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1 Intro duction

Considera network whereead node gathersinformation from its vicinity and
sendsthis information to a certralized processingagert. If the information is
geographicallycorrelated, then a large saving in data transmissioncostsmay
be obtained by aggregatinginformation from nearby nodesbefore sendingit

to the certral agent. This is particularly relevant to sensornetworks where
battery limitations dictate that data transmissionbe kept to a minimum, and
where senseddata is often geographicallycorrelated. In-network aggregation
for sensometworks hasbeenextensiwely studied over the last fewyears[9,7,14].
In this paper we show that a very simple opportunistic aggregationsdeme
canresult in near-optimum performanceunder widely varying (and unknown)

scalesof correlation.

More formally, we considerthe idealized setting where sensorsare arranged
onanN N grid, and the certralized processingagen is located at position

(0; 0) on the grid. We assumethat eat sensorcan comnunicate only to its

four neighbors on the grid. This idealized setting has been widely usedto

study broad information processingissuesin sensornetworks (see[12], for

example). We call an aggregationscheme opyortunistic if data from a sensor
to the certral agen is always sern over a shortest path, i.e., no extra routing

penalty is incurred to achieve aggregation.

To model geographiccorrelations, we assumethat ead sensorcan gather

information in ak k square(or, a circle of radius k=2) certered at the sensor.
Wewill referto k asthe correlation parameter.Let A(x) denotethe areasensed
by sensorn. If we aggregatenformation from asgt of sensorsS then the sizeof

the resulting compressednformation is 1 (S) = j ,,s A(X)j, i.e., the sizeof the

total areacoveredby the sensordn S. Often, the parameterk can depend on

the intensity of the information being sensedFor example,a volcaniceruption

might be recordedby many more sensorsand would correspnd to a much

higher k than a camp re. Accordingly, we will assumethat the parameterk

is not known in advance.In fact, we would like our opportunistic aggregation
algorithms to work well simultaneously for all k.

There are scenarioswherethe above model appliesdirectly. For example,the
sensorscould be cameraswhich take pictures within a certain radius, or they
could be sensingRFID tagson retail items (or on birds which have beentagged
for ervironmental monitoring) within a certain radius. Also, since we want
algorithms that work well without any knowledgeof k, our model appliesto
scenariosvherethe likelihood of sensingdecreasesvith distance.For example,
considerthe casewherea sensorcan sensean ewvert at distancer only if it has



\in tensity” f (r) or larger, wheref is a non-decreasindgunction. Then, everts
of intensity y correspnd to information with correlation parameter roughly
f 1(y); if theseewents are spreaduniformly acrossthe sensor eld then an
algorithm which works well for all k will alsowork well for this case.

Thus, we believe that our model (optimizing simultaneouslyfor all k) captures
the joint ertropy of correlatedsetsof sensorsn a natural way for alargevariety
of applications, a problem raised by Pattem et al. [12].

For node (i; j ), wewill referto nodes(i 1;j) and (i;j 1) asits downsteam
neighbors, and nodes(i + 1;j) and (i; ) + 1) asits upstream neighbors. Since
we are on a grid, we will alsoinformally say that the neighbors are to the left
or down/b ottom (for downstream) and right or up/top (for upstream) of the
original node (i; j ). We would like to construct a tree over which information
ows to the certral ager, and gets aggregatedalong the way. Sincewe are
restricted to routing over shortestpaths, eat node hasjust one choice:which
downstreamnode to chooseasits parert in the tree. In our algorithm, a node
(i; j) waits till both its upstream neighbors have sert their information out®.
Then it aggregateghe information it sensedocally with any information it
received from its upstreamneighbors and sendsit on to oneof its downstream
neighbors. The costof the treeis the total amourt of (compressed)nformation
sert out over links in the tree.

Note that we do not needall sensorsat a certain distanceto transmit syn-
chronously; we just needto make surethat a node sendsits information only
after both its upstream nodes have transmitted theirs. This can be enforced
asyndironouslyby eat sensor.In any caseMaddenet al. [10] have deweloped
protocolsto facilitate syndironoussendingof information by sensorqgdepend-
ing on the distancefrom the sink) which we can leverageif needed.

Our Results: We proposea very simple randomized algorithm for choos-
ing the next neighbor { node (i; j) choosesits left neighbor with probability
i=(i + j) andits bottom neighbor with probability j =(i + j ). Obsene that this
sthemeresultsin all shortestpaths between(i; j) and (0; 0) being chosenwith
equal probability ©. We prove that this simple schemeis a constan factor
appraximation (in expectation) to the optimum aggregationtree simultane-
ously for all correlation parametersk. While we construct a single tree, the

5 Of coursemaybe one, or both, of the upstream nodes may decide not to choose
(i; j) asthe parent node; however we assumethat node (i; j) gets nhotied anyway
when its upstream nodes sendinformation out.

6 Note that if you multiply the resulting probabilities, asthe path approachesthe
origin the denominators are exactly the samefor all the paths; the numerators are
also the same(but permuted depending on the speci c path).



optimum treesfor di erent correlation parametersmay be di erent.

The key idea s to relate the expected collision time of random walks on the
grid 7 to scalefreeaggregation.Considertwo neighboring nodesX andY (i.e.
nodeswhich can comrmunicate with oneanotherin our model), and randomly
trace a shortest path from ead of them to the sink. De ne the collision time
to be the number of hops (starting at say X) beforethe tracesprst meet. We
rst showv (Sect. 3) that if the averageexpectedcollisionisO = N , then we
have a constart factor appraximation algorithm to the optimal aggregation
for all correlation parametersk. We then shav that tf][? average expected
collision time for our randomizedalgorithm isindeedO = N (Sect.4). This
analysisof the averageexpected collision time is our main technical theorem
and may be of independern interest. To achieve this result, we rst analyze
the expectednumber of di ering steps(wherethe two paths move in di erent
directions) and then prove that the probability of a step beinga di ering step
is a super-martingale.

We also presen (Sect. 5) a slightly more involved hierarchical routing algo-
rithm that is deterministic, and hasan averagecollisiontime of only O(logN );
hencethe deterministic algorithm is alsoa constart factor appraximation for
all correlation parametersk. While this schemehas a slightly better perfor-
mance, we beliewe that the simplicity of the randomizedalgorithm makesit
more useful from a practical point of view.

Our results hold only for the total cost, and critically rely on the fact that in-
formation is distributed evenly through the sensoreld. It is easyto construct
pathological caseswhere our algorithm will not result in good aggregationif
information is selectiely placedin adversarialy chosenlocations.

This result shows that, at least for the class of aggregationfunctions and
the grid topology consideredn this paper, sdhemesthat attempt to construct
specializedrouting structuresin order to improve the likelihood of data aggre-
gation [6] are unnecessaryThis is cornvenien, sincesud specializedrouting
structures are hard to build without somea priori knowledge about corre-
lations in the data. With this result, simple geographicrouting schemeslike
GPSR [8], or tree-baseddata gathering protocolsare su cien t [7,10].

Related Work: Given the sewere energy constrains and high transmission
cost in the sensornetwork setting, data aggregationhas beenrecognizedas
a crucial operation, which optimizes performanceand longevity [4]. In the
sensometwork literature, aggregationcanreferto either a databaseaggregate

” In the random walks consideredhere the probability of eadr move will depend on
the current grid position.



operator (min,max,sumetc.) [1,10,11]0r to generalaggregationfunctions suc
asthe onewe considerin this paper.

Goel and Estrin [3] studied routing that leadsto a simultaneously good so-
lution (a logN approximation) for a large classof aggregationfunctions. In

their model, the amourt of aggregationonly dependson the number of nodes
involved, independen of location, and the network neednot be a grid. In our

problem, the amourt of aggregationdependson the location of the sensors
being aggregated:the closertwo sensorsare, the more correlated their data

is. But it is alsoeasierto aggregatedata from nearby nodes.Hence,it seems
intuitiv e that better simultaneousoptimization may be possiblefor our case,
an intuition that we have veri ed in this paper.

We build onthe work of Pattem et al. [12]who study a closelyrelated question,
comparingthree di erent classeof compressiorsdhemesfor sensometworks:
routing-driven compression,in which the routes from the nodesto the des-
tination point just follow a shortest path, and in which compressionis done
opportunisticaly wheneer possible,compression-drien routing which builds
up a specializedrouting structure, and distributed sourcecoding which lever-
agesa priori information about correlations. After a theoretical analysis of
thesesthemes they introducea generalizedcluster-basedcompressiorscheme
in which correlatedreadingsare aggregatedat a cluster head,which is studied
via simulations. They nd that acrossa wide variety of correlations (roughly
parameterizedby the joint ertropy of two sensorspacedd apart), the cluster-
basedcompressiorschemeworks reasonablywell with arelatively xed cluster
size. Our model captures a wider range of joint entropy functions (since we
alsoapproximate any linear composition of k-correlatedinformation for di er-
ent valuesof k), oneof the open problemsthey pose.Also, we preser a formal
proof of simultaneousoptimization. It is easyto seethat their cluster-based
compressionsdhieme does not perform well in our model, in that no single
cluster sizecan be within constart factor of the optimal aggregationtree for
all k.

Another study of routing sdhemesfor correlated sensorshas beenperformed
by Cristescu et al. [2]. They shaved that for a two-stage model where the
amourt of information dependsonly on whether a node is an internal node
or a leaf, nding the optimum aggregationtree is NP-hard; they alsopresen
a constant factor approximation for this problem. Their result holds for an
arbitrary sensornetwork (as opposedto just a grid).



Fig. 1. The k k sensorsthat detect a given value (the black square)for k = 4

2 Problem De nition

Recall our setting in which sensorsare arrangedin a N N grid with a
certralized processingagen at (0; 0). Each sensorcan only communicate with
its immediate neighbors on the grid (at most four). We can assumethat eat
sensorknows it's (x,y)-coordinates. This can be done for example via the
ne-grain localization method descrited by Sasvideset al. [13].

The sensornetwork can sensemultiple kinds of data. For a speci ¢ type of
data, we will refer to the information contained in a1 1 grid squareas a
value We then de ne this type of data k-correlateddata if the following holds:

() Ead value is sensedby all the sensorsin a k  k grid certered at that
location, asin Fig. 1. We will assumefor simplicity that k is even, sothat
the notion of certering is well de ned.

(i) Let Ax(x) denotethe setof grid squaressensedy sensoix. If information
frsom a set S of sensorgs aggregated the resulting information is of size
I x2s Ak(X)]

We will look at k-correlateddata for which k < N=2, sinceotherwisewe obtain
a pathological casein which all information can be captured by a singlesensor
in the network. As stated in the introduction, we neednot assumethat the
nodesequidistart from the certral agens senddata syndironously However,
we assumethe transmissionis partially syndronized, so that a node sends
information only after receivingall data from its upstreamneighbors and after
nishing aggregatingthat information with its own data. We assumethat a
sensorcannot withhold information, and needsto sendall information it can
sense.

Given this setting, we want to nd a tree on which to sendinformation from
all sensorsto (0; 0) so asto minimize the cost, simultaneously for all values
of k. In our cost model we focus on the transmissioncost, assumingperfect
aggregation,i.e. assuminga value v is transmitted acrossan edgee at most
once.Ead time sud value is transmitted from somenode to its downstream
neighbor in the routing tree, the total costincreaseshy 1. More formally the
cost we consideris given by the following equation:



COST = ,jf vjvaluev is transmitted acrossedgeeg;
Theorem 2.1 Lower bound on optimum cost (OPT) is (N3 + (Nk)?).

Pro of: Look at oneindividual value, at point (x;y) with x;y 0 and con-
struct the minimum cost routing for it.

The closestnode to the origin that sensesthis value, at coordinates (x
k=2;y k=2), hasto sendthe value all the way to the origin, so a cost of
D = x+y k (distancefrom the point to the origin must be paid). All values
incur this cost.

The value must be transmitted by all the nodesthat can senseit, ead node
thus introducing a cost of 1. Thus, for all valuesfor which the sensingk  k
squareis included in the N N grid (it is easyto obsene that there are
(N k)2 such values), there is a cost of at leastk? beforethe distinct values
canbe aggregatedat a singlenode. We ignorethis cortribution to the costfor
the other values.

Sincewe assumedi erent valuescannot be aggregatedbetweenthem, we get
a lower bound for the overall cost of at least:

0 1

X
D+ (N k)ZkZ = 4@ (X + y k)A + (k(N k))Z
values 0<x<N ;0<y <N

=N N 1 k)+ (k(N k)?

If we only considerparametersk < N=2thenN 1 k N=2andthe above
becomes (N3+ (Nk)?) asdesired.

There may not exist a single tree which is optimum for ead value v. This
is becausefrom the point of view of a value v; a certain sensormay needto
communicate with one downstream neighbor for optimal aggregation,while
from the point of view of another value v, that same sensormay need to
comnunicate with the other downstream neighbor. This would lead to an
impossiblesolution for the routing tree in which only onedownstreamneighbor
can be selected.Howewer, our analysis,while not solving for the exact value,
doesgive a lower bound on OPT.



3 Relating Opp ortunistic Aggregation to Collision Time

Recall our de nition of opportunistic algorithm, i.e. one in which the infor-
mation from node X is sert to the processingagen on a shortest path. Note
that the paths from any two neighbors X and Y, having the samedestination,
will evertually meetat somepoint Z. We call the distancefrom X to Z the
collision time of X and Y.

Theporem 3.1 An opprtunistic algorithm with averageexpected collision time
O N givesa constant factor approximation to the optimum aggegation
cost for all k.

Pro of:

In a similar fashion as in our proof for the lower bound for the OPT, look
from the point of view of a data value which is sharedby k k sensorsinside
the squarewe pay the samecost asin our lower bound for the OPT (i.e. at
most k?). Also the lower-left node transmits the value to (0; 0) via a shortest
path just asin OPT. Sofar, the costis the same.

To analyzethe extra costincurred by the opportunistic algorithm from our
hypothesis, considerthe left and lower sidesof the k  k sensingsquareof a
given value. The paths from all sensorsnside the squarewill go through one
of the points on thesesides.Considerthesepaths from the sidesof the square
to (0;0). There is someextra cost equal to the collision time between two
adjacen nodesfrom the left and lower sidesof the square,sincetwo instances
of the sharedvalue are transmitted, instead of only one instance as would

happen in the optimal case.lt is easyto seethat for ead pair of adjacer

nodes, there are k valuesthat incur the extra cost due to the collision time,

or put another way, k sharedvaluesfor which these nodesare on the sides.
Summingup the OPT costand the extra costwe obtain the following equation
for the total cost of our algorithm:

X
D+k2N2+k (collision time of the paths from two adjacen sensors)
Va|ues sensors

= N®%+ (kN)* + O kN?®
The rst two terms are the sameasin the lower bound for OPT.

If k < P N then the N 3 term dominatesthe (N k)2 term, aswell asthe k N 25
term, and we get an O(1)-approximation.

If k > P N then the (Nk)2 term dominatesthe other two terms, and we get
again an O(1)-approximation.



Note that we compareto a lower bound for OPT, not OPT itself, which may
be hard to compute, so the constart factor may be even lessthan what we
can compute here. [ |

4 The Probabilistic Distribution  Shortest Path Algorithm

We will presert a simplerandomizedopportunistic algorithm for constructing
atree. The path from eat node will be arandomwalk towardsthe processing
ager, but the walks are not independernt. The main result is to prove that

the average expeclged collision time of two adjacent paths in the resulting

routing treeis O = N . The analysisof our random processmay well be of
independen interest. Applying theorem 3.1, we concludethat this algorithm

producesa constart factor approximation of the optimal aggregationtreesfor

any value of k.

The Probabilistic  Distribution  Algorithm:  For every node, if the node
is located at position (x;y), chooseto include in the MST the left edgewith
probability Xf—y and the down edgewith probability Y-

X+y"

The Random Walk view: We can view the above processas a tree con-
structed from random walks originating from ead sensor.At ead time step
the current node choosesone of the (at most) two downstream nodes as its

parernt. Becausea node waits for its upstreamnodesto transmit we can view

the processasa ow in which the data getscloserby oneto the origin at eat

time step. In our model, whentwo walks meet (passingsomestep through the

samenode) they "collapse” into a single walk and lose their independence.
The analysis of the expected collision time for this random processis pre-

serted belov. We beliewe our analysisis interesting sincethe random walk is

non-homogeneoushus standard random walk results do not apply.

4.1 Provingthe AverageCollision Time of the Random Walks

Theorem 4.1 (Random Walk Theorem) The average expected collision
time of two adjaent W?Jksas geneated by the randomizel protabilistic distri-
bution algorithmis O = N .

Let us rst introduce some notation, de nitions, and lemmas which would
help us prove the above result.

Two neighboring nodes can be either horizortal or vertical neighbors, and
one, s&y the second,must be the upstream neighbor of the other. Thus there
is a probability to meetinitially . If they do not meet initially, then the

X
X+y



upstreamnode choosesasits parert the other downstreamnode, which on the
grid is at distance 2 from the rst node, and at the samedistance from the
origin.

Let's assumethat the two walks do not meet initially . Thus, we will analyze
the collision time of the random walks originating at (x 1;y) and (x;y 1).
This new"diagonal” collisiontime providesa lower boundin the collisiontime
of the initial "horizontal/v ertical" neighbors. In fact we will prove the result
stated in our Random Walk Theorem for this rede ned notion of collision
time, which then implies the original theorem.

Note that, becausehe nodesare at the samedistancefrom the origin we can
imaginethem moving towardsthe processingagert "in sync" (this syndronic-
ity assumptionis not neededbut it helpsin thinking about the process).Look
at the horizontal di erence betweenthe two paths, asa function of time, and
let's denote this by (x;y). Initially, o(x;y) = 1. Becausein generalwe
focusour attention to a speci ¢ (x;y) we will drop theseparametersfrom the
notation. We want to analyzeE[t.] wheret, is such that = O for the rst

time. Obsene that t. is preciselythe collisiontime asde ned eatrlier, sincethe
two walks start from the samedistancefrom the origin, and at ewvery time step
we assumethe walks move oneunit closer,sothere is a one-to-onecorresmn-
dencebetweentime and distancefrom the initial point to the collision point.

Oncethe horizontal distancesbecomeequal, the vertical distancesmust also
be equaland the two paths would meet.

Let M = x+y 1,theinitial distancefrom the origin.

At ead time step,  can stay the sameor becomedierent (increaseor
decreaseby 1). We call a step at which  diers from  ; adiering step
By analyzing thesedi ering stepswe will transform the problem from a two
dimensionalprocessto a one dimensionalprocess.

Wewill rst analyzethe number of di ering stepsbeforecollision (Lemmas4.2
and 4.3), and then bound the probability that a stepis a di ering step (Lem-
mas 4.4 and 4.5). These results together will lead to the proof of the main
result.

De nition 4.1 Let's denoteby D(x;y) the numker of di ering stepsbefore
+ becomesO for the rst time.

q_ —
Lemma 4.2 E[D(X;y)]isO min(x;y) .
Pro of: At time t, whenthe rst path is above at, say, point (X1;y;) and the
secondpath is below at point (X5;y,) weknow that X;+y; = Xo+y, = M .

Initially Xx; < Xp, so this above/below relation will cortinue to hold until
= X, Xp rst becomed. Also, initially, x, = x andy; = y.

10



Basedon our probabilistic model, and the above/below relation we derive the
following for the next time step:

X X
P o= D= (s and P o= D= (0

Usingy1;=M t x;andy,=M t X, weobtain the following:

_ (M (Xa+ X2)  2X1Xp

Pr( t+1 t = 1) + Pr( t+1 t = 1) (M t)Z
and Pr( 11 t=1) Pr( t= 1= g4
Nowdenepi ()= Pr( w1 (=1 w1 (6 0)andp(t) = Pr(
t= 1 + 6 0) to be the conditional (normalized) probabilities of

a forward (positive) changein , and of a reverse (negative) changein
respectively.

Also de ne asbelow: 8

_ — PI'( + =1) Pr( + = 1) — (M t)
- pf (t) pl’ (t) - Pr( tlil lt:]_)+Pr( ttil tt:]_) - (M t)(Xl]_+ X2) 2X1X2

Sinceps (t) + pr(t) = 1, we canrewrite p (t) and p, (t) as:

1 1
= — 4+ — = _ —
where still cortains a dependenceont. The corvergenceto = 0 canonly

be slowver if is smallerin absolutevalue. Note that by removing the 2x;1X,
term from the denominatorof we canonly decreasehe overall absolutevalue
of . Also, we getthe samee ect if we replacex; + X, by 2max(Xy; X2) = 2X5.

Also, the M t factor will getsimpli ed sowe canreplace by 7, O obtain
new forward and reverseprobabilities, independen of t and only dependen

on :

1 1
N () =5 Kzandnr() :§+Rz

Now consideran integer random walk in [0; max(Xi;X2) = Xp], with an ab-
sorbing barrier at 0, and a re ecting one at max(Xy; Xz) = Xa.

We analyzethe behavior of this onedimensionalrandomwalk in lemma4.3. By
construction, the expectedtime for this new random walk to read O starting

8 Note that is negative.

11



from 1 is an upper bound to the expectedtime for  to read O starting from
1.

We can then concludethat readesOin O P X, by directly applying the

result in lemma 4.3. By symmetry we can also obtain time O P

X2 = X and y; = y initially , the theoremis proven.

y1 . Since

Lemma 4.3 Consider an integer randomwalk starting at point 1 on the in-
terval [0; x]. Assumethat, if we are at position j the randomwalk movesright
with prokability n; (j), and left with prokability n,(j) in the interval [1;x 1]
where ns (j) andn,(j) are asde ned in lemma4.2. Assumethat the point O is
absorbing,and that the point x is re ecting (i.e. the walk movesto x 1 with
prolability 1 from x). If the walk starts at point 1, then the expected numkber
of time stepsnecessaryfor this walkto rst reachQis O (" x).

Pro of:

Note that at eat step we move either in onedirection or the other, since,by
de nition, n, + n; = 1.

De ne B(j) to be the expectednumber of stepsbeforethe point j 1is rst

visited, assumingthat the random walk starts at point j. We are then looking
for the value of B (1). We will usethe properties of the walk, in particular the
valuesof n; (j) and n,(j) to derive a recursiwe formula for B(j ) and then get
a bound for B(1).

If we passexactly i + 1 times through point j beforereading point j 1,
the expected number of stepsis iB (j + 1) + 1. The probability of this evert
isn;(j)ns (j)'. Sincei canrangefrom 0to 1 we get the following relation for
B(j), wherej 2 [1;x 1]

R LR R
BG)= n@)n()(BG+1)+1) =ni () ne()+n()BG+L)  ne(f)fi

i=0 i=0 i=0

_ne(j) ne(j)Ne () ) o
T @ m0)? n () BUT D= 5 BUF L

Further note that B(x) = 1 becausex is a re ecting barrier, soin the next
step we move badk with probability 1.

B(j+1)= 1+

We warnt to solve for B(1), the value of interest.

If we expandB (1) in terms of B (x) we obtain:

X 2x 1 2X i
B(1)__12X+1 S

12



To simplify notation, denote2x by X and 21 ::: Z lpy T,

2x+1 2x+i
Note that the T;'s are decreasingasii increaseﬁ,sinceall componert factors

are lessthan 1. Now, note that fori 2 f1;:::;2 XgwehaveT, 1.
p

: P ... P x Px X o P
Fori 2 f2 X + 1;:::;3 Xg we have T, ey sincethe last = X
p2
factorsin ead of theseT; are all lessthan %F’%

p_
X pf X(m 1)

X+ X
p_
Thus B(1) can be upper bounded by a geometric serieswith sum Xp-2%.
p_

P "X
Note that the .p% is approximately €, and thus constart, for large
enoughX, whereX = 2x. Thus, the rst term (the fraction) of this bound is
a constart, and we concludethat B(1) is O (" X).

u
De nition 4.2 Dene p(Xx;y) = Pr[ ¢ is diering j two walkshavenot collided yet].
As before,we will omit the argumerts x;y sincethey are xed.
Lemma 4.4 For all t, pe1 P
Pro of:
Supposethe rst walk is at coordinates(i; j ) and the secondoneat coordinates
i+ 4j t)-
Case1(  2): Then ; 1,sincethe dierence between ;and

canbe at most 1. Thus the random walks would not meetat time t + 1, sowe
eliminate the conditioning for p.;, and we have the following:

Pr[ (isdiering] = f(i;j; )= i(] (ti)++jj)(2i + )
Pr[ t+1 is di ering] = g(|’ j; t) — (] t)f(i(i+ J:)I-;J, t t 1)+

LG OfG Ti 0 G+ OFG) Lo D06 O L)
(i+1)? (i+1)? (i+1)?

It is easyto verify, usingMathematicafor exampleithat f (i;j; ) 9o(i;j; )=
0, and hence,p; = pr+1 -
Case 2 ( = 1): In this casethe conditioning in the de nition of p;+; implies

that one of the casesin the above formula cannot take place. We still obtain
that pi+1  pt, but the details are technical and are deferredto the appendix.

13



Lemma 4.5 The expected time before a di ering step between two adjacent

walksoriginating at coordinates(x;y) and (x + 1;y 1)is O mi)r(m(+xy;y) .

Pro of:

From lemma4.4we seethat at ead time stepthe probability of adi ering step
is bounded below by py which is the initial probability of having a di ering
step, given by:

|
x(y 1)+ (x+1y _ o 2max(x;y) . min(x;y)
oy MR T Ty
This implies our lemma. |

Pro of: [RandomWalk Theorem]
Considertwo walks at (x;y) and (x + 1,y 1).

From Lemma 4.5 we bound the probability of a diering step to happen.
Combining this with the result from Lemma 4.2 which boundsthe expected
number of di ering stepsbeforethe two walks meet we obtain:

| 0 1
o . 9 —— x+y X+y
E [collision time for adjacent walks at (X; = min(x;y) ——— = @g—2__A
[ j Xyl ( y)mm(x; " OCY)

. . P .
Taking the sumover all x; y pairs we obtain: = ., % = (N?29).

Thys, sincethere are O(N?) pairs of adjacert nodes,the averageis exactly
O( N), which concludesthe proof of the expected average collision time
theorem.

5 The Hierarc hical Decomp osition Approac h

We now presert a deterministic algorithm for constructing a tree that pro-
ducesa constart factor approximation for any value of k. This algorithnb has
better properties (its averagecollision time is O(logN) insteadof O = N
for example),but it is more involved. Also the appraoximation provided is still
o(1).

The solution is basedon the idea of dividing the grid into sub-grids, and
collecting all the valuesin a given sub-grid at the sensorclosestto the origin

14



A B

Fig. 2. Combining 4 smaller sub-gridsto create the sub-grid at the next level

beforeforwarding it onto the next sub-grid.

5.1 The Hierarchical Decomposition Algorithm

We presen the construction and the proof of correctnessn parallel. We need
two stages:a top-down stagein which we establishthe sub-gridsrecursiwely,
and a bottom-up stagein which we put the sub-gridstogether. We will assume
for simplicity that N is a power of 2.

The Top-Down Stage: Divide the rst quadrart in four sub-grids of size
N=2 N=2, eat of which is further divided in four sizeN=4 N=4 sub-grids,
and so on. For eat sub-grid we will make sure that the MST corvergesto
the sensorclosestto the origin, i.e. if there is choicein what direction to move
towards the origin, choosethe choice that would not leave the sub-grid. If
there is still choice choosearbitrarily .

The Bottom-Up Stage: Wewill prove by constructionthe following lemma.

Lemma 5.1 If a2¥ 2* sub-grid hasthe property that its average collision
time is lessthan ck for all adjaceent node pairs in the sub-grid, then we can
construct a 2t 2*1 gyb-gridwith averagecollision time of c(k + 1) for all
adjaent node pairs, whele ¢ is someconstant greater than 2.

Pro of:

We assumethe parert node is determined for all nodesinside the 2k 2k
sub-grid, and thus we have constructed an MST, rooted at the sensornode
closestto the origin, sud that the property is true. If we conbine four copies
of this construction, asin Fig. 2 we needto establishthe parent node of the
three root sensorsB, D, and C represeting the upper-left, lower-right, and
upper right sub-gridsrespectively. For the rst two the choiceis forced (the
sensorat B needsto go left, and the one at D needsto go down). For the
third (the sensorat C) let usroute to the left.

Now calculate the new averagefor the 2<*1  2¢*1 sub-grid, assumingthe
hypothesisholds for the 2 2% ones.

We have 2(2¢)? pairsincludedin ead of the 4 smallersub-grids,and thus have
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averagelessthen ck, from the hypothesis. We also have 2¢*2 new pairs (the
onesspanningthe white lines) that have collisiontime boundedby 2*2. Thus

we obtain a new averagecollision time of: % ck+2 ck+ 1)

aslongasc> 2.

The basecaseis trivial.

6 Conclusions and Future Work

In this paper, we have arguedthat there exists a routing tree which is a con-
stant factor appraximation (in expectation) to the optimum aggregationtree
simultaneously for all correlation parametersk. We preser two constructions
and prove that they obtain a constant approximation factor. Our result has
important consequences$ it obviates the needfor specializedrouting struc-
tures at least for the classof aggregationfunctions consideredin this paper.
This is convenien, sincesud specializedrouting structures are hard to build
without somea priori knowledgeabout correlationsin the data.

There are se\eral possiblefuture researt: directions that this work leadsto.
It would be interesting to study the behavior of our randomizedalgorithm for
non-grid topologies(for exampleon a random graph), or for the grid-topology
model with generalizedconnectivity assumption,in which nodeshave a larger
number of neighbors. Another researt direction would beto extendthe aggre-
gation model, either by de ning a more generalframework, or by analyzing
the range of aggregationfunctions that can be obtained by conbining the
already de ned functions.
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A Technical Details for Case 2 of Lemma 4.4

Sincewe want to maintain {+; 1 (no collision at time t + 1), we eliminate
the casein which the rst walk movesfrom (i;j 1)to (i 1;j 1)andthe
secondwalk movesfrom (i 1;j) to the samepoint asthe rst walk.
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Thus our formula for pr+; becomes:

Pr[ .1 isdiering j the two walks do not collide] = ' t)f(i(l+ j)léj; et 1)+

ji+ of ) L« 1)

L (a9 L GO 7 A ¥ AL G I )

=9 i, 1)

(i+])2 (i+])? (i+])?

while the formula for p, remains
iG  o+i(i+ o)
(i+1])?
Taking the di erence betweenthe two, and simplifying, using Mathematica
for example,we obtain:

Pr[ (isdiering] = f(i;j; )=

(per P)(I+j)2=0 %G 2) i D*+( 20
If j > i the right hand side reducesto 2i?+ (j [(j 1)) i? which is
positive; if i > j the right hand sidereducesto [i2 j?](i j)+ 2i whichis
again positive; if i = j the right hand sideis just 2i?, again positive.

Combining this with the fact that (i + j)> 0 for all i;j we deducethat
pi+1 P is always positive, which is exactly what we wanted to prove.
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