
Optimal Self-Assembly of Counters at
Temperature Two

Qi Cheng ∗

University of Oklahoma
Ashish Goel †

Stanford University

Pablo Moisset de Espanés ‡

University of Southern California

Abstract

We present a tile system for assembling a counter of width K and height N =
2K on top of a seed-row in optimum time Θ(N). Our counter works at tempera-
ture 2. Earlier known constructions either took sub-optimal time or required tem-
perature 3. Using existing techniques, our system for assembling a counter from
a seed row can be extended into a system for assembling an N × N square in
optimum time Θ(N) and with optimum program size Θ(log N/ log log N).

We also present a general technique for analyzing the expected completion time
of irreversible self-assemblies.

1 Introduction

Self-assembly is the ubiquitous process by which objects autonomously assemble into
complexes. Nature provides many examples: Atoms react to form molecules. Molecules
react to form crystals and supramolecules. Cells sometimes coalesce to form organ-
isms. It has been suggested that self-assembly will ultimately become an important
technology, enabling the fabrication of great quantities of small complex objects such
as computer circuits. DNA self-assembly has received significant attention over the last
few years, both by practitioners [13, 14, 11], and by theoreticians [5, 7, 12, 8, 9, 1, 2].
The theoretical results have focused on efficiently assembling structures of a controlled
size (the canonical example being assembly of N × N squares).
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The Tile Assembly Model, originally proposed by Rothemund and Winfree [9], and
later extended by Adleman et al. [1], provides a useful framework to study the efficiency
of DNA self-assembly. In this model, a square tile is the basic unit of an assembly. Each
tile has a glue on each side; each glue has a label and a strength (typically 1 or 2). A tile
can add to a position in an existing assembly if at all the edges where this tile “abuts”
the assembly, the glues on the tile and the assembly are the same, and the total strength
of these glues is at least equal to a system parameter called the temperature (typically
2). Assembly starts from a single seed crystal and proceeds by repeated accretion of
single tiles. The speed of an addition (and hence the time for the entire process to
complete) is determined by the concentrations of different tiles in the system. Details
are in section 2.

Rothemund and Winfree [9] gave an elegant self-assembling system for construct-
ing squares by self-assembly in this model. Their construction of N × N squares
requires time Θ(N log N) and program size Θ(log N). Adleman et al. [1] presented a
new construction for assembling N×N squares which uses optimal time Θ(N) and op-
timal program size Θ( log N

log log N
). Both constructions first assemble a roughly N × log N

rectangle by simulating a binary counter, and then complete the rectangle into a square.

Our Results: We observe that the construction by Rothemund and Winfree [9] works
at temperature 2 and is neither optimal with respect to program size nor running time.
The running time was determined by the binary counter they used, which performed the
increment operations in a sequential fashion. The construction by Adleman et al. [1] is
optimal in both senses but requires temperature 3. The speedup was due to a counter
that uses parallelism. It is easy to combine the techniques used in both constructions
to achieve optimal program size at temperature 2, but it is not clear how to make the
running time linear in N at the same time. The main difficulty is constructing a binary
counter at temperature 2 that has enough parallelism to count from 0 to N − 1 in O(N)
time.

We summarize our results as follows.

1. We show how to assemble a binary counter at temperature 2 in optimal assembly
time and program size.

2. We prove our counter is a partial order system, as defined in [2], an interesting
class of tile systems.

3. We derive a technique to analize assembly time of self-assembly systems in the
Tile Assembly Model and we apply the technique to our problem.

2 Definitions

The Tile Assembly Model: The tile assembly model [9, 1] extends the theoretical
model of tiling by Wang [10] to include a mechanism for growth based on the physics



of molecular self-assembly. We will present a succinct definition, with minor modifica-
tions for ease of explanation.

A tile is an oriented unit square with the north, east, south and west edges labeled
from some alphabet Σ of glues. For each tile t ∈ T , the labels of its four edges are
denoted σN (t), σE(t), σS(t), and σW (t). Sometimes we will describe a tile t as the
quadruple (σN (t), σE(t), σS(t), σW (t)). Consider the triple < T, g, τ > where T is a
finite set of tiles, τ ∈ Z>0 is the temperature, and g is the glue strength function from
Σ×Σ to Z≥0, where Σ is the set of glues. We assume that (x 6= y) ⇒ g(x, y) = 0 for
all x, y ∈ Σ. In [3, 4] the case when the assumption is removed was explored.

Given p = (x, y), p′ = (x′, y′) ∈ Z
2, we say p and p′ are position adjacent iff |x −

x′|+ |y− y′| = 1. A shape S is a finite subset of Z
2, such that for all pairs of positions

(p, p′) in S2, either p = p′ or there exists a sequence of positions p1, p2, · · · , pn such
that p1 = p, pn = p′ and for all 1 ≤ k < n, pk and pk+1 are position adjacent. A
configuration is a partial function from Z

2 to T .

Let Dom(f) denote the domain of a function f . Let C and D be two configurations.
Suppose there exist some t ∈ T and some (x, y) ∈ Z

2 such that (x, y) 6∈ Dom(C),
D(x, y) = t and D = C except at (x, y). Let fN,C,t(x, y) = g(σN (t), σS(C(x, y+1))
if (x, y +1) ∈ Dom(C) and fN,C,t(x, y) = 0 otherwise. Informally fN,C,t(x, y) is the
strength of the bond between C and the north side of t. Define fS,C,t(x, y), fE,C,t(x, y)
and fW,C,t(x, y) similarly. Then we say that tile t is attachable to C at position (x, y) iff
fN,C,t(x, y)+fS,C,t(x, y)+fE,C,t(x, y)+fW,C,t(x, y) ≥ τ , and we write C →T D to
denote the transition from C to D in attaching a tile to C at position (x, y). Informally,
C →T D iff D can be obtained from C by adding a tile t such that the total strength of
interaction between t and C is at least τ .

A tile system is a quadruple T =< T, s, g, τ >, where T, g, τ are as above and s
is a special configuration called the “seed”, whose domain is a shape. If Dom(s) is a
singleton, we will say T is a unit seed tile system. We define the notion of a derived
supertile of a tile system T =< T, s, g, τ > recursively as follows:

1. The seed configuration s is a derived supertile of T, and

2. if C →T D and C is a derived supertile of T, then D is also a derived supertile
of T.

Informally, a derived supertile is either just the seed (condition 1 above), or obtained
by legal addition of a single tile to another derived supertile (condition 2). We will often
omit the word “derived” in the rest of the paper, and use the terms “seed supertile” or
just “seed” or s to denote the special supertile in condition 1.

A terminal supertile of the tile system T is a derived supertile A such that there
is no supertile B for which A →T B. If there is a terminal supertile A such that for
any derived supertile B, B →∗

T
A, we say that the tile system uniquely produces A.

Given a tile system T which uniquely produces a supertile, we say that the program size
complexity of the system is |T | i.e. the number of tile types.

The shape of a supertile Γ is Dom(Γ). We will use the notation [Γ] to denote the



shape of Γ. A tile system T is said to uniquely produce a shape W iff it uniquely
produces some supertile Γ and [Γ] is identical (up to translation) to W .

We will now add the notion of running time to this model. We associate with each
tile t ∈ T a nonnegative probability P (t), such that

∑

t∈T P (t) = 1. We assume that
the tile system has an infinite supply of each tile, and P (t) models the concentration of
tile t in the system. Now self-assembly of the tile system corresponds to a continuous
time Markov process where the states are in a one-one correspondence with derived
supertiles, and the initial state corresponds to the seed s. Suppose a single tile t can be
added to supertile B to produce supertile C. Then there is a transition from state B to
C in the Markov chain, and the rate of the transition is P (t). Suppose the tile system
produces a unique terminal supertile AT . In the Markov chain, the time for reaching
AT from s is a random variable. The “running time” of the self-assembly process is
defined as the expected value of this random variable.

Note that the Markov process modeling the self assembly process is inherently par-
allel. For details see [1].

3 Counting to N at T=2 in O(N) time.

3.1 The Tile System

For clarity of explanation, we begin by showing a pictorial representation of the tile
system and of the supertile it produces for N = 8.
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Figure 1: The tiles for the SA-counter. The number of lines jutting from each edge of the tile
represent the strength of the bond (1 or 2) and the labels on the edges represents the glues. Some
edges do not show any glue, meaning they have a zero strength glue.

We initially assume that N = 2K for some positive integer K – we will later show
how this assumption can be removed. The fully assembled counter is going to be a
rectangle, with K tiles in each row. Each row represents a binary number between 0
and N − 1, with the row representing i being immediately above the row representing
i − 1. While each tile is completely specified by its four glues, it is convenient for
the purpose of exposition to allow tiles to have labels. Each tile has one main label
(either 0 or 1). We will refer to tiles representing the digits 0 and 1 as ”0-tiles” and
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Figure 2: Graph representing the SA-counter supertile. The dashed line encloses the seed row.
The thin arrows indicate the order relation. The thick arrows represent the edges added to con-
struct an Equivalent Acyclic graph.

”1-tiles” respectively. The number represented by each row can be obtained by reading
the main labels on the tiles in that row, with the most significant bit being the west-most
in the row. We will refer to the row representing the number i as the ith row of the
counter. We will now describe the self-assembly process which results in the counter
being incremented.

The increment operation going from row to row uses 8 different tiles as well as K
special tiles that appear in the seed row only (see Figure 1). For all positive i less than
N , the assembly of the ith row always starts as the attachment of a 1-tile on top of the
east-most 0-tile in the (i − 1)st row. Call pi the position of the first tile being attached
in the ith row. All the remaining tiles in the ith row to the east of pi will be 0-tiles.
All the remaining tiles in the ith row to the west of pi will ”copy” the labels of the tiles
immediately below, i.e. if p is to the west of pi, then a 1-tile will attach to the growing
supertile at p iff there is a 1-tile at p − (0, 1).



We will assume that the temperature for this counter construction is 2. We now
describe the tiles in each of the rows and their glues. In addition to the main label, a
0-tile may have a star symbol. 0∗-tiles denote the east-most 0-tile in each row.

0-tiles: There are the following 0-tiles: 0∗E, 0∗M, 0Z, 0C.

1-tiles: 1E, 1M, 1S, 1C.

The glues and their strengths are depicted pictorially in Figure 1. The label suffixes
indicate the position in the row each row a tile may occupy and/or the function in the
assembly.

E: The tile can be only in the east-most column of the counter. Only tiles with the E
suffix can be in the east-most column of the counter.

M: The tile is either a 0∗-tile or a 1-tile that is directly on top of a 0∗-tile.

Z: Attach a 0-tile to the east. Tiles with the Z suffix can appear only to the east of the
0∗-tile in the previous row and to the west of the 0∗-tile in the same row.

C: Copy to the west the digit in the lower row. All tiles to the west of an M tile in the
same row are C tiles. Every C tile has the same main label as the tile immediately
to its south.

S: Search in the east to west direction for the position of the first 0-tile in the row
immediately below. Tiles with the S suffix can appear only to the east of 0∗-tiles.

We define TSA(K) as the tile system that has a tile set consisting of the tiles in
Figure 1. The glue strength function is as indicated in the same figure. The temperature
is 2, and there is a single seed supertile called SK . SK is a row of K special tiles.
The glues on the north sides of these K tiles represent the initial value of the counter
in binary. To represent the number 0, the glue on the north side of the east-most tile in
SK is b, and all the other glues on the north side of SK are N . We will assume that all
tiles which are not in SK have the same constant probability pSA which is a constant
independent of N .

We reproduce a definition from [8] with minor modifications in the terminology to
make it consistent with the definitions in this paper.

Deterministic row-column (RC) property: Let T = 〈T, S, g, τ〉 be a unit-seed tile
system and let Γ be a terminal supertile of T. Let wΓ = min{x|∃y s.t. (x, y) ∈ [Γ]},
i.e. the x coordinate of the west-most tile in Γ. Define eΓ, nΓ and sΓ similarly.

We say Γ is a full assembly iff for all pairs (p1, p2) of positions in [Γ]2, if p1 and
p2 are position adjacent, then the tiles at p1 and p2 in Γ have the same glue on their
abutting edges and the strength of that glue is non-zero. We say Γ has the C-property
iff Γ is a full assembly and for all x s.t. wΓ ≤ x < eΓ there exists exactly one y
such that the strength of the glue between Γ(x, y) and Γ(x + 1, y) is greater or equal



than τ . Similarly, we say Γ has the R-property iff Γ is a full assembly and for all y
s.t. sΓ ≤ y < nΓ there exists exactly one x such that the strength of the glue between
Γ(x, y) and Γ(x, y + 1) is greater or equal than τ . We say Γ has the RC-property iff Γ
has the R-property and the C-property. We say an attachment of a tile t to a supertile X
at a position p is deterministic iff t is the only attachable tile to X at p. We say Γ has
the deterministic RC-property iff Γ has the RC-property and there exists a derivation of
Γ such that all attachments in that derivation are deterministic.

The following theorem, also from [8], will help us to prove correctness of the
counter.

Theorem 3.1 If a unit-seed tile system T produces a supertile Γ that has the determin-
istic RC-property, then T uniquely produces Γ.

Theorem 3.2 The tile system TSA(K) uniquely produces a supertile which is a 2K×K
rectangle.

Proof: We start from defining a tile system T
′
SA(K) by modifying the glues on some

tiles in TSA(K). Consider a unit-seed tile system T
′
SA(K) that results from modi-

fying the K special tiles so T
′ can assemble SK starting from a single seed tile at the

east-most position without attaching tiles that do not belong to the 0th row. This can
be easily accomplished by making all east-west bonds in the seed row of strength 2, by
using unique glues to form those bonds and by using the east-most tile in SK as seed in
T

′
SA(K).

Consider an arbitrary derivation of a supertile of TSA(K). The derivation can be
thought of as a sequence of pairs (p1, t1), (p2, t2), · · · , (pN , tN ), where the tile ti at-
taches at position pi at the ith step. It is clear that the derivation (p̃1, t̃1), (p̃2, t̃2), · · · ,
(p̃K−1, t̃K−1), (p1, t1), (p2, t2), · · · , (pN , tN ), were the p̃i’s are positions in the seed
and the t̃i’s are modified special tiles, is the derivation of a supertile of T

′
SA(K). Intu-

itively, we are saying that after assembling the 0th row, T′
SA(K) behaves exactly like

TSA(K).

Clearly, T′
SA(K) assembles an N × K rectangle because there exists a derivation

that assembles the terminal supertile row by row, i.e. no tile is attached in the ith row
before the (i − 1)th row is totally assembled. Further, observe that in that derivation
all attachments are deterministic. Also observe that the all the east-west bonds in the
0th row use strength 2 glues, and no strength 2 east-west bonds are present other than
those in the 0th row, so the assembly has the C-property. Note that the only north-south
strength-2 bonds occur between the 0∗-tile in row i and a 1-tile in the (i + 1)st row,
and there is exactly one 0∗-tile per row (except the topmost row) so the assembly has
the R-property. Therefore, Γ has the deterministic RC property, and by Theorem 3.1,
T

′
SA(K) uniquely produces a N × K rectangle.

Minor modification of the seed row results in a tile system that uniquely produces a
supertile which is a N × K rectangle for all positive N ≤ 2K .



3.2 Analysis

Our counter construction follows the line of the counter by Adleman et al. [1], exploit-
ing “parallelism” to speed up the assembly process. The construction of Rothemund
and Winfree [9] takes time O(N log N) in the model of running time described in Sec-
tion 2. We show that the completion time for the SA-counter is linear in N in Section 4.
Intuitively, the stronger Θ(N) bound on the assembly time is due to the fact that a row
may start getting assembled before the row immediately below is completed.

In spite of having many possible derivations of the rectangle from the seed row,
this particular tile system has a property that makes the analysis of the running time
easier. We reproduce the definition of partial order systems introduced in [2], with
minor adaptations.

Assume that we are given a tile system T and a shape S that is uniquely produced
by T. Let A denote the supertile of T that has shape S. Let A(i, j) represent the tile
at position (i, j). Consider a derivation of A and let ti,j represent the time when a tile
attaches to the growing assembly at position (i, j). Define a partial order ≺ on the tile
positions in S such that (i, j) ≺ (p, q) iff ti,j ≤ tp,q for all possible derivations of A
using T.

Definition: A tile system T is said to be a partial order system iff it uniquely produces
a shape S, and if for all adjacent positions (i, j),(x, y) in S, either (i, j) ≺ (x, y), or
(x, y) ≺ (i, j), or the strength of the glues connecting tiles at positions (i, j) and (x, y)
is zero.

Note that we can represent the partial order relation as a DAG G = (S,E), where
(p, q) ∈ E iff p ≺ q.

Figure 2 depicts the assembly of a counter counting from 0 to 7 in binary. The
thin arrows indicate the order relation in the process. For a arrow, the position at the
tail must be filled before the position at the head. Intuitively, a long path in the graph
suggests long running time because it implies those positions will be filled sequentially.

Lemma 3.3 The tile system TSA(K) is a partial order system.

Proof: For all rows (other than the seed row), the first tile to be added to that row is
the one directly above the 0∗-tile in the immediately lower row. This is because all tiles
with a strength 2 glue on their north edges are 0∗-tiles. Since there is exactly one 0∗-tile
per row, we observe that no tile can attach to the assembly if the tile immediately to the
south is not already in place. This gives the north to south order relation for all pairs of
positions of the form (p, p + (0, 1)). Inside each row, we note that for all positions p
to the west of the 0∗-tile, an attachment is impossible if the position immediately to the
east of p is empty. Similarly, for all positions p to the east of the 0∗-tile, an attachment
is impossible if the position immediately to the east of p is empty. This completes the
definition of the partial order relation for all pairs of adjacent positions.

Let GN be the DAG representing the partial order relation in an SA-counter super-
tile that corresponds to counting from 0 to N − 1. Figure 2 shows an example of a



counter counting from 0 to 7 and a pictorial representation of the partial order relation
that corresponds to G8.

Lemma 3.4 For all N in N, the length of the longest directed path in GN is Θ(N).

Proof: Let L be length of the longest path in GN . The longest path in a DAG
must end in a sink, and GN has exactly one, namely the vertex that corresponds to the
north-west corner tile in the rectangle. It is easy to see that longest path must start from
the vertex corresponding to the south-east corner of the rectangle. Since the longest
path will necessarily contain exactly N − 1 south-north edges, that path will be the one
containing the most west-east edges. There is exactly one path containing all of them.
It is the path containing all the vertices corresponding to the 0∗-tiles. All paths going
from the bottom row to the top row will traverse exactly N − 1 north to south edges,
hence L = Ω(N). The number of west to east and east to west edges traversed is easily
bounded by adding the distance from the east-most zero to the east-most column for all
rows.

L ≤ N − 1 +
∑K

j=1(K − j) × 2j

and

N − 1 +
∑K

j=1(K − j)× 2j = N − 1 + N
∑K−1

i=0 i2K−i < N(1 +
∑∞

i=0 i2−i) =
O(N)

Theorem 3.5 The time complexity for building an SA-counter that counts from 0 to N
is Θ(N).

We will present the proof of Theorem 3.5 at the end of Section 4 after we develop
some more machinery.

4 Running time Analysis.

For the purpose of our analysis, we transform the self-assembly process into another
process which we call the “sentinel” process. The sentinel process does not adhere
to the model described in Section 2; in fact there does not seem to be an easy imple-
mentation of the sentinel process. However, the sentinel process is more amenable to
analysis, and the time for this process to complete is an upper bound (in the stochastic
domination sense) on the completion time for the self-assembly process.

Given a directed graph G = (V,E) and vertices v, v′ in V , we say v is a predecessor
of v′ iff (v, v′) ∈ E. Given a vertex v, we define the predecessors of v in G, and we
denote it as PredG(v), to be the set of all vertices v′ such that v′ is a predecessor of v.

Equivalent Acyclic Graph (EAG): Let T = 〈T, S, g, τ〉 be a tile system that uniquely
produces some supertile Γ, and let G = (V,E) be a DAG. G is an Equivalent Acyclic
Graph (EAG) for T iff:



1. V = [Γ].

2. G has exactly one source.

3. For all edges (p, p′) ∈ E, p and p′ are position-adjacent.

4. Let σ be the seed supertile. For all p ∈ [Γ] − [σ], for all derived supertiles Γ′ of
T, if PredG(p) ⊂ [Γ] and p 6∈ [Γ′], then Γ(p) is attachable to Γ′ at p.

Note that for a given T there may exist more than one EAG.

Lemma 4.1 For all tile systems T that uniquely produce a supertile, there exists an
EAG.

Proof: Let Γ be the terminal supertile produced by T, let σ be the seed supertile and
let n be the number of elements of [Γ] − [σ]. Consider one arbitrary derivation of Γ
and the graph G = (V,E) constructed in the following way: For 1 ≤ i ≤ n call pi the
position where the ith attachment occurs. Define V = [Γ], E1 = {(pi, pj)|i < j and
pi, pj are position adjacent} and Eb = {(p, p′)|p ∈ [σ] and p′ ∈ [Γ] − [σ], and p, p′

are position-adjacent}. Define some DAG G′ = ([σ], Es) such that Eb ⊂ Es, G′ is
connected, for all edges (p, p′) in Es p and p′ are position adjacent, and G′ has a single
source. It is easy to see that G′ must exist, since σ is a connected configuration.

To complete the proof, we have to verify that G is an EAG. We start by proving
G is a DAG. Because of the way we constructed it, there cannot be a cycle in G′. We
observe that all edges in E1 connect vertices in [Γ] − [σ], that all edges in Eb go from
a vertex in [σ] to a vertex in [Γ] − [σ] and that all edges in Es connect elements in [σ].
Therefore, there cannot be a path from a vertex in [Γ] − [σ] to [σ]. There are not cycles
in G′, so if there is a cycle in G it must contain exclusively elements in [Γ] − [σ]. By
the definition of E1 this is clearly impossible, hence G is a DAG. Now we prove that
G has exactly one source, i.e. the one in [σ]. We claim that there cannot be a source in
[Γ]− [σ]: Assume there is one and let pi be that vertex. If there is a vertex p ∈ [σ] such
that pi and p are position-adjacent then, by definition of Eb, pi has an incoming edge
and is not a source. Now consider the case when there is not such a p. Because of the
definition of E1 we know that for all all outgoing edges (pi, pj), i < j. Therefore, in
our derivation the attachment at i happened before the attachment at j. If pi is a source,
it means that the attachment at pi happened before any of its position-adjacent locations
were filled. No derivation can exhibit that behavior.

To verify the last condition of the definition of EAG, we simply observe that E was
obtained from an actual derivation.

In the previous proof we used a derivation of the supertile to construct a suitable
EAG. We say that the EAG was induced by the derivation.

Sentinel process: Let T = 〈T, S, g, τ〉 be a tile system that uniquely produces a
supertile, let Γ be that supertile, let P be a concentrations function for T, let G be a EAG



for T and let gs be the source of G. Let S be the set of all subgraphs G′ = (V ′, E′) of
G such that gs ∈ V ′ and for all edges (p, p′) ∈ E, (p, p′) ∈ E′ iff p, p′ ∈ V ′.

We define ST,G,P to be the continuous time Markov process such that:

1. Each state in ST,G,P corresponds to a graph in S.

2. There is a transition from state s′ to s′′ in ST,G,P iff the corresponding subgraphs
G′ = (V ′, E′) and G′′ = (V ′′, E′′) are such that V ′′ − V ′ is a singleton and
E′′ − E′ = {(u, v)|v ∈ V ′′ − V and u ∈ PredG(v)}.

3. The probability associated with a transition from s to s′ is P (v), where v is the
only element of V ′′ − V .

Note that ST,G,P has exactly one source state, corresponding to the source of G,
and exactly one sink state, corresponding to G. We define the completion time for the
sentinel process as the time to go from the source state to the sink state. Intuitively, the
sentinel process is obtained by modifying the self-assembly process by deleting some
transitions in it, i.e. disallowing some bonds to form. This elimination of transitions
will make the completion time of the sentinel process an upper bound for the running
time of the self-assembly process.

Completion time for the sentinel process: Consider a tile system T that uniquely
produces a supertile, and a concentrations function P for T, and let c = mini(P (i)),
i.e. the smallest concentration. Let G be an EAG for T and let L be the length of the
longest directed path in G. Let t be the completion time for ST,G,P .

Lemma 4.2 E[t] = O(L/c). Further, t has an exponentially decaying tail.

Proof: Let P1, P2, . . . PN represent the N directed paths from the seed to any sink in
the sentinel graph. At each step in any path, the edge must go to a position-adjacent
vertex and there are at most three candidates. Therefore N is at most 3L ≤ e2L. Let
Xi,j be an exponential random variable with mean 1/P (Γ(i, j)), i.e. the reciprocal of
the probability associated with the tile at position (i, j) in the final supertile. Let all
the Xi,j be independent. A tile attaches at position (i, j) in the self-assembly Xi,j time
after this position becomes attachable1. Let Sl denote the sum of all Xi,j such that
position (i, j) lies on path Pl. Then the completion time t = maxN

l=1 Sl. Sl is the sum
of at most L mutually independent exponential variables, each with mean less or equal
to 1/c. Hence E [Sl] ≤ L/c; let φ denote the value L/c. Clearly φ = O(L/c). Using
Chernoff bounds for exponential variables [6], it follows that Pr [Sl > φ · (1 + δ)] ≤
((1 + δ)/eδ)L. Hence Pr [t > φ(1 + δ)] ≤ N((1 + δ)/eδ)L ≤ e2L((1 + δ)/eδ)L =
((1 + δ)/eδ−2)L. Let us choose δ = δ′ + 4, where δ′ > 0. Now

Pr [t > 5φ(1 + δ′)]

1This fact follows from the fact that once a tile position becomes attachable it remains attachable till it
actually attaches.



≤ Pr [t > φ(1 + 4 + δ′)]

≤ ((1 + δ′)/eδ′

)L.

This clearly gives an exponential tail bound. Now,

E [t] ≤ 5 · φ(1 +

∫ ∞

δ′=0

((1 + δ′)/eδ′

)Ldδ′),

which is O(L/c) as φ = O(L/c) and the integral is bounded by a constant for any value
of L ≥ 1.

Stochastic dominance: Define ti,j to be the time at which the (i, j) position gets
filled in the original self-assembly process and t′i,j to be the time at which it gets filled
in the sentinel process. If (i, j) is in the shape of the seed supertile then assume ti,j =
0. Note that ti,j and t′i,j are random variables. Let t and t′ be the random variables
denoting the times at which the original self-assembly process and the sentinel assembly
complete.

A real valued random variable A is said to be stochastically dominated by another
random variable B, denoted A ≤sd B, if for all x, Pr [A > x] ≤ Pr [B > x].

Lemma 4.3 For all (i, j) in the shape of the uniquely produced supertile, ti,j ≤sd t′i,j

Proof: Let Γ be the supertile produced by T. Let Xi,j be an exponential random
variable with mean 1/P (Γ(i, j)), i.e. the reciprocal of the probability associated with
the tile at position (i, j) in the final supertile. Let all the Xi,j be independent. A tile
attaches at position (i, j) in the self-assembly Xi,j time after this position becomes
attachable. We couple the sentinel process and the self-assembly process by setting
the values of Xi,j to be the same for both processes. Define ai,j and a′

i,j to be the
times at which tile position (i, j) is attachable in the self-assembly process and the
sentinel process, respectively. Let t be the earliest time when a tile gets attached in
the sentinel process but is still unattached in the self-assembly process. Let (i, j) be
this tile position. Clearly, a′

i,j < t. Therefore any tiles which had attached in the
sentinel process by time a′

i,j had also attached in the self-assembly process. Since the
sentinel process was formed by disallowing certain bonds in the self-assembly process,
tile position (i, j) is also attachable in the self-assembly process at time a′

i,j . Hence
ai,j ≤ a′

i,j . But ti,j = ai,j + Xi,j and t′i,j = a′
i,j + Xi,j . This implies that ti,j ≤ t′i,j ,

which is a contradiction. Since ti,j ≤ t′i,j for each coupled experiment, ti,j ≤sd t′i,j .

Lemma 4.3 in conjunction with the lemma 4.2 now allows us to conclude:

Theorem 4.4 E[t] = O(L/c). Further, t has an exponentially decaying tail.

Consider a unit-seed tile system T that uniquely produces a supertile, and a constant
valued concentrations function C for T. Let c be the value of C.

Theorem 4.5 There exists an EAG G for T such that the time complexity of T is
Θ(L/c).



Proof: Let Γ be the terminal supertile of T, and let t be the time complexity of T.
Consider an experiment, i.e. the assembly of Γ from the seed. Let t̃ be the completion
time of the experiment.

Define p1 = Pr
[

t̃ ≤ 2t
]

. Clearly, E[t̃] = t and by Markov’s inequality p1 ≥ 1/2.

Let G̃ be the EAG induced by the experiment, that can be constructed as we shown
in the proof of Theorem 4.1. Let L̃ be the length of the longest directed path in G̃.

Define p2 = Pr
[

L̃/(4c) ≥ t̃
]

. We will now show that p2 < 1/4.

Define β = x1 + x2 + · · ·+ xL̃ where the x′
is are independent exponential random

variables with mean 1/c. Using the fact that exponential variables are the inter-arrival
times of Poisson events we get:

Pr
[

β ≤ L̃/(4c)
]

= Pr
[

ρ(L̃/4) ≥ L̃
]

where ρ(L̃/4) is a Poisson variable with mean L̃/4. Using Markov inequality again,

we obtain Pr
[

ρ(L̃/4) ≥ L̃
]

≤ 1/4, hence Pr
[

β ≤ L̃/(4c)
]

≤ 1/4. Since β ≤sd t̃ we

conclude that Pr
[

L̃/(4c) ≥ t̃
]

≤ 1/4.

Since p1 > p2, it must be the case that Pr
[

L̃/(4c) ≤ t̃ ∧ t̃ ≤ 2t
]

6= 0. Therefore,

there must exist a derivation that induces an EAG G such that L/(4c) ≤ 2t and hence
t = Ω(L/c), where L is the length of the longest directed path in G. From Theorem 4.3
we know that t = O(L/c), completing the proof.

For completeness, we state the following lemma of trivial proof that gives a lower
bound on the time-complexity of a partial order system. Let T be a partial-order system,
let G be the DAG describing the partial order relation and let L be the length of the
longest directed path in G.

Lemma 4.6 For all concentrations functions P for T, the time complexity of T is Ω(L)

Theorem 3.5 can be obtained immediately from Lemma 3.4, Lemma 4.6, and The-
orem 4.5. We present the details below.

Proof of Theorem 3.5: Let G be the acyclic graph representing the partial order re-
lation in the counter. Lemma 3.4 states that the longest path in G has Θ(N) length.
The Θ(N) running time follows from Theorem 4.5. A suitable EAG is G, augmented
with all edges of the form ((x + 1, y), (x, y)), where both (x + 1, y) and (x, y) are in
the seed row, and with edges of the form ((x, y), (x, y + 1)), where (x, y)’s are in the
seed row, (see Figure 2). It’s easy to see that the length of the longest directed path in
the augmented graph is still Θ(N). To prove the time complexity is Ω(N), we simply
invoke Lemma 4.6.
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