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Abstract

There is a recent surge of interest in developing algorithms for finding sparse solutions of underdetermined systems of linear
equations y = ®z. In many applications, extremely large problem sizes are envisioned, with at least tens of thousands of equations
and hundreds of thousands of unknowns. For such problem sizes, low computational complexity is paramount. The best studied
¢1 minimization algorithm is not fast enough to fulfill this need. Iterative thresholding algorithms have been proposed to address
this problem. In this paper we want to analyze three of these algorithms theoretically, and give sufficient conditions under which
they recover the sparsest solution.

I. INTRODUCTION

Finding the sparsest solution of an underdetermined system of linear equations y = ®x, is a problem of interest in signal
processing, data transmission, biology and statistics-just to name a few. Unfortunately, this problem is NP-hard and in general
can not be solved by a polynomial time algorithm. Chen et al. [1] proposed the following convex optimization for recovering
the sparsest solution;

(Q1) min ||z s.t. dx =y,

where /,-norm is defined as [|x||, = ¢/, |z;P.

Greedy methods have also been proposed as another alternative for solving such a problem. One of the best known algorithms
of this class is orthogonal matching pursuit (OMP) [2]. Intuitively speaking at each iteration, OMP finds a column of & which
has the maximum correlation with the error of the approximation up to this step, and adds it to the active set and projects y
onto the range of the active set to get a new estimate. The third class of algorithms that has drawn a lot of attention recently
is the class of iterative thresholding algorithms. This class has the least computational complexity and is the most suitable
class for very large scale problems [3]. There are many theoretical results that prove the optimality of the first two classes of
algorithms under certain conditions, but there are much less rigorous results for thresholding algorithms. Before mentioning
some of the results, we first set up the notation we are going to use in the paper. Suppose that z, € RY is a k sparse vector
(i.e. it has at most k non-zero elements). We observe the measurement vector y = Pz, which is in R™ (n < N) and the
goal is to reconstruct the original vector x,. Without loss of generality, we assume that the columns of ® have unit 5 norm.
Another notation that is used in the paper is the notion of restricted submatrices. For a subset of columns of ® called J, ®;
includes all the columns of ® whose indices are in J, and x; all the elements of x whose indices are in J. The coherence of
® is also defined as,

H= el (@ éil. M
where ¢; is the i column of the matrix ®. The first question that shall be asked in sparse signal recovery is the uniqueness
of the sparsest solution. The following theorem which is due to [4] characterizes the uniqueness of the solution.

Theorem L1. If k < (1 + pu~1), then the sparsest solution is unique.

As mentioned before although under these conditions we know that the sparsest solution exists and is unique, but finding that
solution is NP-complete and can not be found by polynomial time algorithm. Therefore ¢; minimization and greedy methods
are proposed for this task. In the following, a summary of the results proved for ¢; minimization and OMP algorithms in [4]
and [5] respectively, are presented.

Theorem L.2. If k < %(1 + u~Y), then both the {1 minimization and the OMP recover the sparsest solution.

When the matrix ® is drawn from a random ensemble [6], [7], we can bound the coherence [8], and find conditions for
the exact sparse signal recovery. In this random setting, however, the results can be improved [9]. Although the theoretical
results are basically focused on ¢; relaxation and greedy methods, many large scale applications have already moved toward
the thresholding algorithms [10], [11]. In a recent paper, we considered a few thresholding policies and showed that the results
of these algorithms are very impressive in practical situations such as compressed sensing [3]. In this paper we focus on the



theoretical aspects of these algorithms and we prove that similar guarantees can be provided for these algorithms as well.
The organization of the paper is as follows. In Section II, we discuss the thresholding algorithms and the thresholding policy
considered in the paper; The main results of the paper will also be reviewed. Section IV presents the convergence proof of the
thresholding algorithms. In Section VI, we will briefly review the existing literature on iterative thresholding algorithms and
compare those results to ours. Finally Section VII concludes the paper.

II. ITERATIVE THRESHOLDING ALGORITHMS
A. Abstracted thresholding algorithm

Consider two threshold functions 7;(z) to be applied elementwise to vectors: hard thresholding nf () = 213>, and soft
thresholding nf (z) = sgn(x)(|z| — p)+, where 1 is the indicator function and (a)4 is equal to a if a > 0, and zero otherwise.
Iterative hard thresholding (IHT) and iterative soft thresholding (IST) algorithms are defined with the following iteration,

=5 (2" + T (y — d2h)), (2)

where ), is the threshold value at time ¢ and as it is clear from the notation, may depend on time t. * € {H, S} represents
hard or soft thresholding, ®7 is the transpose of the matrix ® and z* is our estimate at time ¢. Note that the threshold value
may depend on the iteration. The basic intuition is that since the solution satisfies the equation y = ®z, algorithm makes
progress by moving in the direction of the gradient of ||y — ®x||? and then by thresholding the result, it tries to get a sparse
vector closer to the hyperplane y = ®x. Another intuition for this algorithm comes from [12] and is as follows. Suppose that
we want to solve the following optimization problem,

(Pg)  min [ly — @a||3 + 2z,
It has been proved that the following IST algorithm converges to the solution of P; in case ||®T® — [z < 1,
# =3t + @7 (y — @a')), 3)

where ||Al|2,2 is the spectral norm of the matrix A. It may be noted that X is fixed here and does not depend on the iteration.
It is also well-known that as A — 0 the solution of P; converges to the solution of Q;. But it is easy to see if ® is a fat
matrix, setting A to a very small value in (3) will not work and the iteration becomes unstable. Intuitively speaking, a proper
thresholding policy is to set the threshold to a large value and gradually decrease it as the algorithm proceeds. The following
theorem justifies this intuition.

Consider the iterative soft or hard thresholding algorithms introduced in equation (2). Suppose Ay — 0 as ¢t — oo, and A\
is a decreasing sequence (this condition may not hold, but for the simplicity of the proof we assume it is true). Let J; denote
the union of the support of 2! and x, and define L; := J; 1 U J;. Assume that L; satisfies, sup, ||I — (I)th)Lt l22 =7~ < 1.
Under these conditions:

Theorem II.1. The iterative thresholding algorithm will converge to the sparsest solution.

Proof:

= Toll2 = ll27},, — %oy, 2

<3, . (2%, + L (L @0, — PrL,aL,)) = Toy, [l2,

< Il + L, (Pr,@o,, + —Pr,al,)) + €r41 — Top, 2,

(I — @, ®p,) (2}, — 2oy, )ll2 + VRA41,
< T = 9L, 21 22ll2], — oy, ll2 + VA4,

where €;41 is an extra error introduced by the thresholding process and therefore each element of this vector is less than Ay ;.
Also all the elements that are not in L; are zero. Inequality (1) is just the triangle inequality for /5 norm. For any ¢ > 0,
choose Ty such that \/nAr, 11 < 5(12_7), and let ||27°F! — z, |l = e. Then, find T} such that y"'e < ¢/2. Now it is easy to
prove that at t = Ty + 17, the error is less than € and therefore the total error goes to zero. [ ]

This theorem is not useful for practical purposes since we should have information on the size of L;. In the section II-C we
mention a practical thresholding policy that may be used in practice and under certain conditions will satisfy the properties

mentioned above for the thresholds A;.
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B. Abstracted iterative thresholding with inversion

Another algorithm that we consider in this paper, is the Iterative Thresholding algorithm with Inversion (ITI). The algorithm
is as follows,

u =3, @@+ T (y — @)
I; = supp(u')
ah, = (®7,®5,) 107 y; xfe =0 4)

where supp(u?) includes the indices of the locations at which ! is non-zero.
This algorithm is similar to StOMP [19], CoSaMP [13]and subspace pursuit [14] and tries to get multiple elements into
the active set in each step. This usually makes the algorithm faster than OMP in applications. The differences among these
algorithms will be emphasized later in the discussion section. There is an interesting link between ITI and IHT which will be
discussed later and will be helpful in understanding the behavior of IHT.

C. Thresholding Policy

From theorem II.1 it is clear that one of the main questions in such algorithms is the way we choose the sequence of .
Lots of methods have been proposed for setting the threshold. Two of the most successful heuristics are the following two.
The first heuristic is the heuristic of multiple access interference noise which was proposed by Donoho et al. in [19]. It has
been observed that /=% + ®T(y — ®2'~1) can be modeled as original signal plus additive gaussian noise and they try to
estimate the standard deviation of the noise and set the threshold according to the noise level. Since this heuristic is basically
based on the heuristics of the central limit theorem for the noise, it works very well for compressed sensing problems where
we deal with random measurement matrices. But it will not work as well when the measurement matrix has more structure.
The other heuristic that can overcome this problem is as follows. Suppose that an oracle tells us the true underlying k. Then
since the final solution is k sparse, the threshold can be set to the magnitude of the (k + 1)*" largest coefficient. This type of
thresholding policy has also been used in [13],[14], [15]. The only problem is how to get the oracle information. In a recent
paper, we showed how one can de-oraclize such algorithms for compressed sensing problems [3]. For other types of problems,
k may be estimated using cross validation. If neither of these two methods is applicable, the bounds derived in this paper for
the sparsity may be used for setting k. From now on, whenever we refer to IHT, IST or ITI, the thresholding policy is the k
largest element thresholding policy unless otherwise stated.

D. Main Results

We will prove three main theorems for the three thresholding algorithms that have been mentioned in the last section. In all
these theorems active set of a vector is the set of indices at which that vector is non-zero. The correct active set is the active
set of the original vector that we want to recover.

Theorem IL.2. Suppose that k < % w L. Then the ITI algorithm will find the correct active set in at most k steps and therefore
converges to the correct answer in at most k iterations.

Theorem I1.3. Suppose that k < ﬁ,u_l and |I|m("ii)1|)| < 3474 Vi, 1 <i < k. Then IHT finds the correct active set in at most

Zle L; + k steps. After this step all of these elements will remain in the active set and the error will go to zero exponentially

fast.

Theorem I1.4. Suppose that k < rll,u_l and Vi, 1 <1 <k, we have Qﬂoﬁ)ll)l < 2475, Then IST recovers the correct active

set in at most Zle U; + k steps. After that all these coefficients will remain in the active set and the error will go to zero
exponentially fast.

The sufficient conditions provided here are slightly weaker than the conditions mentioned for ¢; or OMP. Simulation results
also confirm that all these algorithms are weaker than ¢, in practice [3]. There are a few interesting facts that shall be emphasized
here. First, the guarantees given here for ITI and IHT are very close. This is basically true bacause at each iteration IHT tries
to solve the same problem as ITI but since it is not sure about the active set instead of fixing the active set it has the flexibility
to change the active set at each iteration. As we will see later this will not affect the performance of the algorithm since the
“important” elements remain the same. Another interesting fact is that in both IHT and IST the number of iterations needed,
depends on the ratio of the coefficients but this dependency is roughly logarithmic and therefore it will work well in practice.
Also, the algorithms find the correct active set in a finite number of iterations and once they find the correct active set, they
will converge to the exact solution immediately (in case of ITI) or exponentially fast (in case of IHT and IST).



ITII. PROOF OF CONVERGENCE FOR ITI

The goal of this section is to give an outline of the proof of Theorem II.2. The dynamics of the algorithm will be as follows.
At the first iteration the algorithm will detect the largest element (the element with the maximum absolute value) and this
element will get into the active set and will remain in the active set forever. At the second iteration the second largest element
will go into the active set and will remain there forever. The same phenomena happens i.e. the i*" largest element will get
into the active set at iteration ¢ and will remain there after that forever, until all of the elements are in the active set. At the
kI iteration, the projection step will return the exact answer. In this section we prove all the above statements rigorously.
We define the following two variables,

21 =gt 4 T (P, — Ba?), 5)

w' =z, — ', 6)

where z, is the optimal value and z° is our estimate at the i*" step. The ;" element of these two vectors will be denoted

by 2*(j) and w*(j). The active set of x* is called I*. Since we always consider the active set of z*, we may also call I* the

active set at time or step i. Finally, x,(i) denotes the i*"" element of x,. Without loss of generality we assume that x,(7)’s are

sorted in descending order of their absolute values and therefore the only non-zero elements of x, are the first k£ elements. It

is also not difficult to see that 2/t = 2 + &1 (®x, — P2?) = 2, + (®T® — I)(2, — 2%). T will call (®T® — I)(z, — 2%) the
error term since it is something that has been added to the original vector that we want to recover.

Lemma IIL.1. Suppose that k < %,ufl then at the first stage of the ITI, x,(1) will be in the active set'.
Proof:

k k
|21 (V)] =lao(1) + D (1, 05)@0(7)] = lwo(D)] = 1) lzo(h)] =
j=2

j=2
|zo(1)] — kplzo(1)].
On the other hand,

k
mase [21(9)] = masx |3 (61,0;)a(7)| <kl (D)
DS

{i:k<i}
Since kp < 1 — kp, the first element will get into the active set after the first step. [ ]
Lemma IIL2. Suppose that kp < 1 and that ©,(1),24(2),...,2,(r) are in the active set I,,, at the m™ step. Then,
kplzo(r+ 1))

max |2 (i) — z,(1)] <

7
i€l 1—kup ™

Proof: Suppose I, is the complement of I,,,.

1, = (@7, ®r,) @] Pro = w0op + (9] P1,) T O] Pre Toy

m

and therefore

oo = ||(q)zn(ﬁlm)_1(b?(b‘]m'ro‘7m o S
H(q)?mq)lm)_l”oo,oouq)?mq)meO.zm ”007 8)

where J,, = IS, N{1,2,...k} and ||A|co,cc is the operator norm of the matrix A when it is considered as a linear operator
from ¢, to {,,. We bound the above two terms separately.

||(©?mq)lm)71‘|00,oo < ”IHOO,OO + ”I - (b?m(blm”myoo +..
1 1

< - < :

T 1= 9F, @1, oo — 1=k

H"I"Im - x()[,’”

o S Y nlao(i)] < kulao(r +1)].

1€Jm

H é,}:n (PJ'm '/EOJ"L

In these equation I represents the identity matrix. By combining the above two bounds with equation (8) we achieve the
desired bound.
|

't should be mentioned that this result holds even if ku < % The only reason we are stating it in this way is for the consistency with the other parts of
the proof



This lemma shows that if the thresholding step is successful in detecting the correct positions, the inversion step will be
successful in “reducing” the error on those elements. The next lemma shows that the thresholding step is also successful in
finding the correct positions.

Lemma IIL3. Suppose that k < 31~ and that x,(1),24(2),...,2,(r) are in the active set at the m™ step. Then at the next
step all of them will remain in the active set and at least x,(r + 1) will get into the active set.

Proof: We proved that max;cym |2 (i) — z,(1)] < %}:{m We also have,

D> (i b)) (@o(d) — 2™ (4)) + > (61, 87)70 (7))

el i} JE{1,2, P\ (I Ui}
2 hleo(r + 1) 7ol + 1)]
1—kup 2

Equality 1 is based on equation (5) and the fact that z° + &7 (®z, — ®2%) = x, + (®T® — I)(z, — z*). In order to derive
inequality 2 we are using a few facts. First, since i # j, [(¢s, ¢;)| < p. Second, for j € I, |z,(j) — 2™(j)| < k“fji(]::”
according to the previous lemma. Third, {1,2,...r} € I,, and therefore for j € {1,2,...k}\(I,, U{i}) C {r+1,...,k} and
therefore the maximum absolute value of z,(j) on this set is |x,(r + 1)].
Now, by using this bound we have,

+ kplzo(r+ 1) <

kpx, 1 o 1
max 2" ()| < kpao(r + 1)+ kp pao(r + 1) <z (r+1)

{izi>k} 1—kpzo(r+1) 2 7
and
. . . . kuxo(r+1) zo(r+1)
mHL(G)| > 1] — — 2" > |-k 1) —k . . :
P N C (@] 2 |zo(r +1)] = |2o(8) = 2™ ()] 2 lao(r + 1)| = kpuzo(r +1) — kpg— NS
By comparing these two we see that (r + 1)*" element will also get into the active set while x,(1),...,z,(r) remain in the
active set. ]

Outline of the proof of Theorem IL.2: The proof is an induction that combines the above lemmas. Suppose that
2o(1),2,(2),...x,(r) are in the active set according to the above lemma at the next iteration, all of them will remain in
the active set and z,(r + 1) will also get into the active set. The base of this induction is also lemma IIL.1. Therefore after k
steps all the correct elements are in the active set and the projection step will give us the exact solution. [ ]

IV. PROOF OF CONVERGENCE FOR THE IHT ALGORITHM

The goal of this section is to give an outline of the proof of Theorem II.3. Let me first summarize the behavior of the
algorithm intuitively. It will help the reader understand the steps of the proof more easily. All these things will be proved
rigorously later in this section. When we run the algorithm, at the first iteration the largest element of x, will get into the
active set. The nice fact is that once this element gets into the active set it will always remain in the active set. What happens
in the next few iterations of the algorithm is that the first element remains in the active set and the error term decreases and
after a few steps it will be so small that the second largest element will be detected (This statement is not exactly right. The
error term may go up for a finite number of iterations, but eventually it will decrease. You will see the rigorous bound of this
error and its performance in the next lemma). Here we can see the similarity between this algorithm and ITI. Since the first
element remains in the active set and in each iteration the algorithm try to decrease the error on each element, we can view
it as an iterative method to estimate the inversion that we had in the last section. Once the second largest term gets into the
active set, the first and second elements will remain in the active set and the same process will happen again, i.e. the error
term will decrease and eventually the third largest element will get into the active set. The goal of this section is to make all
the above statements precise.

The next lemma will be useful later when we try to bound the error at each iteration.

Lemma IV.1. Consider the following sequence for s > 0,
fo=a'+...a°+ ot

where 0 < o < 1. The following statements are true;
D) If B(1 — a) < 1, then for every s, fs < %

l-a
2) If B(1 — «) > 1, then for every s, fs < Ba.

3) If B(1 —a) =1, then fs is a constant sequence and is always equal to $°-.



It is easy to see that the sequence is either increasing or decreasing or constant depending on the values of « and (3. The
proof is simple and is omitted for the sake of brevity.

Lemma IV.2. Suppose that v,(1),2,(2),...,7,(r — 1), r — 1 < k, are in the active set at the m'" step. Also assume that,
12" (4) = wo(4)| < L5kplzo(r — 1) V.
If kp < 5, then at stage m + s and for every j we will have the following upper bound for |2™+*(j) — z4(j)|,
o (r)| (ke + - 4 (kp)*) + 1.5 (kp)* o (r — 1) 9)
Moreover, x,(1),2,(2),...,2,(r — 1) will remain in the active.

Before proving this theorem it should be mentioned that at this point the factor 1.5 may seem unnecessary in the proof. But
as will be seen later in lemma IV.3, this factor is necessary and can not be omitted.

Proof: We prove this by induction; Assuming that the bound holds at stage m + s and x,(1),z,(2),...,z,(r — 1) are in

the active set, we show that the upper bound holds at stage m + s+ 1 and the first » — 1 elements will remain in the active set.

[ (i) — o (3)]

< 3 [gndyum @I+ Y (g d)wm )],
jelmts\{i} J€{1,2,... k}\I™m+sU{i}

1 m—+s( m—+s(

= > |Bnewm TG+ D i g)w™ ()],
jerm+s\{i} Je{r,...k\Im+Tsu{i}

ST [0ub) ) — o] + kraro(r),

jerm+a\{i}
< kplao(r)] (ks + ..+ (kp)®) + L5(kpr) o (r — 1)
+ kplao(r)],
< [ao Pk + .+ (kpa)™) + L5 (kpa) 2, (r — 1)].
In these calculations equality (1) is due to the assumptions of the induction, i.e. the first r—1 elements are in the active set at stage
m+s. To get inequality (2) we have used two different facts. The first one is that when j € I"™F, w™ %5 (5) = x,(j) —2™1*(5)

and the second one is that when j € {r,...k}\I""* then w™"*(j) = z,(j) and therefore |x,(j)| < |z,(r)|. The last step is
to prove that all the first 7 — 1 elements remain in the active set. For ¢ € {1,2...,r — 1},

|Zm+s+1(i)| > ‘x0(2)| _ |Zm+s+1(i) — xo(i)‘,

> [oo(i)] = (ko = 1)] + ...+ (ks oo (r = D))

—1.5(kp) 2 |zo(r — 1) = |20 (1)] — %
> |zo(r —1)] = %

In inequality (1) we have used the bound in (9) by replacing z,(r) with z,(r — 1). Inequality (2) is the result of Lemma IV.1.
For i ¢ {1,2...k}, we have

|zo(r = 1)
205

and since ming;;<,_1} [z (4)| > max;;5py [2™T5T1(0)], the first  — 1 elements will remain in the active set. The base
of the induction is the same as the assumptions of this lemma and the proof is complete. [ ]

[ 6)] <

Lemma IV.3. Suppose that k < 35 p7", and ©,(1),20(2), ..., 20(r), r < k, are in the active set at the m™ step. Also assume
that 2ol < 364 gf
2"(5) — @o(j)| < L5kplzo(r)| Y j,
after £, more steps x,(r + 1) will get into the active set, and
|2 G) = o)) < LBkplzo(r+ 1)V .
Proof: By setting s = ¢, in the upper bound of the last lemma we get,

) ) 15z, (r+ 1) |zo(r+1)|
m—+4,. _ < o o
2" () — 2o(d)] < 573 51




Similar to the last lemma it is also not difficult to see that

|27 (4 1) = |27 (r 4+ 1) = @o(r + 1) + 20 (r + 1))
> [ao(r+ 1)] = [z (r +1) = 2o(r +1)]
L Bao(r+ D] fae(r + 1)
273 2.1 '

> |ao(r +1)]

But,

|zm+éT(r +1)] > max |zm+h(i)|,
{i:i>k}

and therefore z,(r + 1) will be detected at this step. It may also be noted that at this stage the error is less than |z,(r +1)|/2.
For the next stage we will have at most k active elements the error of each is less than |z,(r + 1)|/2 and at most k — r
non-zero elements of x, that have not passed the threshold and whose magnitudes are smaller than |z,(r 4+ 1)|. Therefore, the
error of the next step is less than 1.5ku|z,(r + 1)]. [ |

Our goal is to prove the correctness of IHT by induction and we have to know the correctness of IHT at the first stage. The
following lemma provides this missing step.

Lemma IV.4. Suppose that k < 55 ™", then at the first stage of the IHT, z,(1) will be in the active set* and |z (j) — z0(j)| <
kplzo(1)].

The proof is exactly similar to the proof of lemma IIIL.1.
Finally the following lemma describes the performance of the algorithm after detecting all the non-zero elements.

Lemma IV.5. Suppose that ©,(1),2,(2),...,1,(k), are in the active set at the m'" step. Also assume that,
12"(7) = wo(9)] < L.5kulao(K)|  Vj.

If kp < %, then at stage m + s and for every 5 we will have,

[2752(7) = o ()] < 15(kp)* o ().

Since the proof of this lemma is very similar to the proof of Lemma IV.2, it is omitted.

Outline of the proof of Theorem I1.3: The proof is an induction that combines the above lemmas. Suppose that
2o(1),25(2),...,2,(r) are already in the active set. According to Lemma IV.2 all these terms will remain in the active
set, and according to Lemma IV.3 after £, steps x,(r + 1) will also get into the active set. In one more step, the error on
each element gets smaller than 1.5ku|z,(r 4+ 1)|, and everything can be repeated. Lemma IV.4 provides the first step of the
induction. Finally when all the elements are in the active set lemma IV.5 tells us that the error goes to zero exponentially fast.

|
Since the proof of the convergence of IST is very similar to IHT we do not repeat it here. You may refer to [16] for more
details.

V. PROOF OF CONVERGENCE FOR THE IST ALGORITHM

As mentioned before the main ideas of the proof of the IST algorithm are very similar to those of the IHT. We will mention
the proof in detail but will try to emphasize more on the differences. The following lemma helps us find some bounds on the
error of the algorithm at each step.

Lemma V.1. Suppose that 2,(1),2,(2),...,2,(r), 7 <k, are in the active set at the m'" step. Also assume that
2™ (5) — 2o(§)| < dkplzo(r)l,  VjeI™,
and kp < 75. Then at stage m + s, ¥ i € I"™"* we have the following upper bound for |x™ (i) — x,(i)],
[2o(r + 1) (2kp + ...+ (2kp)®) + 2(2kp) "o (7).
Moreover, x,(1),2,(2),...,2,(r) remain in the active set.

2This result holds even if ku < % For the sake of consistency with the other parts of the proof we state it in this way



Proof: As before, this can be proved by induction. We assume that at step m+s the upper bound holds and z,(1), z,(2), . .., ()
are in the active set and we prove the same things for m + s + 1. Similar to what we saw before,

|2 (D) — o (0)]

<Y Hndu™ G+ Y e dwm (),

jermre\ (i} JE{L2, kNI i}
1 m-sy - m—+s( ;
Jjerm+s\{i} JE{r+1, kNI HsU{i}

2

< (k = Dp(2kplao(r + D] + ..+ (k) |zo(r + 1)|

+2(2kp)™ o (1)) + Epalao(r + 1) = a.
Equality (1) is using the assumption that the first 7 elements are in the active set at stage m + s. Inequality (2) is also due to
the assumptions of the induction and the fact that w™*(j) = x,(j) — 2™ (j).
At least one of the largest k + 1 coefficients of z, corresponds to an element whose index is not in {1,2,...k}, and the
magnitude of this coefficient is less than ag. Therefore the threshold value is less than or equal to as. Applying the soft
thresholding to 2 will at most add a to the distance of 2°*1(i) and x,(i), and this completes the proof of the upper bound.

The main thing that should be checked is whether the first r elements will remain in the active set or not. For i € {1,2...r}
we have,

@) 2 [ (6)] — [ ) — ()],

> |2o(i)] = kplzo(r)|(1+ 2kp + ... + (2kp)**T)

k(@) o) 2 [ )] — D]

2.05
[20(r)]|
2.05

If the sequence in the above expression is multiplied by 2, the result will be a sequence in the form of the sequences mentioned
in lemma IV.1 for o = 2ku, 8 = 2 and the last equality is based on that lemma.

> ‘mO(T” -

(10)

Ifig{1,2.. .k},
@) < Rl (7] (1 2kp+ .+ (2Kp) )
2]{} 2]{7 s+1 < ‘ZO(T” )
+ 2hp(2hi)* o ()] < 20N
Since min <,y |25 ()] > maxg;sky |27 (7)], the first r elements remain in the active set. The base of the induction
is also clear since it is the same as the assumptions of the lemma. [ ]
Lemma V.2. Suppose that k < %, and x,(1),24(2),...,7,(r), r <k, are in the active set at the m*™ step. Also, assume
that |IO(T)‘ < 227‘75 If‘
|xo(7'+1)‘ - :

2™ (f) — 2o (j)| < dkplzo(r)|, VjelI™,
then after £, steps x,(r + 1) will get into the active set, and
| EF(G) = 2o (4)] < dkplao(r + 1)), Vi€ IMTEL

Proof: As before we try to find a bound for the error at time m + ¢,.. For i € {1,2,...,k},

27 0) — o ()] < ool + )I(2ku+ .+ (2h)")

[Zo(r + I | J2o(r + 1)

2heps) |, (r)] <
(@) ()] < T2 -

and therefore for i = r + 1,

|2 (r + 1)| 2o (r + 1)] = [z (1) — 20(1)| 2
_zor+ DI o (r + 1))
2.1 64

Since [z (r+1)| > max(;. <y [2™ 7 (i)], the r+1" element will get into the active set at this stage. On the other hand for
any i € I™ 4 we have |27+ (i) — 2,(i)| < 2,(r + 1). For the next stage of the algorithm we will have at most 2k non-zero

|zo(r +1)]

(1)



2™+ (1) — z,(i) and absolute value of each of them is less than |z, (7 + 1)|. Therefore |2+ +1(3) —z,(3)| < 2ku|xy(r+1)]

and after thresholding we have, |z 441 (i) — z,(i)| < dkp|x,(r + 1)| for i € THE+L,

The base of the induction is also clear from the assumptions of this lemma and the proof is complete. [ ]
For the IHT algorithm we proved that at the first step the first element will pass the threshold. Since the selection step of IST

and IHT is exactly the same, we can claim that the same thing is true for IST, i.e. the largest magnitude coefficient will pass

the threshold. Also, as we saw for IHT, the error was less than ku|z,(1)|. Therefore, for the IST we have, |21(j) — x,(j)| <

2kp|x,(1)|. These bounds are even better than the bounds we need for V.1 and V.2 and V.3.

The following lemma will explain what happens when the algorithm detects all the non-zero elements.

Lemma V.3. Suppose that 2,(1),...,x,(k), are in the active set at the m'" step. Also assume that,
|2 () — 2o (4)] < 4kplzo(K)|.
If kp < ﬁ, at stage m + s all the elements remain in the active set and for every j we will have,
[27F2(5) — 2o (7)] < 2(2kp)* |z (k)|

The proof of this lemma is very similar to the other lemmas and is omitted.

Outline of the proof of Theorem I1.4: The proof is a simple induction by combining the above lemmas. Suppose that
Zo(1),20(2), ..., x,(r) are already in the active set. According to Lemma V.1 all these terms will remain in the active set,
and according to Lemma V.2 after ¢, steps z,(r + 1) will also get into the active set. In one more step, the error on each
element gets smaller than 4ku|xz,(r + 1), and everything can be repeated. Although we have not mentioned the first step of
the induction it is not difficult to see that step is also true and it is very similar to the first step of IHT. Finally when all the
elements are in the active set lemma V.3 tells us that the error goes to zero exponentially fast. [ ]

VI. DISCUSSION AND COMPARISON WITH OTHER WORK

There is a huge amount of work on iterative thresholding algorithms, and we cannot mention all of them here; The interested

reader is referred to [3]. Most of these papers are dealing with a fixed threshold that does not depend on iteration. In that
case, there are rigorous results that give sufficient conditions for the IST algorithm to converge to the solution of P; [12],
and for the IHT algorithm to a local minimum of Py [17]. The idea of choosing iteration dependent thresholds is also not
new, and some simple variations were introduced in [11]. The £ largest element thresholding policy was first introduced in
[13] and was first used for IHT in [15]. It was also shown that if the ® matrix satisfies restricted isometry property (RIP) of
order 3k, the IHT converges to the sparsest solution. There are some basic differences in our approach. First, we are dealing
with deterministic settings, and in these settings RIP conditions they have provided are much weaker than ours (ky < ﬁ
compared to ku < ﬁ) Under these more general conditions, as we observed, the performance of IHT is not as simple as
what is mentioned in [15], and it may not recover x, in just k steps. But it will finally recover the sparsest signal and we
give bounds on the number of iterations it needs to converge. Secondly, as discussed in the last section, our approach was
easily adapted to IST, and can be adapted to the other types of thresholds. Moreover, our method gives us an ordering among
¢1, OMP, THT and IST which may be useful for deciding on the choice of the algorithm. Finally there is another effort on
analyzing the performance of IST by coherence that shows the possibility of success of such an algorithm at the first iteration
[18]. But this result does not have any conclusion about the next iterations of IST in case it does no recover all the non-zero
elements at the first step.
Also as it was mentioned in the paper the ITI algorithm is also close to CoSaMP, subspace pursuit and StOMP. But there are
some main differences between ITI and these algorithms. In the ITI algorithm, coefficients can get into and out of the active
set. This is different from StOMP in which once an element gets into the active set we force it to remain in the active set.
Also, unlike CoSaMP and subspace pursuit ITI is not a two stage algorithm. The main idea that we analyzed this algorithm
in this paper is the similarity of ITI to the iterative hard thresholding, that was mentioned in section IV.

VII. CONCLUSION

In this paper, we analyzed iterative hard and soft thresholding, and proved that under certain conditions they work properly.
These conditions are slightly weaker than their counterparts for ¢; and OMP. But these algorithms are very simple to implement
and much faster than both convex relaxation and greedy methods, and they are much more desirable for large scale problems.

VIII. ACKNOWLEDGEMENT

The author would like to thank David L. Donoho for helpful discussion and valuable suggestions on the early version of
this manuscript. This work was partially supported by NSF DMS 05-05303.



REFERENCES

[1] S.S. Chen, D.L. Donoho and M.A. Saunders, “Atomic decomposition by basis pursuit,” SIAM Journal on Scientific Computing, Vol. 20, pp. 33-61, 1998.

[2] Y. C. Pati, R. Rezaiifar, P. S. Krishnaprasad, “Orthogonal matching pursuit: Recursive function approximation with applications to wavelet decomposition,”
in Proc. 27th Asilomar Conference on Signals, Systems and Computers, A. Singh, ed., IEEE Comput. Soc. Press, Los Alamitos, CA, 1993.

[3] A. Maleki, D. L. Donoho,“Optimally Tuned Iterative Thresholding Algorithms,” submitted to IEEE journal on selected areas in signal processing, 2009.

[4] D. L. Donoho, M. Elad, “Maximal sparsity representation via minimization,” Proc. Natl. Acad. Sci., vol. 100, pp. 2197-2202, Mar. 2003.

[5] J. A. Tropp, “ Greed is good: Algorithmic results for sparse approximation,” IEEE Trans. Info. Theory, vol. 50, num. 10, pp. 2231-2242, Oct. 2004.

[6] D. Donoho, “Compressed Sensing,” IEEE Transactions on Information Theory, Vol. 52, pp. 489-509, April 2006.

[7] E. Candes, J. Romberg, and T. Tao, “Robust uncertainty principles: Exact signal reconstruction from highly incomplete frequency information,” IEEE
Trans. on Information Theory,Vol. 52(2), pp. 489-509, February 2006.

[8] Joel A. Tropp, Anna C. Gilbert,” Signal recovery from random measurements via orthogonal matching pursuit,” /JEEE Trans. Info. Theory 53(12), pp.
4655-4666, 2007

[9] D. L. Donoho, J. Tanner, “Phase transitions as ’sparse sampling theorems’ ,” submitted to /EEE Trans. on Information Theory

[10] M. Figueiredo and R. Nowak,“An EM Algorithm for Wavelet-Based Image Restoration,” IEEE Transactions on Image Processing, Vol.12, no.8, pp.
906-916, August 2003.

[11] J.L. Starck, M. Elad, and D.L. Donoho, "Image decomposition via the combination of sparse representations and a variational approach”, IEEE Trans.
On Image Processing, Vol. 14, No. 10, pp. 1570-1582, October 2005.

[12] I. Daubechies, M. Defrise and C. De Mol “An iterative thresholding algorithm for linear inverse problems with a sparsity constraint,” Communications
on Pure and Applied Mathematics, Vol. 75, pp. 1412-1457, 2004.

[13] D. Needel, J. Tropp, “CoSaMP: Iterative signal recovery from incomplete and inaccurate samples,” Accepted to Appl. Comp. Harmonic Anal, 2008.

[14] W. Dai, O. Milenkovic, “Subspace pursuit for compressive sensing signal reconstruction”, submitted to IEEE Transactions on Information Theory,2009.

[15] T. Blumensath, M. E. Davies, Iterative hard thresholding for compressed sensing,”’arXiv:0805.0510v1.

[16] A. Maleki, “Coherence Analysis of Iterative Thresholding Algorithms,” Technical Report, Department of Statistics, Stanfor University, 2009.

[17] T. Blumensath and M. Davies, “Iterative thresholding for sparse approximations,” to appear in Journal of Fourier Analysis and Applications, special
issue on sparsity, 2008.

[18] K. K. Herrity, A. C. Gilbert, and J. A. Tropp, “Sparse approximation via iterative thresholding,”, Proc. ICASSP, Vol. 3, pp. 624-627, Toulouse, May
2006.

[19] D. L. Donoho, I. Drori, Y. Tsaig, J. L. Starck, “Sparse solution of underdetermined linear equations by stagewise orthogonal matching pursuit”, Stanford
Technical Report, 2006.



