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Abstract

We analyze several distributed, continuous time protocols

for a fair allocation of bandwidths to flows in a network (or

resources to agents). Our protocols converge to an alloca-

tion which is a logarithmic approximation, simultaneously,

to all canonical social welfare functions (i.e. functions which

are symmetric, concave, and non-decreasing). These proto-

cols can be started in an arbitrary state. While a similar

protocol was known before, it only applied to the simple

bandwidth allocation problem, and its stability and con-

vergence time was not understood. In contrast, our proto-

cols also apply to the more general case of Leontief utilities,

where each user may place a different requirement on each

resource. Further, we prove that our protocols converge in

polynomial time. The best convergence time we prove is

O(n log ncmaxamax
cminamin

), where n is the number of agents in the

network, cmax and cmin are the maximum and minimum ca-

pacity of the links, and amax, amin are the largest and small-

est Leontief coefficients, respectively. This time is achieved

by a simple MIMD (multiplicative increase, multiplicative

decrease) protocol which had not been studied before in this

setting. We also identify combinatorial properties of these

protocols that may be useful in proving stronger convergence

bounds. The final allocations by our protocols are supported

by usage-sensitive dual prices which are fair in the sense that

they shield light users of a resource from the impact of heavy

users. Thus our protocols can also be thought of as efficient

distributed schemes for computing fair prices.

1 Introduction

In many problems where a centralized planner needs to
distribute a set of resources among a group of individu-
als, the individual utility functions are known but there
is no well defined notion of how to combine individual
utilities into a single aggregate utility function (i.e. a
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social welfare function). For instance, in most real-life
settings, increasing efficiency (i.e. the sum of individ-
ual utilities) is an important goal. At the same time,
achieving fairness in the allocations to different individ-
uals is also desirable. It has recently been shown that it
is possible to simultaneously approximate a large class
of social welfare functions [19, 14, 20, 2]. Efficient dis-
tributed algorithms have been presented for cases where
the individual utility functions can be modeled as the
amount of flow allocated to that individual in a multi-
commodity like problem, and price based protocols have
been presented when the flow for an individual in this
multi-commodity problem must use a single route fixed
in advance [7].

In this paper, we extend the efficient distributed al-
gorithm mentioned above to the case where the individ-
uals have Leontief utilities. The distributed algorithm
must be initialized to a special state and then proceed
in a synchronized fashion. We then present two simple
price based protocols which achieve the same equilib-
rium as the distributed algorithm. These protocols can
start with an arbitrary allocation, are stable around the
equilibrium point, and converge quickly. The stabil-
ity and convergence of price based protocols was left
as an open problem even for the simple case of multi-
commodity flows. Our price based protocols are simple
and efficient enough to be implemented in a TCP-like
fashion in computer networks. We believe that our re-
sults will also be interesting in designing exchange mar-
kets which lead to an approximately fair outcome, under
all reasonable definitions of fairness.

In order to describe our results in more detail and
put them in context, we will first need to define and
motivate the problem and also briefly survey recent
related work.

Problem description
The problem of allocation of m resources among n

agents with Leontief utilities is described by two positive
matrices, denoted C and A. Matrix C = (c1, · · · , cm)
indicates the amount of available resources. Let Y be an
allocation of resources among the agents, i.e. yij unit of



resource j is allocated to agent i. Let Si = {j|aij > 0}.
The utility of agent i from allocation Y is:

ui(yi) = min
j∈Si

{yij

aij
}.

In other words, Si is the set of resources that agent
i uses and aij is the rate of the consumption of each
unit of resource j. It is convenient to characterize
an allocation by a vector x = (x1, · · · , xn), and set
yij = aijxi. The resource allocation problem with
Leontief utilities generalizes the problem of bandwidth
allocation in networks when the route used by each
connection is fixed in advance, i.e. aij ∈ {0, 1}.

A resource allocation x is feasible if it respects
capacity constraints, i.e. ∀j :

∑
i:j∈Si

xiaij ≤ cj .
In the sequel, without loss of generality, we assume
max{aij} = 1 and min{ci} = 1. Also, let amin =
minaij>0{aij} and cmax = maxi{ci}.

We are interested in finding a feasible allocation
which simultaneously optimizes a large class of objective
functions. Let U be an n-variate real-valued function.
We say that U is a canonical utility function if U is
symmetric in its arguments, concave, non-decreasing,
and U(0) = 0. Let U∗ denote the maximum value of
U(x) subject to feasibility of x.

Definition 1.1. Feasible allocation x is α-fair if

α ≥ sup
U :Uis canonical

U∗

U(x)
.

Let ρ = max
{

n, m, cmax,
1

amin

}
. We show there always

exists a feasible solution x which is O(log ρ)-fair. The
class of utility functions we consider is not arbitrarily
chosen; a detailed motivation and history is in [7]. This
is a large class, and contains the important subclass∑

i f(xi) where f is a uni-variate concave function (f
must also be non-decreasing and f(0) must be 0). Con-
cavity is a natural restriction, since it corresponds to the
“law of diminishing returns” from economics. Symme-
try corresponds to saying that all users are equally im-
portant1. The requirement for U being non-decreasing
is natural for a resource allocation problem. The re-
quirement that U(0) = 0 is also natural in many (but
not all) settings. The class of canonical utility func-
tions includes important special functions such as min,∑

i xi,
∑

i log(1 + xi), and Pj(x) = the sum of the j
smallest xi’s. The class of canonical utility functions
also contains a series of functions which together capture
max-min fairness. Most interestingly, there is a concrete

1Notice that the constraints are not required to be symmetric,

and hence, the optimum solution need not be symmetric even
though the objective function is symmetric.

connection between this class and our intuitive notion
of fairness. Suppose there exists some function which
measures the fairness of an allocation. It seems natural
that the allocation (x1, x2) should be deemed as fair as
(x2, x1) and less fair than (x1+x2

2 , x1+x2
2 ). This assump-

tion implies that for any natural definition of fairness,
maximizing fairness should be equivalent to maximiz-
ing some symmetric concave function; certainly, all the
definitions of fairness that we found in literature are of
this form.

Some important utility functions satisfy symmetry,
concavity, and the non-decreasing property but are not
0 at 0. One example is the function

∑
i log xi, which is

particularly important in multiple contexts [21, 9]. All
our results hold for this more general class of functions
as well in the resource augmented setting; details are
similar to those in [7] and are omitted.

As detailed later, centralized algorithms for solving
this problem were already known. Our focus in this
paper is on designing simple protocols supported by
a pricing scheme and analyzing their convergence and
fairness ratio2.

Price based protocols: In order to implement
these ideas in the setting of a centralized social planner,
it would also be important to derive a natural pricing
mechanism which implements simultaneous optimiza-
tion. We define a price based protocol as one where:

1. Each resource j maintains a dual price (or
“shadow” price) lij for each agent i. The price is
allowed to depend only on the vectors 〈xi : j ∈ Si〉,
〈aij : j ∈ Si〉, and capacity of the resource, i.e. only
on information which is locally available to the re-
source.

2. Each agent computes an aggregate dual price wi =∑
j∈Si

aij l
i
j .

3. The evolution of the utility for agent i is a function
of xi(t) and wi(t):

dxi

dt
= fi(xi(t), wi(t)).

In addition, we assume the initial value of xi is at
most cmax. Informally, each agent has an endowment
that he uses to buy resources at the prevailing dual
prices. This general approach has been used before in
many settings. [23, 1, 12, 18, 11]. However, here the
prices lij are allowed to depend on the entire vector of
utilities observed at a resource rather than just the sum.
This is a key difference, and allows us to approximate

2The main difference between an algorithm and a protocol is
that algorithms start from precise initial conditions.



all canonical functions simultaneously. Our goal in this
paper is to derive price based protocols that are (a) as
general as possible, (b) converge quickly to a unique
equilibrium, and (c) guarantee a good fairness ratio.

Along these lines, Cho and Goel [7] gave a simple
algorithm, called Distributed-Majorized, for obtaining
fair bandwidth allocation given fixed routes: In this
algorithm, at time zero, all the flows are initialized to
zero and all the dual price of edges initialized to have a
small dual price, denoted l0. Agent i increases its flow
as long as its dual price is less than 1. Let Λe(t) be the
congestion of edge e at time t, i.e. Λe(t) =

∑
i:e∈Si

xi(t)
ce

.
The dual price le(t) computed for edge e, is equal to
l0e

δΛe(t), where l0 is a constant and δ = O(log ρ).
Surprisingly, this simple primal dual scheme gives an
O(log ρ)-fair allocation which is almost optimum. They
also obtained a price based protocol for their restricted
setting (i.e. all aij ∈ {0, 1}) but its convergence time
and stability properties were left as open questions.

Our Results
We extend the work of Cho and Goel [7] in two

significant ways.

1. We extend their distributed algorithm (as well
as their price based protocol) to Leontief utili-
ties (they assumed aij ∈ {0, 1}). In particular,
this allows us to handle the important sub-case of
weighted utilites, i.e. where the utility of agent
i needs to be weighted by some factor bi. In com-
munication networks, these weights could represent
“Quality of Service” parameters. Our distributed
algorithm (and our price based protocols) find an
O(log ρ)-fair resource allocation.

2. We do a convergence analysis of our price based
protocols, and show that they converge very fast
(i.e. in polynomial time). No convergence time
bounds were known before even for the case aij ∈
{0, 1}.

More specifically, we define a broad class of price
based protocols, that we call truncated protocols (sec-
tion 2). We prove that all truncated protocols achieve
a fairness ratio of O(log ρ) and have a unique equilib-
rium. We then show a decomposition result that is use-
ful in analyzing this class of protocols: the convergence
time of a truncated protocol is at most O(ntmax) where
tmax is the time required for a single agent’s allocation
to stabilize assuming that all other allocations are held
fixed. We then present two specific truncated proto-
cols. One of them (section 3) is almost MIMD (Multi-
plicative Increase Multiplicative Decrease) protocol and
we prove that the convergence time of this protocol is

O( 1
γ n log ρ), where γ is a rate parameter. In the other

protocol (section 4), the rate of change of xi is almost
proportional to log wi and this converges in O(ncmax)
time. We also analyze a variation of this protocol which
converges in O(nr) time, where r is the maximum num-
ber of the agents share a single resource. Finally, we
show that these protocols have much faster convergence
over a single link network (section 5).

The extension to Leontief utilities extends the proof
techniques of Cho and Goel [7]. The convergence
time analysis is novel, and offers additional insight
into price based protocols. For ease of exposition, we
present the extension to Leontief utilities before the
convergence time results. We present all our results in a
continuous time setting; discretization into small steps
is straightforward.

Related Work
Building on a series of papers about multi-objective

fairness [19, 14], Kleinberg and Kumar [20] studied the
problem of bandwidth allocation in a centralized set-
ting with multiple fairness objectives. Goel and Mey-
erson [13] and Bhargava, Goel, and Meyerson [2] later
expanded this work to a large class of linear programs
and related it to simultaneous optimization [15]. In par-
ticular, the above sequence of papers resulted in a cen-
tralized bandwidth allocation algorithm for computing
a single allocation which is simultaneously an O(log ρ)
approximation for all canonical utility functions. Goel
and Meyerson [13] build on the notion of majorization
due to Hardy, Littlewood, and Polya [16, 17, 22] (see Ap-
pendix A). This leaves open the following question: Can
there be efficient distributed algorithms which achieve
the same results? Cho and Goel [6] made some partial
progress toward this problem by giving a centralized
algorithm which maintains only one set of dual costs.
Later, Cho and Goel presented a simple distributed al-
gorithm a simple protocol supported by prices which
achieves the same result [7].

The problem of fair resource allocation where the
sequence of jobs arrives in an online fashion is also in-
teresting [15]. Recently, Buchbinder and Naor [3, 4]
presented improved online algorithms for fair resource
allocation problems, along with an interesting central-
ized primal-dual framework.

Leontief utilities are an important case of CES
(Constant Elasticity of Substitution) utilities, and have
also been studied in the exchange market context [8, 24].
Recently, Codenotti et. al. [9] showed that Leontief
economies encode nonzero Sum two-player games which
implies computing the equilibrium prices for Leontief
econimies is PPAD-complete [5, 10].



Open Problems
We leave several interesting open problems:

1. Can our results be extended to the case where
individual utilities are arbitrary concave functions
of the allocated resources?

2. Can our techniques be applied to exchange
economies, where the resources are also held by
agents who use the revenue acquired from allocat-
ing their resources to acquire a share of other re-
sources?

3. Our price based protocols require each resource to
know individual allocations made to each agent.
Can an aggregate measure be used instead?

2 Truncated Protocols

We first present a centralized algorithm that we call the
Distributed-Weighted-Majorization3 algorithm which
must start from precise initial conditions and which is
O(log ρ)-fair for the resource allocation problem with
Leontief utilities. In a TCP-like protocol or an imple-
mentation in a dynamic market, the allocation should
settle in an equilibrium even if it starts with arbitrary
initial values. Accordingly, we then define a class of
price based protocols that we call “truncated protocols”
and show that such protocols converge to a unique equi-
librium which is the same as that of the centralized al-
gorithm. We also prove that the convergence time of
these protocols is at most O(ntmax) where tmax is the
maximum time required for a single agent to converge
into the equilibrium, given that all other agents are held
fixed.

2.1 The Centralized Algorithm
Define µ = ρ3 and η = logµ

1
amin

+ 1. Note that
that η ≤ 4

3 ; also, for the bandwidth allocation problem,
η = 1. We also define γ as a rate parameter which
controls the rate of the changes of the utilities.

The algorithm below computes fair allocation and
a corresponding dual prices. It is similar to the
Distributed-Majorization algorithm [7]. However, the
dual prices are computed differently.

Distributed-Weighted-Majorization Algorithm:
The congestion of resource j is defined as Λj(t) =(∑

i:j∈Si
aijxi(t)

)
/cj . Let lj = µηΛj−1 and wi =∑

j∈Si
aij lj . At time 0, for 1 ≤ i ≤ n, initialize xi = η

ρ .

3The term majorization refers to the proof-technique used;

since the proof is in the appendix, a definition of majorization
has also been postponed to the appendix.

Update the amount of xi according to the differential
equation below:

dxi

dt
=

{
γ, wi < 1
0, wi ≥ 1.

Lemma 2.1. (Feasibility) The allocation found by
the Distributed-Weighted-Majorization algorithm is fea-
sible.

Proof. Consider resource j and let i be one of the agents
in argmaxi:j∈Si

xi. Let t be the first time wi(t) becomes
equal to 1. At time t:

aminµηΛj(t)−1 ≤ aijµ
ηΛj(t)−1 ≤

∑
k:k∈Si

aiklk(t) = wi = 1.

Note that by definition of xi, Λj remains constant
after time t. Therefore, ηΛj ≤ logµ

1
amin

+ 1 = η which
leads to the lemma.

Along the lines of [7, 12], the discrete implemen-
tation of the Distributed-Weighted-Majorization algo-
rithm is also possible. The discrete jumps of update
rules should be chosen small enough to maintain feasi-
bility.

Theorem 2.1. The allocation found by the Distributed-
Weighted-Majorization algorithm is O(log ρ)-fair.

The detailed proof is given in appendix B.

2.2 Propertiess Intuitively, in a fair allocation, an
agent with a small utility should not be penalized if
the other agents are using large amount of the shared
resources. Suppose x = (x1, . . . , xn) is the resource
allocation at time t. We define Λi

j as the congestion
of resource j, from the perspective of agent i, and it is
computed by truncating the allocation of other agents
which shares resource j:

Λi
j(t) = (

∑
k:j∈Sk

akj min{xi(t), xk(t)})/cj(2.1)

Let µ = ρ3; the truncated dual price of resource j
for agent i at time t, denoted lij(t), is defined as:

lij(t) = µηΛi
j(t)−1.(2.2)

Consequently, the truncated total dual price for
agent i at time t is equal to

∑
j∈Si

aij l
i
j(t). In the

sequel, we use wi(t) to refer to the truncated dual price.
Also, we omit the parameter t when it is clear from the
context. Before going further, we need some additional
definitions:



Definition 2.1. (Monotonicity) A price based pro-
tocol P is monotone if for any two allocations x =
(x1, · · · , xn) and y = (y1, · · · , yn), xi = yi, and xj ≤ yj,
for i 6= j, implies dxi

dt ≥ dyi

dt .

Definition 2.2. (Truncated Protocol) A price
based protocol P is truncated if it has the following
properties:

1. If wi, the truncated dual price for agent i, is less
than 1, then dxi

dt > 0. If wi > 1, then dxi

dt < 0. And
if wi = 1 then dxi

dt = 0.

2. It is monotone.

To illustrate the concept, consider truncated pro-
tocol P and two allocations x and y satisfying the as-
sumptions in Definition 2.1. Also, let wi and w′

i be the
corresponding dual prices for these allocations. By as-
sumptions (1) and (2) in Definition 2.2, if w′

i > 1, then
yi decreases at a faster rate than xi, note that xi might
be even increasing in this case. Also, if wi < 1, the rate
of the increase of xi is more than the rate of yi.

2.3 Convergence time analysis
In this section we analyze the convergence of trun-

cated protocols. In the sequel, we call the utility of an
agent i stable if wi = 1.

Definition 2.3. (tmax(P)) For a truncated protocol
P, tmax(P) is defined as the maximum time it would
take for the utility of an arbitrarily chosen agent to be-
come stable, assuming all the other utilities in the net-
work are held fixed.

Recall that we assume the initial amount of xi,
1 ≤ i ≤ n, is at most cmax. When it is clear from
the context, we omit the parameter P in the definition
above. The abstractions above enable us to prove
strong fairness and convergence properties for truncated
protocols. While a similar protocol was presented by
Cho and Goel for the restricted case of bandwidth
allocation, no convergence time results were known even
in this simpler setting.

Theorem 2.2. Consider a truncated protocol P:

1. It always converges to an equilibrium which is
unique for all the truncated protocols.

2. The resource allocation at the equilibrium is
O(log ρ)-fair.

3. P takes at most O(ntmax) time to converge.

Proof. Let f = (f1, · · · , fn) be the allocation found by
the Distributed-Weighted-Majorized algorithm, start-
ing with the precise initial conditions. Without loss of
generality assume f1 ≤ f2 ≤ . . . ≤ fn. Consider trun-
cated protocol P. Let xk be the current utility of agent
k, 1 ≤ k ≤ n. We define 2n phases, each of which starts
right after the previous one. For 1 ≤ i ≤ n:

(a) Phase 2i− 1 ends when for i ≤ k ≤ n, xk ≥ fi.

(b) Phase 2i ends when xi = fi.

Of course, it is not immediately clear that the
protocol will ever reach the end of phase 2n. We will
show, by induction, that the protocol will converge.
Moreover, we claim the following properties hold:

(c) For i ≤ k, after end of phase 2i− 1, xk never drops
below fi.

(d) After phase 2i to the end, xi remains equal to fi.

(e) Each phase takes at most tmax time.

Note if (a) to (e) hold, after phase 2n, x = f ; and all
utilities are stable. Therefore, the unique equilibrium
is f which by Theorem 2.1 is O(log ρ)-fair. Also,
convergence takes at most 2ntmax time.

We prove these by induction on the phases. Define
f0 = 0, so we can assume that induction basis holds.
Consider the protocol at the beginning of phase 2i− 1,
i ≥ 1. Suppose the utility of an agent k ≥ i is less than
fi. First observe that for resource j ∈ Sk:

Λk
j = (

∑
l:j∈Sl

alj min{xk, xl})/ce

= (
∑

l:j∈Sl,l<i

alj min{xk, xl})/ce +

(
∑

l:j∈Sl,l≥i

alj min{xk, xl})/ce

≤ (
∑

l:j∈Sl,l<i

aljfl)/ce + (
∑

l:j∈Sl,l≥i

aljxk)/ce(2.3)

Inequality (2.3) follows by the induction hypothesis
which implies properties (c) and (d) for phase 2i − 2.
Let Λ̄k

j be the congestion of resource j in the Weighted-
Distributed-Majorization algorithm at the time t such
that xk(t) = fi, i.e.

Λ̄k
j = (

∑
l:j∈Sl,l<i

aljfl)/ce + (
∑

l:j∈Sl,l≥i

aljfi)/ce

Therefore, as long as xk < fi, by inequality 2.3,
Λk

j ≤ Λ̄k
j . Hence, wk is less than 1 and dxk

dt is positive.



Thus, phase 2i − 1 ends in finite time. A similar
argument shows that after this phase, for k ≥ i, dxk

dt
is nonnegative at fi. Thus, xk never drops below fi;
this gives us the property (c).

After this phase, similarly, as long as xi > fi, dxi

dt
is negative. Hence, phase 2i also ends in finite time.
Note that because of property (c) and the truncated
dual pricing, Λi

j remains constant after phase 2i. Hence,
by the induction hypothesis, property (d) holds after
phase 2i.

Now, using monotonicity, we show that phase 2i−1
takes at most tmax. Consider agent k ≥ i with utility
less than fi; if there is no such agent we are done. By
condition (c), for l < i, xl is fixed at fl. Consider the
scenario in which for l 6= k and l ≥ i, xl is held fixed at
fi. Let t′ be the time it takes for xk to become stable,
by definition, t′ < tmax. We have already shown that
the stable point of xk is at least fi. Therefore, in this
scenario xk to reach fi in at most t′ time. Hence, by
monotonicity, and because the prices are truncated, the
time it takes for xk, in phase 2i − 1, to reach fi is at
most t′. Similarly, for phase 2i, define t′ as the time it
takes for i to become stable assuming xl, for l > i, is
held fixed at fi and xl = fl, for l < i. Again t′ ≤ tmax.
This proves the induction step for property (e).

Therefore, the protocol reaches end of phase 2n and
properties (a)-(e) hold afterward. Hence, the stable
point of the protocol is x = f which is O(log ρ)-fair.
Also, convergence takes at most 2ntmax time.

In the next two sections we define and analyze two
truncated protocols.

3 A Primal Protocol

We define a protocol in which the rate of change of
a utility is (mostly) proportional to its current value.
We call this protocol the primal protocol. We need one
more definition to describe this protocol. Function σ is
defined as:

σ(z) =

{ 1, z < 1
0, z = 1
−1, z > 1

In a primal protocol with the rate parameter γ,
denoted Pγ , agent i, 1 ≤ i ≤ n, updates its utility
according to the differential equation:

dxi

dt
=

{
γ
2n , xi ≤ 1

2n
σ(wi)γxi, o.w.

(3.4)

Proposition 3.1. Primal protocols are truncated .

Proof. With the definition of σ, to prove that primal
protocols satisfies the property (1) in Definition 2.2,

we only need to show that if xi < 1
2n , then wi < 1.

Recall that wi =
∑

j∈Si
µηΛi

j−1. Because Λi
j is the

truncated congestion, Λi
j < n × 1

2n = 1
2 . Therefore,

wi < mµ
η
2−1 ≤ ρ

1
3+ 4

6−1 ≤ 1. The monotonicity
property clearly holds.

The primal protocol is indeed a MIMD (multiplica-
tive increase, multiplicative decrease) protocol and like
many protocols of this type converges fast.

Lemma 3.1. For primal protocol Pγ , the value of
tmax(Pγ) is of O( 1

γ log ρ).

Proof. Suppose all utilities except for the agent i are
held fixed. The maximum time that the utility is less
than 1

2n before reaching stable point is 1
γ . Now suppose

xi ≥ 1
2n at time zero. Note that the stable point of the

utility is at most cmax. Also, note that σ(wi) remains
constant before reaching to the stable point.

There are two cases: if σ(wi) = 1, by the Equa-
tion (3.4), xi(t) ≥ 1

2neγt. Similarly, for the case of
σ(wi) = −1, xi(t) ≤ cmaxe

−γt. Therefore, the total
convergence time is at most 1

γ (log 2ncmax + 1).

The corollary below is immediate form the lemma
above and theorems 2.2.

Corollary 3.1. The convergence time of the primal
protocol Pγ into the equilibrium is O( 1

γ n log ρ).

4 A Dual Protocol

We now define a protocol in which the rate of change
in the utility of an agent is (mostly) proportional to its
dual price. We call this the dual protocol. Let ξ > 0
be a small constant. The rate of change in the utility
of agent i, 1 ≤ i ≤ n, is determined by the differential
equation below:

dxi

dt
= −1

η
log wi + σ(wi)ξ.(4.5)

When the utility is far from its stable point, | log wi|
is large and the utility converges to the stable points
fast. Once it gets close of its stable point, | log wi| is
almost zero, ξ perturbs the rate of convergence and
the utility smoothly reaches its stable point. The rate
of changes in the utility around its stable point is
very small, which makes this protocol appropriate for
discrete implementation. We will now give an an upper
bound on the convergence time.

Lemma 4.1. For the dual protocol P, the value tmax(P)
is at most cmax + 1

ρ2ξ .



Proof. Suppose all of the utilities except for the agent
i are held fixed. Let xi and x∗i be the current and
stable utility for agent i. First assume xi = x∗i + ∆
and ∆ > 0. Also, assume the sum of the trun-
cated amount of other utilities on resource e is yj ,
i.e. yj =

∑
k 6=i:j∈Sk

akj min{xi, xk}. Similarly, define
y∗j =

∑
k 6=i:j∈Sk

akj min{x∗i , xk}. For the dual price for
agent i we have:

wi =
∑
j∈Si

aijµ
ηΛi

j−1

=
∑
j∈Si

aijµ
η∆/cj+η(x∗i +yj)/cj−1

≥ µη∆/cmax
∑
j∈Si

aijµ
η(x∗i +yj)/cj−1

≥ µη∆/cmax
∑
j∈Si

aijµ
η(x∗i +y∗j )/cj−1

≥ µη∆/cmax

The last equality follows from the fact that at the
stable point the dual price is equal to 1; also, y∗j is less
than or equal to yj . By the inequality above, d∆

dt <

− 1
η log wi ≤ − log µ

cmax
∆. Similarly, for ∆ < 0, − 1

η log wi ≥
− log µ
cmax

∆ which yields ∆̇
∆ ≤ − log µ

cmax
. Therefore, after t

time, |∆| < cmaxµ
−t

cmax . Consequently, after cmax time
|∆| ≤ 1

ρ2 . Recall that before convergence, |dxi/dt| ≥ ξ.
Hence, after cmax + 1

ρ2ξ time, i becomes stable.

The corollary below is immediate form the lemma
above and the Theorem 2.2.

Corollary 4.1. Analogous to the primal protocol, the
dual protocol converges to the equilibrium in at most
O(ncmax) time.

4.1 A Faster Dual Protocol
Sometimes, there is a large variance between the

capacities of different resources. This variance has a
major effect on the performance of the dual protocol
defined in the previous section. In this section we adapt
the dual protocol for such settings. Define ci

min as the
the minimum capacity in Si, i.e. ci

min = minj∈Si
{cj}.

We define a protocol in which the rate of change in
utility of agent i, 1 ≤ i ≤ n, is determined by the
differential equation

dxi

dt
= −ci

min log wi + σ(wi)ξ.

We call this the fast dual protocol. In addition, we
assume the initial point of xi is at most ci

min.

Theorem 4.1. Let r be the maximum number of agents
that share a single resource. The fast dual protocol
converges into the equilibrium in O(nr(1+ 1

ξ log ρ )) time.

Proof. We will now show that tmax = O(r(1 + 1
ξ log ρ ))

for the fast dual protocol; the theorem will then follow
from Theorem 2.2.

First, we show that µηΛi
j−1 ≥ 1

ρ2 implies that
cj ≤ 3ηrci

min:

µ
ηrci

min
cj

−1 ≥ µηΛi
j−1 ≥ 1

ρ2

⇒ ηrci
min

cj
− 1 ≥ logµ

1
ρ2 = −2

3

⇒ 3ηrci
min ≥ cj

We use the definitions in Lemma 4.1. Let κ =
3ηrci

min. For ∆ > 0 we have:

wi =
∑
j∈Si

aijµ
ηΛj−1

=
∑
j∈Si

aijµ
η∆/cj+η(x∗i +yj)/cj−1

≥
∑

j∈Si,cj≤κ

aijµ
η∆/cj+η(x∗i +yj)/cj−1

≥ µη∆/κ
∑

j∈Si,cj≤κ

aijµ
η(x∗i +yj)/cj−1

≥ µη∆/κ(1− 1
ρ
)

The last inequality is derived from the fact that the
total contribution of the resources with capacity more
than κ is less than m

ρ2 . By the inequality above:

d∆
dt

< −ci
min log wi

≤ −ci
min(

η log µ

κ
∆ + log(1− 1

ρ
))

=
− log µ

3r
∆− ci

min log(1− 1
ρ
)

⇒ ∆ < ci
minµ

−t
3r − 3rci

min

log(1− 1
ρ )

logµ

= ci
minµ

−t
3r + O( r

log ρ )(4.6)

The last inequality follows by the Taylor expansion
of log(1− 1

ρ ). Similar results holds for ∆ < 0. Therefore,
after O(r) time, |∆| becomes O( r

log ρ ). After that, the
rate of convergence is at least ξ, so the utility of agent
i settles into the equilibrium in O(r + r

ξ log ρ ) time.



5 Bandwidth allocation on a single link

Consider the case of a single resource and n agents,
and ai1 = 1, for 1 ≤ i ≤ n. This is equivalent to the
bandwidth allocation on a single link and we can prove
faster convergence results.

Proposition 5.1. Any truncated protocol over a single
link network converges in at most 2tmax time.

Proof. By symmetry, at equilibrium, all of the utilities
are equal. Let f be the utility at the equilibrium.
Similar to the proof of Theorem 2.2, there are two
phases. In the first phase, all utilities become at least
f . In the second phase, all utility decrease to become
stable at f .

Corollary 5.1. The convergence of the primal proto-
col on a single link is logarithmic in n. Also, the dual
protocol converges into the equilibrium in O(1) time.
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A Majorization

It is known ([13, 16]) that the problem of approximating
uncountably many canonical utility functions can be
reduced to approximating n “prefix” functions. Define
the k-th prefix, pk(x) to be the sum of the k smallest
components of x (not x1+x2+. . .+xk but xσ(1)+xσ(2)+
. . . xσ(k) where σ is the permutation that sorts x in
increasing order). Let P ∗

k denote the maximum possible
value of pk(x) subject to capacity constraints. A feasible
solution x is said to be α-majorized if α ≥ P∗k

pk(x) for all
1 ≤ k ≤ n.

Theorem A.1. [16, 13] A feasible solution x is α-fair
if and only if x is α-majorized.

B Proof of Theorem 2.1

Let x be the allocation found by distributed-weighted-
majorized algorithm. For 1 ≤ i ≤ n, let Pi be the
i-th prefix sum x. We show Pi log µ ≥ P ∗

i , where P ∗
i is

the maximum weighted prefix sum subject to feasibility.
This implies that x is log µ-majorized. Therefore, by
Theorem A.1, x is log µ-fair.

The main idea of the proof is based on proposition
below and is immediate from [7]. In the sequel, we use
l to denote the vector of dual prices and Dl as

∑
j ljcj .

Proposition B.1. For every dual price l, let βk(l) =

minx

∑
i
w̃ixi

Pk(x) where w̃ = min{1, w}. Then, for any
feasible allocation x, Pk(x) ≤ Dl

βk(l) .

Let T be the first time βi(l) = 1. We show for
0 ≤ t ≤ T , Dl(t) ≤ log µPi(t):

dDl

dt
=

d

dt

∑
j

µηΛj−1cj

=
∑

j

η log µ
dΛj

dt
µηΛj−1cj

= η log µ
∑

j

(
∑

i:wi<1

aijγ)µηΛj−1

= η log µ
∑

i:wi<1

wiγ(2.7)

In [7], Cho and Goel proved the lemma below:

Lemma B.1. Given a weight vector w, let k denote the
cardinality of the set {wj : wj ≥ 1}. If βi(l) ≤ 1 for
some i, then

∑
j:wj<1 wj ≤ i− k.

This lemma still holds for the Leontief utilities. By
this lemma and inequality (2.7):

dDl

dt
≤ η log µ

∑
i:wi<1

wiγ ≤ η log µ
d

dt
Pi(x)

Taking the integral from both sides:

Dl(T ) ≤ η log µPi(T )− η log µPi(0) + ηDl(0)

≤ η log µPi(T )− η
i log µ

ρ
+

mcmax

ρ3

≤ η log µPi(T )

At time T , βi(l) = 1; P ∗
k ≤ Dl(T ) ≤ η log µPi(T ).

Also, Pi is increasing over time. Therefore, at the end of
the algorithm, P ∗

i ≤ log µPi, which completes the proof.


