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Fig. 3.

Tllustration of the Interior Point Assumption.

The next lemma provides an error bound relating the
distance of the iterates to set X with the sum of distances
of iterates to each set under the Interior Point Assumption.

Lemma 3: Let Doubly Stochastic Weights and Interior
Point assumptions hold (cf. Assumptions 2 and 5). For all 1,
let {x'(k)} be generated by the update rule (1) and {w'(k)}
be given by Eq. (4). For all k > 0, we have

idist(wj(k),X) <
Z lw (k

) —a2d(k+1) H+RZ||wJ (k+1)— 2/ (k+2)|
Jj=1

+§:ij(k)—;§:wi(k)H

R HJk 1)——
Yl =52

where the constant R is given by

=310

with T and § given in Assumption 5.
Proof: For a fixed k, we let y denote y =
LS @'(k+1), and let € be given by

7i’”7

m
e=Y dist(y, X (13)
j=1
We define the vector
€
= T+ ——1. 14
i e+6 T e+o y 14

We first show that the vector z belongs to the intersection
X = N2, X;. To see this, note that for all 7, we can write

(w+ i(y—&-(y))) + LPx (v)-

B e+
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By the definition of € [cf. Eq. (13)], it follows that ||y —
Px, (y)|| < ¢, implying by the Interior Point Assumption (cf.
Assumption 5) that the vector T + ggy — Py, (y)) belongs
to set X, and therefore to set X;. Since z is the convex
combination of two vectors in the set X, it follows by the
convexity of X, that z € X,;. The preceding argument can
be repeated for all 7, showing that z € X.

Using the fact that z € X, we can write for all ¢

dist(w' (k), X) < ' (k) = 2|l < [[w(k) =] +lly - 2,

where y = =3 2%(k + 1). Using the definition of the
vector z, this implies
dist(w' (k), X)

k)—%zm:xi(k+1)‘ T
=1 m
6-56-5 ‘723; (k+1) —xH

i) = = S afte+ 1) + 5 S ik 4 1) — 2.
=1 i=1

IN

Since z € X, the sequence {> .-, ||z*(k+ 1) — z||} is a
nonincreasing sequence (see the proof of Lemma 2). There-
fore, we have S |i(k + 1) — 2] < X-0" [[27(0) — 2]
for all k. Defining the constant R = + 37" [|2°(0) — Z||
and substituting in the preceding relation, we obtain
dist(w" (k), X)

1 o= R
< wtk) = =S ik +1 H g
- Hw ( ) m;x( + ) ere
< Hwh(k) - iin::vz(k—i- I)H + kil idist(y X
a mi3 me 7

where the second inequality follows by using the definition
of € in (13).

By the Doubly Stochastic Weights assumption, i.e.,

Zz a%(k+1) =1 for all j, we have
1mm
— k1) = — s (k+1)a? (k+1
1777..
— Y(k+1).
m;x(ﬂ

This implies that y = L 3" zi(k+1) =
1). Combining these relations we obtain

% 2211 wi(k"‘
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dist(w”(k), X)
1 o~
< oo - =S @i+ )|
< et o)
+§ f:Hwa (k+1) —xj(k+2)H
m £
j=1 i=1
Hl m wL(k)_ liwz(k+1)“
mia mia
1
h i
k) — — ol
| (k) TRl
LB inﬂ’(kH)—xj(mz)H
m £
j=1
—&-E iHiiwi(kz—i—l)—wj(k—i—l)H.
m = llm <
j=1 i=1
Summing the preceding relation over all h € {1,...,m}
yields

Z L dist(w? (k), X)

j=1
+RY Jw! (k+1) — 27 (k+2)|
j=1
= 1
3 TR
m 4
j=1 1=
+RY wa(k+ - =S wik+ 1)} :
j=1 i=1
completing the proof. |

The next proposition contains our main convergence result.

Proposition 3: Let Weights Rule, Doubly Stochastic
Weights, Connectivity, and Bounded Intercommunication In-
terval assumptions hold [cf. Assumptions 1, 2, 3, and 4]. Let
also Interior Point Assumption hold (cf. Assumption 5). For
all i, let {x'(k)} be generated by the update rule (I1). We
then have:

kll)n;ox (k)y=2

for all i,

where T is a vector in X.

Proof: Let {w'(k)} be defined as in Eq. (4), i.e
wi(k) = ZT , @’ (k)27 (k). By Lemma 3, we have
>t dist(w? (k), X)

< I+ X+ ) (15)
+2wa<k> - %ZW’“)H (16)

m m

+RZHw3 (k+1)— —
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where ¢/ (k) is the projection error, i.e., ¢’ (k) = w’ (k) —
27 (k + 1). We can rewrite the third term on the right hand-
side of the preceding relation as

Z ij(k) - %Zw‘(lﬂ
j=1 i=1

4 1 m ;
<l () =yl + [ yk) = — > w' (k)
j=1 i=1
where y(k) is given by Eq. (12). Using the relations
m ) m )
Dol (k) =z <Y lla? (k)
j=1 j=1
and 37 wi(k) = LS 2%(k) (which follow by the

Doubly Stochastic Weights Assumption), Eq. (17) implies
that

) an

)

— 2| for all z € R",

O PO

Combined with Proposition 2, it follows from this relation

that
lim ZHwJ ——Zw H:

k—oo

A similar argument shows that the fourth term on the right
hand-side of Eq. (15) also goes to 0 as kK — co. Combined
with the fact that e?(k) goes to 0 as k — oo (cf. Lemma 2),
Eq. (15) implies that

(18)

Since the sequence { S Huﬂ(k)—x”} is nondecreasing
for all z € X (see the proof of Lemma 2), it follows that
the sequence {w’(k)} is bounded for all i. Let @ be a limit
point of the sequence {w’(k)}. Since ||w’(k) —w? (k)| — 0
as k — oo for all j # i (cf. Proposition 2), we have that w
is also a limit point of the sequence {w?(k)} for all j # i.
By Eq. (18), we have > ", dist(w’(k), X) — 0, which
implies that w € X. Because w € X, it follows that the
sequence Y ;- |[w®(k) — w|| is nonincreasing. Since along
some subsequence w’(k) — @ for all i, this implies that

lim w'(k) =@ for all i.

k—oo
Since x'(k + 1) = Px,(w'(k)), this implies that z*(k) —
w € X for all 4, completing the proof. |
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VII. CONCLUSIONS

We studied the constrained consensus problem where
agent ¢’s estimate is constrained to be in a closed convex
set X;. We presented a distributed constrained consensus
algorithm and studied its convergence properties. We showed
that the agent values reach consensus asymptotically as the
number of iterations goes to infinity. Under an interior point
assumption on the intersection set X = N>, X;, we proved
that each of the agent estimates converge to the same limit,
which belongs to set X. Future work includes analyzing the
convergence rate of this algorithm and incorporating opti-
mization of different objective functions into the constrained
consensus model.
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