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of . Between the two extremes lies a source code rate and a
corresponding channel multiplexing rate that minimizes (7).

Although we cannot find a simple general expression for
, in the following subsections we will deter-

mine tight asymptotic bounds for the distortion through the use
of high-resolution source coding theory and high-SNR analysis
of the MIMO channel. In addition, as approaches infinity
we will find a simple expression for the optimal choice of and

that depends only on the block length , source dimension
, number of transmit antennas , and number of receive

antennas .
The high-resolution asymptotic regime is often used in source

coding theory to obtain analytical results, since the performance
characteristics of many encoder types are well understood in this
regime [26]. Moreover, it has been show that the high-resolution
asymptotics often provide a good approximation for nonasymp-
totic performance [19][22]. As described in [26], we say that a
quantizer operates in the high-resolution asymptotic regime
if its noiseless distortion asymptotically approaches

(8)

as goes to infinity, where the term in (8) may depend on
and . Many practical quantizers achieve this asymptotic

distortion, e.g., uniform and lattice-based quantizers [3], [25].
This high-resolution asymptotic regime is quite accurate for our
system model since we require the rate of our channel codebook

to scale as . Hence, at asymptotically high
SNR, the source coder will receive an increasing number of bits,
thereby approaching its high-resolution regime.

In the next two subsections, we will construct upper and lower
asymptotic bounds for the end-to-end average distortion of our
system. The starting point for both bounds comes from the anal-
ysis of [15]. In Section IV, we will show that these bounds are
tight and find the optimal multiplexing rate that minimizes dis-
tortion in the high SNR regime.

A. Upper Bound for Distortion

We first construct an upper bound for the end-to-end distor-
tion (7) that depends on . As shown in [15]

(9)

where is the probability of codeword error given that
codeword was transmitted. This bound essentially splits (7)
into two pieces; one corresponding to correctly received channel

codewords and the other corresponding to erroneous channel
decoding. The term corresponding to correct transmission is
bounded by the noiseless distortion while the term cor-
responding to errors is bounded by a constant1 multiplied by the
channel codeword error probability.

By construction, the rate of our channel codebook (and hence
the source encoder) is , therefore

(10)

as approaches infinity or, equivalently, as approaches
infinity. In order to bound the probability of codeword error we
need a few quantities from [27]. For the channel defined in (2),
let and be the outage probability and
outage exponent that satisfy

(11)

The exponent can be directly computed and the equation
for doing so is presented in [27].

We can also bound the probability of error with no outage
through

(12)

where is the exponent associated with choosing the
channel codewords to be i.i.d. Gaussian. Again, the formula for
computing can be found in [27]. Then we can bound the
overall probability of error by

error, no outage

(13)

With the bound (13) in hand we may now upper-bound the total
distortion by

(14)

Note that the distortion upper bound in (14) does not depend
on the source-to-channel codeword mapping , since the bounds
(11) and (12) as well as the source distortion (10) do not depend
on this mapping. Hence, the bound (14) holds for the distortion
averaged over all possible source–codeword mappings, and only
depends on the quantizer through the parameters , and .
Thus, by averaging over all source–channel codeword mappings
we get that for any quantizer satisfying (8) in the high-reso-
lution asymptotic regime, the end-to-end average distortion is
bounded above by

(15)
1This term is O(1) because our source is bounded.
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B. Lower Bound for Distortion

Our lower bound for distortion will also make use of a result
from [15]. Let be the distortion averaged over all

possible mappings. Then from [15] we have

(16)

Note that as in the upper bound, for any quantizersatisfying
(8) in the asymptotic regime, the lower bound depends on
only through the parameters and . However, a key dif-
ference between this bound and the upper bound (14) is that
it is based on averaging distortion over all sourceÐcodeword
mappings . In particular, this bound is based on the assump-
tion that each source-to-channel codeword mapping is random
and equally probable (i.e., the probability of mapping a given
source codeword to a given channel codeword is uniform). From
[27], we may lower-bound the error probability via
the outage exponent as

(17)

Thus, our lower bound for average distortion for any quantizer
satisfying (8) in the asymptotic regime of high resolution be-

comes

(18)

IV. M INIMIZING TOTAL DISTORTION

In this section, we will optimize the bounds presented in the
previous section and show that they are tight. In order to achieve
analytical results for the minimum distortion bound, we con-
sider the asymptotic regime of SNR approaching inÞnity. In
general, our total distortion is an exponential sum of the form

(19)

where we deÞne as thesource distortion exponentand
as thechannel distortion exponent. We minimize total distortion
in the form of (19) by choosing the exponents and to
be within of each other. The function depends on the
source distortion while depends on the channel error prob-
ability. For example, in (18), if we assume the bound is tight and
neglect terms that become negligible at high SNR, then

(since ) and . Note
that if the exponents in (19) are not of the same order then one
term in the sum dominates the other as approaches inÞnity.
As we shall see, the fact that these two terms are of the same
order is the key to obtaining a closed-form expression for the
optimal diversityÐmultiplexing tradeoff point.

A. Asymptotic Regime

WeÞrst consider the upper bound for total distortion (14). We
need to match the exponents for the three terms in the bound,
otherwise one term will not go to zero as the SNR goes to in-
Þnity. Fortunately, part of this has already been accomplished in
[27]. SpeciÞcally, for the case where the block length satisÞes

, it was shown in [27] that
, although the terms arenot the same. Hence,

if we consider the asymptotic regime of approaching in-
Þnity we get theÞrst equation at the bottom of the page. If we
choose an that solves

(20)

where is the piecewise-linear function connecting
for integer values of , then we

have the second equation at the bottom of the page.
We now consider the lower bound (18) on average distor-

tion. Again, for the case where we have
that . We can match the exponents in (18)
by choosing the same that satisÞes (20), which yields the
third equation at the bottom of the page. Since the asymptotic
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Fig. 3. Total distortion versus number of antennas assigned to multiplexing in
an8 � 8 system (T � k). Distortion for SNR= 1 exceeds1.

SNR regime, they only apply to a speciÞc class of source and
channel codes and distortion metrics. We now examine the di-
versityÐmultiplexing tradeoff for a broad class of source codes,
channel codes, and distortion metrics. The basic optimization
framework (22) can still be applied to this more general class
of problems. Furthermore, this framework can be applied in
nonasymptotic settings, thereby allowing us to study the diver-
sityÐmultiplexing tradeoff under typical operating conditions.
In this section, we present an example of end-to-end distor-
tion optimization, via the diversityÐmultiplexing tradeoff, for
sourceÐchannel distortion models that areÞtted to real video
streams, and MIMO channels.

We use the progressive video encoder model developed in
[13]. The overall mean-square distortion is evaluated as

(23)

where is the distortion induced by the source encoder and
is the distortion created by errors in the channel. Although

the total distortion is represented by two separate components,
each component shares some common terms so we will still
have a tradeoff between diversity and multiplexing. The model
for source distortion developed in [13] consists of a six-
parameter analytical formula that isÞtted to a particular trafÞc
stream. Numerical results for as a function of the source
encoding rate are provided in [13, Fig. 2]. The source encoder
design is based on a parametercorresponding to the amount
of redundant data in consecutive encoding blocks. In general, a
larger value of leads to a smaller at the cost of increased
complexity.

The model for the channel distortion is Þtted to the fol-
lowing equation:

(24)

where given the parameters and are based on the par-
ticular source encoder and trafÞc stream, is the number of
antennas used for multiplexing, and is the probability

Fig. 4. Total distortion versus number of antennas assigned to multiplexing in
an8 � 8 system(T � k). Distortion for SNR= 1 exceeds0:01.

Fig. 5. Total distortion versus number of antennas assigned to multiplexing in
an8 � 8 system(T � k). Distortion for SNR= 1 exceeds0:0001.

of codeword error as a function of . We will assume sources
with in our analysis since it provides the lowest dis-
tortion for any given rate. This source encoder setting also pro-
vides the highest sensitivity to channel errors, which allows us
to highlight the tradeoff between multiplexing and diversity in
our optimization.

Our channel transmission scheme follows the setup in [16].
We use eight transmit and eight receive antennas with a set of
linear spaceÐtime codes that can trade off multiplexing for diver-
sity (speciÞcally, these codes only trade integer values ofand

). The actual code construction in [16] is fairly complex
and involves several inner and outer codes designed to handle
both Ricean- and Rayleigh-fading channels in a MIMO orthog-
onal frequency-division multiplexing (OFDM) system. For the
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Fig. 6. Total distortion versus number of antennas assigned to multiplexing for
differing levels of normalized SNR.

purposes of our numerical results, the actual code design is ir-
relevant, we only require the probability of error as a function
of SNR and the number of antennas assigned to multiplexing,
which is given in [16, Fig. 4]. Our optimization can be applied to
spaceÐtime channel codes developed by other authors [8], [6],
[18] by using the error probability associated with their codes in
our optimization. Since the channel coding scheme of [16] does
not permit us to assign fractions of antennas, we must solve the
following integer program for the optimal distortion and number
of multiplexing antennas:

s.t. (25)

Fig. 6 contains a set of curves that show the total distortion
achieved as a function of the number of antennas assigned to
multiplexing. The uppermost curve corresponds to the lowest
SNR and the bottom curve corresponds to the highest SNR. We
see that we have an explicit tradeoff here that depends on SNR.
At low SNR, the total distortion is minimized by assigning most
antennas to diversity to compensate for the high error proba-
bility in the channel. As SNR increases, we assign more an-
tennas to multiplexing since this is a better use of antennas when
the error probability is low. One signiÞcant difference between
this plot and the asymptotic results in Section IV is that here we
do assign our antennas to full multiplexing as the SNR becomes
large. The reason we observe this behavior is that the rate of our
codebook in this example does not scale with SNR. Thus, as the
SNR becomes large we eventually reach a point where distor-
tion would be reduced by moving to a higher rate code that is
not available in the spaceÐtime code under consideration.
Hence, the optimal choice in this case is to eventually move to
full multiplexing. The implication of this result is that a MIMO
system should have enough antennas to exploit full multiplexing
at all available SNRs. A design framework for such codes has
been developed in [6], but the error probability analysis of these

codes is still needed to perform the joint sourceÐchannel coding
optimization.

VI. THE DIVERSITYÐMULTIPLEXINGÐDELAY TRADEOFF

Instead of accepting decoding errors in the channel, many
wireless systems perform error correction via some form of
ARQ. In particular, the receiver has some form of error detection
code, and if a transmission error is detected on a given packet,
a feedback path is used to send this error information back to
the transmitter, which then resends part or all of the packet to
increase the chance of successful decoding. The packet retrans-
missions, combined with random arrival times of the messages
at the transmitter, cause queues to form in front of the source
coder and hence each block of data will experience random de-
lays. Here, the notion of delay we wish to capture is the time
between the arrival time of a message at the transmitter and the
time at which it is successfully decoded at the receiver (also
known as theÒsojourn timeÓin queueing systems).

While ARQ increases the probability of decoding a packet
correctly, it also introduces additional delay. The window size
of the ARQ protocol determines how many retransmission at-
tempts will be made for a given packet. The larger this window
size, the more likely the packet will be successfully received,
and the larger the possible delays associated with retransmis-
sion will be. ARQ can be viewed as a form of diversity, and
hence it complements antenna diversity in MIMO systems.
For MIMO systems with ARQ, there is a three-dimensional
tradeoff between diversity due to multiple antennas and ARQ,
multiplexing, and delay. This three-dimensional tradeoff region
was recently characterized by El Gamal, Caire, and Damen
in [7], and we will use this region in lieu of the Zheng/Tse
diversityÐmultiplexing region in this section. We willÞrst
summarize results from [7] characterizing this region, then
use this region to optimize the diversityÐmultiplexingÐARQ
tradeoff for distortion under delay constraints.

A. The ARQ Protocol and its Diversity Gain

We assume the same channel model (2) as before
and the following ARQ scheme. Each information message is
encoded into a sequence ofblocks each of size . Transmis-
sion commences with theÞrst block and after decoding the mes-
sage the receiver sends a positive (ACK) or negative (NACK) ac-
knowledgment back to the transmitter. In the case of a NACK,
the transmitter sends the next block in the sequence and the re-
ceiver uses all accumulated blocks to try to decode the message.
This process proceeds until either the receiver correctly decodes
the message or until all blocks have been sent. If a NACK is
sent after the transmission of theth block then an error is de-
clared, the message is removed from the system, and the trans-
mitter starts over with the next queued message. As in [7], we
will use the termÒroundÓto describe a single block transmis-
sion of length . We will refer to all rounds associated with
the ARQ protocol as anÒARQ block.ÓHence, each ARQ block
consists of up to rounds, and each round is of size.

The fading coefÞcients that model the gain from transmit
antenna to receive antenna are i.i.d. complex Gaussian
with unit variance. The channel gain matrix with elements

is assumed
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rare events. Indeed, most wireless systems typically become
reliable only after the application of ARQ. In other words,
errors after completion of the ARQ process might be rare
events, but errorsduring the ARQ process are not rare. As we
shall see in the next subsection, this subtle difference requires
an optimization framework that can model and optimize over
the queuing dynamics associated with ARQ.

B. Delay-Distortion Model

This subsection presents our model for a delay-sensitive
system. We do not assume a high SNR regime in our analysis
since, as stated in the previous subsection, this leads to rare
ARQ errors and hence effectively removes the ARQ queuing
delay. We do assume that theÞnite SNR isÞxed for each
problem instance, i.e., we do not optimize power control,
although this optimization was investigated in [7] and shown
to provide signiÞcant diversity gains in the long-term static
channel.

We assume the original source datais a random vector
with probability density , which has support on a closed,
bounded subset of with nonempty interior. During each
transmission block of length an instance of arrives at the
system independently with probability and is queued for
transmission. We assume that each message has a deadline
at the receiver. Hence, if a message arrives at timeand is
not received by time then its deadline expires and the
message is dropped from the system. We assume that each
message is quantized according to the scheme discussed below.
The quantized version of each message is then mapped into
a codeword in the codebook and passed to the
MIMO-ARQ transmitter discussed in the previous section.

Due to the random message arrival times and the random
completion times of the ARQ process we will have queuing and
delay in this system. Our goal is to select a diversity gain, mul-
tiplexing gain, and ARQ window size to minimize the distor-
tion created by both the quantizer and the messages lost due to
channel error or delay. The intuition behind the diversityÐmulti-
plexingÐARQ tradeoff is straightforward. We would like to use
as much multiplexing as possible since this will allow us to use
more bits to describe a message and reduce encoder distortion.
However, high levels of multiplexing induce more errors in the
wireless channel, thereby requiring longer ARQ windows to re-
duce errors. The longer ARQ windows induce higher delays,
which also cause higher distortion due to messages missing their
deadlines. We must balance all of these quantities to optimize
system performance.

We use the same vector encoder and distortion model from
Section III. As before, we assume that the total average distor-
tion can be split into two dependent pieces

(31)

where is the distortion caused by messages de-
clared in error. Here the errors are incurred whenever the ARQ
process fails or when a messageÕs deadline expires. We also as-
sume the distortion due to erroneous messages is bounded by
the overall loss probability

(32)

where is the probability that a message violates
its deadline and is the probability of error for the ARQ
block, which depends on its window size.

Our goal is to minimize the total delay-distortion bound

(33)

In order to optimize (33) we require a formulation that accounts
for the different delays experienced by each message. Hence, as
described in the next subsection, we turn to the theory of Markov
decision processes to model and solve this problem.

C. Minimizing Distortion Via Dynamic Programming

We now develop a dynamic programming optimization
framework to minimize (33). We assume without loss of gener-
ality that the queue in our system is of maximum size. This is
not a restrictive assumption since each message requires at least
one time block of size for transmission, hence any arriving
message that sees more thanmessages in the queue will not be
able to meet its deadline and could be dropped without affecting
our performance analysis. Note that unlike standard queuing
models that only track the number of messages awaiting trans-
mission, we must also track the amount of time a particular
message has waited in the queue. In particular, given that one
message is queued for transmission, our state-space model
must differentiate between a message that has just arrived and
a message whose deadline is about to expire. Since the queue
size is bounded, we can only have aÞnite number of messages
in the queue, and hence the combined message and waiting
time model exists in aÞnite space.

We deÞne the queue process , which
takes values on aÞnite space . Similarly, we deÞne the state
of the ARQ process on aÞnite space

. Here, the state of the ARQ process denotes the number
of the current transmission round in the current ARQ block.
Finally, we deÞne the overall state of the system as a process

such that (i.e.,
the space is the product space of and ).

Since the arrival process is geometric and each ARQ round is
assumed to be i.i.d., the processis aÞnite-state discrete-time
Markov chain. The transition dynamics of this Markov chain
are governed by the choices of diversity, multiplexing, and the
ARQ window size. We assume that at the start of each ARQ
block the transmitter chooses the number of bits to assign to the
vector encoder and hence the amount of spatial diversity and
multiplexing in the codeword selected from . The
transmitter also selects the length of the ARQ window. These
choices then remainÞxed until either the message is received or
the ARQ window expires. DeÞne the space of actions as the
set of all possible combinations of multiplexing gain and ARQ
window length. Note that a choice of multiplexing gain implic-
itly selects the number of bits given to the source encoder as well
as the amount of spatial diversity. We assume that the number
of antennas and areÞnite and that the ARQ window size
is alsoÞnite. Hence, the action spaceis aÞnite set.

We deÞne the control policy as a probability distribution on
the space . We can view the elements ofas

action chosen in state


