
An Embedded Boundary Adaptive Mesh Re�nement

Metho d for Environmental Flows

Mike Barad

Civil andEnvironmentalEngineering
University of California, Davis

EFMH Seminar
Stanford University

May 16, 2005

1



Talk Outline

� Intro duction

� Governing equations

� Discretization concepts

� Grid generation

� Results

� Conclusions

2



Intro duction

What typesof environmental
o ws do we hope to analyzewith this method?

� Highly non-linear, multi-scale 
o ws in oceans, lakes, and rivers

� Flows that are well approximated by the variable density incompressibleNavier-Stokesequations

� Examples: internal waves,coastal plumes, density currents in lakes, 
o ws in branched estuarine
slough networks, 
o ws past highly complex topography

What are the issuesinvolved?

� Complex and often sparse geometries

� Large ranges in spatial and temporal scales

� Moving fronts and highly complex mixing zones

What do we hope to providewith sucha tool?

� An enhancedabilit y to interpret and extend the results of �eld and laboratory studies

� A predictive tool for both engineeringand science
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Variable Density Incompressible Navier-Stok es Equations

� Momentum balance

~ut + (~u � r )~u = �
r p

�
+ ~g + � � ~u

� Divergence free constraint

r � ~u = 0

� Density conservation

� t + ~u � r � = 0

� Passivescalar transport

ct + ~u � r c = r � (kc r c) + H c

Note that we do not employ Boussinesqor hydrostaticapproximations.
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Solution Strategy: Temporal Discretization

We build on a classicsecond-order accurateprojection method (Bell, Colella,Glaz,
JCP 1989). We split the momentumequationsinto three pieces:

� Hyperbolic: ~ut + (~u � r )~u = H

where we exactly enforce a divergencefree state for the advective velocities, and compute the
advective term explicitly

� Parabolic: ~ut = � � ~u + S

which we solve implicitly for a predictor velocity

� Elliptic: r � 1
� r p = r � (� (~u � r )~u + � � ~u)

which we solve implicitly for pressure,and subsequentlycorrect the predictor velocity

To update the scalar equationswe do similar hyperbolic and parabolic
decompositions.
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Solution Strategy: Spatial Discretization Using Embedded Boundaries (EB)

For the bulk of the 
o w, O(n3) cellsin 3D, we computeon a regular Cartesiangrid.
We usean embeddedboundary descriptionfor the O(n2) (in 3D) control-volumes
that intersectthe boundary.

Advantagesof underlyingrectangular grid:

� Grid generationis tractable, with a straightforward couplingto block-structured
adaptivemeshre�nement (AMR)

� Good discretizationtechnology, e.g. well-understood consistencytheory for �nite
di�erences,geometricmultigrid for solvers.
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EB Finite-V olume Discretization Concepts

� Consider hyperbolic and elliptic conservation laws:
@U
@t + r � ~F (U) = S and r � r � = r � ~F = H

� Primary dependent variables approximate values at centers of Cartesian cells

� Divergence theorem over each control volume leads to a \�nite volume" approximation for
r � ~F (
uxes are at centroids):

r � ~F �
1

� � xD

Z
r � ~F dx =

1

� � x

X
� s ~Fs � ~ns + � B ~F � ~nB � D � ~F c

Away from boundaries, our method reducesto a standard conservative �nite di�erence method

� Given � , � s , � B , and ~nB on a �ne grid, we can compute these on coarser grids without
referenceto the original geometry.
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EB Finite-V olume Discretization Concepts, cont.

For the caseof an elliptic conservationlaw, we needto computer � at face
centroids.Hereis how we do this in 2D:

� First we compute face-centeredgradients using centered di�erences

� x;i +1 =2;j =
� i +1 ;j � � i;j

� x

� x;i +1 =2;j +1 =
� i +1 ;j +1 � � i;j +1

� x

� Then we linearly interpolate the gradient (or 
ux) to the face centroid, yielding � I
x;i +1 =2;j

� In 3D we use a bilinear interpolation basedon four face-centeredgradients (
uxes)
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Why are Embedded Boundaries Important?

To accuratelydiscretizeour conservationlaws all we needare the following
quantities: volumefractions,area fractions,centroids,boundary areas,and boundary
normals.

Aboveare two approximationsto a circle: stair-stepon left, and EB on right.

Stair-Step EmbeddedBoundary

Area Error O(h) O(h2)

PerimeterError O(1) O(h2)

Boundary Normal Errors O(1) O(h2)
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Block-Structured Adaptive Mesh Re�nement

x

y

In adaptive methods, one adjusts the computational e�o rt locally to maintain a uniform level of
accuracy throughout the problem domain.

� Re�ned regions are organized into rectangular patches. Re�nement is possible in both space
and time.

� AMR allows the simulation of a range of spatial and temporal scales. Capturing these ranges is
critical to accurately modeling multi-scale transport complexities such as boundaries, fronts,
and mixing zonesthat exist in natural environments.

� We maintain accuracy and strict conservation with embedded boundaries and AMR
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Finite-V olume Discretization Concepts

� Two requirements are necessary to maintain conservation and second-order accuracy with
AMR:

1) Match 
uxes conservatively at coarse �ne interfaces (this leads to a re
uxing step for
the coarse levels)

2) Use quadratic interpolation to provide ghost cell values for points in the stencil
extending outside of the grids at that level

x x

x x

xx x x x

x xx
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Grid Generation for Embedded Boundaries

� Three example irregular cells are shown below. Greencurves indicate the intersection of the
exact boundary with a Cartesian cell. We approximate face intersections using quadratic
interpolants.

� EB's are \w ater tight" by construction, i.e. if two control-volumes share a face, they both have
the same area fraction for that face.

� Unlike typical discretization methods, the EB control volumes naturally �t within easily
parallelized disjoint block data structures.

� Permits dynamic coarsening and re�nement of highly complex geometry as a simulation
progresses.
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EB Coarsening

White regionsrepresentindividualcontrol volumes.Greenis the exactgeometry.
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EB Coarsening

Note: We havesomecellswith more than onecontrol volumeper cell.
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EB Grid Generation Examples

� Embedded boundary description of San Francisco Bay (using USGSDEM data)
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EB Grid Generation Examples

� Embedded boundary description of San Francisco Bay (using USGSDEM data)

16



EB AMR Grid Generation Examples

� San Francisco Bay with AMR (using USGSDEM data)
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Results: 2D Convergence Study

� Flow is insidea 1 m square tank, with a cylinderof diameter0.1m at (0.15,0.5)

� The initial velocity �eld is the divergencefree part of a rigid rotation (
o w is
counter-clockwise)

Above is a plot of the initial conditions. The colors indicatevertical velocity (red
is up, blue is down)

� The Re = 100 for this problem.

� We initialize our density �eld as � = 1000+ 30y (linear, with heavyon top)
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Results: 2D Convergence Study

� For the convergencestudy, we solve this problem on 3 di�erent grid hierarchies. We discretize
the coarsest level of each hierarchy with 8x8, 16x16, and 32x32 cells.

� For each run we use 4 levels of AMR with a re�nement ratio of 4 between levels

� In the table we present norms of the solution error, and our convergencerate.

Base Grids 8-16 Rate 16-32

L 1 Norm of V Velocity Error 5.73e-3 2.02 1.42e-3

L 2 Norm of V Velocity Error 7.68e-3 2.01 1.91e-3

L 1 Norm of Scalar Error 1.24e-2 2.04 3.03e-3

L 2 Norm of Scalar Error 1.64e-2 1.98 4.16e-3
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Results: 3D Convergence Study

� Below is a 3D single level convergencestudy for a constant density, Re = 100, rotational 
o w
past a complex geometry:

Base Grids 16-32 Rate 32-64

L 1 Norm of U Velocity Error 1.69e-2 2.32 3.39e-3

L 2 Norm of U Velocity Error 5.28e-2 1.76 1.55e-2

L 1 Norm of W Velocity Error 1.48e-2 2.29 3.03e-3

L 2 Norm of W Velocity Error 4.69e-2 1.83 1.32e-2
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Results: Breaking Internal Waves on a Slope

� Flow is insidea 0.5m tall, by 3m wide tank, with an 8:1 slope starting 1m from
the left side

� Below left is the initial density distribution (blue is light 
uid, red is heavy
uid),
below right is the initial conditionsfor a passivescalar

� Density ratio of light 
uid to heavy
uid is 1000/1030,and our pycnocline is a
step-function. The pycnocline is perturbed on the left sideof the tank.

� Thanks to Prof. Fringer for this test problem
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Breaking Internal Wave on a Slope (Densit y left, Scalar right)
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Results: Breaking Internal Waves on a Slope

� Sincemost pycnoclinesare not step-functions,what happensif our initial
pycnocline is smoothed over20 percentof the depth?
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Results: Simulation of 
o w past a cylinder with AMR

� Flow is insidea 1m square tank, with a cylinderof diameter0.1m placedat
(0.25,0.25)

� We initialize the 
o w with a vortex patch in the centerof the domain,seebelow
left. The Re = 100 for this 
o w. We initialize a passivescalar, seebelow right.

� We discretizethe domainwith a basegrid of 64x64cells,and re�ne 2 additional
levelsto track vorticit y
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Simulation of 
o w past a cylinder with AMR

� Vorticit y (which we track with AMR):

� PassiveScalar:
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Results: Lock-Exchange with AMR

� Flow is insidea 0.5m tall, by 3m wide tank.

� On the left sideof the tank we start with light water, on the right is heavy
water. The density ratio of light 
uid to heavy
uid is 1000/1030.

� On the following lock-exchangeslides,the lower �gure is a zoom in on the
centerregionof the tank.
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Lock-Exchange: Why is AMR important?
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Lock-Exchange: Why is AMR important?
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Lock-Exchange: Why is AMR important?
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Lock-Exchange: Why is AMR important?

Answer: We can add computational e�o rt only where we need it!
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Results: Simulation of 
o w past a sphere with AMR

� Flow is insidea 1m cubed tank, with a sphereof diameter0.1m placedat
(0.25,0.25,0.5)

� We initialize the 
o w with a vortex patch in the centerof the domain,seebelow
left for z-vorticit y iso-surfaces.The Re = 100 for this 
o w. We initialize a
passivescalar, seebelow right for an iso-surface.
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Conclusions and Future Work

� We now havea second-order accurateincompressibleNavier-Stokescode

that hasbeenvalidatedin 2D and 3D.

� Our AMR versionis showing reasonableresultsand is underreviewto

ensuresecond-order accuracy.

� Future Work:

{ FreeSurfaceTracking

{ LESTurbulenceClosure

{ Field ScaleApplications

{ Fourth-OrderAccuracy(seemy upcomingJCP paper with P. Colella).
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