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SwitchingunderEnergy Constraints
PaoloGiaccone,Balaji Prabhakar, DevavratShah

Abstract—The performancemetrics that network design-
erstypically optimize their designfor are: thr oughput,delay
and queueback-logs. Thesemetrics have guided the design
of wir eline networks, lik e the Inter net, and network com-
ponents (e.g. switches,routers, etc). In wir elessnetworks,
the energy consumedby transmissionnodesis a preciousre-
sourcewhoseconservation is very important. This hasmoti-
vated the research community to designwir elessnetworks
so as to deliver high thr oughput, achieve low delays, and
minimize energy consumption. This paper makesa start at
understanding how minimizing communication energy im-
pactsthe designof high-performancenetwork algorithms.

Speci£cally, we considera “switch” topology as this cap-
tur esmostof theconstraintsof ageneralacyclicwir elessnet-
work. We study the problem of designingminimum energy
transmissionscheduleswhich deliver maximum thr oughput.
We show that the optimal policy is the solution of a convex
optimization problem. We provide an iterati ve schemethat
exploits the structur e of the problem to obtain the solution.
We also obtain approximations which are implementation-
ally simpler and interestingin their own right.

I . INTRODUCTION

Thedesignof network algorithmsis usuallyguidedby
two main performancemetrics: the throughput,and the
delayexperiencedbyapacketin thenetwork. Bothmetrics
determinethe quality-of-service(QoS)perceived by user
applicationsandobservedby network operators.

The designof wirelessnetworks is signi£cantlyin¤u-
encedby anothermetric: theenergy usedto switchpacket
¤ows from their sourceto their destination. Minimiz-
ing energy prolongsthebatterylife duration,andpermits
greaternodemobility. This paperis concernedwith mini-
mizing theenergy per bit requiredfor transmission.Since
energy is directly relatedto power, our derivation of the
energy consumedallows us to view energy-per-bit and
power-costsinterchangeably.

The ultimateaim of our work is to studythe trade-off
betweenenergy, delay and throughput. However, in the
presentpaper, weshallonly considerthetrade-off between
energy andthroughputwhile designingalgorithms.As we
shall see,thestudyof this trade-off is alreadyinteresting,
andourmodelsallow theincorporationof delayincremen-
tally. Speci£cally, we shallassumethatdataarrivesdeter-
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ministically at the transmissionnodes. This allows us to
designzero-delayswitchingalgorithms.In futurewe plan
to incorporatedelaysby consideringrandompacket pro-
cessesfor dataarrivals.

I I . SWITCH CONSTRAINED NETWORKS

Consideraradionetwork with
�

transmitters(TXs) and�
receivers (RXs). Assumethe traf£c is stationary, and

follows theStrongLaw of LargeNumbers;����� is theaver-
agearrival rateof the traf£c comingat TX � anddirected
to RX � , �
	������	 �

; thearrival matrix is ����� ������� and
it is known. In general,theconnectivity betweenTX � and
RX � is determinedby theavailablechannelcapacity, the
topologyandotherphysicallayereffects.

Let ����� be the fraction of time suchthat TX � is trans-
mitting to RX � ; ����� ������� is thecorrespondingmatrixand
����� ������� is thevectorobtainedby stackingthecolumnsof� . Considera time interval of size � . We assumethatTX
� transmitsto RX � in an interval of duration ������� using
a constantpower � ��� , achieving a rate !"��� (bps).Therate
is relatedto the transmissionschemeaswill bedescribed
later.

To achieve 100%throughputand to expendminimum
energy perbit, thefollowing relationholds: !#�$�������%�&���$� .
Now � �$� is a functionof therate !"��� i.e,

� ���('�!#���()*�,+-�$�('.!#�$�() / � ���0'1�����()*�,+-���('����$�(23�����()
where +-���0'.45) is a convex function which dependson the
transmissionscheme(see[1]). Then, the total average
power is �6'1�7)%� �98 � � ���(':�����0) . Similarly, we cande£ne
theenergy perbit ;<��� :

;<���(':���$�()*� � ���(':���$�().2-����� if �=���?>A@
@ if � ��� �A@

andthe total energy per bit ;
'1�7)B� �98 � ;C���(':���$�() . Note
thatboth ;
':�D) and �B':�7) areconvex functions.

WeassumethatthemaximumpoweravailableattheTX
is limited andequalto � EGFIH , correspondingto a trans-
missionrate !"EGF H<JLK for theparticularlink from TX � to
RX � . Hence,

!#�$�M	�!#ENF H<JLK / ���$�MO � ���
! ENF H JLK

P�RQ����� (1)

where STQ�����0U arenormalizedarrival rates.
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Fig. 1. Exampleof 3 TX-RX couplescommunicatingeach
other, at the sametime, using 3 different frequenciesV?W ,VYX and VYZ .

Sofar, thedescribedmodelis generalanddoesnot de-
pendon the transmittingandreceiving constraintswhich
are involved in practicalsystems. We now model these
communicationconstraints.

All theTXs andRXsusesomekind of diversityscheme
to communicatebetweenthemselves without con¤icts.
Thediversityschemecanbefrequency-based,time-based,
spatial-based,code-basedor somecombinationof them.
For simplicity, we focus our attentionon a frequency-
basedscheme,but thesameholdsfor all theotherschemes,
where “frequency” in the following descriptionis sub-
stitutedby “time-slot”, “antenna-direction”or “CDMA-
code”.

ConsidereachRX tunedona£xedfrequency. EachTX
transmitsusingthe frequency correspondingto the desti-
nationRX. To avoid interference,weassumethatnomore
thanoneTX cantransmitat thesametime usingthesame
frequency; the schedulerselectsa set of packets to be
transferredsatisfyingthesetransmissionconstraints.Fig-
ure 1 depictssucha scenario. Packets which are at the
TX andcannotbe transmittedarestoredin FIFO queues.
To achieve the maximumthroughputandavoid the well-
known HoL blocking problem[2], we assumethat at ev-
ery TX � we have separatequeuesfor all RX � . Hence,
the problemof schedulingcanbe modeledasa problem
of £ndingmatchingsin a bipartitegraphwith appropriate
costsassociatedwith eachedge.

Radio networks with suchcommunicationconstraints
arereferredto asswitch constrainednetworks.

A. Previouswork

The throughputof schedulingpolicies in switch con-
strainednetworks was £rst studiedin [3]. Later papers
[4], [?] have addressedthe sameproblemwhenthe net-
work connectivity is time-varying. Similar resultswere
also found in the context of schedulingfor input-queued
switches[6], [7]. But pastwork doesn’t considertheprob-

lemof minimizingenergy. As weshallsee,thisextracon-
straintin¤uencesthedesignof schedulingalgorithmssig-
ni£cantly.

I I I . THE M INIMUM-ENERGY SCHEDULING PROBLEM

Theminimum-energy schedulingproblemcanbemod-
eledasamatchingproblemwith anadditionalenergy con-
straint. Formally, themin-energy optimization problem
is:

[�\ ] ;
':�D) (2)

� � ��� ��� � � ��� ��� (3)

�����?O Q����� (4)

where(3) correspondsto the non-idling constraints,and
(4) follows from (1). Note that the sameproblemcanbe
formulatedin termsof power-minimizationandtherethe
costfunctionwill be �6'1�7) .

Now supposewe can ef£ciently solve the above op-
timization problem and obtain � . Then given that �
is a doubly-stochasticmatrix, theBirkhoff-von-Neumann
(BvN) decompositionallowsusto write it as(for example,
see[8]):

��� ^`_ ^=ab^ ^`_ ^ �A�

where
ab^

arepermutationmatrices.Theschedulingalgo-
rithm thenchoosesmatching

ab^
for _ ^ fractionof time.

Wedemonstratetheaboveconceptwith asimpleexam-
ple with

� �dc . For simplicity, !#ENF H<JLKe�f� , andit is
giventhat:

��� �hg�gi�hg:j
� j(g � j�j

Any feasiblesolutioncanbewrittenas:

�k':lD)Y� l �nm�l�nm�l l
with (4) becomingl�Ofl o and l�	fl p , where l oq�[�rs St� g.g �u� j�j U and l p � [�\ ] St�BmA� g:j �0�BmA� j(g U . The
optimizationproblemis [�\ ]wv(x�ytx g ;
'1l7) and its optimal
solutionl z�{.| canbeeasilycomputed:

l z�{.|D�
lh} if lho�	,l }~	,l p
lho if l }~� l o
lhp if lh}~>,l p

wherel } solves '��=;
'1l7)�2t�0l7)(� y-��y-� ��@ .
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A. Exampleof costfunction

In thissectionwediscussspeci£cenergy andpowercost
functionsto show that the assumptionsin our modelare
realistic.Morecomplex radio-communicationmodelsalso
satisfy theseassumptions[1]. Let the transmitpower at
TX be � ; then the received power at the RX is �R���
where � is a gain factor (due to propagation loss, � �
� ). Thechannelcapacity� , measuredin bpsis (Shannon
capacity):

�A� �
c
� �t� j �n� �6��

where
�

is thenoisepower. Henceto transmitat rate � ,
thepower requiredis: ��� � 2-����'.c j�� m��t) .

Thetotal amountof energy spent;<���(':�
) is givenby:

; ��� ':�
)*�,�n� ��� � ��� �,�n� ���
�
�?��� '.c

j��kJLK m��t) (5)

Hence,theaveragepowerspenton long termis givenby:

� ��� ':� ��� )*� � \5[�k�6� �
� ; ��� ':�
)

�,�����
�
�n��� '�c

j.��JLK m��-)*�,�����
�
�?��� '�c

j.�-JLK��.�uJLK m��t)
It canbe shown that both � ���(':�����() and ;C���0'1�����() arecon-
vex functions,andhencetheassumptionsof ourmodelare
met.

IV. SOLUTION OF THE M IN-ENERGY SCHEDULING

PROBLEM

The minimum-energy problemfor
�

TXs-RXs canbe
solved as a convex optimizationproblem, involving

� j
variablessatisfying

� j ��c � constraints.Standardmeth-
odsto solvethisprobleminvolve invertinga ' � j ��c � )h�' � j ��c � ) matrix, whosecomplexity is approximately� ' ��� ) . We now wish to exploit thestructureof theprob-
lem to obtainfastermethodsto solve theproblem.

We have developedtwo methods:the £rst is an itera-
tive procedureandthe secondoneis an � -approximation
schemefor any ��> @ . In the following, we will refer to¡ '1�7) as the genericcost function ( ;
':�D) or �6':�D) ) to be
minimized.

A. OptimalIterativesolutionfor theSchedulingproblem

Theproposediterative procedurerequiresthecomputa-
tion of aninitial � v which is a feasiblesolution,satisfying
(3) and(4). Wereferto [8]:

Proposition1: If a matrix Q� � � Q���$��� is doubly sub-
stochastic,then there exists a doubly stochasticmatrix¢ ��� £¤����� suchthat: £�$�MO Q�=��� , ¥¦���� .

Duringtheinitializationof ouralgorithm,� v�$� is setequalto
any £¤��� satisfyingthepreviousproposition.An algorithm
to compute

¢
with a computationalcomplexity of

� ' �e§ )
is proposedin [8].

Let �
^

bethesolutionat theendof iteration ¨ . We ob-
tain thenext iterateasfollows:
StepI: Building the residualgraph
Build the following bipartite direct graph,with a set of
left-mostvertices ©=ª anda setof right-mostvertices ©�« .
Eachvertex ¬®�©=ª correspondsto a TX, andeachvertex
in ¬�&©�« correspondsto a RX. An edge ':�����) connects
¬t�7¯©�ª to ¬-�M¯©=« if �

^
��� � � ; its capacity°
��� is setequal

to °
�$�®�±��m��
^
��� . An edge ':�²���¤) connects¬t�®q©�« to

¬ � ³©�ª if �
^
��� m Q� ��� >R@ ; its capacity ° �´� is setequalto

°
�µ�D�,�
^
��� m Q����� . Edge ':�����) is associatedcost ¶���� :

¶����?�
·

· ���$�
¡ '1�

^
) �0JLK � �¹¸JLK

or, equivalently, thecostvectoris º ¡ '1�
^
) . A cyclein such

a directedbipartitegraphis a collectionof edgesforming
two matchings»C¼ and »C½ with »C¼ having all edgesfrom©�ª to ©=« and » ½ having edgesfrom ©�« to ©�ª . The cost
of suchacycle is givenby ¾:º ¡ '1�

^
)���»C¼Nm¿»C½7À , wherethe

operator¾:45�045À is thescalarproduct.
StepII: Finding a negative-cycle
In the above constructedresidual-bipartitegraph,search
for any cycle with negative cost. Therearetwo possibili-
ties:(A)anegativecycleexists,or (B) nosuchcycleexists.
If its case(B) thenthealgorithmstops.Next we consider
thecase(A):

Suchacyclecanbedecomposedinto two matchings»C¼
and » ½ suchthat ¾:º ¡ ':�

^
).��» ¼ mÁ» ½ À � @ . Note that for

all the nodesoutsidethe cycle, it is possibleto connect
any unmatchedleft-mostnodewith any unmatchedright-
mostnode.Add theseedgesto both »C¼ and »C½ to obtain
completematchings» ¼ and» ½ .

Now compute:Â ¼ � [G\ ] St° �$�MÃ '1�¤����)YÄ» ¼ ���
^
�$� � �-UÂ ½ � [G\ ] St° �µ�DÃ '1�²���)YÄ» ½ ���
^
��� > Q� ��� UÂ } � if exists,is suchthat

¡ '1�
^
m Â } » ¼ � Â } » ½ ) � ¡ '1�

^
)

Notethat
Â ¼7� Â ½b>�@ . Â } canbecomputedasfollows:Â }v � r3Å � [�\ ]Æ�Ç v S ¡ '1�

^
m���» ¼ ���9» ½ )Tm ¡ '1�

^
)�U (6)

Let,
��'�¨È)Y� [�\ ] S Â ¼ � Â ½ � Â } U

Thenthenew iterate�
^
¼ g is obtainedasfollows:

�
^
¼ g �,�

^
m���'.¨¦):» ¼ ����'�¨È):» ½
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Beforeproceedingfurther, observethat(6) requiresalocal
minimum searchprocedure.This canbe doneusing, for
example,any dichotomicprocedure.1

Theorem1: Let É� be the optimal solution. If the algo-
rithm stopsat iteration ¨ then�

^
�ÊÉ� .

Proof: If thealgorithmstopsat iteration ¨ , thenthere
doesnot exist any cycle in the graphwith cost � @ . We
now show thatthis implies: �

^
�ÊÉ� .

Denote�
^

by � F . Suppose�
^

is not theoptimal solu-
tion, that is, � FÌË�RÉ� . Then

¡ ':� F )%> ¡ '3É�7) . Considerthe
following vector:

¬h'�Ít)Y��� F ��Í-'3É�Îm�� F ) Í~Ï� @-�0��
Since

¡ ':�D) is a convex function, É� is theonly optimalso-
lution,

¡ ':¬h'�Ít)�)*� ¡ '.'��7m�Í-)1� F ��Í�É�7)*	�'.�7m�Í-) ¡ '1� F )���Í ¡ '3É�7)
� ¡ ':� F ) for Í6¯'�@t�u�3� (7)

By recalling the de£nitionof the objective function, we
canwrite:

¡ '1�7)*� �98 � + ��� ':� ��� ) / ¡ ':¬h'�Ít)�)*� �98 � + ��� '1¬ ��� '.Í-)�)
Observe that:·

· Í
¡ ':¬h'�Ít)�)*� �98 �

· + ��� ':¬ ��� )· ¬t�$�
· ¬ �$� '.Í-)· Í

and:

¬ ��� '�Ít)Y�,� F��� ��Í-'É� ��� m�� F��� )R/
·
· Í ¬ ��� '�Í-)*�ÊÉ� ��� m�� F���

Note that vector º ¡ '1¬h) is given by terms in the form· +-���(':¬t���()�2 · ¬t�$� ; hence,
·
· Í

¡ ':¬h'�Ít)�) Ð ��v ��¾1º ¡ ':� F ).�ÑÉ�Òm�� F À
At thesametime,·

· Í
¡ ':¬h'�Í-).) Ð �=v � � \Ó[Ð � v

¡ '1¬h'�Í-).)Tm ¡ '1¬h'�@t)�)
Í � @

wherethelastinequalityholdsbecauseof (7). Hence,

¾:º ¡ '1� F )��²É�Òm�� F À � @ (8)Ô
For example,say Õ�Ö be the minimum precisionsetto computethe

minimum. Let ×ÑØ�Ù�ÚÜÛÁÝ²Ø�Þ ¸kß Ù²àIáãâ�ÙÑàTä�Ú ß Ý-Ø$Þ ¸ Ú . Let ÙÈå-Ø$æ-ÚÜÛæ and Ù¦ç�ØèætÚ6Û³é#êLë¦ìµí áwî í äÈï . At iteration ð do the following. If×ÑØ�Ù¦åtØ9ð�Ú1Ú"ñ�×ÑØ�Ù¦ç�Ø�ð�Ú�Ú then Ù¦åtØ�ðkâ¿òÚCÛ¯Ù¦åtØ9ð�Ú and ÙÈçkØ9ðÜâóòÚ<ÛØ�Ù¦åtØ9ð�Úuâ#Ù¦çkØ9ð�Ú�Ú9ô¤õ . Otherwise,Ù¦åtØ9ð-â~òÚÈÛ¿Ø�ÙÈå-Ø9ð�Úuâ#Ù¦çkØ9ð�Ú�Ú9ô¤õ andÙ¦ç�Ø�ðÜâ¿òÚ*Û�ÙÈçkØ9ð�Ú . If Ø�Ù¦ç�Ø9ðTâ¿òÚ ß Ù¦å-Ø9ðÜâ¿òÚ�Ú*ñ�Õ.Ö thenstop,
otherwisestartiteration ðIâ�ò .

Now we can write É�öm�� F � ��÷ ¼� » � � �k÷ ½� » � ,
with two matchings» � ��» � and ��÷ ¼� � �k÷ ½� ��@ , with

÷ ¼� >A@ and ÷ ½� � @ . Wecannow compute:

¾:º ¡ '1� F )��²É�Îm®� F ÀY��¾1º ¡ ':� F ).� � ÷ ¼� » � � � ÷ ½� » � À
(9)

Note that ¾1º ¡ ':� F ).� ÷ ¼� » � À O ¾1º ¡ ':� F ).� ÷ ¼� » } À and
¾:º ¡ '1� F )�� ÷ ½� » �(À<O�¾:º ¡ ':� F ).� ÷ ½� » } À , being» } themaxi-
mumweightmatchingand» } theminimumweightmatch-
ing. Hence,(9) becomes:

¾:º ¡ ':� F )��ÑÉ�Òm�� F À*O�¾:º ¡ '1� F )�� � ÷ ¼� ':» } m�» } ).À
��' � � ÷ ¼� )(¾1º ¡ ':� F ).��» } m�» } À

By recalling (8), ¾1º ¡ '1� F )���» } m�» } À � @ . This means
that »�} and » } form a cycle with a negative costandthis
contradictsourassumption.

A.1 Complexity of theoptimalalgorithm

Considerasingleiterationof thealgorithm.StepI of the
algorithmrequiresoneto updatethe costsandcapacities
of
� ' � j ) edges.StepII requiresto £ndany negative-cost

cycle, andthis canbe doneusinga traditionaldepth-£rst
search,with complexity

� ' �e§ ) . The binary-searchof a
“good” �¯>ø@ for augmenting¤ows on a boundedsize
interval (to some£xed-granularity)is of constantcom-
plexity. Hence,the overall complexity of eachiteration
is
� ' ��§ ) .
The maximumvalueof objective function

¡ '�45) of any
feasible� is boundedaboveby thevalueof objectivefunc-
tion for ��� Q� . Sincethe optimal valueis non-negative,
theabove iterativealgorithmdoesnotneedto decreasethe
valueof energy by more thana constantamount. Given
thattheenergy functionis continuous,andhascontinuous
boundedderivatives, which are null only at the ‘uncon-
strained’optimal value; the numberof iterationstaken to
reacha value at most ù away from the optimal value is� �-2¦úù where úù is a function of ù anddependson the

derivativesof thecostfunction.

B. Approximatesolutionfor theschedulingproblem

The algorithmpresentedabove obtainsthe exact solu-
tion via an iterative procedure.In this sectionwe present
a schemethat obtainsan � -approximatesolution in one-
iteration. The techniquesusedin this algorithmarewell
known in slightlydifferentformsin otherconvex optimiza-
tion problems.
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Let
¡ ':�D) be the convex objective function to be mini-

mizedwith constraintsasbefore.By continuityof
¡

, there
existsa ù²'���)*>�@ suchthat,givenany feasible�Tg and��j :

� �Tg7m���jw� � 	�ù²'.��)Rû � ¡ '1�hg3)Tm ¡ ':��j-)(�²	�� (10)

Next createa bipartitegraph � Æ asfollows: asbefore,
thereare

�
verticesin onepartitionrepresenting

�
TXs,

and
�

verticesin theotherpartitionrepresenting
�

RXs.
Add theedgesbetweenTX � andRX � asfollows:

(i) oneedgeof capacity Q���$� andcost“ m6ü ” (equivalently
largeenoughnegativeconstant).
(ii) ýè���?��þ�'.�nm Q�=���().2-ù²'���)1ÿ edges,ýè���7m � of themareeach
of capacity ùÑ'.��) , andthe last oneis suchthat the net ca-
pacityof all edgesbetweenTX � andRX � is � . Thecost
of � |�� edgeis, for � ���t�������0�uýè���<m�� :

+ �$� ' Q� ��� � � ùÑ'.��).)Tm�+ ��� ' Q� ��� ��' � m��t)�ù²'���).)
andthecostof the lastedgeis: + ��� '��t)7m + ��� ' Q� ��� � '�ý ��� m�t)�ù²'���).) .

Add a source £ and sink � to the � Æ suchthat, £ has
edgesto all

�
TXs and � hasedgesto from all

�
RXs.

Thecostof eachof theseedgesis @ andthecapacityis � .
Solvefor themin-costmaximum¤owbetween£ and� in

graph � Æ . By constructionthe valueof maximum¤ow is�
. Let � Æ bevalueof suchmin-costmaximum¤owfor the

graph � Æ for theedgesbetween
�

TXs and
�

RXs. We
claim thefollowing theorem:

Theorem2: Let the actualminimizationproblemhave
value

� � �&� ¡ 'É�D) , then
¡ ':� Æ )*	 ¡ '3É�7)Ü��� .

Proof: Provided in the longerversionof the paper.

B.1 Complexity of theapproximatedalgorithm

Thealgorithmfor this solutionis effectively a min-cost
maximum¤owalgorithmfor a network with � ;Ò��� � j 2-ù
edgesand � ©Ä�®� c � nodes. The best known algo-
rithm hasa complexity of

� ' � ©Ä�5� ;Ò� � �-� � ©Ä� 2 � �-� � ;Ò� ) , that
is,

� � § 2-ù .

V. CONCLUSIONS

This paperconsideredthe minimum energy/bit trans-
missionschedulingproblem,arisingin switch-constrained
networks. Theproblemis shown to bea constrainedcon-
vex optimizationproblem,whoseoptimal solutionmini-
mizestheenergy spentwhile maximizingthe throughput.
Two algorithmsweredeveloped;onefor £ndingtheopti-
mal solution,andanotherfor £ndinganef£cientapproxi-
mation.

A numberof relatedproblemsremainopenand com-
pelling. First, the delayperformanceneedsto be charac-
terizedundergenericstochastictraf£c. Second,the as-
sumptionthat thearrival ratematrix is known oughtto be
relaxedto bettermodelrealisticconditions,andfor devel-
opingef£cienton-linealgorithmsbasedon thestateof the
system.
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