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Abstract

A transmitter without channel state information (CSI) véistio send a delay-limited Gaussian source
over a slowly fading channel. The source is coded in superseg layers, with each layer successively
refining the description in the previous one. The receivendes the layers that are supported by the
channel realization and reconstructs the source up to artiiist. The expected distortion is minimized
by optimally allocating the transmit power among the solagers. For two source layers, the allocation
is optimal when power is first assigned to the higher layeraup power ceiling that depends only on
the channel fading distribution; all remaining power, ifyais allocated to the lower layer. In the limit
of a continuum of infinite layers, the optimal power disttibn is given by the solution to a set of
linear differential equations in terms of the density of fading distribution. As the bandwidth ratio
(channel uses per source symbol) tends to zero, the powgbdi®on that minimizes expected distortion
converges to the one that maximizes expected capacity.eVékijpected distortion can be improved by
acquiring CSI at the transmitter (CSIT) or by increasingedsity from the realization of independent
fading paths, at high SNR the performance benefit from diyeexceeds that from CSIT, especially

whenb is large.
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Optimal Power Distribution and Minimum
Expected Distortion in Gaussian Layered

Broadcast Coding with Successive Refinement

. INTRODUCTION

N an ergodic wireless channel, from the source-channekatpa theorem [1], it is optimal
I to first compress the source and incur the associated distost a rate equal to the
channel capacity, then send the compressed representatgnthe channel at capacity with
asymptotically small error. However, when delay consteastipulate that the receiver decodes
within a single realization of a slowly fading channel, vath channel state information (CSI) at
the transmitter, the channel becomes non-ergodic andeahannel separation is not necessarily
optimal. In this case it is possible to reduce the end-to-distiortion of the reconstructed
source by jointly optimizing the source-coding rate and titasmit power allocation based
on the characteristics of the source and the channel. Iicpknt, we consider using the layered
broadcast coding approach with successive refinement itrahemission of a Gaussian source
over a slowly fading channel, in the absence of CSI at thestratter. First we assume the channel
has a finite number of discrete fading states, then we exteadesults to continuous fading
distributions, for example, Rayleigh fading with diveysitom the realization of independent
fading paths. The source is coded in layers, with each layeressively refining the description
in the previous one. The transmitter simultaneously tratssthe codewords of all layers to the
receiver by superimposing them with an appropriate powecaition. The receiver successfully
decodes the layers supported by the channel realizatiahcambines the descriptions in the
decoded layers to reconstruct the source up to a distortiothis paper, we are interested
in minimizing the expected distortion of the reconstrucsedirce by optimally allocating the
transmit power among the layers of codewords. The systenehwdpplicable to communication
systems with real-time traffic where it is difficult for thatrsmitter to learn the channel condition.
For example, in a satellite voice system, it is desirablediesaer the efficient transmission of

the voice streams over uncertain channels that minimizetloeto-end distortion.
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The broadcast strategy is proposed in [2] to characterieeséth of achievable rates when the
channel state is unknown at the transmitter. In the case ochdws&an channel under Rayleigh
fading, [3] describes the layered broadcast coding approand derives the optimal power
allocation that maximizes expected capacity when the alamais a single-antenna transmitter
and receiver. The layered broadcast approach is extendeulltgple-antenna channels and the
corresponding achievable rates are presented in [4].

In the transmission of a Gaussian source over a Gaussiame&hamcoded transmission is
optimal [5] in the special case when the source bandwidttalegthe channel bandwidth [6].
For other bandwidth ratios, hybrid digital-analog joinusme-channel transmission schemes are
studied in [7]-[9]; in these works the codes are designectoptimal at a target SNR but degrade
gracefully should the realized SNR deviate from the targretparticular, [8] conjectures that
no code is simultaneously optimal at different SNRs whenstwrce and channel bandwidths
are not equal. In this paper, the code considered is nottetder a specific fading state; we
minimize the expected distortion over the fading distridtof the channel.

In [10], the minimum distortion is investigated in the tramssion of a source over two
independently fading channels in terms of the distortiopogent, which is defined as the
exponential decay rate of the expected distortion in thd ISR regime. Upper bounds on
the distortion exponent and achievable joint source-celaeachemes are presented in [11] for
a single-antenna quasi-static Rayleigh fading channed, later in [12], [13] for multiple-
antenna channels. One of the proposed schemes in [12]ethgeurce coding with progressive
transmission (LS), is analyzed in terms of expected distofor a finite number of layers at finite
SNR in [14]. The results in [11], [12] show that the broad&dsttegy with layered source coding
under an appropriate power allocation scheme is optimahidtiple-input single-output (MISO)
and single-input multiple-output (SIMO) systems in termhish@ distortion exponent. Numerical
optimization of the power allocation with constant rate agnahe layers is examined in [15],
while [16] considers the optimization of power and rate @lion and presents approximate
solutions in the high SNR regime. Motivated by the optinyatif the broadcast strategy in the
high SNR regime, in this work, first presented in [17], [18F wvestigate the minimum expected
distortion at any arbitrary finite SNR. In a related work ir®],la linear-time power allocation
algorithm is presented, and the optimal power distributi@t minimizes the expected distortion

is derived using the calculus of variations method.
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Fig. 1. Source-channel coding without CSI at the transmitte

The remainder of the paper is organized as follows. The systeodel is presented in
Section Il, and the layered broadcast coding scheme witbhessose refinement is explained
in more detail in Section Ill. Section IV focuses on the omimower allocation between two
layers, with the analysis being extended to consider re@mower allocation among multiple
discrete layers in Section V. The power allocation and etquedistortion for discretized Rayleigh
fading distributions are presented in Section VI. Contuimifading distributions are treated in
Section VII by studying the limiting process as the chanristrétization resolution tends to
infinity. Section VIII considers the optimal power distriimn and minimum expected distortion

in Rayleigh fading channels with diversity, followed by otusions in Section IX.

II. SYSTEM MODEL

Consider the system model illustrated in Fig. 1: A transnitvishes to send a Gaussian
source over a wireless channel to a receiver, at which thecsos to be reconstructed up
to a distortion. Let the source be denoted dhwhich is a sequence of independent identically
distributed (iid) zero-mean circularly symmetric compf(@aussian (ZMCSCG) random variables
with unit variances € C ~ CN (0, 1). The transmitter and the receiver each have a single antenna

and the channel is described by
y=Hzx+n, Q)

wherez € C is the transmit signaly € C is the received signal, and € C ~ CA/(0,1) is iid
unit-variance ZMCSCG noise.

Suppose the distribution of the channel power gain is desdrby the probability density
function (pdf) f(v), wherey = |n|> and h € C is a realization of . We first consider
fading distributions with a finite number of discrete fadstgtes; subsequently we generalize to

continuous fading distributions. The receiver has per@®t but the transmitter has only channel
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distribution information (CDI), i.e., the transmitter kms the pdff(~) but not its instantaneous
realization. The channel is modeled by a quasi-static blading processH is realized iid at the
onset of each fading block and remains unchanged over tlo& biaration. We assume decoding
at the receiver iglelay-limited namely, delay constraints preclude coding across fadiagkb
but dictate that the receiver decodes at the end of each .bmrkce the channel is non-ergodic.
Suppose each fading block spaNschannel uses, over which the transmitter descrilvesf
the source symbols. We define thandwidth ratioasb = N/K, which relates the number of
channel uses per source symbol. At the transmitter therepmager constraint on the transmit
signalE[|z|?] < P, where the expectation is taken over repeated channel useshe duration
of each fading block. We assume a short-term power consteaid do not consider power
allocation across fading blocks. We assumes large enough to consider the source as ergodic,
and N is large enough to design codes that achieve the instantammdannel capacity of a given
fading state with negligible probability of error. At thecesver, the channel output is used
to reconstruct an estimateof the source. The distortioP is measured by the mean squared
error E[(s — §)?] of the estimator, where the expectation is taken overifhgequence of source
symbols and the noise distribution. The instantaneousniish of the reconstruction depends
on the fading realization of the channel; we are interestettinimizing the expected distortion

Ex[D], where the expectation is over the fading distribution.

Ill. LAYERED BROADCAST CODING WITH

SUCCESSIVEREFINEMENT

To characterize the set of achievable rates when the chatatelis unknown at the transmitter,
a broadcast strategy is described in [2]. The transmittsigds its codebook by imagining it
is communicating with an ensemble of virtual receivers.H=gictual receiver corresponds to a
fading state: the realization of the fading state is takethashannel gain of the virtual receiver.
The realized rate at the original receiver is given by theodable rate of the realized virtual
receiver. A fading channel without transmitter CSl, theref can be modeled as a broadcast
channel (BC). In particular, the capacity region of the B@rds the maximal set of achievable
rates among the virtual receivers, which, in terms of thginal fading channel, is the maximal
set of realized rates among the fading states. In this woekderive the optimal operating point

in the BC capacity region that minimizes the expected distorE[D] of the reconstructed
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source.

For fading Gaussian channels, a layered broadcast codimgpaqh is described in [3], [4].

In the layered broadcast approach, the virtual receiversoedtered according to their channel
strengths: for single-antenna channels, the channelgitrexi a virtual receiver is given by the
channel power gain of its corresponding fading state. Werjmet each codeword intended for
a virtual receiver as #ayer of code, and the transmitter sends the superposition ofagérs

to the virtual receivers. The capacity region of a singleeana Gaussian BC is achievable by
successive decoding [20], in which each virtual receivaodes, in additional to its own layer,
all the layers below it (the ones with weaker channel sttes)gtHence each layer represents
the additional information over its lower layer that becomes decodablehgydriginal receiver
should the layer be realized.

The layered broadcast approach fits particularly well whih successive refinability [21], [22]
of a Gaussian source. Successive refinability states tlzasdurce is first described at ratg,
then subsequently refined at raf®, the overall distortion is the same as if the source were
described at raté?, + R, in the first place. As the Gaussian source is successivelyatdé,
naturally, each layer in the broadcast approach can be wsedrty refinement information of
a lower layer. Concatenation of broadcast channel codirth siiccessive refinement source
coding is shown in [11], [12] to be optimal in terms of the dision exponent for MISO/SIMO
systems.

We apply the layered broadcast approach and successivahiéfinto perform source-channel
coding as outlined in Fig. 2. First we assume the fading iigion has)/ discrete states:
the channel power gain realization 4s with probability p;, for i = 1,..., M. Accordingly
there areM virtual receivers and the transmitter sends the sumv/ofayers of codewords. Let
layer i denote the layer of codeword intended for virtual receiveand we order the layers as
yu > -+ > v > 0. We refer to layerM as the highest layer and layer 1 as the lowest layer.
Each layer successively refines the description of the soufirom the layer below it, and the
codewords in different layers are independent. Bebe the transmit power allocated to layier

then the transmit symbat can be written as

=P+ Poro+ -+ Py, (2)
wherezy, ...,z are iid ZMCSCG random variables with unit variance.
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Fig. 2. Layered broadcast coding with successive refinement

With successive decoding, each virtual receiver first desoahd cancels the lower layers
before decoding its own layer; the undecodable higher fagez treated as noise. Thus the rate
R; intended for virtual receiver is

Vi P
R; =log (1 + ), 3)
L+ Z;‘Vii+1 by

P; represents the interference power from the higher layersp&se

M
j=i+1

where the termy, >
v 1S the realized channel power gain, then the original rexeran decode layer and all the
layers below it. Hence the realized rafg, (k) at the original receiver i, + - - - + Ry.

From the rate distortion function of a complex Gaussian s®Jg0], the mean squared
distortion is27°% when the source is described at a ratebBf per symbol. Thus the realized

distortion D,y,(k) of the reconstructed sourceis
Dy, (k) = 27 PRne(k) — g=b(Batthy) @

where the last equality follows from successive refinapilithe expected distortioR ;[D] is

obtained by averaging over the fading distribution pmf:

M M
EH[D] = ZpiDrlz(k) = Zpﬂ_b( i=1 f5) (5)
i=1 i=1
We derive the optimal power allocatiof, ..., Pi, among the layers to find the minimum

expected distortioy [ D]*. If a layer has an expected power gain of zero (ipey; = 0), the
layer is allocated zero power; hence in the derivation weirasey;y; # 0, fori = 1,... M.

Note that the expected distortion is monotonically dedéreps the transmit power”, hence
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the power constraint can be taken as an equ@ﬁi1 P, = P, and the optimization formulated

as:

Py,..., Py (6)
subject to”, >0, > P, =P, Vi=1,..., M.

We first consider the power allocation between two layerdienrtext section, then the analysis
is extended to consider more than two layers in Section V.|l@&yered source coding broadcast
scheme can be straightforwardly extended to MISO/SIMCOesyst The equivalent single-antenna
channel distribution is found by using isotropic inputsia transmitter for MISO systems, and

performing maximal-ratio combining at the receiver for SIMystems.

V. TwO-LAYER OPTIMAL POWER ALLOCATION

Suppose the channel fading distribution has only two stéteschannel power gain realization
is eithera or 3, with 3 > o > 0. The transmitter then sends two layers of codewords as shown
in Fig. 3. LetT; denote the total transmit power constraint, did; denote the power allocated
to layeri + 1; the remaining powefl; — 7;,, is allocated to layek. The subscript eases the
extension of the analysis when we considérlayers in Section V; in this section, we consider
two layers and = 1. The decodable rates for the virtual receivers are denoted; bR; . 1; with

successive decoding, they are given as follows:

Ry = log(1+ BTi1) (7)
CY(Ti - Tz‘+1)

;= 1 1+ —"71). 8

R =log(1+ 57 ®)

Suppose we generalize slightly and consider the weightetrtion:
Dy = u2 P 2 Mt Rir), 9)

where the weightgu, w} are non-negative. Note that the weighted distortigns the expected
distortion E[D] when the weightdu, w} are the probabilities of the fading realizations.
GivenT;, the total power available to the two layers, we optimizerdiie; to minimize the

weighted distortion:

D= min D, (20)
0<T;+1<T;
. 14 ad; \—? b
—min (71 " an+1> [u + (14 BT) w] . (11)
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Fig. 3. Power allocation between two layers.

The minimization can be solved by the Lagrange method. W fine Lagrangian:
L(Tit1, M, A2) = Di+ Mi(Tigr — T;) — Mo Tiga. (12)

Applying the Karush-Kuhn-Tucker (KKT) conditions, the drant of the Lagrangian vanishes at
the optimal power allocatioft’’, ;. Specifically, the KKT conditions stipulate that'at,_,, either

one of the inequality constraints is active,@p;/dT;.; = 0, which lead to the solution:

U if U <TG (13a)
Ty = min(Uiy, Ti) =
T; else, (13b)
where
0 if 5/a<14u/w

U1 = 1/tw/pB s (14)
B(Ma -] - 1) else

Interestingly,U; ., depends only on the layer parameterss, v, o (which are derived from the
channel fading distribution) and the bandwidth raijdbut not on the total powe€r;. In other
words, the higher layer is allocatediged amount of power as long as there is sufficient power
available. The optimal power allocation, therefore, adasimple policy: first assign power to
the higher layer up to a ceiling df;,,, then assign all remaining power, if any, to the lower
layer.

Under optimal power allocatiof}’ ;, the minimum weighted distortion as a function of the

total powerT; is given by

{ (1+aT;) "W, if Uin <T, (15a)
D; =
u+ (1+6T)w  else, (15b)
where

W, £ (1+an+1)b[U+ (1+ﬁUi+1)_bw}~ (16)
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Note that when the total power constraiit; < 7; is not active (15a), the consequent minimum
weighted distortion is analogous to that ofsegle layer with channel power gain and an
equivalent weightiV;. On the other hand, when the total power constraint is agtiab), it
is equivalent to one with channel power gainand an equivalent weight (with an additive
constant: in the distortion). Hence under optimal power allocatioithwespect to the minimum
expected distortion, the two layers can be represented liygéesggregatelayer; this idea is
explored further when we consider multiple layers in Sectb

The optimal power allocation and the minimum expected disto for a two-layer transmis-
sion scheme (i.e., the channel has two discrete fadingsyte&geshown in Fig. 4 and Fig. 5,

respectively, wher€’;, the power assigned to the top layer, is computed under treemeders:

W = P2, B =12,
17)

u=1-—po, a=1.
Fig. 4 shows that when the channel power gairis small, an increase iy, leads to a larger
power allocationZ’; at the top layer, up to the total available povlgr However, asy, further
increases]; begins to fall. This is because the transmission power irhidpeer layer is in effect
interference to the lower layer. When the top layer has angtehannel, the overall expected
distortion is dominated by the bottom layer; in which casis inore beneficial to distribute the
power to minimize the interference. Fig. 5 plots the twoelagninimum expected distortion on a
logarithmic scale, and it shows that the relative power gdithe channels has only a marginal
impact on the expected distortion, as the overall distorigan general dominated by the weaker

channel.

V. RECURSIVE POWER ALLOCATION

In this section we consider the case when the fading digtobuhas M/ fading states as
depicted in Fig. 2, wheré/ is finite andM > 2. For notational convenience, we write the

power assignment as a cumulative sum starting from the tgr:la
M
T,23 P, fori=1,...,M. (18)
j=i

The original power assignments”, ..., Py} can then be recovered frogil,..., Ty} by

taking their differences. By definitiorl]; = P is given; hence the optimization is over the
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A. Expected Distortion Recurrence Relations
In terms of the cumulative power variabl&és, . . ., Ty, the expected distortion in (5) can be

written as
M o Ty N\ b
Ex[D] = ;Pi <]1;I1 m) ) (20)
where Ty, 2 0. We factor the sum of cumulative products in (20) and rewttite expected
distortion as a set of recurrence relations:
Dy £ (1+ WMTM)_bPM (21)
(22)

1+ ~T;
Di — ( + ,}/Z K3
L +7iTi
where: runs fromM — 1 down to 1. The ternD; can be interpreted as the cumulative distortion
from layersi and above, withD; = Ex[D]. Note thatD; depends on only two adjacent power

allocation variabled; and T}, ; therefore, in each recurrence stepwve solve for the optimal

>_b (pi + Di+1)7

(23)

Ty, in terms ofT;:
(24)

D3 = Dy
L+~T; \7°
) (pi + Diyy

D! = min (
0<Ta <Ti \1 + v, 1544
In the last recurrence step € 1), the minimum expected distortiofi;[D]* is then given by

Ds.

B. Reduction through Optimal Power Allocation
We consider the layers from top to bottom. In each recurrestep, the minimum distortion
Dy in (24) can be found by optimally allocating power between tdjacent layers as described
in Section IV. In the first recurrence step=£ M — 1), we consider the power allocation between
the topmost two layers. The minimal distortids;, is found by setting the parameters in (11)

to be:
Wp-1 = PM, Brr-1 = Y,
(25)
UNM-1 = PM-1, Ap—1 = YM-1,

DRAFT
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where the subscripts on the layer parameters, u, o designate the recurrence step. In general,

in recurrence step, the power allocation between layeand layeri; + 1 can be found by the

optimization:
 _ . I+ a;T; \— b
D= min <71 . aiTm) [u (14 BT) wl], (26)
the solution of which is given in (15):
{ (14 o Ty) "W, if Uyl <T; (27a)
D: =
U; + (1 + ﬁiTi)_be— else. (27b)

There are two cases to the solution bf. In the first case, the power allocation is not
constrained by the available powey, and we substitute (27a) in the recurrence relation (24) to
find the minimum distortion in the next recurrence step1:

L +7i1Ti ) b
L4715 (28)

: |:pi—1 + (1 + CYz'Tz')_bVVi]-

Df ;= min (

0<T;<T;—1

The minimization in (28) has the same form as the one in (28)with the following parameters:

wi—1 = W, ﬁi—l = Oy,
(29)

Ui—1 = Pi-1, Q-1 = Yi-1-
Hence the minimization can be solved the same way as in theglasrrence step. In the second
case, the power allocation is constrained by the availableepT;, thus we instead substitute
(27b) in (24) in the next recurrence step- 1:

1 i—1Ti1\7°

: |:pi—1 +u; + (1 + ﬁTz‘)_bwi]>

D ;= min
0<T;<T;—1

which again has the same form as in (26), with the followintapeeters:

W;—1 = Wy, ﬁz‘—l = 52'7
(31)

Uj—1 = Pi—1 + Ui, Q-1 = Yi—1-
Therefore, in each recurrence step, the two-layer optimoizgprocedure described in Section IV
can be used to find the minimum distortion and the optimal p@itecation between the current

layer and the aggregate higher layer.
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C. Feasibility of Unconstrained Minimizer

When we proceed to the next recurrence step, however, itdessary to determine which
set of parameters in (29), (31) should be applied. Note tnd@hé optimization in (26), if the
available powefl; is unlimited (i.e.,7; = o), then the optimal power allocation ', = U},
as given in (13a); hencE,,; is theunconstrainedninimizer of D,. Consequently, we can first
assume the minimization in (26) is unconstrained/bynd its solution is given by (27a). If the
unconstrained allocatiofy;; is found to be feasible, then it is indeed the optimal allmrat
On the other hand, it/;,; is subsequently shown to be infeasible, then we backtradgkedo
minimization in (26) and adopt theonstrainedsolution given by (27b). In this casé;,, = T;
as given in (13b), which implies layéris inactive sinceP* =T; — T, = 0.

We ascertain the feasibility d;.; by verifying that it does not exceed the available power
allocationT; from the lower layeri, which in turn depends on the power allocatitn from
the next lower layeri — 1 and so on. The procedure can be accomplished by the recursive
algorithm shown in Algorithm 1 in the Appendix. We start byoahting power between the
topmost two layers (line 1). In each recursion step, we camfhe unconstrained allocatién
(line 3). If U does not exceed the total powBr we first assume it is feasible, and proceed in
the recursion to find the power allocatidfy from the lower layer (line 10). IV turns out to
be infeasible, then we repeat the allocation step with thesttained minimization parameters
(line 16). The recursion continues until the bottom layereiached (line 4). In the best case, if
the unconstrained allocations for all layers are feasible,algorithm has complexit¢) (/). In
the worst case, if all unconstrained allocations are inlg@seach recursion step performs two

power allocations and the algorithm has complexit2™).

VI. DISCRETIZED RAYLEIGH FADING DISTRIBUTION

In this section, we present numerical results produced leyrédtursive power allocation
algorithm described in Section V. In the examples, we asstimaechannel pmf is taken from
a discretized Rayleigh fading distribution. Specificallgr a channel under Rayleigh fading
with unit power, the channel power gainis exponentially distributed with unit mean, and its
probability density function (pdf) is given by

fy) =e, fory >0 (32)
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We truncate the pdf af = I', quantizey into M evenly spaced levels:

r
A1) -
Y& (=), fori=1,....M, (33)

and discretize the probability distribution gfto the closest lower levey;:

pz.é/Ml f(y)dy, fori=1,.. . M-1 (34)

(i_l)]yjlil

oy (33)
r

While it is possible to consider the optimal discretizatadra fading distribution that minimizes
expected distortion, in this paper we assume the channeigpgifen and do not consider such
a step.

The optimal power allocation for the discretized Rayleigdihg pmf is shown in Fig. 6 and
Fig. 7. The Rayleigh fading pdf is truncatedlat= 2, and discretized intd/ = 25 levels. The
truncation is justified by the observation that in the outfhé highest layers nedr are not
assigned any power. Fig. 6 plots the optimal power alloocakit's for different layers (indexed
by the channel power gain;) at SNRsP = 0 dB, 5 dB, and 10 dB, with the bandwidth
ratio b = 1. We observe that the highest layers are inactig¢ € 0), and within the range of
active layers a lower layer is in general allocated more padvan a higher layer, except at
the lowest active layer where it is assigned the remaininggpoAs SNR increases, the power
allocations of the higher layers are unaltered, but theeafgactive layers extends further into
the lower layers. On the other hand, Fig. 7 plots the allocaf?*’s for different bandwidth
ratiosb = 0.5, 1,2 at the SNR of0 dB. It can be observed that a highe(i.e., more channel
uses per source symbol) has the effect of spreading the pali@eation further across into the
lower layers.

Intuitively, the higher layers have stronger channels luffes from larger risks of being in
outage, while the lower layers provide higher reliabilityt lat the expense of having to cope
with less power-efficient channels. Accordingly the optirpawer allocation is concentrated
around the middle layers. Furthermore, as SNR increasegjumerical results suggest that, to
minimize the expected distortion in a Rayleigh fading clenit is more favorable to utilize
the weaker channels with the extra power rather than acaefte larger outage risks from the

higher layers.
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The minimum expected distortida, [D]* under optimal power allocation is shown in Fig. 8
on a logarithmic scale. When the bandwidth ratidgs higher,Ey[D]* decreases as expected.
However, the improvement ifuy [D]* from refining the resolutionV/ of the discretization is

almost negligible at low SNRs. At high SNRs, on the other hahd distortion is dominated
by the outage probability

Py 2 Pr{y; =0 is realized (36)

- / " F)dy, (37)
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Fig. 8. Minimum expected distortion under optimal powepadition.

which is decreasing id/. Therefore, when the SNR is sufficiently high, the expectistbdion
Egx[D]* reaches a floor that is dictated 8%,.. This behavior is due to having evenly-spaced
~;'s; the performance could be improved by allowifgs to take on arbitrary levels.

As a comparison, we consider the expected distortion loveemtls when the system has
CSI at the transmitter (CSIT). Under the discretized Rayidading pmf, suppose the realized
channel power gain is known to bg, then it is optimal for the transmitter to concentrate all
power on layerk to achieve the instantaneous distortibpcsit = (1 + 7% P)~°. Thus with the

guantized CSIT, the expected distortion is given by
M

Eu[Dqy.csit] = Zpk(l + W P)70 (38)
=1

In terms of the original Rayleigh fading pdf(~y), with perfect CSIT, the expected distortion is

similarly given by
ExlDesir] = [ e(147P) " d, (39)
0

where the definite integral can be evaluated numerically @&kpected distortions are plotted
in Fig. 9 for the cases of no CSIT, quantized and perfect C8I¢an be observed that at low
SNRs, quantized CSIT is nearly as good as perfect CSIT, whexehigh SNRs, quantized CSIT
provides only marginal improvement over no CSIT, as the etquedistortion is dominated by

the probability of outage.
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Fig. 9. Expected distortion lower bounds with CSH= 0.5).

VIlI. CONTINUOUS FADING DISTRIBUTION

In this section we study the limiting process as the disza¢ibn resolution of the fading
distribution tends to infinity, and consider the optimal owlistribution that minimizes the ex-
pected distortion when the fading distribution of the chelng given by a continuous probability
density function. Specifically, we assume the layers aralgvepaced, withy,.; — v = Ay,
and we consider the limiting process As — 0 to obtain the power distribution:

1
ply) £ Jim 3 Pry/an, (40)

where for discrete layers the power allocatiBnis referenced by the integer layer indgxvhile
the continuous power distribution) is indexed by the channel power gajn

Consider the optimal power allocation between layeand its next lower layety — A~. Let
T (v — Av) denote the available transmit power for layers- A and above, of whicl(v)
is allocated to layersy and above; the remaining powéi(y) — T'(y — A~) is allocated to
layer v — Av. The optimal power allocatiofi™(+) is given by the solution to the two-layer

optimization problem in Section IV, with the parameters ig.RB correspondingly set to be:

w=W(y), B =1,
(41)

u=f(v)Ay, a=7-—Ay,
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where f(v) is the pdf of the channel power gain wiit{y)A~ representing the probability that
layery— A~ is realized, andV () is interpreted as an equivalent probability weight summiagi
the aggregate effect of the layeysand above.

Following (11), we write the cumulative distortion from kg~ and above in the form:

b

D*(y) = (1+7T()) "W). (42)

From (13), (14), the optimal power allocation is given by

U(v) if U(y) <T(y—Ay) (43a)
T(v) = {
T(y—Avy) else, (43b)
where
{0 it v >W(y)/f(y)+ Ay (44a)
Ume4q1 W) e
v Qf My = M)} 1) else. (44b)

We assume there is a region-pfvhere the cumulative power allocation is not constrainethisy
power available from the lower layers, i.€/(vy) < U(y—Ay) andU(y) < P. In this region the
optimal power allocatio¥™ () is given by the unconstrained minimizé¥(~) in (43a). In the
solution toU(y) we need to verify that/ () is non-increasing in this region, which corresponds
to the power distributiorp*(y) being non-negative. With the substitution of the unconste
cumulative power allocatiotV () in (15a), the cumulative distortion at layer— A~y becomes:
\ L+ (7 = Ay)T(y — Ay)\~?
D<7_A7):< 1+ (v —A7)U(y) ) (45)
: [f(v)Av +(1+ vU(v))_bW(v)] :

which is of the form in (42) if we definél’ (v — Av) by the recurrence equation:
W(y—A) = (1+(y = AU ()"

[FNAY+ (19U ) W ()]
As the spacing between the layers condenses, in the limi\pfapproaching zero, the

(46)

recurrence equations (45), (46) become differential egust The optimal power distribution

p* () is given by the derivative of the cumulative power allocatio

p*(v) = =T"(v), (47)
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whereT™*(~) is described by solutions in three regions:

0 Y > % (48a)
T"(v)=qUM®) w»<7<% (48b)
P v < Yp. (48c)

In region (48a) wheny > ~,, corresponding to cases (43a) and (44a), no power is adiddat
the layers and (46) simplifies 8(y) = 1 — F(v), whereF(y) £ [ f(s) ds is the cumulative
distribution function (cdf) of the channel power gain. Theuhdaryy, is defined by the condition

in (44a) which satisfies:

Yof (Vo) + F(7,) =1 =0. (49)

Under Rayleigh fading wherf(y) = 7~ 'e=7/7, where# is the expected channel power gain,
(49) evaluates to,, = 7. For other fading distributionsy, may be computed numerically.

In region (48b) wheny» < v < ~,, corresponding to cases (43a) and (44b), the optimal power
distribution is described by a set of differential equasiobVe apply the first order binomial

expansion(1 + Av)? = 1 + bA~, and (46) becomes:
W) —Wi(y—A9)

W) = Aliylilo Ay (50)
W) W)\ s
= b= F = rn (=) ] (51)
which we substitute in (44b) to obtain:
vty = - (ST [y 4 15), 52

HenceU(~) is described by a first order linear differential equatioritithe initial condition

U(v,) = 0, its solution is given by

_/vl(g + fl(S)) [szf(s)}%“’ds

. 5\s  f(s)

A+ )]
and condition (43b) in the lowest active layer becomes thentary condition/(~vp) = P. In

Uly) =

(53)

[19], the power distribution in (53) is derived using theatdlis of variations method.

Similarly, asA~v — 0, the evolution of the expected distortion in (45) becomes:

D) = 250D - 1ty (54
b o2 f'iy)
-—h+w<;+f@oﬂD“”‘f”* (55)
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which is again a first order linear differential equation.thihe initial conditionD(~,) =

W (vs) = vof(7,), its solution is given by

/ f(s ()}ﬁdsjt%f(%)

o f()
2 f(v) 77
[<7> f (%)]
Under Rayleigh fading, for instance, the solutiondtfy) and D(~) are given by
Y 1
/ <i — 2) [s'7Pe™/7] 77 ds
3 N8

Uly) = — : (57)
(1+0b) [726"7/7] T+

O i et

D(y) = ) = (58)
[(§> e—(r— v)/w}

The integrals in (57), (58) can be computed by evaluatingribemplete gamma function.

(56)

\QI

Finally, in region (48c) wheny < ~p, corresponding to case (43b), the transmit powenas
been exhausted, and no power is allocated to the remainyegslaHence the minimum expected

distortion is
Ex[D]" = D(0) = F(vp) + D(vp), (59)

where the last equality follows from when < ~p in region (48c),p*(y) = 0 and D(v) =
J" f(s)ds + D(vp).

VIIl. RAYLEIGH FADING WITH DIVERSITY

In this section we consider the optimal power distributiad ghe minimum expected distortion
when the wireless channel undergoes Rayleigh fading witivexsity order ofL from the real-
ization of independent fading paths. Specifically, we asstime fading channel is characterized
by the Erlang distribution:

_ (L)
fuly) = (L—1) ’

which corresponds to the average bfiid channel power gains, each under Rayleigh fading

v > 0, (60)

with an expected value of. The L-diversity system may be realized by havidgtransmit
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Fig. 10. Span of active layers under optimal power distrtut

antennas using isotropic inputs, by relaxing the decodaydebnstraint over. fading blocks,
or by havingL receive antennas under maximal-ratio combining when theepgain of each
antenna is normalized by/ L.

The optimal power distribution (48) concentrates the tmaihgower over a range of active
layers; the upper and lower boundarigsyp of the span of the active layers are plotted in Fig. 10.
A higher SNRP or a larger bandwidth ratié extends the span further into the lower layers but
the upper boundary, remains unperturbed. As the diversityincreases, the power distribution
becomes more concentrated, albeit slowly. By the law ofdargmbers, at asymptotically large
L, we expect all power concentratesqat

Fig. 11 shows the optimal power allocatipi(~y). It can be observed that a smaller bandwidth
ratio b reduces the spread of the power distribution. In fact) approaches zero, the optimal
power distribution that minimizes expected distortion v@nges to the power distribution that
maximizes expected capacity. To show the connection, we thk limit in the distortion-
minimizing cumulative power distribution in (53):

lim U(5) = 1-F(y) - vf(v)) (61)

b—0 Y2 f(7)
which is equal to the capacity-maximizing cumulative povdstribution as derived in [4].

Essentially, from the first order expansigh= 1+ for smallb, Eg[D] = 1 —bEg[C] when the
bandwidth ratio is small, wherB [C] is the expected capacity in nats/s, and hence minimizing
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Fig. 11. Optimal power distribution = 0 dB).

expected distortion becomes equivalent to maximizing ebquecapacity. For comparison, the
capacity-maximizing power distribution is also plotted Fig. 11. Note that the distortion-
minimizing power distribution is more conservative, andsitmore so a9 increases, as the
allocation favors lower layers in contrast to the capanigyximizing power distribution.

Fig. 12 shows the minimum expected distortiBp[D]* versus SNR for different diversity
orders. With infinite diversity, the channel power gain bees constant at, and the distortion

is given by
Dlpeoe = (1+7P)™". (62)

In the case when there is no diversity £ 1), a lower bound to the expected distortion is also
plotted. The lower bound assumes the system has CSI at tmantiteer (CSIT), which allows

the transmitter to concentrate all power at the realizedrlay achieve the expected distortion:

EulDesr) = [ e (1+aP) . (63)
0

Note that at high SNR, the performance benefit from diveesitseeds that from CSIT, especially
when the bandwidth ratié is large. In particular, in terms of the distortion exponén{10], it

is shown in [12] that in a MISO or SIMO channel, layered braedcoding achieves:

A= — lim Lg En(D]

Pl vy = min(b, L), (64)
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Fig. 12. Minimum expected distortio & 2).

where L is the total diversity order from independent fading bloeksl antennas. Moreover, the
layered broadcast coding distortion exponent is shown togtenal and CSIT does not improve

A, whereas diversity increaseés up to a maximum as limited by the bandwidth rabio

IX. CONCLUSIONS

We considered the problem of source-channel coding overlay-tienited fading channel
without CSI at the transmitter, and derived the optimal postcation that minimizes the end-
to-end expected distortion in the layered broadcast cottamgsmission scheme with successive
refinement. In the allocation of transmission power betwwenlayers of codewords in a two-
state fading channel, the optimal allocation has a pa#icsatructure that lends itself to be
generalized to the cases when the channel has multipleetbstading states or a continuous
fading distribution. Specifically, the optimal two-laydlogation assigns power first to the higher
layer, up to a power ceiling that depends only on the charauh§ distribution but independent
of the total available power; any surplus over the powerirgils allocated to the lower layer.
When the channel has multiple discrete fading states, wie Wre minimum expected distortion
as a set of recurrence relations, and in each recurrencéhetéywo-layer optimization procedure
solves the power allocation between the current layer aecdgregate higher layer. We applied
the power allocation algorithm to the pmf of a discretizedylBgh fading distribution. We

observed that the optimal power allocation is concentratednd the middle layers, and within
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this range the lower layers are assigned more power thangherones. As the SNR increases,
the allocations of the higher layers remain unchanged, hadektra power is allocated to the
idle lower layers. The distortion-minimizing power disution, therefore, is conservative: it is
more beneficial to utilize the lower layers, despite theiaker channel gains, than the higher
layers as the latter have larger risks of being in outage.

We also derived the optimal power distribution that miniesizhe expected distortion when
the fading distribution of the channel is given by a contmsigrobability density function.
We computed the optimal power distribution for Rayleighifgdchannels with diversity order
L, and showed that increasing the diversityconcentrates the power distribution towards the
expected channel power gain while a larger bandwidth ratié spreads the power distribution
further into the lower layers. On the other hand, in the liastb tends to zero, the optimal
power distribution that minimizes expected distortion va@rges to the power distribution that
maximizes expected capacity. While the expected distodan be improved by acquiring CSIT
or increasing the diversity order, it is shown that at highRSthe performance benefit from

diversity exceeds that from CSIT, especially when the badtihwatio b is large.
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Algorithm 1 Recursive Power Allocation

1 ALLOC(M — 1, par, Yrs Pr—1, YM—1)

2: procedure ALLOC(i, w, (3, u, c)
3: ComputeU from w, 3, u, «
4: if =1 then

5: T35 «— min(U, P)

6: return

7: end if

8: if U < P then

o: ComputeW from U, w, (3, u,
10: ALLoc(i — 1, W, e, pi—1, Yi—1)
11: if 7 > U then

12: iU

13: return

14: end if

15: end if

16: ALLOC(Z - 17w767pi—1 +u7r>/i—1)
17 i 17

18: end procedure

> Start from top

> Bottom layer

> Within total powerP

> Unconstrained

> U is feasible

> Constrained
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