Convergence Analysis of Iterative Thresholding
Algorithms

Arian Maleki
Department of Electrical Engineering and Statistics,
Stanford University
arianm @stanford.edu

Abstract—There is a recent surge of interest in developing al-
gorithms for finding sparse solutions of underdetermined systems
of linear equations y = ®x. In many applications, extremely large
problem sizes are envisioned, with at least tens of thousands of
equations and hundreds of thousands of unknowns. For such
problem sizes, low computational complexity is paramount. The
best studied ¢; minimization algorithm is not fast enough to fulfill
this need. Iterative thresholding algorithms have been proposed
to address this problem. In this paper we want to analyze two
of these algorithms theoretically, and give sufficient conditions
under which they recover the sparsest solution.

I. INTRODUCTION

Finding the sparsest solution of an underdetermined system
of linear equations y = @z, is a problem of interest in
signal processing, data transmission, biology and statistics-
just to name a few. Unfortunately, this problem is NP-hard
and in general can not be solved by a polynomial time
algorithm. Chen et al. [1] proposed the following optimization
for recovering the sparsest solution;

(Q1)
where /,-norm is defined as [|x||, = />, |zsP.

Greedy methods have also been proposed as another alter-
native for solving such a problem. One of the best known
algorithms of this class is orthogonal matching pursuit (OMP)
[2]. Intuitively speaking at each iteration, OMP finds a column
of ® which has the maximum correlation with the error of the
approximation up to this step, and adds it to the active set and
projects y onto the range of the active set to get a new estimate.
The third class of algorithms that has drawn a lot of attention
recently is the class of iterative thresholding algorithms. This
class has the least computational complexity and is the most
suitable class for very large scale problems [3]. There are many
theoretical results that prove the optimality of the first two
classes of algorithms under certain conditions, but there are
much less rigorous results for thresholding algorithms. Before
mentioning some of the results, we first set up the notation
we are going to use in the paper. Suppose that z, € RY is
a k sparse vector (i.e. it has at most k non-zero elements).
We observe the measurement vector y = &z, which is in R”
(n < N) and the goal is to reconstruct the original vector x,.
Without loss of generality, we assume that the columns of ¢
have unit /5 norm. Another notation that is used in the paper
is the notion of restricted submatrices. For a subset of columns
of ® called J, ®; includes all the columns of ® whose indices

min ||z]y st Pz =y,

are in J, and xz; all the elements of x whose indices are in
J. The coherence of ® is defined as,

[(di, 95)]- )

= max
{4,j:1<4,j<Ni#j}
where ¢; is the i*® column of the matrix ®. In the following, a
summary of the results proved for /; minimization and OMP
algorithms in [4] and [5] respectively, are presented.

Theorem L1. Ifk < (1+p~1), then both the {1 minimization
and the OMP recover the sparsest solution.

When the matrix ® is drawn from a random ensemble [6],
[7], we can bound the coherence [8], and find conditions
for the exact sparse signal recovery. In this random setting,
however, the results can be improved [9]. Although the the-
oretical results are basically focused on ¢; relaxation and
greedy methods, many large scale applications have already
moved toward the thresholding algorithms [10], [11]. In a
recent paper, we considered a few thresholding policies and
showed that the results of these algorithms are very impressive
in practical situations such as compressed sensing [3]. In this
paper we focus on the theoretical aspects of these algorithms.
The organization of the paper is as follows. In Section II, we
discuss the thresholding algorithms and the thresholding policy
considered in the paper; The main results of the paper will also
be reviewed. Section III presents the convergence proof of the
thresholding algorithms. In Section V, we will briefly review
the existing literature on iterative thresholding algorithms and
compare those results to ours. Finally Section VI concludes
the paper.

II. ITERATIVE THRESHOLDING ALGORITHMS
A. Abstracted thresholding Algorithm

Consider two threshold functions 7.(z) to be applied ele-
mentwise to vectors: hard thresholding nf () = 21yg>p0)
and soft thresholding 75 () = sgn(z)(|x| — u) 4, where 1 is
the indicator function and (a) is equal to a if @ > 0, and zero
otherwise. Iterative hard thresholding (IHT) and iterative soft
thresholding (IST) algorithms are defined with the following
iteration,

it = i, (z' + T (y — dah)), 2)

where \; is the threshold value at time ¢, * € {H,S}
represents hard or soft thresholding, ®7 is the transpose



of the matrix ® and z' is our estimate at time t. Note
that the threshold value may depend on the iteration. The
basic intuition is that since the solution satisfies the equation
y = Pz, algorithm makes progress by moving in the direction
of the gradient of ||y — ®x||* and then by thresholding the
result, it tries to get a sparse vector closer to the hyperplane
y = ®x. Another intuition for this algorithm comes from [12]
and is as follows. Suppose that we want to solve the following
optimization problem,

(Py)

It has been proved that the following IST algorithm converges
to the solution of P; in case ||®T® — I22 < 1,

2 =St + 87 (y — @2,

min [ly — @3 + 2.

3)

where ||All2,2 is the spectral norm of the matrix A. It may
be noted that X is fixed here and does not depend on the
iteration. It is also well-known that as A — 0 the solution of
‘P1 converges to the solution of Q;. But it is easy to see if
® is a fat matrix, setting A to a very small value in (3) will
not work. A proper thresholding policy is to set the threshold
to a large value and gradually decrease it as the algorithm
proceeds. The following theorem justifies this intuition.

Consider the iterative soft or hard thresholding algorithms
introduced in equation (2). Suppose A\; — 0 as t — 0o, and X\,
is a decreasing sequence (this condition may not hold, but for
the simplicity of the proof we assume it is true). Let J; denote
the union of the support of x! and x, and define L; := J;, 1 U
Ji. Assume that L, satisfies, sup, ||I — @{t(th”Q’Q =<1
Under these conditions:

Theorem Il.1. The iterative thresholding algorithm will con-
verge to the sparsest solution.

Proof:

th-i-l t+1

= olla = [lzp,,, — =

Lo 2

OLyt1
<03, (2%, + L (P, @0, — Pr,2L,)) — 2oy, |12,

||(th, + (I)%f ((I)Lt,IOLt + 7(1)th21,)) + €41 — Loy, ||2a

1
<|I(I = @F, ®r,) (2%, — oy, )2 + VA1,
<|I(I = @L,®L,) 2225, — Ty, l2 + VP11,

where €, is an extra error introduced by the thresholding
process and therefore each element of this vector is less than
At41. Also all the elements that are not in L; are zero.
Inequality (1) is just the triangle inequality for ¢5 norm. For
any € > 0, choose Ty such that \/nA7,+1 < 6(12_7), and let
|zTo+t —2,||2 = e. Then, find T} such that v71e < €/2. Now
it is easy to prove that at t = T + 171, the error is less than €
and therefore the total error goes to zero. [ |

This theorem is not useful for practical purposes since we
should have information on the size of L;. In the next section
we mention a practical thresholding policy that may be used
in practice.

IN

B. Thresholding Policy

Suppose that an oracle tells us the true underlying k. Then
since the final solution is k sparse, the threshold can be set to

the magnitude of the (k4 1)'" largest coefficient. This type of
thresholding policy has also been used in [13],[14], [15]. The
only problem is how to get the oracle information. In a recent
paper, we showed how one can de-oraclize such algorithms for
compressed sensing problems [3]. For other types of problems,
k may be estimated using cross validation. If neither of these
two methods is applicable, the bounds derived in this paper for
the sparsity may be used for setting k. From now on, whenever
we refer to IHT or IST, the thresholding policy is the & largest
element thresholding policy unless otherwise stated.

C. Main Results

We will prove two main theorems for the two thresholding
algorithms that have been mentioned in the last section.

Theorem IL2. Suppose that k < z5p~' and |I|m("ii)1|)| <

344 Vi, 1 < i < k. Then IHT finds the correct active set in
at most Zle U; + k steps. After this step all of these elements
will remain in the active set and the error will go to zero
exponentially fast.

Theorem IL3. Suppose that k < 75p~' and Vi, 1 <i <k,
2o 9i=5 Then IST recovers the correct

o (i+1)]
active set in at most Zle l; + k steps. After that all these
coefficients will remain in the active set and the error will go
to zero exponentially fast.

we have

The sufficient conditions provided here are slightly weaker
than the conditions mentioned for ¢; or OMP. Simulation
results also confirm that IHT and IST are weaker than ¢4
in practice [3]. Another interesting fact is that the number
of iterations needed, depends on the ratio of the coefficients
but this dependency is roughly logarithmic and therefore it
will work well in practice. Also, the algorithms find the
correct active set in a finite number of iterations and once
the algorithms find the correct active set, they converge to the
exact solution exponentially fast.

III. PROOF OF CONVERGENCE FOR THE IHT ALGORITHM

The goal of this section is to give an outline of the proof
of Theorem II.2. We define the following two variables,

2t =2+ oT(®x, — Ba),

w' =z, —x*,

“4)
(&)

where z,, is the optimal value and ! is our estimate at the
it" step. The j*" element of these two vectors will be denoted
by 2%(j) and w'(j). The active set of x% is called I*. Finally,
7,(7) denotes the i*" element of z,. Without loss of generality
we assume that x,(4)’s are sorted in descending order of their
absolute values and therefore the only non-zero elements of
x, are the first k£ elements. The next lemma will be useful
later when we try to bound the error at each iteration.

Lemma III.1. Consider the following sequence for s > 0,
fs= at+..af +ﬂas+17

where 0 < o < 1. The following statements are true;
1) If B(1 — o) < 1, then for every s, fs < 1%.



2) If B(1 — «) > 1, then for every s, fs < Ba.
3) If B(1 — «) = 1, then fs is a constant sequence and is

o

always equal o

It is easy to see that the sequence is either increasing or
decreasing or constant depending on the values of « and f.
The proof is simple and is omitted for the sake of brevity.

Lemma IIL2. Suppose that x,(1),x,(2),...,xo(r — 1), r —
1 < k, are in the active set at the m™ step. Also assume that,
12" () — 2o (5)| < L5kplzo(r —1)[  Vj.

If ku < 3 1> then at stage m + s and for every j we will have
the following upper bound for |2™5(5) — x,(j)],

)| (kg -+ (b)) + L5()* o — 1)
Moreover, x,(1),2,(2), ..

(6)
., Zo(r—1) will remain in the active.

Proof: We prove this by induction; Assuming that the
bound holds at stage m + s and z,(1),2,(2),...,z,(r — 1)
are in the active set, we show that the upper bound holds at
stage m + s + 1 and the first » — 1 elements will remain in
the active set.

|2 (0) — o (0)]

< 3 e+ S e oumG)
jerm+s\{i} JE{1,2,. kNI FTsu{i}

= > lenonwm @+ Y Hen e ()],
jerm+s\{i} Jje{r,...k\Im+su{i}

ST TG — o)) + ko (r),
JEImTi}

< It () (o + -+ (k)®) + L5 (i) 2l — 1)
+kﬂ‘xo( )‘

< Joo(r) (o + -+ (k) ™) + 15 (ki) 2o — 1)].

In these calculations equality (1) is due to the assumptions of
the induction, i.e. the first  — 1 elements are in the active set at
stage m + s. To get inequality (2) we have used two different
facts. The first one is that when j € 15, w™ Vs (5) = x,(j)—

2™*+5(4) and the second one is that when j € {r,...k}\I™**
then w™*5(j) = z,(j) and therefore |z,(j)| < |5r:0(7‘)| The
last step is to prove that all the first » — 1 elements remain in
the active set. For ¢ € {1,2...,7 — 1},

|Zm+s+1(i)| > \x0(1)| _ |Zm+s+1(i) — xo(i)|7

(k) o (r = 1))
|zo(r — 1)
2.05

> J20()| — (kptloo(r — 1) + ...+
L5k zo(r — 1] > Jo(i)] -
-y g

In inequality (1) we have used the bound in (6) by replacing
Zo(r) with z,(r — 1). Inequality (2) is the result of Lemma
IL1. For i ¢ {1,2...k}, we have

> \xo(r

D

m-ts+1/,; < |l-0(,r_
e i) < e =,

and since ming;<,_13 [z (D) >
max sk [27T5T1(i)|, the first r — 1 elements will
remain in the active set. The base of the induction is the same
as the assumptions of this lemma and the proof is complete.

|
Lemma IIL3. Suppose that k < ﬁu‘l, and
2o(1),26(2),...,20(r), 7 < k, are in the active set at
the m™ step. Also assume that I g!x(i,(i)ll)l <34 If

27 (5) = 2o(j)| < L5kulzo(r)| VY j,
after £, more steps x,(r + 1) will get into the active set, and

|2 () = 2o (§)] < LBkulao(r +1)

Y j.
Proof: By setting ¢ = ¢, in the upper bound we get,

) . L5lzo(r+ 1) |zo(r+1)]
m—+4,. _ < o o
|25 () — @ (5)] < 573 51

Similar to the last lemma it is also not difficult to see that

|2 (4 1) = 2" (1 + 1) — 26 (r + 1) 4+ 20(r + 1))
> Jao(r + 1| = |2 (r 1) — 2o (r + 1)
[1.5z,(r+ 1) |zo(r+ 1)
> |z (r + 1) — - .
2 |eor + 1) 273 2.1

But,
|z (r 4+ 1) > max |2™H(0)],
{#:i>k}
and therefore x,(r+1) will be detected at this step. It may also
be noted that at this stage the error is less than |z, (r 4+ 1)|/2.
For the next stage we will have at most k active elements the
error of each is less than |z, (r+1)|/2 and at most k — r non-
zero elements of z, that have not passed the threshold and
whose magnitudes are smaller than |x,(r + 1)|. Therefore, the
error of the next step is less than 1.5ku|z,(r + 1)]. [ |
Our goal is to prove the correctness of IHT by induction
and we have to know the correctness of IHT at the first stage.
The following lemma provides this missing step.

Lemma IIL4. Suppose that k < &%ufl, then at the first
stage of the IHT, z,(1) will be in the active set' and |21 (j) —
o(7)] < kplzo(1)].

Proof:

12M ()] > |2o(1)] = kplzo(1)],
On the other,

max |z (i

< kulz,
masx )1 < halo(1)]

)| = {H}ix}lz Bir §5)To(j
Therefore, since ku < 1 — ku, the index of the first element
will be in the active set after the first step. The last claim of
the Lemma is also clear. [ ]

Finally the following lemma describes the performance of
the algorithm after detecting all the non-zero elements.

IThis result holds even if ky < % For the sake of consistency with the
other parts of the proof we state it in this way



Lemma IIL5. Suppose that x,(1),2,(2),...
the active set at the m'™

,To(k), are in
step. Also assume that,

2™ (§) — zo(j)| < L5kulzo(k)| Vi

2L, then at stage m+ s and for every j we will have,

Ifkp < 37,

|27 () = (G| < 150kp) [z (K).

Since the proof of this lemma is very similar to the proof
of Lemma II1.2, it is omitted.

Outline of the proof of Theorem II.2: The proof is
an induction that combines the above lemmas. Suppose that
Zo(1),25(2),...,2,(r) are already in the active set. Accord-
ing to Lemma III.2 all these terms will remain in the active
set, and according to Lemma IIL.3 after ¢, steps x,(r+1) will
also get into the active set. In one more step, the error on each
element gets smaller than 1.5ku|z,(r + 1)|, and everything
can be repeated. Lemma IIl.4 provides the first step of the
induction. Finally when all the elements are in the active set
lemma IIL5 tells us that the error goes to zero exponentially
fast. ]

Since the proof of the convergence of IST is very similar to
IHT we do not repeat it here. You may refer to [16] for more
details.

IV. PROOF OF CONVERGENCE FOR THE IST ALGORITHM

As mentioned before the main ideas of the proof of the
IST algorithm are very similar to those of the IHT. We will
mention the proof in detail but will try to emphasize more
on the differences. The following lemma helps us find some
bounds on the error of the algorithm at each step.

Lemma IV.1. Suppose that x,(1),2,(2),...,2,(r), r < k,
are in the active set at the m'™ step. Also assume that

2™ (j) = 2o(§)] < dkplao(r)],  VjeI™,

and kup < 4%1' Then at stage m + s, ¥V i € I"™" we have the
following upper bound for |x™V* (i) — x,(i)],

lzo(r 4+ 1) (2kp + ... + (2kp)®) + 2(2kp) " 2o (7).

Moreover, x,(1),2,(2),...,2,(r) remain in the active set.

Proof: As before, this can be proved by induction. We
assume that at step m + s the upper bound holds and
2o(1),25(2),...,2,(r) are in the active set and we prove the
same things for m + s 4+ 1. Similar to what we saw before,

|2 (0) — o (0)]

< 3 oG+ Y (i d)ywm ()],
jeIrm+s\{i} Je{1,2,..k\Im+sUu{i}

1 m-tsy - m—+s(

LS @neu™ G+ S e dw™ (),
jerm+a\{i} FE{r+1 . kP\Im+s Ui}

S (k= Vu(@kplro(r+ 1) + .. + (k) 2o (r + 1)
+ 2(2k,u)s+1|x0(7“)|) + kplao(r +1)] := as.

Equality (1) is using the assumption that the first r elements
are in the active set at stage m + s. Inequality (2) is also

due to the assumptions of the induction and the fact that
W () = x0(j) — ™))

At least one of the largest k + 1 coefficients of z, corresponds
to an element whose index is not in {1,2,...k}, and the
magnitude of this coefficient is less than «g. Therefore the
threshold value is less than or equal to a,. Applying the
soft thresholding to z will at most add «a; to the distance of
25T1(i) and x,(i), and this completes the proof of the upper
bound. The main thing that should be checked is whether
the first r elements will remain in the active set or not. For
ie{l,2...r} we have,

|Zm+s+1(i)| > |£L’O(Z)‘ _ |Zm+s+1(z') — ;L'O(i)|,

> |20 (i)] = kplao(r)|(1+ 2kp + ... + (2kp)**)

2k (o) (1) 2 [ — 220
> fa ()] — 122t ™

If the sequence in the above expression is multiplied by 2,
the result will be a sequence in the form of the sequences
mentioned in lemma III.1 for & = 2kp, B = 2 and the last
equality is based on that lemma.

Ifi¢{1,2...k},

[ < Bl (1) (1 2hpt .+ (ko))
k() o ()| < 2o
+ 2k p(2kp)* T o (1)| < 205

Since ming;,;<,y 2" (0)] > maxp; sy [z (0)], the
first » elements remain in the active set. The base of the
induction is also clear since it is the same as the assumptions
of the lemma. [ ]

Lemma IV.2. Suppose that k < b4, and
26(1),26(2),...,20(r), 7 < k, are in the active set at
the m™ step. Also, assume that Imlf("r(?l‘)‘ < 26r=5 Jf

2™ (J) = 2o (j)] < dkplzo(r)],
then after (. steps x,(r + 1) will get into the active set, and

—xz,(j)| < dkplz,(r+ 1), Vje€ [rteetl

VjeIm,

()

Proof: As before we try to find a bound for the error at
time m + ¢,. For i € {1,2,...,k},

(i) — g (i) < ol D2kt -+ (2h)")

[zo(r+ DI | |zo(r + 1)

k)t z, (1) <

and therefore for i = r + 1,

|Zm+£r(’l“—|- 1)| Z|$0(T + 1)| _ |Zm+fr(i) - l‘o(i)| >
Clwe(r+ DI fxo(r + 1)
2.1 64
®)

Since |z™Fr(r + 1)] > maxyip<qy [z (i)], the 7+ 10
element will get into the active set at this stage. On the other
hand for any i € I"™*+% we have |2™ T (i) — 2, (i)| < 2, (r+

|[zo(r + 1)




1). For the next stage of the algorithm we will have at most
2k non-zero x™*4 (i) — x,(i) and absolute value of each of
them is less than |z, (r+1)|. Therefore |21 (5) —a,(i)| <
2k 1|z, (r+1)| and after thresholding we have, |2™ 4 +1 (i) —
7,(1)| < dkplzo(r+ 1)| for i € ImH-+L
The base of the induction is also clear from the assumptions
of this lemma and the proof is complete. ]
For the IHT algorithm we proved that at the first step the
first element will pass the threshold. Since the selection step of
IST and IHT is exactly the same, we can claim that the same
thing is true for IST, i.e. the largest magnitude coefficient will
pass the threshold. Also, as we saw for IHT, the error was
less than kpu|z,(1)|. Therefore, for the IST we have, |z1(j) —
Zo(7)| < 2kp|zo(1)]. These bounds are even better than the
bounds we need for IV.1 and IV.2 and IV.3.
The following lemma will explain what happens when the
algorithm detects all the non-zero elements.

Lemma IV.3. Suppose that ,(1),...,xz,(k), are in the active
set at the m™ step. Also assume that,

|27 (5) = 20(4)| < 4kplzo(F)].

If kp < 4—1, at stage m + s all the elements remain in the
active set and for every 5 we will have,

‘Z"H_s(j) _ xo(])' < 2(2/€M)s+1|$o(k)‘

The proof of this lemma is very similar to the other lemmas
and is omitted.

Outline of the proof of Theorem I1.3: The proof is a
simple induction by combining the above lemmas. Suppose
that 2,(1),2,(2),...,2,(r) are already in the active set.
According to Lemma IV.1 all these terms will remain in the
active set, and according to Lemma IV.2 after ¢,. steps x,(r+1)
will also get into the active set. In one more step, the error on
each element gets smaller than 4ku|x,(r+1)|, and everything
can be repeated. Although we have not mentioned the first step
of the induction it is not difficult to see that step is also true
and it is very similar to the first step of IHT. Finally when all
the elements are in the active set lemma IV.3 tells us that the
error goes to zero exponentially fast. ]

V. DISCUSSION AND COMPARISON WITH OTHER WORK

There is a huge amount of work on iterative thresholding
algorithms, and we cannot mention all of them here; The
interested reader is referred to [3]. Most of these papers
are dealing with a fixed threshold that does not depend on
iteration. In that case, there are rigorous results that give
sufficient conditions for the IST algorithm to converge to the
solution of P; [12], and for the IHT algorithm to a local
minimum of Py [17]. The idea of choosing iteration dependent
thresholds is also not new, and some simple variations were
introduced in [11]. The k largest element thresholding policy
was first introduced in [13] and was first used for IHT in
[15]. It was also shown that if the ® matrix satisfies restricted
isometry property (RIP) of order 3k, the IHT converges to
the sparsest solution. There are some basic differences in our
approach. First, we are dealing with deterministic settings,
and in these settings RIP conditions they have provided are

much weaker than ours (ku < 3—\}33 compared to ku < 3—}1).

Under these more general conditions, as we observed, the
performance of IHT is not as simple as what is mentioned
in [15], and it may not recover xz, in just k steps. But it
will finally recover the sparsest signal and we give bounds
on the number of iterations it needs to converge. Secondly, as
discussed in the last section, our approach was easily adapted
to IST, and can be adapted to the other types of thresholds.
Moreover, our method gives us an ordering among ¢;, OMP,
IHT and IST which may be useful for deciding on the choice of
the algorithm. Finally there is another effort on analyzing the
performance of IST by coherence that shows the possibility of
success of such an algorithm at the first iteration [18]. But this
result does not have any conclusion about the next iterations
of IST in case it does no recover all the non-zero elements at
the first step.

VI. CONCLUSION

In this paper, we analyzed iterative hard and soft thresh-
olding, and proved that under certain conditions they work
properly. These conditions are slightly weaker than their coun-
terparts for £, and OMP. But these algorithms are very simple
to implement and much faster than both convex relaxation and
greedy methods, and they are much more desirable for large
scale problems.
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