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Abstract Flowing sediments such as debris and liquefied

soils could exert a tremendous amount of force as they

impact objects along their paths. The total impact force

generally varies with slope angle, velocity at impact, and

thickness of the flowing sediment. Estimation of the impact

force of flowing sediments against protective measures

such as earth retaining structures is an important factor for

risk assessment. In this paper, we conduct small-scale

laboratory physical modeling of sand flow at different

slopes and measure the impact force exerted by this

material on a fixed rigid wall. We also conduct numerical

simulations in the Eulerian framework using computational

fluid dynamics algorithms to analyze and reproduce the

laboratory test results. The numerical simulations take into

consideration the overtopping of the wall with sand, which

influenced the measured impact force–time history

responses. In addition, the numerical simulations are shown

to capture accurately the change of the impact force with

slope angle. Finally, the modeling approach conducted in

this study is used to estimate the quasi-static force gener-

ated by the sediment as it comes to rest on the wall

following impact.

Keywords Debris flow � Fluid dynamics � Granular flow �
Impact force � Slope failure

1 Introduction

Landslides occur when earth material moves rapidly

downhill after failing along a shear zone. Debris flows are

differentiated from landslides by the pervasive, fluid-like

deformation of the mobilized material. The formation of

debris flows most often occurs as a result of a landslide

partially or completely mobilizing into a debris flow [14].

A physics-based characterization of landslides and debris

flow, including their triggering mechanism [5, 6], is

important because of the rapid and destructive nature of

these events.

Like rapid landslide and avalanches [25], debris flows

can travel a long distance and ravage large areas as they

impact fixed objects with great force. In order to reduce

damage from such events, risk assessment models for slope

disasters have been developed. A majority of the risk

assessment models have concentrated on runout prediction

and may be classified into three fundamental categories:

empirical models, lumped mass models, and continuum

models. Empirical models (e.g. [17, 23, 31]) use observed

data from actual events, which are then analyzed statisti-

cally. This approach is useful to narrow down the list of

dangerous slopes, but is not adequate for estimating the

detailed hazard potential of each slope. Lumped mass

models (e.g. [13, 16]) idealize the motion of flow sediment

as a single point. Although lumped mass models can pre-

dict the motion of sediment without complex calculations,

they cannot describe important flow behavior such as the

internal stress distribution and change of surface configu-

ration of the slope.

Continuum models are physics-based representation of

the actual phenomena and satisfy the governing conserva-

tion equations such as the balance of mass and dynamic

equations of equilibrium, along with the relevant
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constitutive laws. Continuum models have the closest

semblance to reality but they require robust numerical

algorithms and powerful computational hardware. A

number of continuum models based on depth-averaged

equations have been widely used for the numerical simu-

lation of post-failure motion of slopes. A majority of these

models have been developed based on the Eulerian (e.g.

[9, 28, 29, 32]) and Lagrangian (e.g. [8, 12, 30]) frame-

works. In addition, meshless methods [19] and hybrid

techniques that combine the capabilities of the Eulerian and

Lagrangian methods [1] have been previously proposed

in the literature. Important aspects for risk assessment

investigated with the above continuum models included the

maximum distance traveled, flow velocity and thickness of

the moving earth mass. However, to the knowledge of the

authors these models have not been used systematically to

quantify the impact force generated by flowing sediments

on fixed objects.

Dynamic impact of debris flows is a subject of consid-

erable interest since protection measures such as debris

flow barriers, debris racks and fences, and debris breakers

must be designed to withstand such dynamic forces. Two

different approaches have been proposed in the literature

[3]. In the first approach the dynamic force exerted by

debris flows on a fixed object is assumed proportional to

the hydrostatic pressure on this object. Experimental evi-

dence on collapse of some check dams structures seems to

support this approach [4, 18]. However, it is theoretically

inconsistent with the fact that dynamic impact is related to

hydrodynamic action and not to hydrostatic pressure. In the

second approach the dynamic impact force is assumed to

be proportional to the square of flow velocity, and is cal-

culated from the change of the momentum of the fluid [20].

A shortcoming of this approach lies in the fact that

dynamic impact is transient and ‘‘unsteady,’’ and is not

described by a certain smooth velocity distribution.

Armanini and Scotton [2] simulated a debris flow on a tilted

flume and measured the dynamic impact with a pressure

transducer. They postulated two types of impact: the first in

which a vertical jet-like bulge forms in front of the wall, and

the second in which a wave surge is reflected from the point

of impact. They then formulated a theory of dynamic

impact based on a one-dimensional (depth integrated) flow

considering the flowing sediment as a homogeneous fluid.

It appears that a robust way of systematically investi-

gating the dynamic impact force generated by flowing

sediments on a fixed object is to conduct small-scale

physical modeling and combine it with numerical simula-

tions similar to the approach used in [26, 27]. Flowing

sediments behave like fluids and not solids, so the

numerical simulations should be carried out employing the

current trends in computational fluid dynamics algorithms

to reproduce the important features of the physical model.

In this respect, the numerical simulation is truly contin-

uum-based and does not inherit the simplifying (and

limiting) assumptions mentioned in the preceding para-

graphs. Furthermore, small-scale laboratory tests have

well-defined boundary and initial conditions, and the con-

stitutive properties of the flowing sediment can be well

constrained. This reduces the uncertainties in the numerical

modeling and provides an opportunity to make direct

comparisons between the physical model results and the

numerical predictions.

In this paper we describe a laboratory testing program

for granular flow simulation using a flume that tilts at dif-

ferent angles. The sediment is modeled with uniform dry

sand initially contained in a box atop the flume and

instantaneously released to flow downhill. As it reaches the

base of the slope, it impacts a wall equipped with a sensor

that tracks the time-history of the impact force. For the

numerical simulations, we utilize a fully Eulerian contin-

uum framework that automatically tracks the hydrodynamic

impact force on the fixed wall. The numerical method for

flow behavior is described in detail by Moriguchi et al.

[22]. In this method, the flow sediment is assumed to be a

non-Newtonian fluid and uses the confined interpolation

profile (CIP) method proposed in [35] to calculate the

advection terms of the dynamic equation of motion. The

method is enhanced by introducing a numerical scheme

called tangent of hyperbola for interface capturing

(THINC) proposed in [34] to treat the free surface. Impact

force and flow behavior of dry sand are then investigated

by comparing the experimental results and numerical

predictions.

2 Formulation of the mathematical model

The key components of the mathematical model for gran-

ular flow simulation are the constitutive model for the

flowing sediment, the governing field equations or con-

servation laws, and the numerical algorithms for the

simulation of boundary-value problems. Each of these

aspects is described in the subsections below.

2.1 Constitutive model for flowing sediment

A number of rheological models have been proposed in the

literature to describe the mechanical behavior of flowing

sediment. The Bingham model has been recognized as one

of the most versatile models for simulating granular flow

behavior, and has been used in many occasions to model

lava flow [10, 15], snow avalanche [9], rock avalanche

[29], and flow of fresh concrete [21]. In this paper we also

use the Bingham model to capture the mechanical response

of debris flow.
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In a one-dimensional simple shear state, the Bingham

model can be described as a linear expression between the

shear stress and the shear strain rate as follows

s ¼ g0 _cþ sY ; ð1Þ

where s is the shear stress, g0 is the viscosity after yield, _c
is the shear strain rate, and sY is the yield shear strength.

Typically, g0 has a very small value and s is dominated by

sY, unless the shear strain rate is extremely high. In order to

describe both the cohesive and frictional behavior of

flowing granular material, the Mohr-Coulomb criterion is

introduced as the yield shear strength of the Bingham

model. The yield criterion is defined by the equation

s ¼ g0 _cþ cþ rn tan /; ð2Þ

where c is the cohesion, / is the angle of internal friction,

and rn is the normal stress. Because the numerical method

used in this study is based on computational fluid

dynamics, the normal stress rn can be replaced by the

hydrostatic pressure p as shown in a following equation,

s ¼ g0 _cþ cþ p tan /: ð3Þ

An equivalent viscosity can be obtained from the above

equation as

g0 ¼ s
_c
¼ g0 þ

cþ p tan /
_c

: ð4Þ

We see from above equation that the equivalent

viscosity becomes infinite as the shear strain reduces to

zero. To avoid this singularity, we impose a maximum

value of the equivalent viscosity from the equation

g0 ¼ g0 þ ðcþ p tan /Þ= _c; g0 � gmax

gmax; g0[ gmax

;

�
ð5Þ

where gmax is a very large number (e.g. 1010) that serves as

a penalty parameter. The above equivalent viscosity is used

to consider the effect of the evolving shear strain rate on

the flow behavior of the material.

In two- and three-dimensional stress states, the equiva-

lent viscosity can be generalized as

g0 ¼ g0 þ ðcþ p tan /Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2VijVij

p
; g0 � gmax

gmax; g0[ gmax

;

�
ð6Þ

where

Vij ¼
1

2

oui

oxj
þ ouj

oxi

� �
ð7Þ

is the symmetric component of the velocity gradient, with

ui being the velocity vector describing the motion of the

fluid. Provided that the grid is fine enough, the viscosity

coefficient g0 may be approximated as constant over each

sub-cell. With this definition of equivalent viscosity, the

constitutive formulation shown above can be used in the

context of a Newtonian fluid.

In this work we assume that the flowing sediment is an

incompressible material. We can also account for the

compressibility of such material, but the mechanism of

compaction of typical sediment found in the field is com-

pletely different from that of fluids. To account for the

compaction behavior of flowing sediment, we need to

consider the material history information of the sediment,

which is difficult to quantify with good accuracy in the

Eulerian framework. Moreover, the process of parameter

determination can become complex for a compressible

sediment. Thus, as a simplifying assumption, we assume

the sediment to be incompressible in the present study, in

which case, Vij becomes a deviatoric tensor. The general

form of the constitutive equation for incompressible

Newtonian fluid with equivalent viscosity g0 is given by

rij ¼ �pdij þ 2g0Vij ¼ �pdij þ g0
oui

oxj
þ ouj

oxi

� �
; ð8Þ

where rij is the Cauchy stress tensor and dij is the Kro-

necker delta.

It is worthwhile to elaborate the implications of the

above constitutive formulation for the problem at hand.

Substituting the expression for g0 from Eqs. 6 into 8 gives

rij ¼ �pdij þ 2g0Vij þ
ffiffiffi
2
p
ðcþ p tan /Þnij; ð9Þ

where nij ¼ Vij=
ffiffiffiffiffiffiffiffiffiffiffiffi
VklVkl

p
is a unit deviatoric tensor in the

direction of Vij. As Vij ! 0 the term involving g0 disap-

pears, and the Cauchy stress tensor tends to a value

reflecting the material’s quasi-static deviatoric strength.

For cohesionless granular flow impacting a rigid wall, this

implies that the fluid can sustain a maximum slope equal to

the angle of repose following impact provided that the

velocity has not died out. However, the tensor nij is not

defined when the velocity reaches zero, so the viscosity of

the fluid is replaced by gmax when the velocity gradient

becomes very small. This implies that the slope will

eventually flatten out at very large values of t. However, we

can always choose a large enough value of gmax (say, on

the order 1010) so that the fluid can sustain its sloped

position long enough. Since the sloped position is not

arbitrary but reflects the material’s quasi-static frictional

strength, the fluid configuration following impact may be

used to infer the eventual depositional configuration of the

granular material.

2.2 Governing equations

For sediment flowing as an incompressible fluid the

dynamic equation of motion takes the form

oui

ot
þ uj

oui

oxj
¼ 1

q

oqij

oxj
þ gi; ð10Þ
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oui

oxi
¼ 0; ð11Þ

where q is the bulk mass density of the sediment, and gi is

the component of the gravity acceleration vector along the

coordinate direction i. Equation 10 is the linear momentum

conservation law, while Eq. 11 is the equation of conti-

nuity derived from the conservation of mass. By using the

constitutive Eq. 8, the conservation of momentum may be

written as

oui

ot
þ uj

oui

oxj
¼ 1

q
op

oxi
þ 1

q
o

oxj
g0

oui

oxj
þ ouj

oxi

� �� �
þ gi: ð12Þ

In case of a Newtonian fluid, the viscosity coefficient is

constant and its spatial derivative is zero. However, as we

can see from Eq. 12, the equivalent viscosity g0 has a

spatial variation that requires evaluation of the spatial

derivative.

To solve Eq. 12, we write

u�i � un
i

Dt
¼ �uj

oui

oxj
; ð13Þ

u��i � u�i
Dt

¼ gi; ð14Þ

u���i � u��i
Dt

¼ 1

q
o

oxj
g0

oui

oxj
þ ouj

oxi

� �� �
; ð15Þ

unþ1
i � u��i

Dt
¼ 1

q
op

oxi
; ð16Þ

where subscript n and n ? 1 indicate the quantities at each

calculation time step and the raised asterisk(s) indicates

temporary qualities. Equation 13 is the advection term and

is solved by the CIP method. Equations 14, 15 and 16 are

the non-advection, external force, viscous, and pressure

terms, respectively. The non-advection terms are discretized

by using the finite difference method. The Poisson equation

of the pressure is derived from the pressure term and Eq. 11.

The Poisson equation is solved implicitly. An implicit

procedure is also used for the viscous term. As mentioned

previously, the equivalent viscosity g0 is a function of the

shear strain rate and should be capped by gmax to avoid

numerical instability when the shear strain rate becomes

very small. For this reason, it is also necessary to use an

implicit time integration scheme for the viscous term.

2.3 Surface treatment

Two-phase flow simulations have been rapidly developing

in recent years. Progress in the development of numerical

techniques has depended significantly on surface treatment.

Many surface capturing methods have been proposed (see,

e.g. [11, 24, 33, 36]). In this study, THINC proposed by

Xiao et al. [34] is used as a surface capturing method. In

this method, a function u, called the volume-of-fluid

(VOF) function, is defined at each calculation grid similar

to the VOF method proposed by Hirt and Nichols [11]. The

VOF function has a value between 0 and 1 indicating the

occupancy of fluid at each cell.

By solving the following advection equation of the VOF

function, the movement and deformation of free surface

can be represented:

ou
ot
þ oðuiuÞ

oxi
� u

oui

oxi
¼ 0: ð17Þ

The basic 1D THINC scheme is devised for the one

dimensional advection equation of the VOF function,

ou
ot
þ oðuuÞ

ox
� u

ou

ox
¼ 0: ð18Þ

The calculation procedure of the THINC scheme is

shown in Fig. 1. In this figure, D describes the time

increment at each time step, Dx is the grid interval, d is flux

of the VOF function, and subscript n indicates the time

station of interest (i.e., t = tn). A piecewise modified

hyperbolic tangent function is then used as an interpolation

function of the form

Fi ¼
a
2

1þ c tanh b
x� xi � 1=2

Dxi
� x̂i

� �� �� �
; ð19Þ

where F is the piecewise interpolation function, x̂ is the

middle point of the transition jump in the hyperbolic tan-

gent function, and the parameters a, b and c are defined to

adjust the shape and slope orientation. As mentioned by

Xiao et al. [34], values of the parameters a and c can be

automatically obtained from values of the VOF function at

xi-1 and xi?1. The parameter b is a calibration parameter

that determines the steepness of the jump in the interpo-

lation function. Xiao et al. [34] investigated the effect of

the value of b on the calculations and showed that a large

value of this parameter provides a shape interface of fluid

and less numerical diffusion. However, a large value of b

Fig. 1 One-dimensional VOF function
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tends to wrinkle an interface parallel to the velocity

direction. We used a value b = 3.0 for all the simulations

conducted in this study. Once a, b and c have been

assigned values, the only unknown in the interpolation

function is the middle point of the transition jump, x̂:

In order to obtain the value of x̂ , a constraint condition

is used as follows,

1

Dxi

Zxiþ1=2

xi�1=2

FiðxÞdx ¼ un
i : ð20Þ

After the piecewise interpolation functions have been

computed, the flux d is calculated by integrating the

interpolation function. Finally, the VOF function u is

updated as follows

unþ1
i ¼ un

i �
diþ1=2 � di�1=2

Dxi
þ un

i

uiþ1=2 � ui�1=2

Dxi
: ð21Þ

In the THINC method, the total weight of the VOF

function can be conserved exactly. In addition, the shape of

the fluid interface can be conserved. These advantages are

quite beneficial in multiphase flow analysis.

3 Laboratory experiment

We conducted a series of laboratory experiments on dry

Toyoura fine sand to obtain detailed information on the

magnitude of the impact force generated by this material

on a fixed retaining wall. The sand tested was nearly uni-

form with grain sizes D10 ¼ 0:206 mm, D30 ¼ 0:241 mm,

D50 ¼ 0:273 mm, D60 ¼ 0:281 mm, yielding coefficients

of uniformity and curvature of 1.37 and 1.01, respectively;

minimum and maximum grain sizes were 0.102 and

0.425 mm, respectively. Specific gravity tests revealed a

value of 2.65 for the solid phase, and density tests on the

sand showed minimum and maximum void ratios of 0.61

and 0.97, respectively. Sand particles were nearly rounded.

The configuration of the slope model is shown in Fig. 2.

Figure 3 shows the schematic view of the flume, sand box,

and impact force measuring instrument. The surface of the

flume was coated with the same sand to provide surface

friction, but the front surface of the wall may be considered

smooth. One of the side walls of the flume was made of

acrylic board to allow detailed observation of the flow

behavior of dry sand with a video camera. The available

length of the flume is 1.8 m, and its width is 0.3 m. Dif-

ferent slope angles, 45�, 50�, 55�, 60� and 65�, were used to

investigate the effect of flume inclination on the impact

force. A sand box shown in Figs. 4 and 5 was set at the top

of the flume and filled with sand. The box had a side door

as shown in Fig. 5, which could be opened instantaneously

to initiate the flow. The mechanism of opening the side

Fig. 2 Photograph of slope model

Fig. 3 Schematic illustration of slope model

Fig. 4 Photograph of sand box
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door is as follows. First, the door was maintained closed

with the end of a rod pointing firmly toward the door, while

a stretched rubber band was hooked to the door and ready

to pull it open as soon as the rod was removed. The rod was

then removed fast enough for the door to open instanta-

neously from the tensile force generated by the rubber

band. Although we did not measure its speed, we believe

that the door opened fast enough in all the tests that the

mechanism did not affect the initial flow behavior of

the sand. Furthermore, the acrylic plastic side boards of the

sand box were smooth enough to generate a two-dimen-

sional initial flow pattern. The timing of the sensor was not

synchronized with the release of the sand, and thus for

flume inclination of h = 45� we relied on the video taken

of the experiment to infer the arrival time of the sand.

However, for steeper flume inclinations the arrival time

could not be ascertained from the video (since sand trav-

eled faster), and thus we could only infer the predictive

capability of the model from the shape of the impact force–

time curve (which was not affected by the arrival time).

The weight of the sand was fixed at 50 kg and was

measured with each trial in the experiment. The average

density calculated from the volume of the box and the

weight of the sand was 1,379 kg/m3. A box-type instru-

ment shown in Figs. 6 and 7 was installed at the lower end

of the flume to measure the impact force. As shown in

Fig. 7, a load cell was placed at the bottom of the instru-

ment, and horizontal roller guides were also placed for a

smooth transmission of the impact force onto the surface of

the instrument. The load cell was manufactured by Kyowa

Electronic Instruments with model number LCN-A-5 kN,

and had the following specifications: diameter = 5 cm,

thickness = 2.5 cm, maximum capacity = 5 kN, possible

measuring error = 0.2%, and sampling frequency =

1,000 Hz.

Five trials of sand flow experiment were conducted for

each slope angle and the average values of the impact force

are shown in Table 1. Figure 8 shows the measured time

histories of impact force typical for each of the five flume

inclinations. It can be seen that, except for flume inclina-

tions of h = 45� and 50�, the maximum value of impact

force increases rapidly with increasing value of h.

Fig. 5 Schematic illustration of sand box

Fig. 6 Photograph of impact force measuring instrument

Fig. 7 Schematic illustration of impact force measuring instrument

Table 1 Measured maximum impact force (in Newtons) as a func-

tion of flume inclination h

Flume inclination 45� 50� 55� 60� 65�

Trial 1 168.9 212.7 269.0 394.1 500.4

Trial 2 200.2 193.9 262.7 369.1 487.8

Trial 3 187.7 200.4 265.5 406.6 512.9

Trial 4 193.9 200.2 294.0 444.1 469.1

Trial 5 212.7 206.4 300.2 337.7 512.9

Average 192.7 202.7 276.5 390.3 496.7

Standard deviation 14.5 6.4 17.4 35.7 16.6
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4 Numerical simulations

A series of two-dimensional numerical simulations of the

laboratory experiments was conducted using the mathe-

matical model described in Sect. 2. Figure 9 shows the

mechanical model used in the simulations. The Eulerian

grid included an additional domain to the left of the wall to

allow the simulation of sand overtopping the wall. In the

numerical simulations the flume was placed in a horizontal

position and the flume inclination was specified in the form

of a horizontal component of gravity force. For the record,

the distance from the front face of the sand box to the fixed

wall was 1.8 m, and the height of the wall was 0.3 m. As

noted earlier, the front face of the wall was smooth and the

base of the flume was coated with sand, so a no-slip

boundary condition was specified for the bottom of the

slope.

The impact force was obtained by integrating the

hydrodynamic pressure calculated in front of the measuring

wall. To simulate the initial conditions of the laboratory

experiment, the sand was placed initially inside a box

30 cm high and 50 cm long on the right side of the Eule-

rian grid. A uniform Cartesian mesh of dimension 2 cm

(i.e., Dx ¼ Dy ¼ 2 cm) was used for the simulations. The

remaining area not occupied by the sand was treated as air

with a density of 1.25 kg/m3 and a viscosity coefficient of

1.8 9 10-5 Pa s; the density of the sand was assumed to be

1,379 kg/m3, in accord with that obtained from the

experiment. Because the sand was dry, we specified zero

cohesion in the Bingham model. Flow behavior of the air

was also calculated and the boundary between the air and

the sand was treated as a free surface. The viscosity con-

stants were taken to have the following values (in Pascal-

seconds) g0 = 1.0 and gmax ¼ 1010 .

4.1 Model calibration

As a first phase of the simulation, we calibrated our

numerical model by investigating the effect of internal

friction angle on the flow behavior of the sand. While it

may be possible to specify the static value of the internal

friction angle for the sand, the granular flow experiment is

really a dynamic process and the value of the friction angle

should reflect this process. Therefore, we conducted a

parametric study to determine a value of the dynamic

friction angle that is suitable for the mechanical model. To

this end, we conducted preliminary simulations for a flume

inclination of h = 45�. Three different values of friction

angle, / = 30�, 35�, and 40�, were considered in the

simulations. Figure 10 shows the experimentally observed

free surface configurations on a flume inclined at h = 45�
at different time instants. In order to make the free surface

more visible, a red outline was drawn on the surface of the

sand at each snap shot. The last two snapshots suggest the

sand overtopping the wall.

Figures 11, 12, and 13 show the free surface configu-

rations obtained from the numerical simulations.

Figures 11 and 12 suggest that friction angle values of /
= 30� and 35� were small enough to allow the sand to

overtop the wall, thus capturing the experimentally

observed flow behavior. On the other hand, Fig. 13 indi-

cates that a friction angle of / = 40� would be too high for

the sand to overtop the wall at the given flume inclination,

as the numerical solution simply predicted that all of the

sand would come to rest in front of the wall.

The final selection of the dynamic friction angle was

inferred from Fig. 14, which compares the simulated time

histories of impact force with that measured from the

experiment. Once again, the simulation with / = 40�
under-predicted the impact force as most of the sand sim-

ply came to rest in front of the wall. On the other hand, the

simulation with / = 30� predicted the peak impact force
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sooner than that observed from the experiment. It appears

that the simulation with / = 35� generally captured the

observed flow behavior and time-history of the impact

force most accurately, and therefore is henceforth selected

as the dynamic internal friction angle for the sand.

4.2 Variation of impact force with flume inclination

In all the remaining numerical simulations we have fixed

the internal friction angle for the sand at / = 35� and used

this calibrated parameter to simulate the variation of

impact force with flume inclination. For completeness in

presentation, we have focused the remaining simulations

not only on the peak impact force generated by the granular

flow but also on the complete time history responses, so as

not to lose essential information.

Comparisons of the experimentally measured and sim-

ulated time history responses of the dynamic impact force

are summarized in Figs. 15, 16, 17, and 18 for flume

inclinations of h = 50�, 55�, 60�, and 65�, respectively.

Fig. 10 Experimentally observed free surface configurations for the flowing sand

Fig. 11 Simulated free surface configurations for / = 30� and

h = 45�
Fig. 12 Simulated free surface configurations for / = 35� and

h = 45�
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These figures suggest that the peak impact force and

residual post-peak value of the wall reactions were well

captured by the numerical model. As expected, the steeper

the flume inclination the sooner the flow front arrived to hit

the wall. Figure 19 summarizes the variation of the maxi-

mum impact force with flume inclination and also

confirmed the expected result that the peak impact force

generally increases with steeper flume inclinations, with

the exception of the two flatter slopes of h = 45� and 50�
where the peak impact force appears to have the same

values. A comparison of Figs. 14 and 15 suggests that for

these two flatter flume inclinations the peak value of the

impact force is nearly the same as the ‘post-peak’ value,

and for h = 45� there is no peak value.

Where the time history responses clearly exhibited a

peak value of impact force, such as those obtained for

flume inclinations of h = 55�, 60�, and 65�, it is interesting

to note that the numerical model also captured the post-

peak values of the impact force reasonably well. We recall

that it is within this time domain where the sediment came

to rest in the sense that the velocities became very small,

and where the shear strain rates were small enough to

trigger the substitution of the effective viscosity g0 with a

very high value gmax. It is therefore important to under-

stand the state of stress prevailing during this quasi-static

condition right after sediment deposition. We discuss this

issue in detail in the next section.

5 Comparison with quasi-static and velocity methods

As mentioned in the Introduction, traditional ways have

been pursued in the past to quantify the impact force

generated by granular flow as it hits a fixed rigid object

lying on its path. In this section we consider two such

approaches, namely, quasi-static method and velocity

method, and apply them to the granular flow problem

discussed in this paper.

5.1 Quasi-static method

Figure 20 illustrates a quasi-static deposition geometry for

sand with depth H resting in front of a wall. We emphasize

that the stress condition considered in this analysis is what

we believe would prevail immediately following impact,

and not the long-term at-rest configuration (hence the term

‘quasi-static’). The corresponding free-body diagrams are

shown in Fig. 21, where the total weight of the sand is

denoted by W. Inasmuch as the wall face is smooth, Ps is

Fig. 13 Simulated free surface configurations for / = 40� and

h = 45�
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made to act perpendicular to this face, whereas the flume

base is assumed to exert normal and tangential resultant

forces denoted by N and T, respectively. Since there is no

reason to suppose that the base of the flume is a failure

plane, then T cannot be related to N. Furthermore, moment

equilibrium requires identification of the lines of action of

N and Ps, which are unknown due to the sloping free sur-

face. Therefore, the problem is statically indeterminate to

the first degree since we only have two equations of

equilibrium (horizontal and vertical forces) for three

unknown variables (N, T, and Ps).

As in conventional limit equilibrium solutions, we

assume a release condition to render the above problem

statically determinate. We assume that the wedge shown in

Fig. 21a is divided into two wedges shown in Fig. 21b, c.

In so doing, we expose horizontal and vertical internal

forces X and V between the two smaller wedges. Assuming

the resultant vertical inter-slice force V = 0 (analogous to

the assumption used in the modified Bishop method of

slices for slope stability analysis), the problem becomes

determinate and we obtain the expression

Ps ¼
BH2

2
qgðcos hþ sin h tan /Þ; ð22Þ
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where B is the internal width of the flume, h is the flume

inclination, / is the internal friction angle, q is the mass

density of the sediment, and g is the gravitational accel-

eration constant. If Ps is analogized to the active force PA

behind a wall, then the above expression is conservative in

the sense that the resultant active force cannot be less than

the expression given above [7]. Since PA is the lower

bound for all possible values of wall reaction and Ps is a

conservative estimate for PA, then the actual wall reaction

under quasi-static condition can never be less than Ps, i.e.,

Ps is a strict lower bound.

The following trigonometric identity may be readily

verified:

cos hþ sin h tan / ¼ cotðh� /Þðsin h� cos h tan /Þ:
ð23Þ

Substituting into Eq. 22 gives

Ps ¼
BH2

2
qg cotðh� /Þðsin h� cos h tan /Þ

¼ W sin h� T; ð24Þ

where

T ¼ N tan /; N ¼ W cos h;

W ¼ BH2

2
qg cotðh� /Þ:

ð25Þ

This implies that the force Ps given in Eq. 22 is small

enough to mobilize the full friction angle of the sand at the

base of the flume, i.e., for this value of Ps the bottom of the

flume is a failure plane. Stated in a different way, if we had

assumed the bottom of the flume as a failure plane then the

original problem becomes determinate (with only Ps and N

as unknowns), and the expression for Ps is given by the

same expressions presented above.

5.2 Velocity method

When a jet of fluid traveling at a certain velocity strikes the

face of a rigid wall, it imparts a dynamic force that is

proportional to the square of fluid velocity just before

impact. In this case, the change in momentum of the fluid is

converted into an impulse. A similar argument may be

made when a flowing sediment traveling at a certain

velocity hits a fixed rigid wall. However, the latter problem

is relatively more complicated because impact of granular

flow with a rigid wall produces a jet-like bulge in front of

the wall, and, furthermore, a wave surge is reflected from

the point of impact. This makes the quantification of pre-

impact sediment velocity more complicated to infer from

the results of the hydrodynamic simulations.

Figure 22 shows the velocity vectors from numerical

simulation with h = 45� and / = 35�. Flow velocities were

generally higher at the flow front (on the order 3.5 m/s at

t = 0.8 s). However, as the sand struck the wall the flow

trajectories changed dramatically, and some sand spilled

over the wall. The sand formed a curved free surface, not a

straight line, where the slope near the top of the wall was

nearly 35�, the expected angle of repose, but was quite flat

at the tail of the flow due to dynamic impact. This geometry

of the free surface is in agreement with the experimentally

observed free surface geometry shown in Fig. 10.

Figure 23 shows a diagrammatic illustration of the

flowing sediment just before it hits the wall. The x- and y-

axes are set in the slope and slope-perpendicular directions,

base of flume

wall

sand friction angle

slope angle

sand

Fig. 20 Deposition geometry for sand with depth H resting on a wall

and sloped at its angle of repose /

Fig. 21 Free-body diagrams for static calculations: a total free-body

diagram, b left slice, and c right slice. Vertical distance

H0 ¼ Hðcos hþ sin h tan /Þ
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respectively. For reasons stated earlier the dynamic impact

force may not be calculated from the fluid velocities

immediately in front of the wall. Instead, we consider a

sampling region in the Eulerian grid situated a finite dis-

tance in front of the wall, from x = 10 to 20 cm, where

velocities are relatively free from surges produced by direct

impact. In the velocity approach, the impact force is

obtained from the change of momentum of the flowing

sediment and is calculated from the y-integrated and x-

averaged equation

Pv ¼
1

N

XN

i¼1

Z
Bqu2dy; ð26Þ

where N is the number of cell columns contained in the

sampling region, u = u(xi,y) is the velocity field, and xi is

the x-coordinate of cell column i within the sampling

region shown in Fig. 23.

5.3 Comparison

Figures 24, 25, 26, 27, and 28 show the time histories of

the force calculated from the quasi-static and velocity

methods mentioned above, along with the time histories

generated by the full hydrodynamic simulations. In these

figures, the quasi-static and velocity curves were obtained

from Eqs. 22 to 26, respectively.

1.6 sec1.2 sec

0.8 sec0.4 sec3.5

2.8

2.1

1.4

0.7

0.0
m/s

Fig. 22 Velocity vectors for numerical simulation with h = 45� and / = 35�. Velocities are described by lengths of the arrow according to the

color bar: as velocity approaches zero, the length of the arrow approaches zero and a white region forms in front of the wall

base of flume

sand

wall

sampling
region

Fig. 23 Estimation of dynamic force by velocity method. Velocity is

depth-averaged within the sampling region 10 cm \ x \ 20 cm
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A number of interesting observations can be inferred

from these results. First, the quasi-static approach predicted

the hydrodynamically calculated residual values of the

impact force very well. Earlier we noted that Ps is a strict

lower bound. That the hydrodynamically calculated resid-

ual forces fell under this lower bound may be traced from

the fact that the full angle of repose has not been estab-

lished all throughout the free surface in a majority of cases

due to dynamic impact. In any case, this suggests that the

hydrodynamic simulations captured the post-impact sloped

configuration of the sand reasonably well. Furthermore, the

above results could suggest the prevailing state of stress in

the sand right after deposition. Since the hydrodynamic

simulations predicted the experimentally measured post-

impact wall reaction relatively well, and since the calcu-

lated quasi-static reactions are very close to the calculated

post-impact hydrodynamic solutions, then the free-body

diagrams shown in Fig. 21 is a reasonable representation of

the post-impact wall reaction.

Inertia effects are not present in the quasi-static solu-

tions, so the peak values of the impact force could not be

predicted by this simplified method particularly at steeper
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flume inclinations. In contrast, the velocity solution pre-

dicted the impact force during the early stage of impact

fairly well, including the peak values. This confirms the

calculated hydrodynamic pressure acting in front of the

wall being consistent with the change in momentum of the

flowing sediment. However, since the velocity of flow

became zero when the flow had stopped, the velocity

approach predicted a residual force decaying to zero. It

thus appears that the quasi-static and velocity approaches

are only appropriate for calculating the residual and initial

values of impact force, respectively. In contrast, the

hydrodynamic solution can predict the entire spectrum of

impact, from initial to quasi-static conditions.

6 Summary and conclusions

We have presented laboratory and computational testing

programs for granular flow simulation focusing on quan-

tifying the impact force generated by granular material as it

hits a fixed rigid object lying on its path. The laboratory

testing program consists of a flume that tilts at different

angles and a box atop the flume that releases dry sand,

which impacts a fixed wall equipped with a sensor that

measures the impact force located at the bottom of the

flume. The computational testing program utilizes the

advances of computational fluid dynamics and simulates

the granular flow on an Eulerian grid. The flowing sand is

modeled as a Bingham fluid with a viscosity that varies

with the strain rate. The method uses the CIP method and

the THINC, and is shown to predict the impact force

determined from the laboratory experiments very well. We

have also demonstrated the model can predict the time

history of the impact force generated by flowing sand from

the initial moment of impact, up to the peak value, and

extending well into the residual quasi-static condition.
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