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1. Introduction

Since Samuelson, economists have studied and applied systematic tools for deriving
comparative statics predictions. Recently, the theory of comparative statics has received renewed
attention (Topkis (1978), Milgrom and Roberts (1990a, 1990b, 1994), Milgrom and Shannon
(1994), Vives (1990)). The new literature provides general and widely applicable theorems about
comparative statics, and further, it emphasizes the robustness of conclusions to changes in the
specification of models. The literature shows that many of the robust comparative statics results
that arise in economic theory rely on three main properties: supermodularity, log-supermodularity,
and single crossing properties.

This paper characterizes log-supermodularity and single crossing properties in stochastic
problems, establishing necessary and sufficient conditions for comparative statics predlictions.
More precisely, leti be an agent’s payoff function, lebe a probability density function, and let
the agent’s objective function be given Byx,0) = [u(x,9)f(s,6)ds, wherex represents a choice
vector and@ represents an exogenous parameter. The comparative statics question concerns
conditions on primitives—the payoff function and probability density—under which the agent’'s
optimal choice ok is nondecreasing ié.

We begin with families of problems where one of the primitive functions is log-supermodular
(abbreviated log-spm). For example, an agent’s marginal uti(ity*s) is log-spm in\,s) if the
utility function satisfies decreasing absolute risk aversion; a parameterized demand function
D(p;e) is log-spm if demand becomes less elastie axreases; a set of random variables is
affiliated® if the joint densityis log-spm; and a parameterized density of a single random variable,
f(s;0), is log-spm if the parameter shifts the distribution according to the monotone likelihood
ratio property.

Our first result establishes that the agent’'s choicexa$ nondecreasing i@ for all utility
functionsu that are log-spm, if and onlyfifis log-spm. One application considers a pricing game
between firms with private information about their marginal costs; we provide conditions under
which each firm’s price increases in its marginal cost (and thus, a pure strategy Nash equilibrium
exists). More generally, we show thatis log-spm for allu that are log-spm, if and only ffis
log-spm. The characterizations of log-spm are used to establish relationships between several

1 A function on a product set is supermodular if increasing any one variable increases the returns to increasing each of
the other variables; for differentiable functions this corresponds to non-negative cross-partial derivatives between
each pair of variables. A positive function is log-supermodular if the log of that function is supermodular.

2 Vives (1990) and Athey (1998) study supermodularity in stochastic problems. Vives (1990) shows that

supermodularity is preserved by integration. Athey (1998) allows for payoff functions that satisfy properties which

are preserved by convex combinations (including supermodularity, monotonicity and concavity). Independently,

Gollier and Kimball (1995a, b) used convex analysis to analyze comparative statics of investment problems. The
properties studied in this paper are not preserved by convex combinations, and so different techniques are used.

3 A vector of random variables is affiliated if every nondecreasing function of the vector is positively correlated.
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commonly used orders over distributions in investment theory, as well as to show that decreasing
absolute risk aversion is preserved in the presence of independent or affiliated background risks.

Our second set of comparative statics theorems provide necessary and sufficient conditions for
comparative statics predictions in problems with a single random variable, where one of the
primitive functions satisfies a single crossing property and the other is log-spme. results are
applied to portfolio and firm investment probletnsWe further show how the results change
when we impose additional structure (such as restrictions on risk preferences).

Finally, we extend the analysis to problems of the fofw(xy,9)f(s,6)ds where we
characterize single crossing of the indifference curves; the results are applied to signaling
games and consumption-savings problems.

2. Comparative Statics with Log-spm Primitives

This section considers problems where one or both of the primitiveesif, are assumed to
be non-negative and log-spm.

2.1. The Comparative Statics Problem

We begin with some notation. L@ OR, let X = X, x---x X (each X; OR),5 and let
S=§x%x..-x § (each§ OR). Letu be a non-negative-finite product measure o§ and let
u:XxS- R and f :SxO - R be bounded, measurable functidn®efineU : Xx© - R by
U(x8)=fu(x,s) f (s6)du(3.

In this context, we seek conditions a@nand f under which the following monotone
comparative statics prediction holds:

X (6,B)=arg rxré?U(x,H) is nondecreasing i@ andB. (MCS)

In order to make (MCS) precise, we need to specify in what sess®uld be nondecreasing,
as well as what it means for the constraint Béb increase. To do so, we introduce some
notation from lattice theory. Given a sétand a partial ordex, the operations “meetT]) and

4 Karlin and Rubin (1956) studied the preservation of single crossing properties under integration with respect to log-
spm densities. A number of papers in the statistics literature have exploited this relationship, and Karlin’s (1968)
monograph presents the general theory of the preservation of an arbitrary number of sign changes under integration.
Jewitt (1987) exploits the work on the preservation of single crossing properties and bivariate log-spm in his analysis
of orderings over risk aversion and associate comparative statics; he makes use of the fact that orderings over risk
aversion can be recast as statements about log-spm of a marginal utility.

5 Many authors have studied the comparative statics properties of portfolio and investment problems, including
Diamond and Stiglitz (1974), Eeckhoudt and Gollier (1995), Gollier (1995), Hadar and Russell (1978), Jewitt (1986,
1987, 1988b, 1989), Kimball (1990, 1993), Landsberger and Meilijson (1990), Meyer and Ormiston (1983, 1985,
1989), Ormiston (1992), and Ormiston and Schlee (1992, 1993); see Scarsini (1994) for a survey of the main results
involving risk and risk aversion.

6 Nothing would change in the paper if weXebe an arbitrary lattice; we us¢ O R" for simplicity.
7 More generally, whenever integrals appear, we assume that requirements of integrability and measurability are met.

2



“join” () are defined as followsx Oy = inf{7z= x z= y} and x Oy =suf{Zz< x,z< y}. For

R" with the usual order, these represent the component-wise maximum and component-wise
minimum, respectively. A lattice is a 9€together with a partial order, such that the set is closed
under meet and join.

These definitions can be used to define the order over sets used in (MCS).

Definition 1 A set A is greater than a seitrBthe strong set orde(SSO), written 2B, if, for any

ain Aand any b in BaOb JA andaOb OB. A set-valued functiod:R — 2% is
nondecreasing in the strong set order (SSO) if formmyt,, A(1,)= A(T)). A set As asublattice
if A=A,

If a set-valued function is nondecreasing in the strong set order, then the lowest and highest
elements of this set are nondecreasing. For example, a set of thdapbhx[a, b] is
nondecreasing (SSO) | andb , i=1,2.

We assume throughout that the constraintBsist a sublattice, so that it is closed under the
meet and join operations. Thus, if one componeRrtinEreases, the constraint set does not force
other components ofto decrease. Then, Milgrom and Shannon (1994) show that (MCS) holds if
and only ifU is quasi-supermodulatabbreviated quasi-spm) xand satisfies a single crossing
property, referred to &8C2 in (x;6).8 These properties are defined as follows:

Definition 2 Let g:R - R. (i) g satisfies single crossin§CJ) in t if there existg<ty"’ such
that gt)<(<)0 for all t<(<)ty', g(t)=0 for all ty'<t<ty"’, and (t)>(=)0 for all t>(=)ty"".

(i) h: XxR - R satisfies single crossing in two variabl&Q2 in (x;t) if, for all x,, > X,
g(t) = h(x,,; ) — h(x_; §) satisfies SC1.

(i) h: X - R is quasi-supermodulaif it satisfies SC2 ir(x; x;) for all 7.9

The definition of SC1 simply says that ascreasesg(t) crosses zero at most once and from

below. Single crossing in two variables, SC2,xn)(requires that thexcrementalreturns tox
satisfy SC1. WhetJ satisfies SC2 inx(6), as@ increases, an agent choosing betwgerand

X, Will first prefer x, , then become indifferent, and finally prefer . For establishing (MCS),

the additional requirement that is quasi-spm ensures that increases in the components of
reinforce one another.

2.2. Log-Spm Primitives
To understand when primitive functions might be log-spm, consider first the formal
definition 10

8 Since an empty set is always larger and smaller than any other set in the strong set order, we do not state an
assumption about the existence of an optimum (following Milgrom and Shannon (1994)).

9 This definition applies because we assumed Xhiat a product set. WheX is an arbitrary latticeh is quasi-
supermodular if for atkk, y 0 X, h(x)-h(xOy)= (>)0 impliesh Oy )-hf )= ¢&)O0.

10 Karlin and Rinott (1980) referred to log-spm as multivariate total positivity of order 2.
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Definition 3 Let(X,2) be a lattice. A function:K- [0 is supermodularif, for all x,yIX,
h(x Oy) + h(x Oy) = h(x) + Ky) . his log-supermodular (log-spmif it is non-negative, and, for

all x,yOOX, h(x Oy) h(x Oy) = h(x) () .

To interpret this, observe that for a functionR* — R, supermodularity requires that the
incremental returns to increasirgdefined byg ( Eh &, t ) h ;t) must be nondecreasing in
t; log-supermodularity of a positive function requires that the relative rethms; t)/ h(x; 9,

are nondecreasing in The multivariate version of supermodularity simply requires that the

relationship just described holds for each pair of varid3leSopkis (1978) proves that if is
twice differentiableh is supermodular if and only ig%h(x) >0 for alli #j. If his positive,

thenh is log-spm if and only if lod{(x)) is supermodular. Both properties are stronger than
guasi-supermodularity; thus, as properties of objective functions, both are sufficient for
comparative statics predictions to hold. Observe that sums of supermodular functions are
supermodular, and products of log-spm functions are log-spm. However, sums of log-spm
functions are not necessarily log-spm.

Consider some examples where economic primitives are log-spm. A parameterized demand
function D(P;t) is log-spm if and only if the price elasticitg(P;t)= P[D,(P, )/ D(R 9, is
nondecreasing in. A marginal utility functionU’'(w+s) is log-spm in \,s) (wherew often
represents initial wealth anslrepresents the return to a risky asset) if and only if the utility
satisfies decreasing absolute risk aversion (DARA). A parameterized distrilfiffih has a
hazard ratef (s)/(1- F(s0)) which is nonincreasing il if 1-F(s;6) is log-spm. Milgrom and
Weber (1982) show that a vector of random variablesfiigated if and only if their joint density
is log-spm (almost everywhere). When the supporE(@®), denoted supp], is constant in

6, andF has a densit12 then the Monotone Likelihood Ratio Order (MLR) requires thatog-
spm, that is, the likelihood rati6(s;8y)/ f(s6.) is nondecreasing for all 6, >0, .13

2.3. Necessary and Sufficient Conditions for Comparative Statics

Ouir first step in analyzing (MCS) for problems with log-spm primitives follows.
Lemma 1 Suppose f is non-negative. THB{MCS) holds for allu: Xx S - R, log-spm, if and
only if (i) U is log-spm in(x,6) for all u: Xx S— R, log-spm.

Lemma 1 states that if we want (MCS) to hold for all log-spm payoffs, the objective function

11 Although supermodularity can be checked pairwise (see Tap#8), Lorentz (1953) and Perlman and Olkin
(1980) establish that the pairwise characterization of log-spm requires additional assumptions, such as strict positivity
(at least throughout “order intervals”).

12 The MLR can also be defined for distributions with varying supports, or distributions that do not have densities
with respect to Lebesgue measure; see the Appendix for detalils.

13 See Lehmann (1955) and Milgrom (1981). Related, in the statistics literature (Karlin, 1968), a strictly positive
bivariate function satisfies total positivity of order 2 (TP-2) if and only if it is log-spm.
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U must be log-spm (a stronger condition than quasi-spm). The proof showsUHails to be
log-spm in &,6) for someu log-spm, then we can find another log-spm payefffor which
(MCS) fails (in particular, we show thgty x § f)s id)y s(fails to be quasi-spm ir or to be
SC2in &;6)). Lemma 1 then motivates the main technical question for this section: under what
conditions onf does log-supermodularity of imply thatU is log-spm? Consider a result from

the statistics literature, which will be one of the main tools used in this paper.

Lemma 2 (Ahlswede and Daykin, 1979) Ligt(i=1,...,4) represent four non-negative functions,

h:S - R. Then condition (L2.1) implies (L2.2):

h,(s) th,(s) < h,(sds) th,(sOs") for p-almost alls,s OS (L2.1)

[h(9)du(9 0 hy(3au( 3< [ h( ai( T h( )st( )s (L2.2)

Karlin and Rinott (1980) provide a simple proof of this lemrhaThey further explore a
variety of interesting applications in statistics, though they do not consider the problem of
comparative statics. While we will use this result in a variety of ways throughout the paper, the
most important (and immediate) consequence of Lemma 2 for comparative statics is that log-
supermodularity is preserved by integration. To see this, set

h(=a(y.9, (9 =09(Y.9, k(s =9g(yly,9,andh(s) = g(yly,s.

Then (L2.1) states exactly thgly,s) is log-spm in¥,s), while (L2.2) reduces to the conclusion is
that jg(y,s)du(s) is log-spm iny. Recall that arbitrary sums of log-spm functions reotlog-

spm, which makes this result somewhat surprising. But notice that Lemma 2 does not apply to
arbitrary sums, only to sums of the fogty,s') + g(y,s°), wheng is log-spm irall arguments.
The preservation of log-spm under integration is especially useful for analyzing expected

values of payoff functions. Since arbitrary products of log-spm functions are log-spm, a sufficient
condition forju & s)f 6P du (s)to be log-spm is that andf are log-spm. To understand the

intuition, consider first the case whebe, SOR. Then,u is log-spm implies that the relative

returns tox are nondecreasing g If f is log-spm, ther® increases the likelihood of high values

of s relative to low values of. Then, Lemma 2 implies th& increases thexpectedrelative
returns tox. In the multivariate case, log-spm wfandf ensure that the interactions among
components ok ands reinforce these effects. Karlin and Rinott give many examples of densities
that are log-spm, and thus preserve log-spm of a payoff fudétidelow, in Section 2.4.1, we

14 This result has a long history in statistics. Lehmann (1955) proved that bivariate log-supermodularity is preserved
by integration. Ahlswede and Daykin (1979) extended the theory to multivariate functions. Karlin and Rinott (1980)
present the theory of multivariate total positivity of order 2 (MTP-2) functions together with a variety of useful
applications, though comparative statics results are not among them. Milgrom and Y@8®rifdependently
derived a variety of properties of affiliated random variables in auctions. See also Whitt (1982).

15 For example, exchangeable, positively correlated normal vectors and absolute values of normal random vectors
have log-supermodular densities (but arbitrary positively correlated normal random vectors do not; Karlin and Rinott
(1980) give restrictions on the covariance matrix which suffice); and multivariate loBiséind gamma distributions
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show how the result can be used in analyzing the preservation of ratio orderings, such as
decreasing absolute risk aversion.

An especially important type of log-spm function for our purposes is an indicator function for
a sublattice or a nondecreasing set-valued function.
Lemma 3 Given A:R - 2°, the indicator functiorl, (9 is log-spm in(s,7) if and only if A7)
is a sublattice for each, and is nondecreasing (strong set order).

Lemma 3 implies, for example, that, , (s) is log-spm in §b,s). To see how Lemma 3 can
be used, observe that Lemmas 2 and 3 imply log-spm of a distribution is weaker than log-spm of a
density. Formally, if(s;6) is log-spm, (that is, the distribution satisfies the MLR order), then the
corresponding cumulative distribution functiéi(s; ) :J’l(_wys](t) f(t0)dt will be log-spm (that
is, it satisfies the Monotone Probability Ratio Ordérjyhich can be shown to be stronger than
First Order Stochastic Dominance. This in turn implies lﬁgF(s; 6)ds is log-spm, which is

stronger than Second Order Stochastic Dominangedfes not change the mearsof

In a similar way, Lemma 3 can also be used to show that log-spie afnecessary condition
for U to be log-spm wheneveris log-spm. Lemma 3 helps us identify a set of “test functions”

that are a subset of the set of log-spm functions; these are the functions used to create counter-
examples. Consider the special case wKef® DefineB, & )= ¥ 0 X :Oi,y O[x—&,x+€]}.

Because for eack ande, B.(X) is a sublattice and is nondecreasing iim the strong set order,
Lemma 3 implies that, , (9 is log-spm inX,s). Define a set of such functions as follows:
7(B)={ u: Ox and0<e<B such that (x,8)=1g, (9 }.

Then, for any3>0, U is log-spm in %,0) whenevewud7(0), if and only iff is log-spm in §,6) a.e.-
w7 To see this, letuy be Lebesgue and supposk is continuous. Then
IirerBg(x)(s) f(s0)du( $=f(x;0). This formalizes what we mean by a set of test functig{®:

is a subset of log-spm functions, but the set is large enough to make log-§pmnecessary
condition forU to be log-spm8 The following result generalizes this discussion.

have log-supermodular densities.

16 see Eeckhoudt and Gollier (1995), who show that an MPR shift is sufficient for a risk-averse investor to increase
his portfolio allocation.

17 We say thaf is log-spm a.ep if the inequality in Definition 3 holds for almost all (w.r.t. the product measure on

Sx Sinduced by) (s, S) pairsinSx S.

18 Our approach to necessity can be understood with reference to the stochastic dominance literature, and more
generally Athey (1998). Athey (1998) shows that in stochastic problems, if one wishes to establishes that a property
P holds forU(x,6) for all u in a given clas#, it is often necessary and sufficient to check Ehablds for allu in the

set of extreme points @f. The extreme points can be thought of as test functions; for examplezaifi¢ine set of
nondecreasing functions, the set of test functions is the set of indicator functions figr(sethat are nondecreasing

in s. Athey (1998) shows that this approach works well wRém a property preserved by convex combinations,
unlikelog-supermodularity.



Lemma 4Suppose f is nonnegative, and tha2if m> 2 (where m is the dimension of S and n is
the dimension of X)The following two conditions are equivalent: (i) U is log-spr¢xjf) for all
u: Xx S R, that are log-spna.e.y; (i) f is log-spm in(s;6) a.e.{t.

Remark Lemma 4equires thaix has at least two component&®) if s has two or more
components (#2).19 However, even in cases wherezvand n=1, (ii) is sufficient for (i), and
further, log-supermodularity of f ifs,8) is necessary for (i) to hold.

Lemma 4 is of interest in its own right, as we will see below. For the moment, however, we
use Lemma 4 (together with Lemma 1) to prove our first comparative statics theorem.
Theorem 1 (Comparative Statics with Log-Supermodular PrimitivBsippose f is nonnegative,

and suppose B2 if m= 2 (where m is the dimension of S and n is the dimension afh€)
following two conditions are equivalent: (i) (MCS) holds forall X x S - R, that are log-spm

a.e.y; (i) fis log-spm in(s,6) a.e. 1.

Theorem 1 gives necessary and sufficient conditions for comparative statics when the payoff
function is log-spm. Further, the approach based on test functions allows the modeler to
immediately check whether any additional restrictions on the class of admissible payoff functions
(where such restrictions might be motivated by an economic model) affect the necessity
conclusion. For example, the elements7(f) are clearlynot monotonic, and thus the “only if”
part of Theorem 1 does not hold under the additional assumption teatondecreasing. In
contrast, we can approximate the elements7@) with smooth functions, so smoothness
restrictions will not alter the conclusion of Theorem 1.

Finally, we observe that the results of Lemmas 2 and 3 can be combined to provide sufficient

conditions for comparative statics in problems outside the particular structure considered in
(MCS). For example, suppose that fer,..J), A :R - 25, Ai(rj) is a sublattice and is

nondecreasing irr;, and letA(t)=n,, ;Al(r;). Then ifg andh are log-spmx (0,1,B)
=arg maXqg [, 9 kO sh6é;x0 du 6)is nondecreasing in all of its arguments. However,

note that even ih is a probability density, the objective function in this problem cannot be

interpreted as a conditional expectationgpince we have not divided by the probability that
SUA(T). The working paper (Athey, 1997) uses Lemmas 2 and 3 to provide necessary and

sufficient conditions for comparative statics predictions to hold when the objective function is a
conditional expectation.

2.4. Applications
2.4.1. Risk Aversion and Background Risks

Lemma 4 can be applied to problems that involve orderings of ratios. For example, consider

19 If we extend the analysis so théts an arbitrary lattice rather than a product set, we requir&thas at least two
elements that are not ordered.



g, h: R -~ R,. Then, defineu :{0,%R - R, byu(x,s) =g(s) if x=1 andu(x,s) = h(s) if x=0.
Now observe that ih>0, u is log-spm if and only if§(s)/h(s) is nondecreasing ia Using this
construction, Lemma 4 implies thjig(s) f(s0) d$f ks ;) dss nondecreasing ifl for all
g, h: R - R, such thag(s)/h(s) is nondecreasing i) if and only iff is log-spm in §,6).

The Arrow-Pratt coefficient of absolute risk aversion is defined in terms of a ratio. Let the
coefficient of risk aversion of the utility functianevaluated atv be R(w;u(D)=-u""(w)/u’(w), and
let U(w; y,0)=u(w+s; Yf(s;6)ds Then, Lemma 4 has the following implicaticiis:

1. MLR Shifts and Decreasing Absolute Risk Aver#idR(w;u(lY)) is nonincreasing imv
andf is log-spm in §,6), thenR(w;U(GY,6)) is nonincreasing id.

2. Preservation of Decreasing Absolute Risk Aversion Under Background Risks
R(w;u(GY)) is nonincreasing iw andy, thenR(w;U(GY,0)) is nonincreasing i andy.

3. PrudenceResults (1) and (2) hold for a risk-averse agent wWR@wiu) is replaced by
prudence (Kimball (1990)R(w;u(D) =—u"""(w)/u" (w), if u"'>0 (or-P, if u"'<0).

More generally, Lemma 4 establishes that risk aversion orderings are preserved in the presence of
multiple, affiliated background risks:

4. Affiliated Background Risk&et z be the “primary” risk, and suppose that the agent has a
positive position (with portfolio weighta) in a vector of assets with conditional density
function onS given byg(0k). LetU(zw,)) = Ju(w+als; Ya(siz)ds. If g(sl2) is log-spm (the
risks are affiliated) andR(w;u(GY)) is nonincreasing irw and y, then R(zU(Gw,y)) is
nonincreasing iz, w andy.21

2.4.2. Log-Spm Games of Incomplete Information

Consider a game of incomplete information where each player has private information about
her own type,t OT OR, and chooses a strategy, T -~ X, where X. OR. Athey
(forthcoming) shows that a pure strategy Nash equilibrium (PSNE) in nondecreasing strategies
exists in games of incomplete information where an individual player's stratedy is ()
nondecreasing in her type, whenever all of her opponents use nondecreasing stfategies.

Let T=T,x---xT, let h:T -~ R, be the joint density over types (with respect to Lebesgue

measure), assumed strictly positiveTorand leth., (0} )be the conditional density of playes

20pratt (1988) first established that risk aversion orderings are preserved by expectations, while Jewitt (1987) first
showed that the “more risk averse” ordering is preserved by a MLR shift. The results about prudence are new.

21 An alternative sufficient condition requires that the conditional densityaE givenz, g(yl2), is log-spm.

22 This result requires that the type distribution is atomless (Lebesgue), antlithatther finite or compact and

convex. This result is distinct from results based on the theory of supermodular games. For example, Vives (1990)
showed that if each player's payof{x) is supermodular in the realizations of actionghe game has strategic
complementarities in strategies (that is, a pointwise increase in an opponent’s strategy leads to a pointwise increase in
a player’s best response). This in turn implies that a PSNE exists. In contrast, if each playerg(gppy®ofiog-

spm, the game does not necessarily have strategic complementarities, and a different approach is required.
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opponents’ types. Let playeis utility be given byv, XxT - R. Expected payoffs are
Vi(%,1) ={ V(X Xs (6 )t)h ¢, |it)d,. . The following result gives necessary and sufficient

conditions for each player’s best response to nondecreasing strategies to be nondecreasing.

Proposition 1 The following two conditions are equivalent: (i) for ally,(t )
=argmax V, & } )is nondecreasing ity for all x; () nondecreasing foi, and all v, log-
spm; (ii) the types are affiliated

Spulber (1995) recently analyzed how asymmetric information about a firms’ cost parameters
alters the results of a Bertrand pricing model, showing that there exists an equilibrium where
prices are increasing in costs, and further firms price above marginal cost and have positive
expected profits. Spulber's model assumes that costs are independently and identically

distributed; Proposition 1 generalizes his result to asymmetric, affiliated signals, and to imperfect
substitutes. To see this, letx { 7)x €t D)x (wherex is the vector of prices,is the vector

of marginal costs, an®, x( gives demand to firmwhen prices arg. First observe thax —t

is log-spm. Then, by Lemma 4, the expected payoff function is log-spm if the signals are
affiliated, each opponent uses a nondecreasing strategy). andis I¢gyspm. The interpretation

of the latter condition is that the elasticity of demand is a non-increasing function of the other
firms’ prices23 When the goods are perfect substitutes, expected demand is given by

D1(0) |, Ly, e () (T o, (F2) (At s
and the seft;: x;(t;) > x} is nondecreasing (strong set order)kinwhen x; is nondecreasing.

Then, by Lemma 3, expected payoffs must be log-spm when the density is log-spm.

3.  Comparative Statics with Single-Crossing Primitives

This section studies single crossing properties in problems where there is a single real-valued
random variable. Multivariate generalizations of the results are sufficiently restrictive that they
are not considered here. However, many problems in the theory of investment under uncertainty
concern a single random variable, and a number of other problems (such as auctions) can be
reformulated so that the techniques from this section apply.

Formally, in this section we assume thafdR, and for simplicity we also assume that
X OR. Then, we defindzJ(x,H)Eju(x, 9 f(s0) qu( 3. Although the results of Section 2 apply

to this problem, in this section we seek to relax the assumption that both primitives are log-spm.
In particular, we consider the weaker assumption ti{@f) satisfies SC2 inx{s). Our
comparative statics question becomes to find conditionsamlf under which

X (6, B) =argmax., U k0 )is nondecreasing i andB. (MCS)

23 Demand functions which satisfy these criteria include logit, CES, transcendental logarithmic, and a set of linear
demand functions (see Milgrom and Roberts (1990b) and Topkis (1979)).
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Theorem 1 gives some initial insight into this problem: since the set of SC2 functions includes
the set of log-spm functions, Theorem 1 implies tha¢@essargondition for (MCS) to hold for
all u which are SC2 is thdtis log-spm. a.e.e. However, we haveot established that SC2 and
f log-spm are sufficient for (MC} nor have we addressed the question of what conditioms on
are necessary for the conclusion that (M@®Ids for allf log-spm.

Before proceeding, we introduce a definition that will allow us to state concisely the theorems
in this section. The definition helps to state theorems ghaitg of hypotheses abouwt andf
which guarantee a monotone comparative statics conclusion.

Definition 4 Two hypotheses H-A and H-B arenénimal pair of sufficient conditions (MPSC)
for the conclusion C if: (i) C holds whenever H-B does, if and only if H-A holds. (ii) C holds
whenever H-A does, if and only if H-B holds.

This definition captures the idea that we are looking for a pair of sufficient conditions that
cannot be weakened without placing further structure on the problem. In some céhexid|
be given (such as an assumptionupnand we will search for the weakest hypothésiB (such
as an assumption dpthat preserves the conclusion; in other problems, the roldsfodndH-B
will be reversed. The definition can be used to state this section’s main comparative statics result:
Theorem 2 (Comparative Statics with Single Crossing Payofi) u satisfies SC2 in (x;s) a.e.-
u. and (B) fis log-spm a.g¢i-are a MPSC for (C) (MSCholds24

Theorem 2 has an interesting interpretation. Recall that SGg,ef (condition T2-A) is the
necessary and sufficient condition for the choic& which maximizesi(x,s) (under certainty) to
be nondecreasing is. Thus, Theorem 2 gives necessary and sufficient conditions for the
preservation of comparative statics results under uncer@infny result that holds whesiis
known, will hold whers is unknown but the distribution sfexperiences an MLR shift. Further,
MLR shifts are the weakest distributional shifts that guarantee that conclusion. In Section 4, we
illustrate in applications how additional commonly encountered restrictionoohcan be used
to relax (T2-A) and (T2-B).

We outline the proof of Theorem 2 in the text. Our first step is to transform the problem by
taking the first difference with respectso In particular,U(x,0) andu(x,s) satisfy SC2 (inX;0)
and &;s)) if and only if, for all x, > x , U(x,,08)-U(x ,0) andu , ,s)y u(x ,s)satisfy SC1

(in 8 and s). The following lemma characterizes SC1 for problems with a single random

24 The quantification over constraint s&sn (MCS) can be dropped for the result that (B) is necessary for (C) to
hold whenever (A) does.

25 Jewitt (1987) and Ormiston and Schlee (1993) also give this interpretation in their analyses. Under additional
regularity conditions, Ormiston and Schlee (1993) explicitly analyze the preservation of comparative statics with
respect to MLR shifts, and further show, under additional regularity assumptions, that single crossiisgaof
necessary condition for the result to hold for all MLR shifts.
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variable26 It is stated in more general notation because not only will we apply it in casesuwhere
is a payoff function and is a probability density, but we will also apply it to transformed
objective functions (where for exampleis a probability distribution) as well as in problems
where the agent’s choice variable affects the probability distribution directly.

Lemma5Lletg:S— R andk:Sx® - R. (A) gsatisfies SC1 a.qx27 and (B) k is log-spm
a.e.; are a MPSC for (C) (H)Ej’g(s) k(s0) qu( ¥ satisfies SC1

Several extensions to Lemma 5 will be useful in our applications. To state them, we need
another definition: we say thaf: R - R satisfiesweak SCIf there exists &, such thag(t)<0

for all t<t, andg(t)=0 for all t >t,, while h: XxR - R satisfiesweak SC2n (x;t) if, for all
Xy >X., g(t)=h(x,;t)—- h(x_;t) satisfies weak SC1.
Extensions to Lemma:38 Lemma 5 also holds if: (§ depends of directly, under the

additional restrictions that g is piecewise continuoug iand either (a) g is nondecreasingin
or (b) for all 8, g is non-zero except at a single (fixed) paintand further, for alg, >0,

g(s6,)/ 9(sb,) is nondecreasing in s.
(i) We allow that for eacld, there exists a measug€ such that K(sf) EJi k(t,8)du’® (t), and

we define (EH)EJ’g(s)dK( s0). Then, (L5-B) is equivalent t@:orders K(B) by the MLR.
(i) suppK(5P)] is constant irf, and (A) is replaced with (Ag satisfies weak SC1.

Consider first sufficiency. Intuitively, i§ satisfies SC1 and crosses zerggtthen log-spm
of k guarantees that #increases, the weight @relative tos, increases (decreases) for values
of s whereg is nonnegative (nonpositive), i.e., whese> (<)5. More formally, suppose for
simplicity thatk>0. Definel(s)=k(s6,,)/k(s6,). (L5-B) implies that((} is nondecreasing. In
turn, this implies that for every possible crossing pgint

[(s) < I(so) for s<so, whilel(s) = |(sp) for s>%p. (4.2)

Condition (4.1) is then used to establish sufficiency, as follows. Gdyenf, and a point
whereg crosses zero,

26 The theory of the preservation of single crossing properties under uncertainty has been studied by a number of
authors in the statistics literature. Karlin and Rubin (1956) establish sufficiency, and Karlin (1968) (pp. 233-237)
analyzes necessary conditions, under some additional regularity conditions (including the assum@idrashat

least three points; Karlin's proof is designed to solve a more complicated problem and thus requires an elaborate
construction). In Extension (ii), we relax Karlin’s maintained assumptions about absolute continuity.K\ighean
probability distribution, the maintained absolute continuity assumption may be undesirable; howeaegmeagents a

utility function, it is the right assumption.

27 We will say thatg(s) satisfies SC1 almost everywhare{a.e.) if conditions in the definition of SC1 hold for
almost all (w.r.t. the product measure 8& S induced byu) (s , s,) pairs inSx Ssuch thats < s, .

28 A version of this theorem which gives minimal sufficient conditionssfiict single crossing is provided in Athey
(1996).
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Ja(9K(sbu) di( 3=] ¢k 8) ml)s
=—[2]a(9[1(9 K s6.) dh( 3+[. 6B()sk8) 1d)s (4.2)
2 —1(s0) [ |o([ K $61) d( 3+ (9], 6)5K8) tf)s (b (3§08 u(d s

The second equality holds becagseatisfies SC1, while the inequality follows from (4.1). If, in
addition,|(so)<1, then [ g(9 K $84) di( $<0 implies [ g(9K $8.) d( 3<[a(IK $64) q( 3.

The necessity parts of this theorem can be proved by constructing counterexamples, which are
drawn from an appropriate set of test functions:

Lemma 6 (Test functions for single crossing problengfine the following sets:
gB= {g: (a,b>0, B>¢,6>0, ands < s, s.t. d9=-afor sO(s —¢, s +¢) and
g(s)=b for s(s, —¢, 5, +¢€), |g|<delsewhere, and g satisfies §C1
Z(B)= {k: Da>0 andh:® - S, hincreasing, and som@>>0s.t. Ks,6)=a for
st(h(6)—¢,h(6)+¢), and Ks,6)=0 elsewherg.
Then Lemma 5 holds if, for a0, (L5-A) is replaced with (L5-A’)[@4(f); Lemma 5 also holds
if (L5-B) is replaced with (L5-B")Rx(p).

As in Lemma 4, placing smoothness

g(s)_ assumptions org or k will not change the
conclusions of Lemmas 5 and 6, but
S monotonicity or curvature assumptions will.
=er 0 mgju Now consider how the counter-examples
\__/ are used. Ifg fails (L5-A), then there is a
- 6 positive measure of pairs < s, such that
Figure 1: A test function for the set of singleg(s ) >0, but g (s, )< 0. But thenk can be
crossing functions. defined so thak(Th,) places all of the weight
on high pointss,, while k(G places all of

the weight on the low point. Thisk s log-spm, buG fails SC1.

If k fails (L5-B), then there exist two sets of positive meastrendS, such that increasing
0 places more weight of relative toS,. Then we can constructgds) that is negative o,
positive onS,, and close to zero everywhere else.

3.1. Applications
3.1.1. The Choice of Distribution and Changes in Risk Preferences

This section considers investment problems where the agent chooses the probability
distribution directly, from a parameterized family of distributions. For example, the agent
chooses effort in a principal-agent problem, or makes an investment decision. The exogenous
parameter §) describes risk preferences. We seek a MPSC for the conclusion that investment
increases when risk preferences change. For this purpose, Lemma 5 provides succinct proofs of
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some existing results, and further suggests some new ones.

Let v: Sx© - R be an agent’s utility function, suppose tt&t[ s §J0OR, and letH [x )
be a probability distribution o8, parameterized by, with densityh([IX) with respect tqi. The
agent solves maxs [V s@, hgx q: $.39 For simplicity, consider the case wherés twice

differentiable ins, and the derivatives (denoted andv,) are absolutely continuous. Then:
argmay [V 66 N (s:x)d (S=argmax,,— [ v, 66 hE:x)d (9
=argmax,,v 6 6 [ sh(s s (3 [, ¥ (8 ), bt xd(x

The following result follows directly from these equations and Lemgfa 5.

Proposition 2Consider the following conclusion: (&) (8, B) = arg ma>g<DBJ’Sv 660 h(s;x)qt (9
is nondecreasing ifand B In each of the following, (A) and (B) are a MPSC for (C):

Additional Assumptions: (A) (B)
() | v=0,and{ sv(s,§)#0} is constant irb. vis log-spm. a.eft. his WSC2 irfx;s) a.e.4L.
(i) | ve20, and{ slv(s,6)20} is constant ire. Vs is log-spm. ir(s,—6) H is WSC2 inx;s) a.e-
a.e.l. Lebesgue.
(i) | [sf(s » dsis constant in x,4£0, and —Vs_s(Sﬂ) is log-spm. in J’S H(tx)dt is WSC2 irfx:s)
{ slveds,6)%0} is constant irB. (s-gae a._;.-Lebesgue.

This result provides necessary and sufficient conditions for comparative statics in a range of
applications. Consider each of (i)-(iii) in tuth. Case (i) might apply if a principal offers a
mechanism to an agent where the allocation that will be received is stoéhaslie. payoffu is
log-spm when higher types have a larger relative retusn When the support afis fixed, weak
SC2 of a probability density is stronger than FOSD but weaker than MLR. In (ii), hypothesis (A)
requires that the agent’s Arrow-Pratt risk aversion is nondecreasiflg Further, (B) requires
H(s;x,) crossedd(s,x ) at most once, from below, as a functiorsofUnder this assumption, it is
possible that increasingdecreases the mean as well as the riskiness of the distribution; that is, it
might incorporate a mean-risk tradeoff. In case (iii), the agents are restricted to be risk averse.

29 This is an example where it is useful to have results that do not rely on concavity of the objective: concavity of the
objective inx requires additional assumptions (see Jewitt (1988a) and Athey (1998)), which may or may not be
reasonable in a given application.

30 Of these results, only (i) has received attention in the literature. Diamond and Stiglitz (1974) established the
sufficiency side of the relationship, and many authors have since exploited and further studied the result (such as
Jewitt (1987, 1989)). Jewitt (1987) shows that (A) is necessary and sufficient for (C) to hold whenever (B) does.

31 n each of (i)-(iii), the fact that (B) is necessary for the conclusion to hold whenever (A) holds relies crucially on
the non-monotonicity of the relevant function in (A). Thus, while the sufficient conditions and the necessity of (A) in
each case are quite general, one should be more careful in drawing conclusions about the necessity of (B).

32 such uncertainty might arise if the principal cannot observe the agent's choice perfectly, or if the principal must
design an error-prone bureaucratic system to carry out the regulation.
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We see thax always increases with an agent’s prudence (as defined in Section 3.1) if and only if
I_S H (t; x)dt satisfies weak SC2 irx;§).

3.1.2. How Much to Invest in a Risky Project

This subsection considers two classic problems, the portfolio investment problem and the
decision problem of a risk averse firm. We generalize several comparative statics results
previously established only for special functional forms.

Consider first the standard portfolio problem, where an agent with initial weahtbestsx in
a risky asset with returg) and invests the remaindev+x) in a risk-free asset with return Thus,
the agent’s payoff can be writtarf(w— X) r+ s¥. The marginal returns to investment are given
by fu'((w=X)r+sX(s- 1) f(s9) di( . Notice thats-r satisfies single crossing, and so long as
the utility function is nondecreasing, we can apply Lemma 5 to this problem. In this problem, the
crossing point is fixed as=r for all choices ofx: thus, in applying (4.2), we could actually
weaken the restriction théis log-spm. In particular, we could assume that the likelihood ratio,
[(s), is less tham(r) for s<r, and greater thalfr) for s>r. That is,|(s)-I(r) satisfies weak SCd,
On the other hand, if we wish to obtain comparative statics results that hold for all risk-free rates,
r, then it will be necessary thigs) is log-spm.

While the portfolio problem has been widely studied, far fewer results have been obtained for
more general investment problems, where potentially risk-averse firms invest in a risky projects

m(x,9, or make pricing or quantity decisions under uncertainty about demand. Suppose that an
agent’s objective is as follows: m@gj’u(n(x, 9) f(s6) qu( ¥, and the solution set is denoted

X (6,B). Thus,trepresents a general return function which depends on the investment afount,
and the state of the world, Notice that in this problem, the crossing pointmfis not the same

for all x (as it will be in the portfolio problem).

When this objective function is differentiable, it suffices to check that the marginal returns to
X, denotedju’ T xs) ks)f @ )d (s)satisfy SC1. The following result treats this case, as

well as cases where investment is a discrete choice, or the agent’s risk preferences change with
the exogenous parametér.

Proposition 3Consider the problenn%xfu(n(x 9) f(s6) qu( ¥. Assume that(y,0) is

33 This result generalizes the existing investment literature in several ways. This literature typically considers the
problem where the objective is differentiable and strictly quasi-concave. Landsberger and Meilijson (1990) show that
the MLR is sufficient for comparative statics in the portfolio problem, and Ormiston and Schlee (1993) show that
general comparative statics results are preserved by the MLR. A few papers consider comparative statfgs)when

= h(X)[S, as in Sandmo’s (1971) classic model of a firm facing demand uncertainty. Milgrom (1994) shows that
comparative statics results derived for the portfolio problem also hold for Sandmo’s model. Proposition 2 highlights
the critical role played by the assumption thasatisfies SC2, but not multiplicative separability, extending the
existing results to more general models of firm objectives.
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increasing and differentiab¥ in y, andm(x,s) is nondecreasing in s. Then:
(A) n(x,9) satisfies SC2 ifx;s) a.e.q, and (B)u,(y,0) f(s0) is log-spmin (s,y,6) a.e.q,3%are a
MPSC for the conclusiofC) x*( 6,B) is nondecreasing i and B.

Hypothesis (B) is satisfied if (i decreases the investor’'s absolute risk aversion, ané (ii)
generates an MLR shift i. Thus, this result provides a generalization of two basic results in the
theory of investment under uncertainty, illustrating that log-supermodularity links the seemingly
unrelated conditions on the distribution and the investor’s risk aversion.

4. Incorporating Additional Structure on Primitives

Many economic primitives have more structure than a single crossing property. One
particular kind of structure that arises in auction games and investment problems is that the
incremental return functiog(s) is quasi-concave ia. For example, in a portfolio problem, the
marginal returns to investment are quasi-concave if the agent is risk averse and the coefficient of
relative risk aversion is greater than 1.

Notice that quasi-concavity of restriction prevents us from constructing the counter-
examples of Lemma 5: the test function illustrated in Figure 1 is clearly not quasi-concave.
Theorem 2 can then be extended, as follows:

Theorem 3 For each6 0O, letK(GP) be a probability distribution on S. Then (C) (MTI%lds
for all sets B whenever (A) satisfies SC2 in (x;s) a.g.;36 and for all x;, > X,
u(x,,9— U x, 3 is weakly quasi-concave in s afe H and only if (B) Kis log-supermodular.

By Lemma 2 (and recalling the discussion in Section 2), log-spi(obrresponding to the
Monotone Probability Ratio Order) is weaker than log-spmk (forresponding to MLR). To
understand the difference between the two orders, observe that the Monotone Probability Ratio
Order (MPR) requires thdt increases the weight @relative to the aggregate of all stagsss,
while the MLR requires thaff increases the weight @relative to every individual stag<s.37
One consequence is that the MPR is more robust to perturbations.

Necessity of (T3-B) can be established using the test functions apgfoach:

34 Differentiability is not essential but it simplifies the proof.

35 |f u is not everywhere differentiable in its first argument, the corresponding hypothesis can be stated as follows:
[u(y,,0) - u y,0)]s0) is log-supermodular ify, , y,,0,s) forall y, <y,.

36 We will say tha(s) satisfies SC1 almost everywharefa.e.) if conditions (a) and (b) of the definition of SC1

hold for almost all (w.r.t. the product measure Rf induced byp) (s.,s) pairsin R® such thats <s,. The
definition of SC2 a.eltis defined analogously.

37 Another way to describe the difference is that the MLR requires that a distribution be ordered by First Order
Stochastic Dominance conditional on every two-point set, while the MPR requires a distribution to be ordered by
First Order Stochastic Dominance conditional on every interwald] (the latter result is established in the working
paper (Athey, 1997)).

38 It turns out that quasi-concavity gfis not necessary for the comparative statics conclusion. This follows because,
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Lemma 7 (Test functions for single crossing/quasi-concave problebef)ne the following sets:

4(B= {g: [a,b>0, B>¢,5>0, and ss.t. ds)=-a for S1(-o,s,], g(s)=b for si(s,, 5 + €] and
g(s)= 3 for (s, ]}

Then Theorem 3 holds if, for afiy0, (T3-A) is replaced with (T3-A’) for abk, > x ,

u(x,, - u(x 0= oQ0AP).

Figure 2 illustrates a test function from Lemma|7. a(s)

The expected value of such a function
approximately b(k(s;0)— alK( s;6), highlighting

S

the role of monotonicity ok/K in 8 (i.e. log-spm of
K).

Athey (1999) further explores how restrictions on
risk preferences affect the comparative statics| of

portfolio and investment problems; here, we presentigure 2: A test function for the set of
. single-crossing, quasi-concave functions.
an example from auction theory.

S

4.1. Application: Mineral Rights Auction with Asymmetries and Risk Aversion

This section studies Milgrom and Weber's (1982) model of a mineral rights auction,
generalized to allow for risk averse, asymmetric bidders whose utility functions are not

necessarily differentiabR®. We focus on the case of two bidders. Suppose that bidders one and
two observe signals, ands,, respectively, where each agent's utility (writtern(h,s.s))

satisfies:

Vi(R,s, $) is nondecreasing i(-b, s, $) and supermodular ig(s, ,)=1,2.(4.5)
The signals have a joint density with respect to Lebesgue measure, and the conditional
distribution of s, given s is written H_, (Jls ), with densityh., g ) Condition (4.5) holds, for
example, ifv (b, s, g)sfjv( v b §y.s,9 dwherethe “common valug/is affiliated with
s; ands,, g(0s, s) is the conditional density gf andV, is nondecreasing and concade.

When player two uses the bidding functi@ggn(l)J], then the set of best reply bids for player one

given her signalq) can be written (assuming ties are broken randomly):

as a probability distributionK is restricted to be monotone. This restriction prevents us from constructing the
requisite counter-examples. It can, however, be established taainot be decreasing and then increasing at the
upper end of the support; more generally, any violations of quasi-concavity must not be too severe relative to the
magnitude of the function.

39 As in the pricing game studied in Section 2, thisdsa game with strategic complementarities between players
bidding functions, so Vives (1990) may not be applied to establish existence of a PSNE.

40 To see why (4.5) holds, note thatand s, each induce a first order stochastic dominance shif,and u is

supermodular inl{ v ) Supermodularity of the expectation i & ,apd @ .s ) follows (see Athey (1998)).
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bI(Si):arg ma)ﬁlmsj;z vh.s 7§J-q>52(sz) (s)b(sl o CLS'%J; b s 2$@=52 ¢ )( 2Bo0,,)s ds

When bidder two plays a nondecreasing strategy, (4.5) implies that bidder one’s payoff
function given a realization of, satisfies weak SC2 inb(s; .) Consider first the case where

player 2’s strategy is strictly increasing. The returns to increasing the bidlfraim b, are
strictly negative for low values o§,, when the opponent bids less than the returns are
increasing ins, on the region where raising the bid causes the player to win, where she would
have lost withb,_; and the effect is zero fos, so high that everp, does not win. Thus, the

incremental returns to the bid are quasi-concave as well as weak single crossing. When ties are
permitted, the single crossing property remains, but quasi-concavity fails.

Observe further that the payoff function depends directlg, @s well. By assumption, the
returns tob, are increasing irs,. This yields (using Extension (i) to Lemma 5, and Theorem 4):

Proposition 4Consider the 2-bidder mineral rights model, where the utility function satisfies
(4.5) above, and the support of the random variables is a product set. (i) Suppose that bidder 2
uses a strateg@( which is nondecreasing ig, . Then if the types are affiliatelof,(1)) is
nondecreasing irs, . (ii) Suppose that bidder 2 uses a stratBgy which is strictly increasing
in's,. ThenifH,(s,|s) islog-spmir(s,s,) ,b () is nondecreasing irs, .

Athey (forthcoming) applies this result to show that in auction games such as the first price
auction described above, a PSNE exists.

5.  Single Crossing of Indifference Curves

The Spence-Mirrlees single crossing property (SM) is central to the analysis of monotonicity
in standard signaling and screening games, as well as many other mechanism design problems.
For an arbitrary differentiable function: R* - R that satisfies,%y h(x,y,t)# 0, (SM) is defined
as follows:
[,%h(x,y,t)/h”/ h(x, y,t)| is nondecreasing in (SM)

When the X,y) indifference curves are well defined, (SM) is equivalent to the requirement that
the indifference curves cross at most once as a function Wfe will make use the following
assumption which guarantees that thg){indifference curves are well-behav&d:

41 What happens when we try to extend this modékfobidders? If the bidders face a symmetric distribution, and

all opponents use the same symmetric bidding function, then only the maximum signal of all of the opponents will be
relevant to bidder one. Defing, = max(s,,..,5). Milgrom and Weber (1982) show thgs, §,) are affiliated

when the distribution is exchangeable. Further, if the opponents are using the same strategies, whichever opponent
has the highest signal will necessarily have the highest bid. Then we can apply Propaosition 4 to this problem exactly
as if there were only two bidders. Unfortunately, this approach does not extend dirgethydtter, asymmetric

auctions with common value elements. Under asymmetric distributions (or if players use asymmetric strategies),
affiliation of the signals is not sufficient to guarantee that the signal of the highest bidder is affiliated with a given
player’s signal, nor is it sufficient to guarantee log-supermodularity of the conditional distribution.

421t is also possible to generalize SM to the case wher@ot differentiable, but we maintain (WB) for simplicity.
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his differentiable inX.y); ﬁiyh(x,y,t) # 0; the &.y)-indifference curves are closed curves. (WB)

The following result characterizes (SM) for objective functions of the form

V(X y.0)= A% %9 () d(k

Lemma 8 Letv:R® ~ R and f :R? — R, , and suppose that v and V satisfy (WB). Then (A)
v(X,y,9 satisfies (SM) a.e; and (B) fis log-spm in(s;0) a.e.u, are a MPSC for (CY(x, y,0)
satisfies (SM).

Theorem 4(Comparative Statics and the Spence-Mirrlees SCBnma 8 also holds if (L8-C) is
replaced with (C)x (6, B) =argmax_, V (x,b(x)@ )is nondecreasing iland B for all
b:R - R.

Sufficiency in Lemma 8 can be shown using Lemma 2. hg(1s):|vy(x, Y, $| f(s6.),
ho(s)=Vv,(X,y,9) f(s6,), hs(s)=V,(X,y,9)f(s6,), h4(s):|vy(x,y,s)| f(s;6,), and note that (T5-A) and

(T5-B) imply:

v(xys) f(s:6) _ vxy.s,) f(s:6) (4.5)
v, 0y F(si80) ™ vy (xyis)| F(s0i64) '

This in turn implies by Lemma 2 th&tV/(x, y,6, )/|;‘;v(x, v,0, ) <£V(x,v.6, )/|;"/ V(XY 6,)-

5.1. Applications to Signaling Games and Savings Problems

Theorem 4 can be applied to an education signaling model, whegresents a worker’s
choice of educatiory is monetary income, anflis a noisy signal of the worker’s ability,(for
example, the workers’ experience in previous schooling). If the worker's prefengmogs
satisfy (SM) and higher signals increase the likelihood of high ability, the worker’'s education
choice will be nondecreasing in the sigBdbr any wage functiom(x).

In another example, consider a consumption-savings problemx deztote savings anu()
the value function of savings. The agent has an endownfenif (a risky assets]. The

probability distribution over asset returns is giverHiy6). The agent’s utility given a realization
of s is u(z+s- %1%, which is assumed to be nondecreasing. The agent solves

maquol]ju(z+ s— x {X)dR ¥). The following two conditions are a minimal pair of

sufficient conditions for the conclusion that savings increase& i) the marginal rate of
substitution of current for future utility, /u, , is nondecreasing & and (B)F satisfies MLR.

6. Conclusions

This paper studies conditions for comparative statics predictions in stochastic problems, and
shows how they apply to economic problems. The main theorems are summarized in Table 1.
The properties of primitives considered in this paper, the various single crossing properties and
log-supermodularity, are each necessary and sufficient for comparative statics in an appropriately
defined class of problems. Several variations of these results are analyzed, each of which exploits
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additional structure that can arise in economic problems. Because the properties studied in this
paper, and the corresponding comparative statics predictions, do not rely on differentiability or
concavity, the results from this paper can be applied in a wider variety of economic contexts than
similar results from the existing literature.

This paper builds on results from the statistics literature to establish sufficient conditions for
comparative statics. We further provides new results about necessity, while highlighting the
limitations of these results. Table 1 summarizes the tradeoffs that must occur between weakening
and strengthening assumptions about various components of economic models. Together with
Athey (1998)’s analysis of stochastic supermodularity, concavity, and other differential properties,
the results in this paper can be used to identify which assumptions are the appropriate ones to
guarantee robust monotone comparative statics predictions in a wide variety of stochastic
problems in economics.

Table 1: Summary of Results

Thm # | A: Hypothesis | B: Hypothesis| C: Conclusion Corresponding Comparative
onu (a.e.q) onf (a.e.q) Statics Conclusion

#Enr; i; u(x,9)=0 is log- | f(s; ) is Ju(x,9f(s,8)du() is log- | g Maqu(x,S)f(s, 6)du(s)
spm. log-spm. spm. in §,6). + in @ andB.

#Enr; 2; u(x,s) satisfies | f(s;6) is fu(x,9)f(s, B)du(s) satisfies | a9 Mau(xS)f(s;6) du(s)
SC2in k;9). log-spm. SC2in &;6). t in @ andB.

Lem 7; |u(x,s) satisfies S0 i _ o arg maxu(x.9)1(s.6) du(s)
Thm3 | se2 and the |~ S0201s | Jux9)f(s O)du(s) satisfies | =5

returns tox log-spm. SC2in &6). 1 in 8 andB.
are quasi-
concave irs.
o Uty (sOis  |fuxy9fsOdus arg mau( b, Si(s Bdu(s)
satisfies SM. | log-spm. satisfies SM. tin@forallb:R - R.

Notes:In rows 1, 2, and 4: (A) and (B) aren@nimal pair of sufficient condition@Definition 4) for the
conclusion (C); further, (C) is equivalent to the comparative statics result in column 4. In row 3, the same
relationships hold except that (A) is not necessary for (C) to hold whenever (B) does.

Notation and DefinitionsBold variables are real vectors; italicized variables are real nunfbsrapn-
negative; log-spm. indicates log-supermodular (Definition 3); sets are increasing in the strong set order
(Definition 1); SC2 indicates single crossing of incremental returngBefinition 2); and SM indicates

single crossing of-y indifference curves (Section 5). Arrows indicate weak monotonicity.
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7.  Appendix

Definition A1 For eachf, let F((B):S - R, be nondecreasing and right-continuous. For all
0, >06,, let C*" (W=1[F(EB,) + F(tB,)] , and definef " : Sx{6, 6,} - R, so that for all

(s,0), F(s;@):-[_S f*(t0)dC" (9. The parametefindexesF ([B) according to the

Monotone Likelihood Ratio Orde(MLR) if, for all 6, >6,, f*" is log-spm a.e1+43

Proof of Lemma 1 If U is log-spm in X,6), then it must be quasi-spm, which Milgrom and
Shannon (1994) show implies the comparative statics conclusion. Now suppsésilsato be
log-spm in k,6) for someu. For simplicity, consider the case whare, and start with the case
whereU>0. Then, there exists ar, > X, , X%, = X%, andd, 26, , with one of the weak

inequalities holding strictly, such th8it(x,, , %, ,6, )/U (X, %y 64 )

<U (%12 %060 )/U (%, % .6, ). Lety =U (%, %, ,6,)/U(Xy, % ,6,)>0. Then, define

b: X, - R byb(x;) = 1if x # X,,, andb(x,, ) =y. Since log-spm is preserved by multiplication,
V(x,9)=u(x,s)B(x,) is log-spm inX,s). DefineV & 6 )=[vk s)f 66 xu () Butthen,

V(%5 %500 )/ VO %406, ) = YU (K s X104 )/ U (% X 10 )< 1 =

= YU (%0 %00 )/ U4 % ,00) =V (X, %0,60)/ V(% % 6, ). Thus,

V(X4y, % ,0.)=V(%, % ,6,) while V(x,, % ,0,)< V(% , %, .0, ), violating the requirement
that (a)V is quasi-spm ix and (b) V satisfies SC2 inx(6).

Now, return to the case where we might hia{e 6)=0 for someX,6). Note that sinc&=0, log-
spm ofU can fail in the example abowaly if U (x,,,X%, ,6,)>0 andU(x,,%,,,6,)>0. If, in
addition,U (x, , X, ,6, ) >0, the argument above is unchanged. Now suppgdsg, x, ,8, )=0.

If U(x,, %0, )=0, then quasi-supermodularity fails as wellJifx,, , x,,, ,8,, ) >0, then define
v as above except with =U (X, , %,y 6, )/U (X » % .0, ). Then, we have

V(X %,8.)> V(% , % ,6,)=0while V(x,, % ,0,)= V(% , %, .6, ), another violation of
Milgrom and Shannon’s (1994) necessary and sufficient conditions for comparative statics.

Proof of Lemma 4: Sufficiency follows from Lemma 2. Necessity is treated in two main cases,
with other cases following in a similar manner:

(1) nm=1: Definev(A|6)EjA f(s;0)du(9. Pick any two intervals of length S, (€) and§ €),
suchthatS, £ » S £ )andS, € )n § €)=0. Defineu: XxS- R by u(x,9=1g (9,
and letu(x,,9 =1 (9. Thenju(xL, 9 f(s6) di( $=v(S|6) and

_[u(>q4,s) f(s6) qu( $=v(S4|6). Sinceuis log-spm, ther]'u XsJ ¢6 3 6)must be log-spm
by (C),ie,v 8,60, G 6, Bv (§ 6,V (56, ) Taking the limitas - 0, standard

limiting arguments (e.g. Martingale convergence theorem) imply thast be log-spm irs(6)
almost everywherex

(2) nm=2: Definev (A |0 )= fA f(s0)du(9. We partitionR™ into m-cubes withith element

43 Observe that absolute continuity BfCA) with respect toF(CH) on the intersection of their supports is a
consequence of the definition, not prerequisite for comparability.
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given by[i, - &, (i, +1) 4] x---[

2 -2,(,*+1)2], and letQ(s) be the unique cube containiag

Consider d, and take ang,b OR™. Further, leC={y, z, y Oz, y 02z}, where each element &
is distinct. Definai(x,s) onC as follows:u(y,s) = 1y 5 (9), U(Z,9) = 1o,y (), Uy 0z9) =

1ot aony (9, andu(y 0z8) = 1oy (9) . Letu(x,s)=0 for xOC. Itis straightforward to verify
thatu is log-spm. Iffu ks) 60 du G)is log-spm, it follows that

v(Q'(alb)6 06") W(Q'(all b6 08') =v(Q'(a)8) W(Q' (b)|e")for all 6,6". Since this must hold
for all t and for alla,b, we can use the Martingale convergence theorem to conclude that
f(alb;600) ¥ (alb600) = f(g0)f (@) for u-almost alla,b (recalling that is a

product measure).

Proof of Proposition 1: Sufficiency follows from Lemma 2 and Milgrom and Shannon (1994).
Following the proof of Theorem 1, it is possible to show thé,t) is log-supermodular for all

u(x,t) log-supermodular, only if, for ai” >t and allt™ >t",
h|t"h eS|t )= hes |17 )h " [t). But, since for a positive function, log-spm can be
checked pairwise, this condition holds foriafland only ifh is log-spm. Apply Lemma 1.

Lemma AllLet K(s;0) sfw k(s6) du( 3. (O)=[g(s6)K s6) qi( ¥ satisfies SC1 i under

the following sufficient conditions: (i)(a) For eaéhg satisfies WSCL1 in s ag.for y-almost

all s, g is nondecreasing & (i)(b) k is log-spm iifs,0) a.e. (i)(c) Either g satisfies SClin s
a.eq, or elsesuppK(GP)] is constant irf.

Proof of Lemma Al: Pick 8, >0, . Suppose thaﬁg(s 6. )k s6.) di( $=(>)0. Chooses, so
that g(s,60,.)=0 for u- almost alls> s andg(s,0.)<0 forpu- almost alls< § (s, exists by
the definition of WSC1). Le§ =min{s> s and g1 supp K(B,)]}. First, a fact that we will
use repeatedly: Kis log-spm, then supl[ [; )k increasing in the strong set order. Now,
observe that if§, OsuppK (B, )], then suppK B, ¥} S since suppK({B)] is nondecreasing
in the strong set order. This in turn implies that, fosall suppK (B, )]

9(s6n)= g s8.)=0, which impliesG @, ®0. Further, ifG §_ )0, then we can conclude that
G(6,)>0 by (i)(c). Second, observe that the case where Eupg| &% )$ degenerate, since
this would imply by the strong set order that suppP, (;<$§)] as well. But then our hypothesis
that G @, ) is nonnegative would imply thag s@,, =P a.e.x on suppK (B, )] Since
suppK(GB)] is nondecreasing in the strong set order, this in turn im@iés =0 by (i)(c).

So, we consider the third case whé&sé&l suppK (B, )], but there exist,s'0 suppK (B, )]
such thas'<§,<s’. Notice that, by the strong set order, suppB,(;=shppK (PH, )]on an
interval surrounding, . It further implies thag €6, 30 for alls

suppK (B, )\suppK (B, )] (because everything in the set lies below sipp#,, (;, whiich
contains$,). By the same reasoning, s, , =0 on suppK (B, )isuppK @, )]

Now, define a modified likelihood ratib(s), as follows:i" (s)=0 for sOsuppK (B, )],
f(s): k(s 8x)/ K s6.) for sOsuppK (B, )]andk &8, »0, and then extend the function so that

[ (s) = ma>< SlriirrSﬂA (s).lim f(s')) for sOsuppK (P, )] andk 6P, }=0 (recalling that the likelihood
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ratio can be assumed to be nondecreasisgpmsuppK ([, )]without loss of generality by

()(b)). Thus, we know (%)>0, since§ O suppK (#, )] and since
suppK (@, )IFsuppK (@, )] on an open interval surroundirgg. We use this to establish:

[a(s0.)KsO) di( 32] 69.) k:8u) 1 )e[ (g&) ()< kos) u(d) s

2 —1(%)] 7 |o(s6.)| K $6.) di( b+ 'sf, 6:9) k6.) il )s (B (g6s) (k0s) p(d) s
The first inequality follows by the fact thai(s,64)= g(s6.). The second inequality follows by

the definition ofl (s) and sinceg €8, 20 on suppK @, )isuppK (B, )] The equality
follows by WSC1 ofy. The third inequality is true becaul%(as) is nondecreasing a.g.-on
suppK (@, )] sincek is log-spm. The last equality is definitional. Thus, sih¢9>0,
G(6,)=(>)0 impliesG 6,, =(>)0.

Lemma A2 If jg(s)dK( 50) satisfies SC1 whenever g satisfies SC1, thaugpK(;0)] is
nondecreasing in the strong set order, and (ii) for&ll1> 6, , K({B,,) is absolutely continuous

with respect toK (58, ) on(infssuppK (B, )], supsuppK &, )).

Proof of Lemma A2: Pick 8,, >0, . Define measureg, andv,, as follows:

v (A)=],dK(s6.) andv,, (A) = [,dK(s64). Definea = inf{ssOsuph K{B)]} andb=
sup{gsOsupp[KGBL )]} Let C(6B,,6,) =<[K((B,) + K(EB,)] , and define
h(s;6)=dK(s64)/ dQq $84,0,). LetD=suppK (B, )HsuppK (P« )] Since the behavior of

h(s;6) outside oD will not matter, we will restrict attention . The proof proceeds in several
steps.

Part (a): If a=b, then the conclusions hold automaticaliywroughout the rest of the proof, we
treat the case wheee<b.

Part (b). For anyS=(s, $]U0[ a b, v (S > 0 implies thav, (S > 0. Proof: Suppose that

v (9 >0andv, (S =0. Note that 0 K(s_;84) sincea<s . If suppK(s.;0x)]<s , then
defineg as follows. g(s)=—1 for s[J(-, 5.), while g(s)=K(s.;0.)/vV.([ s, ®)) for sO[ s, ).
Otherwise, defing as follows:g(s)=—1 for s[J(-, 5.), 9(s)=K(s;8.)/v.(9 for SIS and
9(8)=.9K(s;01)/VH([si,)) for sO[ s4,%). Now, it is straightforward to verify that SC1 is
violated for thisg.

Part (c) ForanyS=(s, s]10[ ab v, (S >0 implies thav, (§ > 0. Proof: Suppose that

v, (9 >0andv (9 =0. IfK(s;08.)=0, then defing as follows:g(s)=—1 for s(-», ),

while 9(S)=K(s4;04)/(2Vy ([ s4, ®)) for s[ sy, %) . Otherwise, defing as follows:

9=V ([s4,))/ K(g;6.) for sO(=e0, 8), 9()= Vi ([Su, ))/vi(9 for sUS andgy(s)=1 for

s s4,9) . Now, it is straightforward to verify that SC1 is violated for this

Part (d). suppK (P4 )EsuppK (. )]in the strong set order. Proof: Parts (c) and (d) imply that
v, is absolutely continuous with respecttoon [a,b], and vice versa. It now suffices to show
that ifs OsuppK (P« )] ands'OsuppK (P, )] ands’'>s, then

S,s'OsuppK @B, )InsuppK (Pu )] SincesUsuppK (B, )]for all s>b, we may restrict attention
to s'<b. Likewise we may restrict attentiongera. But, if (as we argued in part (b)), is
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absolutely continuous with respectup and vice versa orab], then

suppK (B )FsuppK (B. )]on [a,b], and we are done.

Proof of Lemmas 5 and 6Sufficiency follows from Lemma Al. Necessity will follow by
constructing counter-examples from the relevant sets. Necessity of (L5-A) follows by observing
that for anys < s,, if we letS (€)= (s, — &, 5] andS, (€) = (sy — &, s4], the functiork defined

by k(s6,) =1 (9, k(sb,) =1g (9 is log-spm. Thus, (L5-C) will imply thatis SC1 a.e.-
u. Necessity of (L5-B): Piclé, >6,, and definev , v, , & b, h,andD as in the proof of Lemma
A2. It suffices to consider log-spm lof Note that Lemma A2 implies thaj, is absolutely
continuous w.r.ty, and that supp{ (@, BsuppK (B, )] in the strong set order.

First, notice that i > b, thenh is log-spm in §,6) a.e.y. To see this, observe theat b implies
thath(sB, )=0andh 68, )= 2 forson suppK (8. )], while h(s8, ) =0andh 66, )=2on
supplK Py )]. This implies thah(s;6) is log-spm.

Now, suppose<b. LetB = suppK (. )]n suppK (B )], which we have shown is equivalent
toDn[ab]. Pick anys s, OB, and defineéS (6)= (s, —¢&,s.] andS, (€) = (sy — &, S4], such that
sy — €2 5. For the moment, we will suppress thiem our notation. Suppose further that

S,S 0B, butvy(Sy) W () <vy( Q). ( 9. Bydefinition, if s, > a, then

vi([a s —€]) >0; then, by absolute continuity, ([a, s. —€]) >0 and thuskK(s, —€;6,.)>0.

Let g(s;0) be defined as follows:

s V(s ) -vi(S) e s = 5 sOls,o)\ S
os0)={ " Kis-g6) S USTEvs) g
-1 sts Vi(Sy)

It is straightforward to verify that there exist&> such that the single crossing property fails
with thisg. But this implies that for ang positive and in the relevant range,

V(S () L (S(8) 2vu( S(8) v ( S(€)). But this implies thah is log-spm in ,6) a.e.C
onB. Since suppgf (@, R suppK (P, )], this implies thah is log-spm in §,6) a.e.C onD.

Extensions to Lemma Fart (i): Case (a) follows from Lemma Al. Case (b): Consider the case
whereg crosses 0 (otherwise, the expectation is always non-negatiszes),aindk>0; the other

cases can be handled in a manner similar to the proof of Theorem 2. Then, we extend (4.2) as
follows:

jg(SQH)KSBH) w3
-0 g(s6)KsH.)

- lim %((Z 99“3523“) [ 9(s60)Ks6.) i 3

The inequality follows, as in Theorem 2, becagiseosses zero &, and 9(5 0,) K 504)
a(sO)Ks6,)
negative and nondecreasing. Part (ii): Sufficiency follows from Lemma A2. Necessity of (A)
follows from Lemma 5. Necessity of (B) follows by Lemma A2, since once the properties of
Lemma A2 are established, the proof of Lemma 5 applies. Part (iii): follows from Lemma Al.

Proof of Proposition 2:(A) and (B) imply (C): Ifrtis differentiable ik andB is a convex set,

[~ ]a(s 60K $60) di( 3+ [ 6 B0) k:8.) el )b

iS non-
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we can analyze whethgu’ nxe,m) x(s,f) B ;@ sptisfies SC1. We can legt=r7,, and

let k=u, f, and apply Theorem 2. Now consider the investor’s choice between two vakles of
Xy >X_. Then, defineg €8 F ur€ & s¥ ) uf & ,s¥ ,and lek(s;6)=f(s;0). First,

observe that SC2 is preserved under monotone transformations, saisatohdecreasing in its
first argument, then by (Au(71%,s),6) must satisfy SC2 irx(s), andg(s,6) satisfies SC1 is. Let

S be the crossing point af. First restrict attention te>sy, whererr &, s > m & ,s) Define

h(a,b,0) = j;:aul( y,0)dy, and note that is log-spm in ,b,60) for all a<b, by Lemmas 2 and 3 and

(B). This in turn implies thag(s,6)=h(rt(x , 9),7T( X, , 9,0) is log-spm in §,6) ons>s, sincert is
nondecreasing is, and thug(s 6,,)/9(s;6, ) is nondecreasing mons>s. On the other hand, if
S<So, T(X, ,S)<TI(X , 9, andg(s,6)=-n(r(x , 9),71(x%,, 9,8). Then,g(s6,)/9(s;6,) is
nondecreasing ia ons<s sinceh is log-spm, and we apply extension (i) of Lemma 5.

Necessity follows by Theorem 2 for the case wheiedifferentiable; the proof is omitted for the
more general case.

Proof of Lemma 7: Consider sufficiency first. The argument is easiest to see isen
absolutely continuous, so that integration by parts may be used. We also work backwards in
establishing the single crossing property: we show®a8}, <(<)P impliesG @, k(<)0. To

proceed, observe th& 6,( <0 if and only if
limg(9 -] d($ K s6,) ds0,
which requires—j g'(9K(sb,) d= 0 sinceg is single crossing. But, quasi-concavitygamplies
that—g' is SC1. Thus, equation (4.2) can be applied, leti@iglay the role ofj, K play the role
of k, so that, if we defink(s)=K(s;0,,)/K(s8,), we have:
-Jg(9K(sb,) d=- k9] d s K;8,) ds

Now, sinceK is a probability distribution, iL.([) is nondecreasing, it must always be less than
one. Thus, if-[g'(9K(s6,) d= 0, then-[g'(9K(s6,,) d= -] ¢ 5 K;¥,) dsButthen,

G(6.)=limg(9 -] d(9 K s8,) dslim @)s-] 'G)s(K&,) s (&),
and we have established ti@ato,, (<()0 impliesG 0, X(<)0. Now consider necessity. Suppose
thatK is not log-supermodular. Then, there exists an open intestg) such that
(K(srt€,0)-K(s;0))/K(s;0) is decreasing ifl. Then, leg(s;0) be defined as follows:

-1 SD(—oo,%] "
9(s9) =1 K(s,;6,) - (- K(3 +&6,)) SO(s, 5 + 2] {5 s(s +&,)

K(s, +£:6,) - K(:6,)
so thatG @, »0, while ford sufficiently small,G @, XO.
Proof of Lemma 8: (i): Under the assumptions of the theoreufx, y, ) satisfies (SM) if and
onlyif u(x,s B= \( x § ¥ ¥ has SC2 inxs) for all functionsb. FurthermoreyV (X, y,0)
satisfies (SM) if and only iU (x,0;b) = V(x K %,8) has SC2 inx;6) for all functionsb. So, if
we know thatv(x, y, 9 satisfies (SM), then(x,s;b) has SC2 inx;s) for all functionsb. If kis

log-spm a.ep, then Theorem 2.1 implies thd(x,8;b) has SC2 inx;s) for all functionsb. But
this in turn implies thaV (x, y,0) satisfies (SM).
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(i): Consider anyf Sx© - R,. LetF(s,0) = j_sm f(t;0)du(t) . The working paper (Athey,
1997) shows that ¥(G6) is not ordered by (MLR), then there exists a contingpwhich

satisfies SC1 so thfd(s)dF(s;0) fails SC1 (this is a continuous approximation to the test
functions from Lemma 5). Consider this functjpnWe know that, sincg is continuous and
crosses zero only once, it must be monotone nondecreasing in some neighborhood of the crossing
point/region. Now, define the following points, which are the boundaries of the regiong{#$)ere
=0:c=infe{s d $=0}, d =supy {s: 9(9=0}. Now, we can find &> 0 and two
corresponding points;; =sup..{3 9(9 = -3} and d; =inf..{ § ¢ ¥ =3, such that ¢,d)0(csds)
andg is nondecreasing ocds;). Let us define a new functioa(s), as followsuo(s) = dfor s
0(csds), a(s) = b(s)| elsewhere. Now, pick ar > x,_, and let

V(X y, 9= xX0d ¥/( x— X)+a( B! y Sincea(s) andg(s) are continuous ang(s) > 0,v

satisfies (WB). Finally%/% =9(9)/((% — %)@ (9) is nondecreasing in Thus,v satisfies the

assumptions of the theorem as well as (SM). Nuafx,y,s)dF(s; ) satisfies (SM) if and only if
Jv(x,b(x),s)dF(s;0) satisfies SC2 inx(8) for allb. Letb(x) = 0. But,

V(X4,0,9 - U %,0, 9= d ¥, and by constructiofy(s)dF(s;6) fails SC1, which in turn implies
thatfv(x,0,5)dF(s;6) fails SC2 ink;8). Thus v(xy,s)dF(s, ) fails (SM).

(ii): If v(xy,9 fails the (SM), then there existbg) such that(x,b(x),s) fails SC2 in ;s). But
then, Theorem 2 implies that there existé(ar)) which is log-spm a.g+such that
Jv(x,b(x),9)f(s; 0)du(s) fails SC2 in x;6). We conclude thdt(x,y,s)f(s,8)du(s) fails (SM).
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