
ADAPTIVE WAVELET TRANSFORM FOR IMAGE COMPRESSION
VIA DIRECTIONAL QUINCUNX LIFTING

Chuo-Ling Chang, Arian Maleki, and Bernd Girod

Information Systems Laboratory, Department of Electrical Engineering, Stanford University
{chuoling,arianm,bgirod}@Stanford.EDU

ABSTRACT

We propose a novel adaptive wavelet transform that exploits lo-
cal image properties for image compression. It combines wavelet
filters adaptive to edge orientations with quincunx subsampling
to form a 2-D nonseparable transform through lifting. Filter se-
lections are efficiently represented. Significant improvement on
both subjective and objective quality over the conventional sepa-
rable transform is observed. In addition, unlike previous adaptive
transforms, the symmetry in quincunx subsampling enables even
quality for image features along different directions and the com-
pression performance is insensitive to image orientation.

1. INTRODUCTION

The 2-D discrete wavelet transform (DWT) is the most important
new image compression technique of the last decade [1] [2] [3].
Conventionally, the 2-D DWT is carried out as a separable trans-
form by cascading two 1-D transforms in the vertical and horizon-
tal direction. Such a separable transform cannot efficiently repre-
sent edges in the image not aligned in these two directions since it
distributes the energy of these edges into several subbands.

Lifting is a procedure to design wavelet transforms that are
ensured to achieve perfect reconstruction [4]. Using lifting, Clay-
poole et al. developed transforms that locally adapt the length of
the wavelet filters in the prediction step of lifting such that filter-
ing is not performed across edges [5]. However, no significant
improvement on objective quality measurement over the conven-
tional 2-D DWT was reported, although subjective improvement
was observed. Similarly, Taubman proposed to locally adapt the
filtering direction in the prediction step to edge orientations, and
some objective quality improvement was reported [6]. Note that
both approaches do not explicitly signal the filter selections to the
decoder even in the presence of quantization noise. In [5], a mech-
anism is introduced to exactly recover the selections at the decoder,
given that the encoder has certain prior knowledge about the quan-
tization noise. In [6], the filter selection process is designed to be
robust against quantization noise so that it can be reliably repeated
at the decoder.

More recently, approaches that adaptively select filtering di-
rections via lifting, similar to [6], have again been proposed [7][8],
but they choose to explicitly signal the selections to the decoder.
These approaches have demonstrated significant subjective and
objective quality improvement on images rich of textures, mostly
due to the efficient representation and coding of the filter selec-
tions. However, although they are designed based on the frame-
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work of separable transforms, i.e., two cascaded processes aiming
at different sets of directions, adaptivity has rendered them into
nonseparable transforms. Hence, the order of the two processes
does affect the decorrelation ability. Therefore, having a fixed
order, they typically favor certain directions, resulting in uneven
quality for different image features and the compression perfor-
mance is sensitive to image orientation.

We propose to combine directional lifting with quincunx sub-
sampling to achieve an adaptive wavelet transform for image com-
pression. Quincunx subsampling has been adopted with wavelet
transform for several applications [9] [10]. Gouze et al. proposed
a method to design quincunx wavelet transforms using lifting that
adapts the wavelet filters globally to image statistics [10]. How-
ever, it usually involves complicated 2-D filters and the compres-
sion performance on typical images sampled on orthogonal grids
is inferior to the separable 2-D DWT. The proposed adaptive trans-
form using directional quincunx lifting involves only simple filters
and achieves compression performance comparable to the previ-
ous adaptive transforms in [7] and [8], with a significant gain over
the separable 2-D DWT for images with rich textures. Further-
more, owing to the symmetry in the quincunx grids, the transform
is insensitive to edge directions and image orientation.

In the remainder of this paper, we describe various compo-
nents of the proposed directional quincunx lifting scheme in Sec-
tion 2. Experimental results are reported in Section 3, demonstrat-
ing the objective and subjective improvement over other adaptive
transforms and the conventional transform.

2. DIRECTIONAL QUINCUNX LIFTING

2.1. Discrete Wavelet Transform with Quincunx Lifting

Let X = {X[l], l ∈ Π} denote an image on a 2-D orthogonal
sampling gridΠ = {(m, n)T ∈ Z2|0 ≤ m ≤ M − 1, 0 ≤ n ≤
N − 1}. To apply the DWT onX, we first split the image into
two fields,Xe = {X[le], le ∈ Πe} andXo = {X[lo], lo ∈ Πo},
with quincunx subsampling defined asΠe = {(m, n)T ∈ Π|m +
n even} andΠo = {(m, n)T ∈ Π|m + n odd}, as illustrated in
Fig. 1(a).

Denote the low-pass subband sampled onΠe by L =
{L[le], le ∈ Πe} and the high-pass subband onΠo by H =
{H[lo], lo ∈ Πo}, wavelet analysis onX using lifting with quin-
cunx subsampling can generally be expressed as

H[lo] = X[lo]− Plo(Xe), ∀ lo ∈ Πo (1a)

L[le] = X[le] + Ule(H), ∀ le ∈ Πe (1b)

wherePlo(·) andUle(·) are functions of the sample values in the
input field with a scalar output.
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Fig. 1. Prediction directions for lifting on the image: white dots
denoteΠe and gray dots denoteΠo.

2.2. Adaptive Direction Selection

In general, for each location in the the odd field,lo, Plo in the
prediction step is chosen to predictX[lo] from samples inXe such
that the energy of the residual,H[lo], is minimized. We define8
predictor candidates from whichPlo can be adaptively selected:

Pi(Xe, lo) = 1
2
(X[lo − vi] + X[lo + vi]), ∀ i = 0, · · · , 7 (2)

wherev0 = [0, 1]T , v1 = [1, 2]T , v2 = [0.5, 0.5]T , v3 = [2, 1]T ,
v4 = [1, 0]T , v5 = [2,−1]T , v6 = [0.5,−0.5]T , and v7 =
[1,−2]T . EachPi corresponds to applying wavelet analysis along
a particular direction, as illustrated in Fig. 1(a). Note that we apply
symmetric extension at image boundaries to account for the sam-
ple values at the out-of-bound locations not defined inX. In ad-
dition, sample values at non-integer locations, such asX[lo + v2],
are not defined inX. We obtain such values by interpolating from
the existing samples colinear with the non-integer location in the
direction perpendicular to the direction of wavelet analysis. For
example, using a simple 4-tap linear interpolation filter, we define
X[lo + v2] = 1

4
(−X[lo + v5] + 3X[lo + v4] + 3X[lo + v0] −

1X[lo − v7]) (refer to Fig. 1(a)) and similarly for other values at
non-integer locations. For comparison, the9 prediction directions
for directional lifting with orthogonal subsampling as proposed in
[8] are shown in Fig. 1(b). Note that the configuration in Fig. 1(b)
requires interpolation not only at half-resolution locations but also
at quarter-resolution locations.

We choose to minimize the absolute difference rather than the
energy ofH[lo] to reduce the complexity, and the overhead for
selecting each candidate is also taken into account in direction se-
lection through a pre-defined Lagrangian multiplierλ. To reduce
the overhead needed to signal the predictor selection for carry-
ing out the inverse transform, we adapt the predictor in a block-
wise fashion, rather than pixel-wise. The original gridΠ is evenly
partitioned intoK non-overlapping blocks, each denoted byBk,
k = 0, · · · , K − 1. For eachBk, we select the best directiondk

by

dk = arg mini

∑

lo∈Πo∩Bk

|X[lo]− Pi(Xe, lo)|+ λRk,i (3)

whereRk,i denote the number of bits spent on the overhead for
selectingdk = i for Bk. For the update step, we similarly define
the8 candidates forUle as

Ui(H, le) = 1
4
(H[le − vi] + H[le + vi]), i = 0, · · · , 7 (4)
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Fig. 2. Prediction directions for lifting on the low-pass subband:
dashed dots denoteΠLe and solid dots denoteΠLo.

For samples inBk, we apply the update step along the same direc-
tion dk selected in the prediction step. As a result, for each block
Bk (1) can be rewritten as

H[lo] = X[lo]− Pdk (Xe, lo), ∀ lo ∈ Πo ∩Bk (5a)

L[le] = X[le] + Udk (H, le), ∀ le ∈ Πe ∩Bk (5b)

2.3. Wavelet Pyramid Generation

Each ofL andH consists of half samples as in the original image
X. In order to obtain a structure similar to that from one level of
the conventional separable 2-D DWT, i.e., four subbands each hav-
ing a quarter of samples as inX, we further apply another wavelet
transform onL to generate subbandsLL andLH, and onH to
generateHL andHH.

The low-pass bandL is split into two fields, Le =
{L[lLe], lLe ∈ ΠLe} andLo = {L[lLo], lLo ∈ ΠLo}, where
ΠLe = {(m, n)T ∈ Πe|m even} and ΠLo = {(m, n)T ∈
Πe|m odd} as illustrated in Fig. 2(a);H is similarly split into
He = {H[lHe], lHe ∈ ΠHe} andHo = {H[lHo], lHo ∈ ΠHo},
whereΠHe = {(m, n)T ∈ Πo|m even} andΠHo = {(m, n)T ∈
Πo|m odd}. With lifting, the predictor candidates forL andH are
defined as

P L
i (Le, lLo) = 1

2
(L[lLo − ui] + L[lLo + ui]) (6)

P H
i (He, lHo) = 1

2
(H[lHo − ui] + H[lHo + ui]), i = 0, · · · , 7

whereu0 = [0, 1]T , u1 = [1, 3]T , u2 = [1, 1]T , u3 = [3, 1]T ,
u4 = [1, 0]T , u5 = [3,−1]T , u6 = [1,−1]T , andu7 = [1,−3]T

as illustrated in Fig. 2(a). The9 directions for orthogonal subsam-
pling proposed in [8] are shown in 2(b) for comparison.

We select the best direction for each block inL andH in the
same way as forX, except that each ofL andH is divided into
only K

2
blocks. Note thatΠLe, ΠLo, ΠHe, andΠHo are again

2-D orthogonal grids, therefore they can be easily rearranged into
the original gridΠ with each subband occupying a quadrant ofΠ.
We normalize the sample values inLL by a factor of2 and those
in HH by 1

2
in order to keep the transform close to orthonormal.

The whole process discussed so far constitutes one level of the
proposed nonseparable and adaptive wavelet transform. This pro-
cess can be iteratively applied on theLL subband to generate a
wavelet pyramid, as would have resulted from multiple levels of
the conventional separable 2-D DWT. For each additional level of
the transform, the block size remains the same so that the number
of blocks is reduced by a factor of 4, but the Lagrangian multiplier
λ is doubled to match with the normalization inLL.



2.4. Adaptive Block-Mode Selection

To further increase the efficiency of the prediction step, each block
Bk can be evenly partitioned into4t sub-blocks ,t = 0, · · · , T−1,
denoted asBt

k,j , j = 0, · · · , 4t − 1. The best direction is se-
lected for each sub-blockBt

k,j as described in (3), and denoted as
dt

k,j . Each sub-block size corresponds to a block-mode, and the
best block-mode for blockBk is denoted bybk. For eachBt

k,j ,
we denote the sum of absolute difference (SAD) in the high-pass
samples predicted withdt

k,j by SADt
k,j , the overhead for select-

ing dt
k,j by Rt

k,j and that for selectingbk = t by R̄t, thenbk is
determined by

bk = arg mint

4t−1∑
j=0

SADt
k,j + λ(

4t−1∑
j=0

Rt
k,j + R̄t) (7)

This is similar to the partition mode in [8] and the variable block-
size motion compensation in H.264 [11]. In our current implemen-
tation, we consider3 block-modes starting from16× 16 blocks.

2.5. Skip Mode Selection

For each wavelet decomposition, in addition to the adaptive trans-
form using directional quincunx lifting, a non-adaptive quincunx
wavelet transform is also carried out for a special skip mode.
Using the definition in (2) and (6), the fixed predictors of the
non-adaptive transforms are defined asPskip = 1

2
(P2 + P6),

P L
skip = 1

2
(P L

0 + P L
4 ) andP H

skip = 1
2
(P H

0 + P H
4 ). The cor-

responding filters for the update steps are similarly defined.
After each adaptive transform, the Lagrangian costs from (7)

are summed over all blocks and compared with the SAD of the
high-pass samples (prediction residual) resulting from the non-
adaptive transform. If the latter is smaller, the skip mode is issued
and the non-adaptive transform that does not require any block-
mode and direction overhead is applied. The skip mode selection
is signalled with only1 bit for each wavelet decomposition.

2.6. Block-Mode and Direction Coding

To encode the block-mode, we empirically observed that an appro-
priateλ value typically results in dominant occurrence of mode0.
Therefore, we encode a run of mode0 by symbol0 followed by the
binary representation of the run-length; each occurrence of mode
1 and2 is simply encoded by symbol10 and11 respectively.

To encode the direction in each sub-block with the selected
block-mode, it is predicted from the direction selection at the near-
est sub-block in the causally neighboring blocks, similar to that
described in [8]. Thanks to the cyclic property of the proposed
directions, the prediction residuals can be suitably mapped into8
symbols and encoded by variable length coding (VLC). The VLC
table can be either pre-determined from training image sets or op-
timized for the image by iterating between forming the VLC table
and re-applying the adaptive transform until the table converges.

In our current implementation, for each level of the transform,
the maximum run-length for mode0 is optimally chosen and sig-
nalled along with the mode selections. The VLC table is adapted
to each image, usually taking about 3 iterations to converge, and
signalled with 24 bits. In addition, we take the average rate to en-
code an occurrence of mode0 in the previous iteration as thēR0

in (7) to refine the rate calculation.

3. EXPERIMENTAL RESULTS

We compare the compression performance resulting from the pro-
posed adaptive wavelet transform using directional quincunx lift-
ing (referred as DQL-DWT) to that from the directional orthogo-
nal lifting scheme proposed in [8] (DOL-DWT) with the predic-
tion directions illustrated in Fig. 1(b) and Fig. 2(b). The con-
ventional separable transform using the 5/3 wavelet (SEP-DWT)
is also compared, as the support it requires for wavelet filtering
is similar to that in the two adaptive schemes. In our current im-
plementation, the wavelet coefficients are encoded by the SPIHT
algorithm [2] to generate a scalable bitstream.

The DOL-DWT scheme we implemented shares the same
block-modes, skip mode selection, and overhead coding as in
DQL-DWT. For DOL-DWT we use a 4-tap interpolation filter
derived from truncating the sinc kernel, resulting in the same half-
resolution filter as in DQL-DWT (Section 2.2) but a more compli-
cated quarter-resolution filter with non-rational coefficients. The
compression performance for the512 × 512 imageBarbara and
Lennais shown in Fig. 3 and Fig. 4 respectively. Different qual-
ities (PSNR) are obtained by truncating the scalable bitstreams at
different bit-rates. The block-mode and direction selections are
losslessly coded and this overhead is included in the plots.

For the originalBarbara, DOL-DWT and DQL-DWT both
outperform SEP-DWT by up to2.6 dB as shown at the top of Fig.
3. To evaluate the sensitivity of the two adaptive transforms to im-
age orientation, we rotateBarbaraby 90◦ and the performance is
shown at the bottom of Fig. 3. Compared to the performance for
the originalBarbara, for DOL-DWT the quality drops by up to0.9
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Fig. 3. Compression performance on (top)Barbara(bottom)Bar-
bara rotated by90◦. Block-mode and direction overhead takes
about0.05 bpp for DQL-DWT and DOL-DWT.
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Fig. 4. Compression performance onLenna. Block-mode and
direction overhead takes about0.023 bpp for DQL-DWT and
DOL-DWT.

dB, whereas the difference for DQL-DWT is negligible. This can
be explained as follows. In the implemented DOL-DWT, wavelet
decomposition in the vertical-ish directions (Fig. 1(b)) is carried
out before that in the horizontal-ish directions (Fig. 2(b)). The for-
mer decomposition is more effective since it is applied on higher
resolutions. Hence the transform is more advantageous for images
with more vertical-ish edges, for example, the stripes on the cloth
in Barbara. On the other hand, thanks to the symmetry provided
by quincunx subsampling the performance of DQL-DWT is insen-
sitive to image orientation.

For Lenna, PSNR improvement from the adaptive transforms
is less significant although subjective improvement can still be ob-
served. The maximum PSNR gain is about0.5 dB for DOL-DWT
and0.3 dB for DQL-DWT. Directional lifting is less effective in
Lennasince it contains not as many salient features as inBarbara.
Similar observations on these two images are reported in [7].

Finally, reconstructions of part of the JPEG2000 test image
Bikeencoded at0.5 bpp using the3 transforms are shown in Fig.
5 to demonstrate the superior visual quality provided by the pro-
posed DQL-DWT. Note that for DOL-DWT the ringing artifacts
are more evident around the horizontal-ish edges than the vertical-
ish edges. DQL-DWT outperforms other schemes, both subjec-
tively and objectively, and generally achieve even qualities for
edges along various directions. This also suggests the potential of
the proposed transform on applications other than natural images,
such as graphical illustrations and compound documents.

4. CONCLUSIONS

A novel adaptive nonseparable 2-D wavelet transform for image
compression is proposed. It combines directional lifting with quin-
cunx subsampling to exploit local properties of edge orientations
in images. Significant improvement on both subjective and ob-
jective quality over the conventional separable transform is re-
ported. The uneven reconstruction quality from the previous adap-
tive transform for image features along different directions is also
mitigated with quincunx subsampling. Ongoing research includes
adopting more complex predictors and incorporating the proposed
transform with JPEG2000-based wavelet coefficient coding.

(a) Original (b) DQL-DWT (28.58 dB)

(c) DOL-DWT (27.07 dB) (d) SEP-DWT (23.44 dB)

Fig. 5. Part of the JPEG2000 test imageBikeencoded at0.5 bpp
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