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ABSTRACT Case-control studies of genetic polymorphisms and gene-environment interactions
are reporting large numbers of statistically significant associations, many of which are likely to be spu-
rious. This problem reflects the low prior probability that any one null hypothesis is false, and the large
number of test results reported for a given study. In a Bayesian approach to the low prior probabilities,
Wacholder et al. (2004) suggest supplementing the p-value for a hypothesis with its posterior proba-
bility given the study data. In a frequentist approach to the test multiplicity, Benjamini & Hochberg
(1995) propose a hypothesis-rejection rule that provides greater statistical power by controlling the false
discovery rate rather than the family-wise error rate controlled by the Bonferroni correction. This pa-
per defines a Bayes false discovery rate and proposes a Bayes-based rejection rule for controlling it.
The method, which combines the Bayesian approach of Wacholder et al. with the frequentist approach
of Benjamini & Hochberg, is used to evaluate the associations reported in a case-control study of breast

cancer risk and genetic polymorphisms of genes involved in the repair of double-strand DNA breaks.
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1. Introduction. The genetics literature is burgeoning with studies relating disease risk to poly-
morphisms of specific genes, and studies of interactions between these genes and environmental factors.
Often, initial findings are not replicated in subsequent studies. This lack of reproducibility reflects
two difficulties. The first is the "poor odds" problem, i.e. the low probability that any statistically
significant finding actually is true. The second is the multiplicity problem inherent in the large num-
ber of statistical inferences extracted from the study data. When pursuing such multiple inferences,

investigators tend to select those with the smallest p-values for emphasis, discussion and support of



conclusions. However an unguarded use of single-inference procedures results in a greatly increased
false positive rate. To address this multiplicity problem, classical multiple comparison procedures aim
to control the probability of committing any type-I error in the family of tests under simultaneous
consideration. This probability is called the family-wise error rate (FWER). However control of the
FWER is often purchased at the price of substantial power loss.

Recent work has brought fresh viewpoints to both these problems. For the poor odds problem,
Wacholder et al. (2004) propose a Bayesian approach that replaces the p-value for a hypothesis with
a more informative posterior probability that the null hypothesis is true, obtained by combining its
prior probability with its p-value and the study power. For the multiplicity problem, Benjamini &
Hochberg (1995) propose controlling not the FWER, but rather a less conservative error measure
called the false discovery rate (FDR). The authors provide a rule for controlling the FDR in multiple
inferences. But because the rule address the multiplicity problem in a frequentist setting, it does not
consider the posterior probabilities proposed by Wacholder et al.

This paper defines a Bayesian FDR and provides a simple method for controlling it. Section 2
reviews the frequentist FDR and the rule of Benjamini & Hochberg. Section 3 introduces the Bayes
FDR and shows how to control it using the posterior probabilities of Wacholder et al. Section 4
illustrates the method with examples, and Section 5 applies it to a study of associations between
breast cancer risk and genotypes of genes involved in the repair of double-strand DNA breaks. Section

6 concludes with a discussion of the strengths and limitations of the approach.

2. The test muliplicity problem. Suppose we wish to test m null hypotheses H;, i = 1,...,m,
using data denoted as Y. Let X; = 1 if H; is true and X; = 0 if H; is false, : = 1,...,m. Let T;(Y)
denote a test statistic for H;, ¢ = 1,...,m. The p-value for the hypothesis H; associated with the
observed data Y = gy is

pi = Pr(Y € S; (yobs) [ Xi = 1). (1)



Here
Si (Wobs) = {y = Ti (y) = Ti (Yobs) } (2)

is the set of data points y giving test statistics T;(y) as or more extreme than the observed value
T; (Yobs)-(For definiteness, we have assumed that large values of T; indicate evidence against H;, with
larger values providing stronger evidence.)

A rejection rule is a mapping r from the sample space of Y to a set of vectors 7 (y) = (11 (y) , ..., "m (¥)),
where r; (y) = 1if H; is rejected when Y = y and r; (y) = 0 if H; is accepted. An example of a rejection
rule is one that sets 7; (y) = 1 if T; (y) exceeds some predetermined critical value, for i = 1,...,m. The
frequentist FDR, associated with rejection rule r is the expected fraction of rejected hypotheses that

are true:

>icg Xiri (V)
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In (3) we take 0/0 = 0. In this definition the expectation is taken with respect to the random variable

o(r)=E |Xsi=1,...,m|. (3)

Y, with the X; fixed.
Benjamini & Hochberg (1995) proposed a rejection rule rp designed to control the FDR at a
prespecified level o, 0 < a < 1. To implement it, we order the m labels ¢ = 1,...,m according to

increasing size of the p-values p; of (1): p1 < pg < -+ < pp,. Then we set

rp=(1,..,1,0,..,0), 4
F=( ) (4)
k

where 0 < k < m is the largest value of i for which p; < %a. The rule rg rejects all hypotheses whose
p-values are at least as small as pi. Benjamini & Hochberg (1995) proved the following theorem.
Theorem 1. When the test statistics 11, ..., Tp, are mutually independent, ¢(rr) < « for all possible
values of the vector X.
Benjamini & Yuketieli (2001) proved that Theorem 1 holds under a certain type of stochastic

dependence among the test statistics T;, and Storey & Tibshirani (2003) outlined arguments showing



that the theorem holds asymptotically, as m becomes large, under any form of dependence among the
T;.

3. A Bayesian FDR. In a Bayesian approach to controlling the false positive rate, both the data
Y and the vector X = (X1, ..., X;,) of indicators for the truth of the m null hypotheses are regarded as
random variables. We define the Bayes false discovery rate (Bayes FDR) associated with a rejection
rule 7 analogously to the frequentist FDR of (3), but with the expectation taken with respect to the

posterior distribution of X given the observed value 7 (yps) of the rule:

pp(r)=FE ZW’TZ (Y)=7ri(yobs), i=1,...,m|. (5)

i=1Ti
Here we again take 0/0 = 0. Like the frequentist FDR, the Bayes FDR can be interpreted as the
expected proportion of incorrect rejections among all rejections of the null hypotheses, with the ex-
pectation now taken with respect to the posterior distribution of the hypotheses’ truth/falsity, given
their acceptance or rejection on the basis of the observed data.

The Bayes FDR has another interpretation, facilitated by rewriting (5) as

_ Zznil Pr(Xi - 1|ri (Y) = 1)7"1' (yobs)
pp(r) = S 75 (Yobs .

(6)

Here Pr(X; = 1|r; (Y) = 1) is the probability that hypothesis H; is true, given its rejection when
rule r is applied to the data Y. This probability has been called the false positive report probability
(FPRP) by Wacholder et al. (2004). According to (6), the Bayes FDR associated with rule r is the
mean FPRP, averaged over the rejected hypotheses.

The notion of FPRP suggests a Bayes rejection rule rp analogous to the frequentist rule rr. To

describe it, we introduce a Bayesian analogue of the p-value p;, which I call the b-value

b, = PI“()(Z = HY € Si(yobs)). (7)

Expressions (7) and (2) indicate that b; is the posterior probability that H; is true, given a test statistic



as extreme as T; (Yops). The b-value b; depends on the p-value p; of (1) through the relation

(1—mi)pi
(1 —m) pi + miqi”

bz‘ = = 1,...,m. (8)

Here 7; is the prior probability that H; is false, and ¢; = P(Y € S; (yops) | Xi = 0) is the probability
of obtaining a result as or more extreme than that based on the observed data, when H; is false.
Decision rules based on the b-values have the advantage of accommodating the prior plausibilities of

the hypotheses through the 7;, and study power through the ¢;. Note from (8) that

_ Uy qi
bi=(140)"", wh = 9
i = (14+0;)" ", where o; T (9)

is the posterior odds against H;. Expression (9) shows that o; is the product of the prior odds
mi/ (1 —m;) against H; and the Bayes factor ¢;/p;. Since the b; are decreasing functions of the o,
the hypotheses H; having the smallest b-values (i.e. those most likely to be false) are those with the
largest posterior odds against them. Since the b-values depend on more than the p-values, the two
rankings p1 < p2 < --- < pp, and by < by < --- < by, typically will differ.

The Bayes rule rp corresponding to a given Bayes FDR « rejects a hypothesis H; if and only if its
b-value b; < a. The following analogue of Theorem 1 shows that the rule g controls the Bayes FDR.

Theorem 2. vp(rg) < « for all possible values of the data yps.

Proof. If none of the m hypotheses are rejected, the Bayes FDR, (5) is zero, since we have defined
0/0 = 0. If £ > 0 hypotheses are rejected, equation (6) shows that the Bayes FDR is the mean value of
their FPRPs. Since the rule requires that all rejected hypotheses have FPRPs at most «, their mean
value also must be at most «.

Equation (9) indicates that the Bayes rejection rule 75 rejects a hypotheses when the odds against
it are greater than or equal to (1 — «) /. This alternative formulation has heuristic interpretation in
applications where odds against a null hypothesis are considered evidence in support of an alternative
hypothesis. In this case, the noteworthy study findings are the alternative hypotheses having the

largest posterior odds in their favor.



In practice, calculating the b-values requires two types of input. The first consists of the prior
probabilities 71, ..., T,,. In contrast to applications where flat or uninformative priors are desirable,
here we want the value of 7; to reflect both the inherent biological or physical plausibility that H;
is false and the strength and consistency of prior evidence against H;. Thus the choice of these
prior probabilities involves subjective judgement and potential for disagreement (Thomas & Clayton
2004). The second type of input needed are the Bayes factors q1/p1, ..., ¢gm/pm of (9), where p; is the
probability of obtaining a test statistic as large as or larger than T; (y.ps) when H; is true, and g;
is the corresponding probability when it is false. Although the p; are calculated as part of the data
analysis, calculating the ¢; involves choosing a specific alternative or family of alternatives to H;, and
determining or approximating the tail of the distribution of 7;(Y") under the alternative. The following

examples illustrate these issues and choices for the Bayes factor.

4. Examples.

Ezxzample 1: independent Gaussian random samples. One of the simplest applications of the ap-
proach concerns data Y = (Y1, ...,Y,,) where the Y; are independent variables and each test statistic
T;(Y) depends only on Y;. For instance, consider m independent random samples Y; = Yj1, ..., Yin;,
from Gaussian distributions with means #; and known variances a?, 1 =1,...,m. We wish to test
the m null hypotheses H; : 6; = 0 against the alternatives 6; = 6; > 0, using the test statistics
T;(Y) = Nil/Z?i/ai, where Y is the i** sample mean, i = 1,...,m. In this example, p; = ®(—T} (Yobs))

and ¢; = ® [\/N,ﬂ;k Joi—T; (yobs)] , where ®(-) is the standard Gaussian cumulative distribution func-

tion. The Bayes factors

@ _ @ (\/ﬁzer/az - T (yobs))
Di (I)(_Ti (yobs))

are determined by the test statistics T; (yops) and the noncentrality parameters \; = v/N;0; /o;. When
combined with the prior probabilities 7; that 6; = 6, they determine the b-values needed to implement

the rule rpg.



Table 1 illustrates the differences between the Bonferroni, frequentist FDR and Bayes FDR rejec-
tion rules when applied to hypothetical data for m = 60 hypotheses using the standardized mean sta-
tistics T;(Y'), @ = 1, ..., 60. The table shows results for the eight hypotheses with p-values p; < a = .05.
None of the hypotheses are rejected by the Bonferroni rule rgp, which requires all p-values to satisfy
pi < /60 = .0008. In contrast, the frequentist FDR rp rejects hypotheses Hi, .., Hy, since the largest
value of i for which p; <ia/60 is i = 4. Finally, the Bayes FDR rule rp rejects only Hs and Hy, since
rejection depends not only on the p-values but also on the study power and the prior probabilities

that the hypotheses are false.
Table 1 here

Ezample 2: Hypothesis tests for regression coefficients in generalized linear models (GLMs). A
more complex example occurs when the m hypotheses concern the coefficients in a regression model.
To describe it, we assume that Y = (Y7,...,Yy) is a vector of N independent random variables,
each with a distribution in the exponential family specified by a GLM (McCullagh & Nelder, 1991).

Specifically, the density function for Y; takes the form

fi(y:0) = exp {(y0 — b;(0)) /¢ + c;(y) } (10)

for some specific functions b; () and ¢; (+) , with ¢; known, j = 1,..., N. The mean and variance of Y
are E'[Y;] = pu; = b;(0) and O‘? = b7(0)¢;. The mean y; depends on the parameter § through a function
By = gt (17]-) , where 7, = ot xjibi is a linear predictor involving a vector x; = (zjo, ..., Zjm) of
m + 1 known covariates, and 6 = (6o, 01, ...,0,,) lies in a compact open subset  C R™*!. We take
zjo = 1 to include an intercept 6p. Our objective is to test the m hypotheses H; : 6; = 0 against
specific alternatives HZA :0; = 07 #£0, with 0, 7' # i, unspecified, i = 1, ...,m. We shall base our test

statistic 7;(Y) on the " component 6; of the maximum likelihood estimate

0= ZHSL(Q; Yobs) where L(05y) = [} f;(y;0),
€



and f;(y;0) is given by (10). In general, the exact distribution of 0; for a given true value 6 cannot
be specified in closed form. Instead we shall approximate the probabilities p; and ¢; by invoking
asymptotic maximum likelihood theory. Specifically, we assume that the marginal distribution of
\/mi is approximately Gaussian with mean 6; and variance 72, where 72 is the ith diagonal entry
of the inverse of the observed information matrix I(0) = —9%log L(0;yeps)/00?. We take our test
statistic as T;(Y) = \/mﬂ;l, where 7; is evaluated at 6 = 0. The approximate two-sided p-value is
pi = 29 [—T; (Yobs)] and ¢; = ® [\/Nﬁf/ﬂ — T (Yobs) | - The b-values can now be computed as in the

previous example.

5. Application of Bayes rejection rule to data on breast cancer and genetic variation
in repair of double-strand DNA breaks. Kuschel et al. (2002) used genotypes of 2200 female
breast cancer cases and 1800 control women to evaluate m = 19 associations between breast cancer
risk and single-nucleotide polymorphisms (SNPs) in seven genes involved in the repair of double-strand
DNA breaks. Specifically, the authors tested the null hypothesis of no assocation with breast cancer
for genotypes of 15 SNPs in the seven genes and for phased haplotypes containing SNPs within four
of the genes (Table 2). They highlighted two SNPs in the gene XRCC3 (hypotheses Hip and Hii),
one SNP in each of the genes XRCC2 and LIG4 (H;3 and Hjs), and a haplotype analysis involving
n = 8 haplotypes of XRCC3 (H1g). Wacholder (2004) computed FPRPs for these five hypotheses. To
do so, the authors determined g-values based on specified alternatives to each of the five hypotheses.
They also used biological evidence and previous study findings to assign a range of prior probabilities

that each of the hypotheses is false.
Table 2 here

With maximal FWER and FDRs set at a = .05, only the hypothesis of no association between
breast cancer and XRCC3 haplotypes (Hig) has a p-value p < «/19 = .0026 needed to meet the

Bonferroni criterion. Similarly, the frequentiest FDR rule rr rejects only Hig. Table 2 shows b-values



for all 19 hypotheses based on the alternative hypotheses specified by Wacholder et al. (2004) and three
sets of prior probabilities. It can be seen that when the prior probability against each hypothesis is as
high as 10%, hypotheses Hig and Hig are rejected. With a prior probability of .001, only hypothesis

Hy9 meets the Bayes criteria.

6. Discussion. This paper defines a Bayes FDR for the multiple testing problem and relates it
to the FPRPs described by Wacholder et al. (2004). The Bayes FDR is shown to be the mean FPRP
among rejected hypotheses. Thus it can be controlled at level a by requiring all significant findings
to have FPRPs no greater than . Equivalently, significant findings must have posterior odds in their
favor of at least (1 — «) /a. When a = .05, for instance, significant findings must have posterior odds
of at least 19:1.

There are some strengths and limitations to this Bayesian approach to multiple testing. In its
favor, the approach allows a systematic accrual of evidence for rejecting a given null hypothesis. The
posterior odds in favor of rejection, obtained after analyzing the data at hand, can form the prior
odds for use in future studies. In this way, evolving data from ongoing studies can be combined in a
transparent way to provide a summary measure of the total body of evidence for or against a finding.
A limitation of the approach is the difficulty in choosing appropriate prior probabilities for the truth
or falsity of a given hypothesis. When many null hypotheses are tested, the prior probability that
any one is false is likely to be small. For large studies having close to 100% probability of rejecting the
hypothesis when it is false, the magnitude of this prior probability plays a major role in interpreting
the findings. Specifically, the posterior odds in favor of rejecting the hypothesis are approximately 7/p,
where 7 is the prior probability and p is the p-value. To achieve at least 2:1 posterior odds in favor of
rejection, p must be less than 7 /2. Thus the choice of prior odds is key in determining the importance

of a finding (see Matullo et al. (2005) for discussion of this issue in the context of gene-environment

10



interactions) . Since the choice of prior odds is somewhat subjective, interpretation of findings may
be controversial. Still, the formalism involved in the Bayes FDR makes the needed judgement calls
explicit.

In summary, the Bayesian approach to multiple testing outlined here provides an additional way
to weigh the results of studies involving multiple testing, which can be used in combination with

frequentist approaches such as the one proposed by Benjamini & Hochberg (1995).
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