 Conclusions

We have presented an updated Lagrangian finite defor-

mation version of the SPH method employing a multi-

plicative decomposition of the deformation gradient. To

the knowledge of the authors, this is the first time that such

formulation has been applied for granular flows in the

context of the SPH method. There are numerous advan-

tages of such formulation, including the facts that: (a) One

does not have to deal with the issue of what objective stress

rate to use, which is an unresolved issue in the hypoelastic

framework; (b) the effects of the so-called tensile insta-

bility can be reduced with the updated Lagrangian

approach, or even eliminated with the total Lagrangian

approach [50]; and (c) the computational costs can be

reduced significantly when the neighbor search procedure

is only performed every certain number of steps, and not

every step as done in the conventional SPH procedure. A

boundary condition formulation adopted from the work

of [1] and cast into the finite deformation framework has

also been implemented. This formulation is simple and

straightforward to incorporate into any SPH code. In all of

our tests, we have been able to impose the no-penetration

condition, as well as successfully attained the no-slip

condition.

The new framework has been used to simulate labora-

tory-scale experiments with dry sand. We have been able to

reproduce the experimental data both qualitatively and

quantitatively. Furthermore, results of our simulations

generally agree with those reported by other modelers. One

notable result from the impact force simulations is that the

predicted impact force and the calculated flow kinematics

do not seem to be strongly affected by the value of the

internal friction angle. Given that the value of the internal

friction angle determined from quasi-static tests cannot be

readily extrapolated to dynamic granular flow problems,

this observation indicates that our model is predictive for

laboratory-scale applications and has the potential for

application to similar field-scale problems.
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