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Abstract—The problem of subgraph optimization for multicast
connections with network coding can be solved using the sub-
gradient method. In this paper, we focus on the problem of min-
energy multicast in both static and dynamic multi-hop wireless
networks. We take this optimization problem and construct
different candidate algorithms for solving it in a distributed
manner. Our simulations show that the subgradient method is
robust to network changes, and yields significant energy savings
in multicasts as compared to cases where only routing is allowed.
Moreover, the distributed method can be easily extended to lossy
networks.

I. INTRODUCTION

When network coding is used to perform multicast, the
problem of establishing minimum-cost multicast connection
is equivalent to two effectively decoupled problems [1]: one
of determining the subgraph to code over, and the other of
determining the code to use over that subgraph. The latter
problem has been studied in [2], [3], [4], [5], and a variety of
methods have been proposed, which include employing simple
random linear coding at every node. Such random linear
coding schemes are completely decentralized, requiring no
coordination between nodes, and can operate under dynamic
conditions [6].
The former problem has been studied in [7], [8]. While

[7] looked at centralized solutions, [8] proposed approaches
to find minimum-cost multicast subgraphs for both linear and
strictly convex cost functions in a decentralized manner.
The presentation of the subgradient method in [8], however,

only states the algorithm and proves its convergence. In this
paper, we study the implementation issues of this algorithm.
We focus on multi-hop wireless networks because, aside
from wireless networks being a prime application for network
coding, our model for wireless networks subsumes wireline
networks.
Wireless networks are also generally more challenging than

wireline ones. One of the challenges of wireless networks,
such as ad hoc networks and sensor networks, is variability
of the network topology. Topology changes can be caused
by mobility of users, sleeping or waking up of nodes, or
the shadowing effect due to moving obstacles. We show that
the subgradient method is robust to topology changes, and
nodes are able to adjust their transmission power levels to
move smoothly and quickly to a new optimal subgraph in a
distributed manner.

Simulation results show that the subgradient method con-
verges to optimal solutions quickly and that it is robust
to network changes. In the past, we have seen successful
translation of robust distributed optimization algorithms, such
as distributed Bellman-Ford (DBF), into popular protocols,
such as the Open Shortest Path First (OSPF) protocol. We
hope that the subgradient method will lead to protocol design
for subgraph optimization in coded networks in the future.
The remaining part of this paper is organized as follows.

Section II describes the network model used and reviews
the formulation of the subgraph optimization problem. In
Section III, we first present the canonical subgradient method
for decentralized subgraph optimization and then analyze its
complexity. We propose various modifications to improve the
convergence rate of the canonical algorithm under static and
dynamic networks. Simulation results are presented in Section
IV to illustrate the effectiveness of these methods, and we
conclude in Section V.

II. NETWORK MODEL AND PROBLEM SETUP

We model a wireless networks with a directed hypergraph
H = (N ,A), where N is the set of nodes and A is the set of
hyperarcs. A hypergraph is a generalization of a graph, where,
rather than arcs, we have hyperarcs. A hyperarc is a pair (i, J),
where i, the start node, is an element of N and J , the set of
end nodes, is a non-empty subset of N . Each hyperarc (i, J)
represents a broadcast link from node i to nodes in the non-
empty set J (e.g. Fig. 1). This link may be lossless or lossy,
i.e. it may or may not be subject to packet erasures. Let AiJK

be the counting process describing the arrival of packets that
are injected on hyperarc (i, J) and received by exactly the set
of nodes K ⊂ J , i.e. for τ ≥ 0, AiJK(τ) is the total number
of packets that are injected on hyperarc (i, J) and received
by all nodes in K (and no nodes in N \ K) between time 0
and time τ . We assume that AiJK has an average rate ziJK ;
more precisely, we assume that limτ→∞ AiJK(τ)/τ = ziJK

almost surely. When links are lossless, we have ziJK = 0 for
all non-empty K � J . Let ziJ :=

∑
K⊂J ziJK be the average

rate at which packets are injected into hyperarc (i, J). The
rate vector z, consisting of ziJ for (i, J) ∈ A, is the coding
subgraph.
We associate with hyperarc (i, J) the non-negative number

aiJ , which represents the cost per unit rate of traffic injected
into the hyperarc. Hence the cost of hyperarc (i, J) is aiJziJ .
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Fig. 1. Hyperarc (i, J), where J = {j1, j2, j3}. Nodes j1, j2, and j3 can all
be reached at the same time with cost aiJ , and this is equivalent to having
three unit capacity links from i to j1, j2, and j3. Here, we also include
a virtual unit-capacity link (i, i′) to impose the constraint that information
transmitted on the three links must be the same.

We assume in this paper that the cost reflects energy con-
sumption. We justify this assumption on the basis that we
take energy as the most significant constraint, so there are, for
example, sufficient time or frequency slots to guarantee that
no two transmissions ever interfere.
It is shown in [9], [10], [11] that a subgraph z is capable of

supporting a multicast connection of rate R from source node
s to a set of terminal nodes T if and only if the max-flow
from s to any t ∈ T is greater than or equal to R. Hence, the
problem of min-energy multicast can be posed as the following
LP problem [12]:

min
∑

(i,J)∈A

aiJziJ

s.t.
∑
j∈K

x
(t)
iJj ≤

∑
{L⊂J|L∩K �=∅}

ziJL,

∀ (i, J) ∈ A, K ⊂ J, t ∈ T,∑
{J|(i,J)∈A}

∑
j∈J

x
(t)
iJj −

∑
{(j,I)|(j,I)∈A,i∈I}

x
(t)
jIi = σ

(t)
i ,

∀ i ∈ N , t ∈ T,

x
(t)
iJj ≥ 0, ∀ (i, J) ∈ A, j ∈ J, t ∈ T,

(1)
where

σ
(t)
i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

R if i = s,

−R if i = t,

0 otherwise.

We consider multicast connections because they are the most
general type of connection—subsuming unicast and broadcast
as special cases.
A simplification can be made if we assume that the network

is lossless, because then we have ziJK = 0 for all non-empty
K � J . A further simplification arises if we assume that, when
nodes transmit in a lossless network, they reach all nodes in a
certain area that is an increasing function of their transmission
power. So, if node i hasMi power levels that induce broadcast
links represented by the hyperarcs (i, J1), (i, J2), . . . , (i, JMi

)
with increasing power, then J1 � J2 � · · · � JMi

. (We
assume that there are no identical links, as duplicate links can

effectively be treated as a single link.) Let J (i)
1 , J

(i)
2 , . . . , J

(i)
Mi

be the Mi sets of nodes reached by node i with its Mi power
levels. Then, for (i, j) ∈ A′ := {(i, j)|(i, J) ∈ A, J � j},
we introduce the variables x̂

(t)
ij :=

∑Mi

m=m(i,j) x
(t)

iJ
(i)
m j
, where

m(i, j) is the unique m such that j ∈ J
(i)
m \ J

(i)
m−1. Now

problem (1) can be reformulated as the following optimization
problem, which has substantially fewer variables.

minimize
∑

(i,J)∈A

aiJziJ

subject to
∑

k∈J
(i)
Mi

\J
(i)

m(i,j)−1

x̂
(t)
ik ≤

Mi∑
n=m(i,j)

z
iJ

(i)
n

,

∀ (i, j) ∈ A′, t ∈ T,

x̂(t) ∈ F (t),

∀ t ∈ T,

(2)

where F̂ (t) is the bounded polyhedron of points x̂(t) satisfying
the conservation of flow constraints∑

{j|(i,j)∈A′} x̂
(t)
ij −

∑
{j|(j,i)∈A′} x̂

(t)
ji = σ

(t)
i ,

∀i ∈ N , and x̂
(t)
ij ≥ 0,∀ (i, j) ∈ A′.

We focus on this particular formulation in the rest of this
paper. Our considerations can, however, be modified in a
straightforward manner to apply to the general formulation
in (1). To perform the optimization in a distributed manner,
the subgraph optimization scheme uses the Lagrangian dual
of (2) given below.

maximize
∑
t∈T

q(t)(p(t))

subject to
∑
t∈T

p
(t)

iJ
(i)
m

= s
iJ

(i)
m

, ∀ i ∈ N ,m = 1, . . . , Mi,

p
(t)
iJ ≥ 0, ∀ (i, J) ∈ A, t ∈ T,

(3)
where

s
iJ

(i)
m

:= a
iJ

(i)
m

− a
iJ

(i)
m−1

,

q(t)(p(t)) := min
x̂(t)∈F̂ (t)

∑
(i,j)∈A′

⎛
⎝m(i,j)∑

m=1

p
(t)

iJ
(i)
m

⎞
⎠ x̂

(t)
ij .

III. SUBGRADIENT METHOD FOR DECENTRALIZED
SUBGRAPH OPTIMIZATION

The subgraph optimization scheme tries to converge to
the optimal solution of problem (2) by using subgradient
optimization methods on the dual problem (3). We first present
the canonical subgradient methods for distributed subgraph
optimization here, and in the subsequent subsections, we
present complexity analysis, and various heuristics to improve
the convergence performance of the canonical algorithms in
both static and dynamic networks. Here, computation takes
place at each node, which needs only to be aware of the costs
of its incoming and outgoing links.
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In the standard subgradient method, we start with a feasible
solution p[0], and in the nth iteration, use p(t)[n] values as the
hyperarc costs, and run a distributed shortest path algorithm
(e.g., DBF) to determine x(t)[n] for all t ∈ T . We then
calculate a subgradient of the dual function with respect to
p
(t)

iJ
(i)
m

[n], namely g
(t)

iJ
(i)
m

[n] :=
∑

k∈J
(i)
Mi

\J
(i)
m−1

x̂
(t)
ik [n]. Then

p[n + 1] is updated as

p[n + 1] :=

[
p[n] + θ[n]

∑
t∈T

g(t)[n]

]+

P

,

where [·]+P denotes the projection onto the constraint set P in
(3), and θ[n] is a positive stepsize. The projection can be done
in a distributed manner as given in [8].
At the end of each subgradient iteration, nodes recover a

primal solution x̃[n] from the previous results and compute
z[n] based on x̃[n]. More details on the recovery of primal
solution will be presented in Section III-B. Since any set of
z values obtained from an intermediate x̃[n] gives a feasible
subgraph on which networking coding can be used to perform
the multicast, we do not have to wait till the algorithm has
converged to start the multicast. Instead, it can be started right
after the first iteration, and the subgraph will then be adjusted
slowly to be more efficient in energy consumption.

A. Complexity analysis
Assume the network is synchronous, the time complexity

for one iteration of the standard subgradient method is O(n),
which is the same as running a DBF, since the NT DBF
sessions can be run in parallel. As for message complexity, an
iteration in the standard method takes O(n|A|NT ) messages.
As for the total number of iterations, it is shown in Section IV
that after a small number of iterations, z[n] gives a subgraph
that is fairly close to the optimal solution in terms of total
cost.

B. Initialization and primal solution recovery
Using the standard subgradient method framework, we

propose several methods for initializing the dual vector p[0],
and for recovering primal solutions {x̃[n]}, for both static and
dynamic networks.
1) Static networks: We start with static networks, where the

topology of the network is fixed throughout the multicast. We
first introduce a naive way of initializing the dual variables.

• Averaging method — The simplest way to generate
feasible initial values for the dual variables is to assign
p
(t)
iJ = siJ/NT for all t ∈ T and all (i, J) ∈ A.
This method is useful in static networks since no prior
information of the multicast problem is available at the
nodes.

While the subgradient optimization method yields good
approximations of the optimal value of the dual problem (3)
after sufficient number of iterations, it does not necessarily
yield a primal optimal solution. To recover primal solutions
in the subgradient optimization, we propose the following two
options.

• Original primal recovery — This method is from
[8] and [13]. Define the sequence {x̃[n]} as x̃[n] =
1
n

∑n

l=1 x̂[l]. It can be shown that an accumulation point
of the sequence of primal iterates {x̃[n]} is an optimal
solution to the primal problem (2) if the step sizes {θ[n]}
are chosen properly [13].

• Modified primal recovery — Using the original primal
recovery method, we observed in simulations that the
cost of the multicast starts at a high value, and then
converges slowly to the optimal value through iterations.
One reason for the slow convergence is that it is recovered
by averaging x̂[n] values from all the iterations. The
effect of the first few high cost iterations takes a large
number of iterations later to dilute. A heuristic way to
improve the convergence rate is to discard these “bad”
primal solutions after some time, and just average over
the most recentNa number of iterations in primal solution
recovery.

2) Dynamic networks: As opposed to the static assumption,
many wireless networks have topologies that are dynamic.
Whenever a topology change occurs, we need to restart the
distributed algorithm, as the subgraph used for multicast before
the topology change might have become infeasible. In such
cases, all the methods discussed in the previous subsection
for dual variable initialization and primal solution recovery
are still applicable. However, since the difference between
the optimal solutions to the multicast problem before and
after the changes are usually small, we should make use of
the solutions x̄ and p̄ before the topology changes in the
new iterations to improve the convergence rate. We propose
additional methods to initialize p and update x̃, that make use
of this old information.
For dual variable initialization, we present two additional

heuristics.
• Scaling method — In this method, each node

i scans through its set of outgoing hyperarcs
(i, J1), (i, J2), . . . , (i, JMi

). For hyperarc (i, Jm),
find an existing hyperarc (i, J̄m̄) before the topology
change such that there exists j satisfying m(i, j) = m

and m̄(i, j) = m̄. We scale the {p̄
(t)

iJ̄m̄
} values

so that they satisfy the new dual constraints.
Specifically, setting s̄iJ̄m̄

:=
∑

t∈T p̄
(t)

iJ̄m̄
, we assign

p
(t)
iJm

:= p̄
(t)

iJ̄m̄
× siJm

/s̄iJ̄m̄
. If no such hyperarc (i, J̄m̄)

exists, we simply use p
(t)
iJm

:= siJm
/NT .

• Projection method— In this method, we use an interme-
diate P̃ . For hyperarc (i, Jm), we again find an existing
hyperarc (i, J̄m̄) before the topology change such that
there exists j satisfying m(i, j) = m and m̄(i, j) = m̄.
We set p̃

(t)
iJm

:= p̄iJ̄m̄
if such a hyperarc (i, J̄m̄) exists,

and we set p̃(t)
iJm

:= 0 otherwise. We can then project this
p̃ onto the new feasible region of the dual problem using
the method presented in [8] to obtain an initial point p
for the decentralized algorithm.

On the primal side, we observe that as long as there is no
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(i, j) ∈ Ā′ such that x̄
(t)
ij > 0 and (i, j) /∈ A′, then the old

{x̂[n]} values from the previous iterations are still valid under
the new topology. Thus, they can be used in the recovery of the
current primal optimal solution. Based on this observation, we
propose the following heuristic for primal solution recovery.

• Look-back primal recovery—When a topology change
occurs, each node checks if there exists (i, j) ∈ Ā′ such
that x̄(t)

ij > 0 and (i, j) /∈ A′. If yes, it sends out a signal
to all nodes, and x̃[n] is computed based only on the
new x[n] as in the original or modified primal recovery
method above. On the other hand, if no link is removed,
the averaging is done over Na iterations before and after
the topology change. The assumption that nodes can be
informed of the removal of an active link within one
iteration is reasonable, since, in each iteration, DBF is
used to compute x[n] and sending such a signal to all
nodes should take less time than running DBF.

IV. SIMULATION RESULTS
A. Static networks
Simulations of the subgraph optimization scheme in static

networks showed that the standard subgradient method has
a better convergence time as compared to the incremental
subgradient method, thus, in this section, we only present
results for the standard method. We set up random wireless
networks in a 10 × 10 square with a radius of connectivity
r = 3. We consider multicast connections of unit rate. Fig. 2
shows the average convergence performance for the proposed
algorithms for networks with 30/50 nodes and 4/8 terminals in
the multicast. The step sizes used in the subgradient method
are θ[n] = n−α with α = 0.8 for n = 0, 1, · · · . For the
modified primal recovery method, the parameter Na is set
to 30. As we can see, the two primal cost curves coincide
for the first 30 iterations, and after that, the modified method
converges to the optimal value faster than the original method.
To compare the performance of the proposed scheme to the

cost of multicast when network coding is not used, we use
the Multicast Incremental Power (MIP) algorithm described
in [14], which is a centralized heuristic algorithm to perform
minimum-energy multicast in wireless networks. For the same
setting, the average cost values for the multicast given by
MIP algorithm are also shown in Fig. 2. As can be seen,
in both cases, even the initial high cost values from our
distributed algorithms are lower than that from the centralized
MIP algorithm. Moreover, in fewer than 50 iterations, the cost
of the multicast using modified primal recovery is within 5%
higher than the optimal value. Therefore, in a small number of
iterations, the decentralized subgraph optimization algorithms
yield solutions to the multicast problem with energy signifi-
cantly lower than that for multicast without network coding
even if a centralized scheme is used.

B. Mobile networks
To illustrate the performance of our algorithms in dy-

namic networks, we use random networks with mobile nodes.
The mobility model used in our simulations is the Random
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Fig. 2. Average cost of random 4/8-terminal multicasts in 30/50-node
wireless networks, using the decentralized subgraph optimization algorithms
and centralized MIP algorithm. For modified primal recovery method, Na =
30.

Direction Mobility Model [15], where each node selects a
random direction between [0, 2π] and a random speed be-
tween [minspeed,maxspeed]. A node travels to the border of
the simulation area in that direction, then randomly chooses
another valid direction and speed, and continues the process.
Note that our algorithms are applicable to all mobility models,
and we have chosen this specific one for its simplicity.
In our studies, we assume that the nodes are traveling at a

speed that is slow relative to the node computation speed and
link transmission rate. Under such assumptions, we consider
the movement of the nodes in small discrete steps, and between
each step, the set of links in the network and their costs
are considered constant. We refer to the period between two
discrete steps as a “static period”, and let the number of
subgraph optimization iterations performed within each static
period be Ns.
We ran simulations for the various methods presented in

Section III. For dual variable initialization, we only present
results based on the projection method, since it gives the
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Fig. 3. Cost of a random 4-terminal multicast in a 30-node mobile wireless
network, with Ns = 50, under various algorithms. For the modified primal
recovery method, we used Na = 20 and, for the look-back primal recovery
method, we used Na = 50.

best performance. Here, each node has a random speed in
the interval [0, 0.1] units/static period. We choose this range
because the steps taken by the nodes with such speeds are
relatively small as compared to r, and our assumption that the
network is static between steps is valid. Also, this is a relative
speed of the nodes with respect to the static period, and we
can vary Ns to simulate different actual speeds of the nodes.
To illustrate the typical performance of the subgraph opti-

mization scheme in a mobile wireless network, Fig. 3 shows
the costs for each iteration for an instance of the multicast
problem. As expected, if we flush the memory of {x̂[n]} at
the end of each static period, and start accumulation for the
primal cost afresh, the cost of the multicast is very spiky. On
the other hand, if old {x̂[n]} values are used when they are
feasible, the primal cost is usually much smoother. Of course,
if node movement renders the old {x̂[n]} values infeasible, we
have no choice but to start afresh, and the curves for original
primal recovery and look-back primal recovery coincide (as in
the 2nd static period in Fig. 3).
In Fig. 4, we show simulation results under different net-

work and multicast settings, and for nodes with different
speeds. The parameter Na used in the modified primal re-
covery is set to 20. First, we compare the performance of
the three options to recover primal solutions. Under the same
settings, look-back primal recovery gives the lowest average
cost, followed by modified and original primal recovery. We
also observe that when the same methods are used, the faster
the node moves, the higher the average primal cost is, owing
to the lack of time for the algorithm to converge. Also, a
network with more nodes or a multicast with more terminals
makes convergence of the decentralized algorithm slower, and
thus results in higher average primal cost.
The simulation results have shown that the decentralized

subgraph optimization scheme is robust in mobile wireless
networks when the nodes are moving slowly relative to the
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(b) 50−node networks

8 terminals − original primal recovery
8 terminals − modified primal recovery
8 terminals − look−back primal recovery
4 terminals − original primal recovery
4 terminals − modified primal recovery
4 terminals − look−back primal recovery
2 terminals − original primal recovery
2 terminals − modified primal recovery
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Fig. 4. Extra energy required for multicasts in mobile wireless networks
using decentralized subgraph optimization scheme in terms of percentage of
the optimal value.

computation and message exchange rate of the nodes. On
average, it can track the changes in the optimal value closely,
and in most cases, requires lower energy for multicast than
MIP even though the nodes are mobile and computation is
done at each node in a distributed manner.

V. CONCLUSION

Subgraph optimization is an important problem in coded
networks. In this paper, we studied the subgradient method
for performing this optimization in a decentralized manner.
Simulation results show that the subgradient method produces
significant reductions in multicast energy as compared to
centralized routing algorithms after just a few iterations. More-
over, we have shown that the algorithm is robust to changes
in the network and can converge to new optimal solutions
quickly as long as the rate of change in the network is slow as
compared to the speed of computation and transmission. These
favorable results demonstrate that the subgradient method is
a promising foundation for a protocol for transmission over
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coded networks.
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