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2.1 Packet Routing (cont.)

We continue the discussing of the packet routing problem. Last time we saw a very simple protocol
whose input is a set of N prescribed routes (for N packets) having congestion c and dilation d (as
defined previously), and produces a schedule that uses buffers of size O(log(Nd)) and finishes in
O(c + d log(Nd)) time steps with high probability (at least 1 − n−c, where c is a constant hidden
in the O-notation).

Even though it does not achieve the natural lower bound O(c + d), this algorithm is still very
practical because it is simple to implement. Also, the extra logarithmic factor multiplies only the
dilation, which is typically small (in the networks like the Internet), and not the congestion, which
can be large.

In the current version of the problem, the routes are given as a part of input. Now we will see how
one can choose routes in a given network graph G = (V,E) to minimize the sum of the congestion
and dilation. The input is in this case only N source-destination pairs (si, ti), i = 1, 2, . . . , N , one
for each packet to be routed.

Suppose for a moment that we are not concerned about dilation, but only want to make the
congestion as small as possible. It turns out that even this problem is NP-complete. One natural
idea is to make it easier by considering fractional relaxation, i.e. allow “splitting” the packets into
pieces sent along different paths to the destination. This problem can be easily formulated as a
linear program (LP)

min c

subject to
∑

R∈Ri

xi,R ≥ 1 i = 1, 2, . . . , N

∑
i

∑
R∈Ri, e∈R

xi,R ≤ c ∀e ∈ E (1)

xi,R ≥ 0 i = 1, 2, . . . , N ∀R ∈ Ri

where Ri is the set of all paths in G between si and ti. The number of variables in this LP is
exponential, and the number of variables is polynomial in the size of the input. We write down the
dual LP in order to “exchange” the two. Let αi and βe be the dual variables corresponding to the
packet-indexed and edge-indexed constraints, respectively. The dual is the following maximization
LP
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max
∑

i

αi

subject to
∑
e∈R

βe ≥ αi i = 1, 2, . . . , N ∀R ∈ Ri∑
e

βe ≤ 1 (2)

αi ≥ 0 i = 1, 2, . . . , N

βe ≥ 0 ∀e ∈ E

The dual has exponentially many constraints, but still can be solved in polynomial time – given
some assignment of values for the dual variables, one can check in polynomial time if the assignment
is feasible, and return a violated constraint if it is not. In particular, the first set of dual constraints
is verified by running a shortest path algorithm on G, for all (si, ti) pairs, using βe as the edge
lengths.

Now we need to consider dilation as well. Suppose that the dilation d is fixed, i.e. the problem
is to find the set of (fractional) paths with minimum congestion and dilation at most d. It is easy
to see that the only modification needed to handle this case is that Ri in (1) and (2) are now
restricted only to si-ti paths of appropriate length. Furthermore, it is easy to modify shortest path
algorithms to only consider such paths (see [1] for example). Therefore, we still have a polynomial-
time solution.

Finally, the most general case (optimizing over c+d) can be solved by taking the best among the
solutions for all possible choices of d, which are only polynomially many. Thus the route selection
problem can be solved optimally in polynomial time, modulo the fact that the paths are fractional.
Fortunately, it turns out that we do not need integral paths in order to guarantee the same expected
performance of our scheduling algorithm.

The idea is very simple – send each packet with random delay, as before, and also on a randomly
chosen path, where paths are picked independently for each si-ti pair, according to the probability
distribution induced by the xi,R variables. Repeating the analysis from the previous lecture, the
expected number of packets passing through a fixed edge e in a specific epoch (of B time slots) is
now equal to ∑

i

∑
R∈Ri, e∈R

xi,R
B

T

which is upper bounded by cB/T by (1), which is exactly the same as in the original protocol, so
the rest of the analysis (applying the tail inequality etc.) goes through without any changes.

2.2 Packet Routing in O(c + d) Time with O(1)-sized Buffers

We now give a sketch of the argument leading to the main result of Leighton, Maggs and Rao [2].
Since the complete proof is quite involved, we will only prove a weaker version. The proof uses the
Lovász Local Lemma (see Handout 1).

We start with the following (infeasible) protocol.

2



Protocol 2.1

1. Inject each packet in a time slot between 1 and T , chosen uniformly at random, independently
for each packet.

2. Packets never wait, i.e. they follow the their prescribed routes, traversing one edge per time
step, until they reach their destinations.

The protocol is clearly infeasible since it may require more that one packet to traverse the same
edge in the same time slot. As before, set T = αc, where α is to be determined. In addition, set
F = α log(c + d). Consider an interval [ti, ti + t− 1] of length t and fix an edge e. Probability that
a fixed packet that uses e does so in this specific time interval is clearly t/T , by the same reasoning
as in the simple protocol. Thus the expected number of packets that use e in this interval (and in
fact, in any interval of length t) is at most ct/T = t/α. Intuitively, if t is overshoots α by some
logarithmic factor (to be made precise later, say t ≥ F ), we can use the Chernoff bound to show
that the relative congestion is at most O(1) with high probability.
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