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Abstract—Two types of noise-free relay cascades are investi-odd numbered relays behave vice versa. If the source uses
gated. Networks where a source communicates with a distant g pinary alphabet, the rate becones bits per use while a
receiver via a cascade of half-duplex constrained relays ah ternary alphabet yields a rate 6f5 log,3 bits per use. By

networks where not only the source but also a single relay na llowi domlv all ted t it and ive ti ot
intends to transmit information to the same destination. we &!OWINg randomly allocated transmit and receive ume slo

introduce two relay channel models, capturing the half-dugex higher rates are possible as was pointed out in [8]. In [9],
constraint, and within the framework of these models capady is the same author uses an entirely binary, noiseless model for

determined for the first network type. It turns out that capacity  the single relay channel such that the half-duplex comgtiai
is significantly higher than the rates which are achievable Wth ;- ded. It is shown there that capacity is equal o729 bits

a straightforward time-sharing approach. A capacity achieszing . . .
coding strategy is presented based on allocating the transin per use what demonstrates that time-sharing falls corehtier

and receive time slots of a node in dependence of the node’sshort of the theoretical achievability. By the way, the same
previously received data. For the networks of the second tym channel model was used in [10] in a different context. Two
an upper bound to the rate region is derived from the cut-set coding schemes for this particular model were outlinedeimer
bound. Fur;her, achle\{ablllty of the cut-set bound in the sngle which, in hindsight, can be interpreted as half-duplex su®
relay case is shown given that the source rate exceeds a cénta A
minimum value. We will introduce two further channel models for half-
duplex constrained relays. Within the framework of theselmo

. INTRODUCTION els, it is shown that the capacity of a half-duplex consgdin

eﬂ'ngle relay channel is equal to 0.8295 bits per use if theyrel

The focus of this paper is on half-duplex constrain IS able to distinguish binary symbols and 1.1389 bits per use

relay line networks, i. e. on multi-hopping networks wherg " L . . :
the intermediate relay nodes are arranged in a cascade ﬁh n addition, the relay is capable of detecting time slots

. . . Vi out transmission. Further it is shown that the capaofty
further, are not able to transmit and receive smultaneyouseach relay cascade with finite length is greater than oneebit
We consider networks with a single source-destinationgoadlr y 9 9 P

networks where in addition to the source a single relay nodg® assumed the latter relay model is utilized. The key idea

intends to transmit own information. Since the main inttereg?the achievable scheme is to determine the slot allocation

is to gain a better understanding of half-duplex constmin%e{a?:réels\%tuogee :rgige;;fe.gie I(zaf;k::eogstt;irr?ggl\l/iﬁg t;]yem:ela
transmission, we assume nhoiseless network links in order ’ 9 P . .
where not only the source but also a single relay node intends

avoid detraction from the actual topic. . : : S
transmit own information to the same destination, an uppe

The cIa;su_:gl relay channel goes b.aCk to van.der Meulen .[gijund to the rate region is derived. We finally show that in the
Further significant results concerning capacity and codin

s%ecial case of a single relay channel (with source and relay

schemes were obtained in [2]. More recently, the focus @ . . . . .
. ; . ource), a slightly different version of the introduced icad
attention shifted towards relay networks and an achievab . .
) . . scheme is able to achieve a segment on the cut-set bound,
rate formula for relay line networks with a single source-" " LT
destination pair together with a random coding scheme aorowded that the source rate exceeds a certain minimunevalu

P g 9 P"Notation: |S| denotes the cardinality of sef and P(.5)

peared in [3]. A comprehensive literature survey as well o . . AN
a classification of random coding strategies is given in [4 1€ power set ofS. Further, 57 := S\{i} while {f.(.z) )
., f(m)}. The conditional

There has also been work on determining the capacity or rate, i < m} megn_s{f_(l), /2),..
; : . pmf py|x (v, z) is indicated ap(y|r) whenever the random

region of various half-duplex constrained relay channBls [ = . :

. variables can be figured out from the arguments. Further, the

[6] and networks [7], however, under the assumption that the . ; lizati f

time-division schedule is determined a priori. VECIOr X[g.m] 1= (%0, 1, .., ¥m) SUMMArizes realizations o

. . the random variableX,, X, ..., X,,. The entropy expression

An obvious approach in order to handle the half—dupleﬁ(wX ) equalsH(Y;|X,) in casek > 1 and H(Y;)

constraint in a line network is to use a transmission scherne - (kk>1)) €4 L 0.b) asp :

) ab*

. . . in casek < 1. We will abbreviatepx,
in which even numbered relays send in say even numbered = Px.x

time slots and receive during odd numbered time slots while IlI. NETWORK MODEL

i+1(

This work was supported by the European Commission in tiradwork of We consider a discrete, memoryl_ess line net\_’vork compo_sed
the FP7 (contract n. 215252) and by DARPA under the ITMANEd@goam. Of m+2 nodes whereas each node is characterized by a unique



IIl. CODING THEOREMS

Theorem 1:The zero-error capacity of the relay network
. 1Yl Relay Xiéa& Rei'ay Xi oo, defined above, where only the source but no relay transmits

i —1 . . . .
own information, is given by

C = max min{H(Y1|X1),..., HYm|Xm), H Yim+1)}.

Fig. 1. The considered multiple relay cascade (top) and aerpk If relayi P(X[0:m]
is transmitting, the switch is in positioh otherwise in positior2. (3)

i ) Proof: The proof is given in the Appendix. Achievability
number from the integer sg0,...,m + 1}. The integer®) s shown in the next section. -

andm+1 are allocated to source and destination, respe(;tiveIy.Examp|e 1 (Single HD Relay Channet,= 1): The con-
The remaining nodes to i represent half-duplex constrainedsijered channel with @ernary relay falls into the class of
relays (abbreviated as HD relays). A graphical represemtat yograded relay channels [2]. At each time instance, the rela
is given in Fig. 1. The output of théh node, which is the ig gither listening or transmitting. When the relay trartspi
input to the channel between nodeandi + 1, is denoted ¢ ;, ¢ {0,1}, the source input cannot be detected by the
as Xj, i € {0,...,m}, and takes values on the alphabgl|ay and, consequently, the source should not transmits,Th
X = {0, 1,N}. where N is meant to signify a.channel use iRy can be assumed w.l.o.g. thad, = pd, = p% = p%, = 0.
which nodei is not_trarysmﬂtmg. Correspondingly, the inputyence the source input is not random whene {0, 1} and

of the ith node, Whlch is the output of the char_mel betwe%gether with (1), equation (3) reduces to

nodei — 1 and node;, isY;, i € {1,...,m+ 1}, with values

from the alphabey,. Each message, sent via multiple hops €' = max min {H(Xo|X; = N)px, (N), H(X1)}. (4)
from source nod® to sink nodem + 1, is uniformly drawn plxo)

from the index seW, = {1, ...,2"%o} wheren is the block However, when the relay is listening, i. &, = N, the source
length of the encoding scheme aRy the transmission rate. should make optimum use of the channel by encoding with
Apart from the source node, there is possibly a single relajiformly distributed input symbols, i. ey = ply = pRn-
noder € {1,---,m}, which intends to transmit independenfurthermore, in order to achieve the maximum information
indices taken fromW, = {1,...,2"%} to the destination. flow H(X;) from the relay to the sink or, likewise, from
Again, the transmission scheme is multi-hopping since tide symmetry argument, we can choos® = py,. These
information flow associated with message has to pass all considerations yield a single degree of freedom in (4). &inc
nodes with indices greater than We assume noiseless linksthe maximum does not occur in the maximum of one of the
what results in a deterministic network, i. e. the entries #iwo concave functions, (4) is solved BY(X,|X1) = H(X).
P(¥[1:m+1]|X[0:m)) @re eitherd or 1. In order to introduce the The resulting assignment jg = pfy = ply = 0.2395 and

half-duplex constraint, we impose following channel modely, = pR; = 0.1407, which yieldsC' = 1.1389 bits per
onto each relay nodee {1,...,m} channel use.
. Remark 1:Evaluation of capacity for thbinary HD model
Y; = { Kica, X =N (1) is almost along the same lines as in Example 1. However, the
: X, if X;€{0,1}, 9 pie L. ,

channel inputzpz; = NN is not allowed in theédinary model

whereY,,, ;1 = X,,. Relay model (1) is denoted dsrnary and, thus, we a priori have,, = 0, which yieldsC' = 0.8295

since the reception alphabet of each relay nodeVis= bits per channel use.

{0,1,N}. It can easily be verified that; = {0, 1} when(N,N) Example 2 (Infinite HD Relay Channeh — oc): All re-

is excluded from the Cartesian produt ; x &;, and in this |ays in the cascade behave according tatéinearymodel. Due

case the model is referred to bmary. The interpretation of to the Markov property of the channel inputs, the joint pmf

both models is as follows: in case relayends binary data, p(X[0.m) i completely characterized by(x(o.1}), p(x[1.2)),

i. e.x; € {0,1}, it only hears itself and, thus, cannot listen P(Xpm_1.m))- Further, H(Y;|X;) = H(X,_1|X;) which

to relay i — 1 or, equivalently, relayi and relayi — 1 are follows from (1). The idea is now to find a probability

disconnected. Conversely, if relayis quiet, i. e.z; = N, it assignment, such that the(x;_1.,) are equal for alli €

is sensitive for the channel input of relay- 1. The feedback {1,2,...,m} without violating any optimality requirements.

interpretation of the relay nodes as shown in Fig. 1 resulswe can find such a probability assignment, capacity simply

from these considerations. As a consequence of the underlyfollows by maximizing a singleH (X;_1|X;) for that partic-

model, the conditional channel pmf can be factored as  ylar assignment. We now pick an arbitrary positive integer

D (y[l:m+1]|x[0:m]) - p (y1|X[0:1]) cp (ym|x[m71:m]) and try to mak@}cjl andp;, equal for aII_combmatlonB,l €
{0,1,N}. By the same arguments as in Example 1, we can
P Ymt1[m) ) choosepis! = pit = pict = pi-! = g w.lo.g. and the same

Moreover, we will assume that the channel inputs valid forp(xj;.;11)). As a simple consequenqé],;()1 =pin

Xo, X1,...,X,, form a Markov chain what seems toandp’y = p, and, from a symmetry argumenpt;, = piy;

be unmotivated at first glance but turns out to be without lossid pj,,, = pj,. Further, regarding our objective, we have

of optimality as explained in Remark 3. to require thatpfg\,1 = piy for k& € {0,1}. Since indexi



has been picked arbitrarily at the beginning, the procedre In the sequel, we maintain the optimality assumptions re-

valid for eachp(xj;_1.) and p(xi.i417),1 < 4 < m — 1, gardingp(xo.1)) and focus on the remaininginterv?ng?) <

what is sufficient in order to achieve equal pmfs with a singlB, < 1.1389 bits where1.1389 bits is the capacity of a

common degree of freedofe. g.pjy). Hence,H (X;_1|X;), singleternary HD relay channel (Example 1). Agai, =

1 <1 <m, is easy to optimize yielding/ (X,;_1|X;) = 1 bit H(X|X1) but nowpx, (x1) is not uniform anymore (due to

achieved apiy = % The capacityC is, therefore, equal to Ry > %Iogg?)) yielding a sum-rate strictly smaller than Igp

1 bit per channel use. bits. An upper bound orR; is given by H(X;) — Ryp. It
Remark 2: Application of thebinary HD relay model yields remains to check whether this expression is smaller or equal

C = 0.5 bits per channel use for all relay cascades compostedthe right hand side of (9) in the considered interval fr

of two or morebinary HD relays. Therefore, the optimumfor the assumed input distribution. However, this is satfi

transmission strategy is just a straightforward time-sigar and, therefore, the complete upper bound on the rate region

approach. The reason lies simply in the fact that the relagscording to (8)-(10) is characterized by

cannot encode parts of their information by means of the slot { log,3 — Ro, 0< Ry < l|092

allocation since the subsequent relay is not able to rezegnip.
R, < H, (mﬁ%) + (1 s 5) Ry, 110g,3 < Ry < C,

when nothing (i. e. symbol N) was sent.
where H,(-) denotes the binary entropy function add =

Theorem 2:The rate region of the relay network defined
above with two sources, namely source ndtend relay 1.1389 bits per channel use. A graphical representationéng
in Fig. 2, graph (b).

noder, is characterized by

Ry < max min{HY;|X;):1<i<m} (5)

T p(X(om)) IV. CODING STRATEGIES
R, < max )min {H (Y| Xy -1, X(i:i<m)) A. Achievability ofC in Theorem 1
P(X[0:m]
: A coding strategy is presented capable of achievihgn
1< < 1 . . . .
relsisme } (©) Theorem 1. As it is standard in achievability proofs, blooks
and (7) shown at the bottom of the page. The maximizatiofiansmissions are used such thabimlocks a sequence &f —
of the equations is performed jointly regardip(xo.,.,) ). m indiceswy € W is %eng from the source to the de_stlnatlon.
Proof The proof is given in the Appendix [} As B — o0, the I’ate‘o(% — R() The idea behind the

Example 3 (HD Single Relay Network with Two Sources)goding strategy is the following. Based on the feedforward
Theternaryrelay network considered here is characterized tfoperty of the considered line network and due to the fact

m =1 andr = 1 and together with (1), Theorem 2 become#at each node is aware of the encoding strategy used by nodes
with larger indices, nodé, 0 < i < m, knows at each time

Ry < H(Xo|Xy) (8) instance the codeword, which will be sent by nodes i in
R < H(X1|Xo) (9) the upcoming transmission block. Thus, each node is able to
Ro+ R < H(X)) (10) adapt its transmission to the codeword chosen by the next nod

what can be exploited in order to prevent that concurresethy s

An outer bound on the rate region of the considered lirg®dewords of adjacent nodes occupy the same time slots with
network is obviously given byk, + R; < log,3 bits (Fig. 2, binary symbols{0, 1}.

graph (a)) since the sum-rate can never be larger than th&ifferent techniques for encoding are used by the source and
maximum of H (X ). We first try to determine whether pointstheternaryrelays. While the source utilizes a ternary alphabet
on this outer bound, besidés®,, R;) = (0,log,3) bits, are {0,1, N} for encoding, the relays represent their messages by
delivered by equations (8) to (10) what inevitably requires combination of binary symbolf, 1} and the allocation of

a uniform px, (z1). Since H(Xo|X;) has to be smaller or binary symbols to the slots of a transmission block. ket
equal to H(X;), we are allowed to assume equality in (8ylenote the number of binary symbols used by relajuring
what follows from Theorem 1. By making the same optimalitq single transmission block. Then, at m@§tw( ) indices
assumpt|ons regarding(x(o.;)) as in Example 1, we getcan be encoded by relay. where2" denotes the number
Ry = I0923 bits and, consequenthykz; < 2I0923 bits. of distinctive indices when the binary symbols are located a
Note that this value fork; does not contradict with (9), i. e. fixed slots while(,” ) denotes the number of possible slot
it is smaller thanH (X;|X,) concerning the assumed inpullocations. Due to the half-duplex constraint, the effect
distribution. The obtained point lies on the outer bound arepdeword length of relay. — 1 reduces ta —n,,. This results

it follows from a time-sharing argument that all points oe thfrom the fact that relayn cannot pay attention to relay — 1

line between(0, log,3) bits and(%log,3, Zl0g,3) bits are part when relaym sends binary symbols and, therefore, the number
of the rate region bound characterized by (8) to (10). of indices, encodable by relay —1, is at mose™ - (")

Nm—1

Ro+ R, < (max )mln {mm{H(Y|X ):1<i<r—1} +min{H (Y| X(r—1:r—131), X(kik<m)) 17+ 1 <k <m 41}, H( m+1)}
P{X[0:m]
)



The same argumentation holds for each relay in the chain, i. e
relayi, 1 < i < m, is able to encode at mo§t* (”‘;’;f“) L4
indices per transmission block whetg, 1 = 0 since the sink
node listens all the time. Finally, the effective length bét
source codeword is — n; what enables the source to encode
a maximum of3"~" indices. The rateR = n~tlog,|[Wy| is

- i 1 —n .
Romin{n nlIOQQS,n_Jr—lOgQ(n n+1> (Vip,
n n o n n;
11)

=
N}
T

[
T

R; (bits per use)

o
=

() -,

I
N
T

wherel < < m.
Codebook Constructiorithe source and all relays generate ‘ ‘ ‘ ‘ N\
i i i i 0 0.2 0.4 0.6 0.8 1 12
codewords according to the scheme described in the previous Ro (bits per use)
paragraph. Letv; € W, indicate a message index forwarded
by relayi and lets; € S; denote a particular slot aIIocationz:igJ- 2. (,jAdsingIeternellry HD relay channel (vt\)/;th two sbourcgzdishconsidered.
. . [ . ) a) Bound due to single source capacities. Upper bourdaliTheorem 2.
used. by rF"layl’ for e”COd'”Q indicesy;. Note that .eaCh;l (c) Region due to the coding strategy with block length= 640.
consists ofn — n;41 slots, which can be embedded in at most
(,™ ) ways into a block of length whereas the embedding isCPtain

i1

a function of the concurrently used, 1, .. ., s,,. Theresulting n; llog (n — N4l

slot allocations of lengtlw, employed by relay, are denoted n
asz; € Z; and depend 08, ..., s,,. The procedure works
as follows. Fix|Wy| relay m codewordsz}, (wy,). For each
slot allocationz,,, used in relaym codewords, constru¢iVy|
relay m — 1 codewordsz”, _;(wm—1,zm). This ensures that
relaym — 1 can encode each messagg_; independently of
the slot allocation used by relay. The procedure repeats and
finally, for each slot allocation; used in relayl codewords,

construct W, | source codewordsy (wo, z1).

According to the model in (L) (X;|X;41) = H(Yi41|Xig1)
what shows that each entry in (11), except for the first, con-
verges to the corresponding entry in (3). The first entry i) (1
corresponds to a source which uses uniformly distributpdtin
symbols when relay is listening. Evaluation of (Y1 |X) re-
garding a unifornpx, | x, (zo, N) yieldspx, (N)log,3. Hence,
the first entry in (3) equals the first entry in (11). [ |
X b Remark 3:At this point, we are able to justify why it has

Encoding (at the end of block — 1): Let wé) € Wo been without loss of optimality to impose the Markov propert
denote the new Tgssage chosen by the source to (Efi)sergn|@he channel inputs. Assume that each pair of channelsnput
block b, and letw,;” € W, denote the estimate afy, ,, s statistically dependent given all remaining inputs. i tige
made by relay: at the end of blocks — 1. Further,5;”, procedure regarding Theorem 1, as shown in the Appendix,
which is a function om§b>, corresponds to the slot allocationyjelds max min{ H (Y;| X )s HVm11) + 1 < i < m} as

used by relayi in transmission block for encodinguigb) simplified cut-set bound what is smaller or at most equal¢o th

Whereaséi(b) is determined bﬁgb), cel, sﬂfi) Relay nodem achievable rate. But since the cut-set bound is an outerdyoun

sendsz™ (%) in block b. Since relay nodé, 1 < i < m—1, only equality is valid achieved e. g. b¥p — --- — X,.

m

knows all previously sent indice(si;fb_l),wfb_” ...), which For non-Markovian inputs, the rate region bound as stated in
~(0) (D) 2(b) ' i Theorem 2 is still an upper bound (but eventually looserk Th

equal (w; /'y, w; 5, - .. ), it knows z;;"; and encodes its lates - J
. W (b) o (D) A (B) L Markov property merely cancels conditional random vagabl
indexw,; ” with =7 (w;”, 2,”, ). Similarly, the source chooses . .
®" () e T from the entropies what does not reduce the region.

xg(wy’, 2y ) for transmission block. _ _

Decoding (at the end of blodk-1): At the end of blockh— B. Coding Strategy for a HD Relay Cascade with Two Sources
2, relay i has estimate¢a!” ", %{"">,...) and, therefore, A coding scheme, based on similar ideas, can be derived for
estimates o(éz(.b’l), §§i’11), ...) and of 2271, Then, based on a line network where a second relay nodetends to transmit
the received sequenag_, (w*", 5*~V)) during blockb—1 Own information. Two main points have to be considered:
and due to the knowledge of the codebook used by relay  « Relay sourcer and all subsequent relay nodes must be
1, relay i is able to determine the unknown ind@éf‘ll). able to encod®\V, |- |W,| different indices sincéV;, and
The destination knows the codebook used by relayand W, are independent.
upon receivingz™ (w2 "), it can determined, . Both « The slot allocations;,. € Z,, applied by relay source,

m

the codebook construction and the noise freedom of the relay are completely determined by the source indiegs
cascade guarantee, that the decoding steps can be performdtheorem 3:Consider aternary single HD relay channel
with zero-error probability. where both source and relay send own information. The bound,

Achievability: Using the relationn~'log(") = H, () described by equations (8) to (10), is achievable provitded t
[11, Th. 1.4.5] as» — oo, optimality assumptions regardingthe source rate exceeds a threshold.
P(X[i:iv1]) (Symmetry, zero probabilities - see Example 2), the  Proof: Let tn; and (1 — ¢t)n; denote the number of
resultant identities’: = Pon +Pin and"‘”gﬂ = pin» We  binary symbols used by the relay for encoding eaghand

3



w1, respectively, wher® < ¢ < 1. Further, all possible slot be nonempty, i. eM’ :=

P(S) C M. Further, leti andj be

allocations of the relay represent indices. If the number the minimum and maximum values it whereask denotes
of source indices matches the number of relay codewords the minimum value inS*. Then

representing source indices, or expressed&dn

n—mn n

1Iogi’)tﬂJrllog< ), 0<t<1, (12)
n n

ni
the cut-set bound is achievable. Note that the lhs of (12)
equalspx, (N)log3 what in turn equalsd (Xo|X;), assumed
the samep(xo.1)) is used than in Example 1. Furthe®;
(1 —t)nin~ ! As n — oo, Rg + Ry — H(X;) what results
from [11, Th. 1.4.5] under consideration of the rhs of (12).
The minimumR, (threshold) follows from (12) fot = 0. &

(a)
H(Ys,Ym+1|Xs) > HY;, Yi|Xs)

+H(Yga, Ysu|Xs, Vi, V)
Y H Y, Vil X, X5, X

+H(YS@, YS%|XS) }/i7 Yk)

(c)
> H(Y;|X;) + H(Yi| X1, Xk),

(17)
where (a) follows from the chain rule, (b) from
(Xga, Xgu) = X; —>Yand(XSd Xgu) = (X5, Xx) = Vi,

V. APPENDIX

and( ) from applying chain rule to the first term i) under

Proof of Theorem 1An upper bound on the capacity ofconsideration of(X;, X;) — (X,—1,Xx) — Y3 together

each single source-destination network with souread sink
nodem + 1 is given by [12, Th. 14.10.1]

with the described Markov relations. Equality (n) and (c)
is achieved by the ascending sét$ = {i,i +1,...,r
1<i<r—1,andS* ={kk+1,...,
which compose the entrie§ = S U S* of a setM,,

— 1},

m},r+1<k<m,

say. Then for eaclt’ € M’ there exists a5 € M, such

C< (max : min I(Xo, Xge;Ys, Yint1|Xs), (13)
P(X[0:m]) SEM
where M = P({1,...,m}) and S¢ is the complement of

in {1,...,m}. In case of a noise-free network, (13) becomeg, _

C < H(Ys, Y, 1|X
p(lfﬁf)&uﬁ (Ys, Yimi1]Xs).

Let.S be nonempty and léte {1,...,
integer inS. Then

H(Y57Ym+1|XS) H(K|XS[7XI) +H(YS[|XS[;X17}/I)

H(Y)| X))+ H(Ys,| Xs,, X1, Y1)

—~
<o
=

©
> H(Yi|X)), (15)

where (a) follows from the chain rule andb) from Xs, —
X, — Y. Equality in (a) and (c¢) is achieved by the
ascending index set§ = {l,/+1,...,m}, 1 <1 < m,
which compose the entries of a s@#l,, say. Hence, for [2]
each S’ € M\{0} there exists anS € M, such that
H(Ys,Y1|Xs) < H(Ys,Y, Take e. 9.5 =

(1]

(3]
m+1|XS’)-
{l,l1+v}, where0 < v < m—1, and extend it to an ascending [4]
index setS = {l,l + 1,...,m}. The claim, stated in the
sentence before the last, holds. In summary, (15) yields trm
first m entries in (3) whereas the remaining entB(Y,,,+1),
follows whenS in (14) is replaced by the empty set. = ]
Proof of Theorem 2: The derivation of the individual
rate bounds is almost along the same lines as in the proof of
Theorem 1. Hence, we concentrate on the sum-rate bound.[7]
An upper bound on the sum-rate of each network with twag)
sourced) andr and a sinkm + 1 is [12, Th. 14.10.1]

Ry + R, £ max rreun I(Xo, Xy, Xse;Ys, Yini1|Xs),

P(X[0:m]) S
(16)
r—1}U

El

where M is the power set o /¢ U M* := {1,..., (10]

{r+1,...,m}. Note that the rhs of (16) simplifies to the rhs
of (14) due to the assumed noise freedom. Eétc P(M9) [11]
and S* € P(M"“) whereS = S¢U S*. First letS¢ and s* [12]

that H(Ys, Y, 11|Xs) < H(Ys,

Yint1|Xs). Take e. g.

= {i,i + v} U{k,k +w}, where0 < v <r—-1-—4and

(14) 0 < w < m —k, and extendS’ to an ascending index set
S =

m} denote the smallest relation holds. In summary, the procedure yields

{i,i+1,...,r—=1}U{k,k+1,...,m}. The inequality
min{H((Y;|X;): 1 <i<r-—1}

+min{H (V| X,-1,Xg) :r+ 1<k <m}

in (7), what follows from (17) taking into account all com-
binations of: and k. The last entry in (7) and the modified
version of above equation in (7) result when, in additior, th
setsS € M\ M’ are consideredy?, S* empty or both). m
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