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Abstract

The focus of this work is on the analysis of transmit beamfognschemes with a low-rate feedback link in
wireless sensor/relay networks, where nodes in the netweekl to implement beamforming in a distributed manner.
Specifically, the problem of distributed phase alignmerntagsidered, where neither the transmitters nor the receive
has perfect channel state information, but there is a ldef@edback link from the receiver to the transmitters. In
this setting, a framework for systematically analyzing gegformance of a general set of distributed beamforming
schemes is proposed. To illustrate the advantage of thisefrark, a simple adaptive distributed beamforming scheme
that was recently proposed by Mudambai et al. is studied. ifwpmrtant properties for the received signal magnitude
function are derived. Using these properties and the systerframework, it is shown that the adaptive distributed
beamforming scheme converges both in probability and innmEarthermore, it is established that the time required
for the adaptive scheme to converge in mean scales linedifyraspect to the number of sensor/relay nodes.

Index Terms

Array signal processing, convergence of numerical methdetectors, distributed algorithms, feedback communica-
tion, networks, relays.

I. INTRODUCTION

The problem of distributed beamforming arises quite ndljuia wireless sensor/relay networks. In a sensor
network, sensors make estimates of a common phenomenoreackl a consensus using a local message passing
algorithm. In a relay network, a source node intends to comocate with the destination node by passing the
message to all relay nodes. In both settings, sensor/raddgathen serve as distributed transmitters and seek
to convey a common message to the intended receiver. Torpeesaergy in this stage, transmit beamforming
has emerged as a promising scheme due to its potential aarayagd low-complexity. However, perfect channel
state information (CSI) at the transmitter is required bywvamtional transmit beamforming schemes to generate

beamforming coefficients and achieve phase alignment atebeiver end. This requirement and the distributed
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nature of wireless sensor/relay networks make it diffionlinhplement transmit beamforming schemes in practice.
With these issues in mind, one may be tempted to design tiabsemmforming schemes that estimate the channel
coefficients directly and provide the estimate to the trattemend. However, the overhead required for channel
estimation becomes prohibitively large for a densely pafad sensor/relay network, since all channel gains between
each transmitter and the receiver need to be measured.eRudhe, sensor/relay nodes may not even be able
to estimate the channel due to hardware limitations. Thesestraints limit us to the setting of non-coherent
communications, where both the transmitters and receiaee mo knowledge of channel realizations.

Within the class of non-coherent communication stratediesning-based schemes are attractive due to their
low-complexity and near-optimal performance. In gendiadse schemes are separated into the training stage and
the communication stage. In the training sﬁagbe phases for all transmitters are aligned such that tteived
signals from all transmitters add coherently at the receilee message is sent in the communication stage, after
phase alignment have been achieved at the receiver to préwidarray gain. Since the communication stage is
straightforward once we have achieved phase alignmenfpthes of this work is on the design of energy efficient
training schemes. Note that in the training stage, it is lggarpossible to achieve phase alignment without at least
partial channel knowledge at the transmitter. As a consezpighere has been increasing interest in the design of
efficient schemes that achieve phase alignment in the preseina low-rate feedback link [1], [2]. The low-rate
feedback link conveys some form of partial channel knoweftgm the receiver to the transmitters. It is hence
of interest to investigate the impact of this feedback limktbe analysis and design of efficient training schemes.
Specifically, our goal is to provide a framework for systeigadly analyzing the performance of a general set of
training schemes with feedback.

To illustrate the advantages of our framework, we focus @nahalysis of a recently proposed training scheme
for distributed beamforming [1]. The proposed scheme isngple adaptive algorithm using one bit of feedback
information, and is attractive in practice since it is simpd implement. Naturally, one would expect a tradeoff
in energy consumption due to slow convergence or other sssbigrprisingly, this scheme converges rapidly and
utilizes energy efficiently. Furthermore, the scheme adjits phases for all sensors simultaneously for each time
slot to achieve phase alignment. This reduces the overhgaificantly compared with direct channel estimation
between each sensor/relay node and the destination noféet)the convergence time of the scheme scales linearly
with the number of sensor/relay nodes. Although the schemsentany desirable features, the fundamental reasons
behind the effectiveness of the scheme are still unclegl]inanalysis on the convergence and linear scalability
of the scheme has been provided through approximationsllmas¢he Central Limit Theorem. A discrete version
of the problem has been solved in [2] by considering a singalifinodel with binary channel and signaling. In
this work, we seek to provide a more comprehensive analysihe fast convergence and linear scalability of the
scheme, two of its most desirable properties, based on #meefrvork we establish.

We organize the paper as follows. In Secfidn II, we introdiheesystem model and the received signal magnitude

INote that the training stage described here is not used imastthe channel as explained above.
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function, which is used as our metric to measure the beanifgrarray gain throughout the paper. In Secfioh I,
we describe the adaptive distributed beamforming scheooged in [1]. Furthermore, we establish an equivalence
between the distributed beamforming scheme and a locabrarsgarch algorithm. Based on this observation, we
obtain a general framework for systematically analyzirgyadaptive distributed beamforming scheme that provides
insights into a necessary condition for the convergencehefscheme. These insights lead us to investigate the
properties of the received signal magnitude function inti®edV] As a consequence of these properties, we provide
intuitive arguments on the fast convergence of the equitdteal random search algorithm. We further use these
properties to prove the convergence of the local randontkedgorithm in probability and in mean. Simulations are
provided to illustrate the conclusions of our analysis. &tt®n[M, we study the scaling law for the algorithm and
show that the time required for the algorithm to converge Bamscales linearly with the number of sensor/relay
nodes. We also provide numerical results that validate aalyais. Finally, we conclude the paper in Secfion VI

and suggest directions for future research.

Il. SYSTEM SETUP

We consider the problem of distributed beamforming, whegetransmitters seek to beamform a common
message to one receiver in a distributed manner. We assuahedhbh transmitter and receiver is equipped with
one antenna, and that the distributed multi-antenna (MIS@nnel experiences frequency-flat, slow fading. That
is, the channel coefficientsh; } =, vary randomly but remain fixed throughout the transmissidre discrete-time,

complex baseband model is given by
ylt] =Y higiltlslt] + wit] =Y aibiftle T s[t] + wlt]
=1 =1

where s[t] € C is the transmitted common messagg] € C is the received signal, andt] ~ CAN(0,0?)
corresponds to the additive white Gaussian noise. Forrrgies ¢, we denote the channel fading gains by—=
a;e?” € C and beamforming coefficients hy[t] = b;[t]e¥[!! € C. Note thata; > 0, b;[t] > 0, and ¢; € [0, 27],

¥;[t] € [0,2x] for all 7 andt since they are the corresponding magnitudes and phasksafd g;, respectively.
Moreover, there is no time dependency @nand ¢; due to the slow varying nature of the channel. We assume
an average power constraint eft] given by E[|s[t]|?] < P, and that each transmitter utilizes the same amount of
energy for each transmission, i.&;[t] = 1 for all ¢ andt.

For channel state information (CSI), we assume a non-cahe@@mmunication where the realization of the
channel is unknown at both the transmitters and receiverel'ts, however, an error-free, zero-delay feedback link
from the receiver to all transmitters conveying one bit dbimation in each time step.

Among non-coherent schemes that have been proposed, waasstraining-based scheme that separates the
transmission into a training stage and communication stiagae training stage, the total phagg+ v;[t] for each
transmitter is aligned such that received signals fromralidmitters add coherently at the receiver. The message is
sent in the communication stage, where a full array gain erotider ofn, for the receivedNR is achieved at the

receiver. In this work, we focus on the analysis of an efficieaining scheme [1] that achieves phase alignment
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efficiently in the training stage. The goal of the scheme isdnsume the least amount of energy while providing
the full array gain from distributed beamforming. Since veswane that same amount of energy is used for each
transmission for each transmitter, the training schemedbaverges with the least amount of time consumes the
least amount of energy.

In the training stage, the messagl¢ is fixed and known to the receiver. Without loss of generalitgy assume

s[t] = v/P. The received signal magnitude can be expressed as
S et = /B |3 gyl Gl
=1 =1

wheref;[t] = ¢; + ¥;[t] is the total phase for sensér Note that we us@lag(-) as the metric to measure array

Mag(01]t],-- - ,0,.[t]) = VP 1)

gain provided by a beamforming scheme. This can be justifie@ksn our setting, the array gain in receivedR
directly translates into an array gain in the received ntaglei functio

The details of the training scheme are introduced in thefalg section. To remove redundancy, we term the
training scheme as aadaptive distributed beamforming schemih the understanding that this scheme is applied

at the training stage and utilizes a one-bit perfect feekitiak.

IIl. ADAPTIVE DISTRIBUTED BEAMFORMING SCHEME

In this section, we introduce the adaptive distributed Hfeaming scheme proposed in [1] and establish its
equivalence with a local random search algorithm. Randaackealgorithms are well studied in the literature [3],
[4], [5] as methods to maximize an unknown function via ramdampling. This equivalence allows for a systematic

study of the convergence of the distributed beamformingseh

A. Description of the Distributed Algorithm

Let 6;[t] denote the total phase that transmittenses to transmit at time, and 6;]¢] be the total phase that
transmitter: keeps at timet after observing the feedback bit from the receiver. We noscdbe the adaptive
training scheme as follows.

Adaptive Distributed Beamforming Scheme:

« Step zero: InitializeReferring to [(1) and noting that théh transmitter controls its beamforming phasgt],

we can initialize the algorithm by setting;[0] = 0, and henc#;[0] = ¢; for transmitter:.

« Step one: Update and Transmiib this step, we randomly perturb the total phdge— 1] for transmitter; that

is kept in the previous time slot. More precisely, each tnaitter updates its total phase by adding the random
perturbatiory; [t] to its beamforming phase kept in the previous time slot. Véeime that{4,[t]}; <, are i.i.d.
uniform random variables if—do, dy] across time and transmitters, whefgis a constant parameter. Let
Ot] = [01t],- - ,0n.[1]]7, O[t] = [0u]t],--- 0. [t]]7, andd[t] = [61]t],- - ,dn,[t]]T. We have the following
update equation:

O[t] = 0t — 1] + 4]t] (2)

2Note that this may not be true in general if there is error iguiting the common message.
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The transmitters then ug#t] to transmit training symbols to the receiver.

« Step two: Compare and Seleéifter receiving the training symbols, the receiver measuhe received signal
magnitudg and compares it with the signal magnitude received in theigus time slot. If the newly received
signal magnitude is larger, the receiver feeds baclkeefi beacon to transmitters. Otherwise, discard’
beacon is sent to transmitters. Note that the beacon is adtmstfrom the receiver to all transmitters.
Clearly, this feedback scheme only requires one bit of faekbnformation per time step. When &eeg
is received at the transmitters, each transmitter seleudskaeps its newly updated total phase. Otherwise,
the old phase is selected and the new phase discarded. Téusicse process is determined by whether the
random perturbation increases or decreases the array @athd adaptive distributed beamforming scheme.

Specifically, the evolutions of[t] and[t] are given by

ol — ?[t—l], if Mag(?[t])SMag(O[t—l]) "
o1t], if Mag(@[t]) > Mag(0[t — 1])

where@]t] and[t] are in©, and© = [0, 2x]".

B. Equivalence with Random Search Algorithms

The simple adaptive algorithm introduced in the previoudise is equivalent to a local random search algorithm,
where an unknown function is maximized via local random dargpTo establish this equivalence, we first consider
the following problem:

Problem 1: Given a functiorf : © — R,© C R™ with an unknown structure, where only samplesf () are
available for arbitrary@ € ©. Find the global maxima of with the fewest function evaluations.

Due to the non-coherent nature of our communication systieenchannel realization is not known at both the
transmitter and receiver ends. As a consequence, the darletag(-) is not known at both the transmitters and
the receiver. An estimate of the received signal magnitughetfon at the receiver is essentially a sample of the
unknown functionMag(-). Thus, from the receiver point-of-view, the problem of phadignment for distributed
beamforming can be considered under the settinBroblem[] a global maximization problem. This allows us to
study distributed beamforming schemes in a more systemaimer.

To solve the maximization ifProblem[] one may be tempted to use a gradient-based algorithm. &irse
possible forMag(-) to possess local maxima, conventional gradient-ascerftadstwill fail in general. Moreover,
acquiring the gradient of the functighmay not even be possible. Hence, random search technig $4][35] are
more appropriate in this setting. Most of these algorithias lbe considered under the framework of a conceptual
algorithm introduced in [3].

Conceptual Algorithm:

« Step zerolnitialize the algorithm by choosing[0] € ©.

3A good estimate of the received signal magnitude can berataiirectly when the noise is small, or by averaging oveersgwtime slots

when the noise is not negligible.
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« Step oneGenerate a random perturbatiéft] from the sample spac®R™, B, u:), where5 is a Borel set on
R™ andy; is a probability measure that could be time-varying.
« Step two Update the search point b§[t] = D(@[t — 1], d[t]), where the mapD satisfies the condition
f(D(O]t —1],6[t])) = f(O[t — 1]).
In this conceptual algorithm, we require only function exlons and have control over the probability measure
1, Which is used to sample the function. The adaptive distedbibbeamforming algorithm can hence be regarded

as a special case of this conceptual algorithm by setting

n o= ns 4)
He = M (%)
DOt —1],6[t]) = Ot — 1] + Linmag(o[t—1)+5[1]) >Mag(o[t—1))} O [¢] (6)

wherep is uniform on[—dg, dp]™=. Note that[(6) is the same as the evolution described by (@)@n

Since the probability measure is non-zero only within a local hypercube with sid% centered around[t—1],
the adaptive distributed beamforming scheme can be redasle local random search algorithm. It is clear that
we can use this framework to study more general adaptiveilistd beamforming schemes. For example, the
sampling probability measure may be time-varying and wigupport that spans the entire sp&eWe can also
study distributed beamforming schemes with more than aneftiéedback information. It is also interesting to note
the connection between this local random search algorithdhsimulated annealing [6]. Simulated annealing is a
generic probabilistic algorithm that approximates thebglooptimal solution of a given function in a large search
space. The algorithm uses a time-varying paranigtar control the acceptance probability, i.e., the probgbihiat
the current state of the algorithm transitions to a new sthtee let 7' — 0 and assume that the current state is
only allowed to move to neighboring states, the simulateskating procedure reduces to the local random search
algorithm. In this work, we focus on the analysis of the lo@dom search algorithm to illustrate the advantages
of our framework.

A local random search algorithm does not necessarily cgeviergeneral. For example, if the unknown function
possesses local maxima, the sequef@le]},” is likely to be trapped in local maxima & is not large enough.
This phenomenon is illustrated in Figl 1, where the localtyrbation is too small for the sequence to leave
the neighborhood of a local maximum. Thus, a necessary ttondor the convergence of local random search
algorithms for arbitrary, is that there is no local maximum point fddag(-). Since it is still unclear whether
Mag(-) satisfies this necessary condition, two questions arisgalbt o) Does the equivalent local random search
algorithm converge®) If it does, is there a fundamental reason behind the conaesgeln the following section,

we investigate properties of the functidfiag(-) towards the goal of addressing these questions.
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Fig. 1. An example of a local random search algorithm thds fa converge to the global maximum.

IV. CONVERGENCE OF THEDISTRIBUTED BEAMFORMING SCHEME
A. Properties of Received Signal Magnitude Function

The properties of the received signal magnitude funclidsg(-) do not depend on the time evolution of its
arguments. We hence omit the time dependence[ifin this section. The following proposition states the first
property of Mag(-).

Proposition 1: For the received signal magnitude functidfng(-) defined in [(1), all local maxima are global
maxima.

Proof: To facilitate analysis, we introduce a change of variables

zl cos b;
X; = =
lI sin 91
Eqn. [1) can be rewritten as
Mag(xla ce axns) = i X3
where||x;||2 =1 forall i = 1,--- ,ny. The maximization OMag(-) can be rewritten as:

E a;X;

In the following, we will show that all local maxima of th|s @etive function correspond to complete phase

()

[|x:]]2= 11 1

alignment for all transmitters. That is, all local maximumingts are global maximum points.

By relaxing the equality constraints to inequality conistis the optimization problem i }7) is equivalent to

E ;X

(8)

B ||2<1 i= 1
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This equivalence can be seen as followsx’ifis a local maximum with an inactive constraipt; ||* < 1, by fixing

all other variablegx;};.x, we obtain

Ns
g a; X}
i=1

wherec = [cfc!]T is a constant vector depending ¢8R’ } ;2. Obviously, the above function can be improved

2

= laxxi +c||* = (arzy” + ) + (aray + ')

by appropriately perturbingix; || according to the signs of’ and¢!. This contradicts with the fact that* is a
maximum. Thus, all constraints are activexif is a maximum point. This shows that the optimization protdem
(@ and [8) are equivalent.

Focusing on the optimization problem with relaxed constsithe Lagrangian of18) reads

Ng 2 Ng MNs
L) = | D as|l + D Nllxil® = 1) = [wl” + D Alxil® - 1)
1=1 1=1 1=1
wherex = [x{ -+, xZ 17, X = [A,-- A, ]%, and\; > 0 for all i = 1,--- ,n,. By the Lagrange Multiplier

Theorem, all local maxima satisfy

Vi, L(%,A) = 2a,w? +2\x) =07 Vi=1,--- n, (9)
> Xilllxil?=1) =0 (10)
i=1

x> —=1<0,Vi=1,---,ng (11)

Let x* be a local maximum and™ be the corresponding Lagrange multiplierf = 0, Eqgn. [9) implies that
w=20 sian a; > 0. In this caseMag (x*) = 0 and this contradicts the fact that is a local maximum, since
we can always improvalag(-) by lettingx; = [¢ 0]7, ¢ < 1, andx; = 0 for all j # i. This leads to\; > 0 for

all <. We hence have

ﬁ:—gw (12)
AL = aif|wll (13)

The optimal solutions described Hy {12) ahd](13), howeJeq aatisfy

Mg W N
Sarl = vPY
= Il P

and hence are global maxima. This completes our proof.

Mag(x*) = VP

]
Proposition] implies that the local random search algorithm cannot &gpeed in a suboptimal local maximum
since all local maxima are global maxima. Furthermore, sibasuggests that the necessary condition for the
convergence of random search algorithms is satisfied. Whike intuitively clear that the local random search

algorithm should converge according Rsoposition[], it is to be noted that the condition is only necessary and

“Note that the case whetg = 0 is not interesting since we can always reduce the dimensidheoproblem by ignoringk;
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may not be sufficient. We will provide a rigorous proof of theneergence of the local random search algorithm
later. Now, we explore an additional property Mhg(-) that explains the efficiency of the algorithm.
Another interesting property dflag(-) is that it is invariant under a common phase shift to all tnaitters. That
is,
=P

Mag(0 + 0.€) = VP = Mag(0)

Ng Ns
E aiej(eiHC) elfe E a;e’?
i=1 i=1

wheree is an, x 1 vector and all of its elements are one, ahdis a common phase shift that can depend on

{6;};=,. One possible choice for the common phase shift is t&dJ@;, - - - , 6,,) be such that the imaginary part
within the modulus function is canceled, i.e.,

Mag(0) = Mag (8 + 0.(01,--- ,0n,)e) = \/ﬁi a;cos (0; + 0.(61,--- ,0,,)) = \/ﬁnz a; cos 0, = Mag(6)

i=1 i=1

where@’ = [07,--- 0., ]7. Note that in the shifted’ domain, the global maxima occur only whéh= 0 or 27
for all 7. The shift-invariant property results in multiple globahrima for the functiolMag(-). In fact, all global
maxima form a one-dimensional “ridge” since@f is a global maximum@ with 6; = 67 + 6. is also a global
maximum. This property hints on the rapid convergence ofideal random search algorithm since converging to
any of these global maximum points is adequate.

We conclude this section by summarizing these two impompanperties ofMag(-) as follows:

1) all local maxima are global maxima, and

2) a common shift to its arguments does not change its value.

B. Proof of Convergence

Intuitively, Property 1 guarantees the convergence of any local random searctitlalgoWe adopt convergence

in probability as our notion of convergence. To define this, imtroduce the-convergence region
R. ={6 € © : Mag(0) > Mag (6") — ¢} (14)

where* is the optimal total phase and satisfldag(60*) = VP> a;.
Definition 1: A sequencg8|t]};-, generated by a random search algorithm is said twoeergent in probability
if, given e > 0,
lim Pr[@[t] € R] =1

t—o0
In other words Mag(@]t]) converges tdMlag(#™) in probability.
For the proof of convergence, we derive a proposition datirat for any@ outside ofR., there is a non-zero
probability of improvingMag(-) by applying a local perturbation 6.
Proposition 2: For any givend € © \ R, andd, > 0, there correspond > 0 and0 < n < 1 such that

Pr[Mag(6 + &) — Mag(0) > ] > 7

whered is a random vector with i.i.d. elements uniformly distriédtover[—dy, do).
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Proof: From Proposition[] all local maxima are global maxima for the functidfiag(-). This implies that

for all 8 ¢ R, and all§, > 0, there exists a poir,, € Sp and a constan{(#) > 0 such that
Mag(8.,) — Mag(6) > 27(6) (15)
where the sefSg is a hypercube of lengthd, centered aroun@ given by
So={weB:w=0+4§, d €[-dy,d]™}

The continuity ofMag(-) implies that there exists(8,,) > 0 such that for al€ € T := {w € O : ||w|| < 0(0.,)},
we have
[Mag(0., + &) — Mag(6.,)| < v(0) (16)

Combining [I5) and{16), we arrive at a lower bound
Mag(6, + &) — Mag(#) = Mag(6., + &) — Mag(6.,) + Mag(6.,) — Mag(6) > —v(0) + 27(0) = 7(0)
Referring to [(#) for the definition ofi, the above lower bound leads to
Pr[Mag(6 + ) — Mag(0) = v(0)] = (T) =:n(6)
Note thatu(T) is a function of@, sinced,, is a function off. We complete the proof of the proposition by letting

= inf ~(0
v eelél\Rsv()

= inf 7]
ool 1)

[ |

Since before the sequence reachescthenvergence region, there is always a non-zero probgabilitmproving
Mag(-) for each time step, the convergence of the sequence is topeetex. A simple deterministic analogue is
the convergence of a monotonically non-decreasing funclitlie probabilistic nature of the algorithm complicates
the proof. This will become clear in the proof of our next treso.

Theorem 1:For the functionMag(-) defined in[(1), le{0[t]},~, be a sequence generated by the local random
search algorithm described in Eqil (4)-(6). Then the rempkequence converges in probability, i.e., for any given
e >0,

lim Pr[@[t] € R] =1

t—o0

Proof: By Proposition2, we know that given any time
Pri{Mag(@[t — 1] + &[t]) — Mag([t — 1]) =~} or {6 € Rc}| = 7

where7; = min {Pr]@ € R.],n}. Since® is compact andlag(-) is continuous, there always exists a positive integer
p such that
py > Mag(61) — Mag(03), V01,62 € ©

The probability that the sequence liesiify after p time steps is hence lower bounded by

Pr[0[p] € R] > 7*
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since{d[t]};2, are independent across time. This leads tRf ¢ R.] <1 —7” and
Pri6[pm] € R]=1—Prl@[pm| ¢ R| >1—-(1—-7")", m=12,---

The lower bound is still valid if we let the sequence progresisne steps further, i.e.,
Pri@pm+{¢ e€R]>1—-(1-7")", m=1,2,---, £=0,---,p—1

We complete the proof by lettingy — oo.
[ |
Theoremistates that the local random search algorithm[in [(#)-(6)veages in probability, and hence also
provides a proof of convergence for the adaptive distrithiteamforming algorithm if_{2J-[3). In factheoreni L
also implies the convergence of the sequefikkng(0[t])}2, in probability. Since the sequence is non-negative
and monotonically non-decreasing, we conclude tldug(0[t])}:2, also converges in mean by the Monotone

Convergence Theorem [7].
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Fig. 2. Evolutions of sequences generated by the adaptsteldited beamforming scheme.

The evolution of the sequences generated by the local rarsgamch algorithm is illustrated in Figl 2. Various
initial points were generated randomly from a uniform digttion over®. Only three sample paths of the sequence
are included in the figure since similar behaviors were olegkfor other sample paths. For each iteration, the random

perturbationd; for the ith transmitter is a uniform random variable overd, do], whered, = 7/30. Note that
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we use the same channel coefficients to generate these segu@nce the focus here is on the effect of different
initial points. In particular, the channel coefficients aamdomly generated from i.i.N(0,1) in the beginning
of the simulation, and remain fixed afterwards.

From the figure, we observe the rapid convergence of the lacalom search algorithm, irrespective of where
it is initialized. We emphasize again that the fast convecgeresults follow from the two important properties
for the functionMag(-) as discussed in Sectign [M-ARroperty 1 guarantees the convergence of the local search
algorithm; Property 2 results in multiple global maxima for the functiddag(-) and hence the fast convergence of
the algorithm. The simulations provide a partial validatad our proof since we would expect the convergence to fail
from some initial points if there were non-optimal local rivaa for Mag(-). It is to be noted that the convergence
of the local random search algorithm only shows that therétyo is a feasible solution t@roblem[ but not
that it is the most efficient scheme in terms of the number otfion evaluations. In other words, the analysis
does not suggest that the algorithm requires the fewest auofbfunction evaluations among all random search
algorithms that converge. However, the algorithm does laadesirable scaling property, i.e., the time required for
the algorithm to converge in mean scales linearly with thealoer of transmitters. This is the topic of the following

section.

V. SCALING LAW

Due to the random nature of the local random search algorithershowed in Sectidn IVAB that the local random
search algorithm converges in probability. For the analydithe scaling law, we require an alternative definition
of convergence.

Definition 2: The sequencgd|[t]} is said to beconvergent in meaif for any givene > 0 there existgy > 0

such that
Etsryt_ Jas0i0) [[Mag (0[t]) — Mag (0%)[] < € 17)

for all t > tx, wherea = [ay,--- ,a,,]T. That is, Mag(0[t]) converges taMag(8*) in mean. Note that since

Mag (6*) is not random andlag (0*) > Mag (0[t]) for all ¢, we can rewrite[(17) as

Eisieyt_ Ja00 [Mag (0[t])] > Mag (07) — € = \/FZ a; — € (18)

In this section, our goal is then to find the time required foz tocal rané?)lm search algorithm to converge in
mean, starting from any initial point. In other words, we arerested in finding théitting tim@ of the random
search algorithm, and determining its behavior as a funatiothe number of transmitters. Specifically, we derive
an upper bound on the hitting time of the local random sealgbrighm as a function of.,. Note that the study
of the hitting time makes sense only if the sequence indeaderges in mean, which we established in Section

[V-Bl

5The hitting time in this work is defined as the time required tiee algorithm to converge in mean as describe@diinition[2.
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To facilitate analysis, we define and lower bound the increnfienction of Mag(-) at timer as

I[r] = Mag(6[r]) — Mag (6T —1]) (19)
@ VP Za e (Oilr=11+3:l7]) Zazcosé‘ T—l] (20)
i=1
(g VP Zazcos [T — 1]+ &[T Zazcosé‘ T—l] (21)
(g \/_ZaZ cos (0;[T — 1] + 8;[7]) — cosb;[T — 1]] ZI (22)

=1
where(a) follows from properly shifting the phase accordingﬂb—l]H, (b) follows from expanding the magnitude

in (20) and ignoring the imaginary part, afe) from the sub-additivity of-]* and the positivity ofa;. From the
definition of the increment functiofi[7], we can rewrite the received signal magnitude function stgven time

kons as

kons kons
Mag (6[kons)) Z I[7] + Mag (6 Z I[7] + o (23)
wherek, is a positive integer ane > 0. The contlnwty ofMag(-) in each of its arguments allows us to rewrite the
e-convergence region aB. = {6 : |0, — 07| < o;(¢),¥i =1,--- ,n,}. To lower bound the conditional expectation

of individual increment functior;[7], we define the following three sets

Afr=1):={i=1,--- ,ns | 7 <t —1] <27 —dp} (24)
Aot =1]:={i=1,---,ng | 6o <bi[r—1] <7} (25)
As[r—=1]:={i=1,--- ;ns | gi(e) < ;[T —1] <y or 2w — 3y < O;[r —1] <27 —0;(e) } (26)

Recall from Sectiof IV-A that; = 0 or 2= for all  in the shifted domain. It is also important to note that fdr al
0[r — 1] ¢ R., there exists at least oriesuch that € A;[7 — 1] U As[7 — 1] U A3[7 — 1]. Now let us lower bound
Esi71a,01-—1)[1i[7]] in each of these three different sets. To simplify notatioves omit the time dependency in the
following discussions.
A. Lower bound onfs, ¢[I;] for i € Ay
If i € Ay, itis clear thaty; > 0 implies that
cos (0; + 0;) — cosd; >0 (27)

We can lower bound the conditional expectation/pfis

(a) 2
Esae L] > az\/_/ % (cos (0; + ;) — cosb;) dd; (28)
0
®) S
> az\/_/ (1 — cos (6;)) do; (29)
250
= VP (5 —sindy) (30)

260

6Note that all{#;[r — 1]} are now in the shifted domain as discussed in Sefion]IV-A
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where(a) follows from (21), andb) from the fact that the integrand in(28) as a functiorfphttains its minimum

atg, =r forall i € A;.

B. Lower bound onEs, [1;] for i € A,

Similarly, if 7 € As, it is clear thatd; < 0 implies [27). We then obtain the lower bound of the condaion

expectation ofl;[7] as

0
E5|a_’g [Iz] > a;V P/ —22 (COS (91 + 51) — COS 91) déz (31)
—do 0
@ ~ [0 1
s, 200
- VP (6o — sindp) (33)
24p

where (a) follows from the fact that the integrand ih{31) as a functarg; attains its minimum aé; = «.

C. Lower bound onfs, ¢[I;] for i € As

For alli € As, if 0;(¢) <6, < by, we have

Esjan[li] > ai\/ﬁ/o % (cos (6; + ;) — cos 0;) dd; (34)
—p, 200
= \/F;;O (Sln 91 — 91 COS 91) (35)
> \/_25 (sino;(€) — o;(€) cos gy (€)) (36)
0

where the last inequality follows sineén z — x cos z is a increasing function af for all z < 7.
Similarly, if 27 — §p < 0; < 27 — 0;(e),

2m—6;
Esjapli] = al\/_/ (cos (0; + &;) — cosb;) dé; (37)
= VP i (—sin6; — (27r —6;) cosb;) (38)
260
> VP (sino;(€) — o;(€) cos o (€)) (39)
260

where the second inequality follows sinessin x — (2 — x) cos z is a decreasing function af for all 7 < z < 27.
Now for all 7 andi € Aj[r — 1] U Az[T — 1] U As[r — 1],

Esir)ja01r—1 [Li[T]] > \/—— min {sin o;(e) — 0;(€) cos g;(€),dp — sindg } =: ¢1 (40)

wherec; is independent of.,, i.e., the number of transmitters. Recall that for @ — 1] ¢ R, there exists at
least onei such thati € A;[7 — 1] U Az[r — 1] U A3[r — 1]. Thus, we havells,)ja,e[-—1] [[[7]] > c1 for any 7.
Referring to [(IP){(23), we obtain

]i}()’ﬂ

{5[7.]}’“0"3‘ ,0[0] [Mag kons Z E&[T 1|a,0[T—1] I[ ]] +co > konsc1 +co > \/ﬁzal (41)
=1

E
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Fig. 3. Hitting time for the adaptive distributed beamfongischeme with different values of.

c1

where the last inequality follows by choosikg = [MW According to [I8), this implies that the hitting
time for the local random search algorithm is at migt, from any initial point. Hence, the hitting time for the
algorithm scales linearly with the number of transmitters.

Although e-convergence region is useful in defining convergence inlzmolate sense in theory, the definition
of convergence in a relative sense is more widely adoptedantige. In our simulations, we use this definition
and say that the sequence converges todhfaction of the global maxima iMag(0[t]) > aMag(0*). We
assume that channel coefficients are i.i.d. complex GausgigablesCA/(0,1), and use the origin as our initial
point. We setd, = w/90 for all our simulations. Figl]l3 demonstrates the hittingeimequired for the adaptive
distributed beamforming scheme to converge in a relativesesevhena = 0.5, 0.7, and 0.9. It is clear that the
hitting time increases a& increases. The scaling law for the hitting time with respech, however, is the
same for all values of. Indeed, we observe linear scaling for all valuesaofThis observation confirms our
theoretical analysis. Fifll 4 shows the average convergémeefor the adaptive distributed beamforming scheme
to within a fraction of the globally maximum valueMag(6*), for different values ofw. It is important to note
the difference between the hitting time and the average ergewce time. Given the number of transmitters, we
obtain the average convergence time by averaging over theeogence time for a hundred sample paths of the

sequenceg0]t]} generated by the algorithm, while the hitting time is obegirby comparingt[Mag(0]t])] with
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Fig. 4. Average convergence time for the adaptive disteihlieamforming scheme with different valuescof

aMag(0*). From Fig[4, we observe the same linear scaling behaviahtoaverage convergence time. We expect

this property for the average convergence time can be shovansimilar manner as in (19)-(41).

VI. CONCLUDING REMARKS AND FUTURE WORK

In this work, we have studied the convergence and scalingotaer recently proposed [1] adaptive distributed
beamforming scheme for sensor/relay networks. We firsbiskeed an equivalence between the distributed scheme
and a local random search algorithm. The equivalence pedvidsights into the convergence of the distributed
beamforming scheme, and led us to investigate the fundatymaiperties for the received signal magnitude function
Mag(+). We found two important properties of the function that cilmite to the rapid convergence of the algorithm.
First, all local maxima are global maxima. This prevents gl random search algorithm from being trapped in
non-optimal local maximum points. The second property & Mag(-) is invariant under a common shift to its
arguments. This property results in multiple global maxinpoints for the function and hence the rapid convergence
of the algorithm. Based on these properties, we have shoevicdhvergence of the algorithm, both in probability
and in mean. We further provided an upper bound on the hitting of the algorithm, and demonstrated that the
hitting time scales linearly with the number of sensorelades. This linear scaling is desirable, especially when

the sensor/relay network is densely populated. We havepatsdded simulations that validate our analysis.
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It is important to note that the effectiveness of the adaptiistributed beamforming scheme highly depends on
the properties of the functioMag(-). While maximizingMag(-) is equivalent to maximizing the receiv&iR if
there is no error in obtaining the common message, we may teeednsider a more complicated function when
there are errors in the common message. In this case, the s#ie function to consider may not possess the same
desirable properties adag(-). For example, there may be local maxima for the new metrictfan. Much work
needs to be done to understand how our results can be appltésimore sophisticated scenario. One thing that
is clear, however, is that we will need to develop new alponi that exploit the global structure of the new metric
function since local algorithms can be trapped in local mmeiln this scenario, we believe that it will be useful
to formulate the problem in our framework using the equinaewe established since it connects the problem to

a well-studied field of global optimization algorithms. $hs a topic for future research.
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