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Abstract

Source and channel coding over multi-user channels in wiéckivers have access to correlated
source side information, is considered. For several simpl#ti-user channels necessary and sufficient
conditions are characterized for lossless transmissialeucertain source-channel structures. In partic-
ular, the multiple access channels, the compound multiptess channels and the interference channels
with correlated sources and correlated receiver side nmftion are considered. In all of the cases for
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. INTRODUCTION

Shannon’s source-channel separation theorem statesithpgint-to-point communication
systems (under certain conditions), a source can be rgliadhsmitted over a channel if and
only if the minimum source coding rate is below the channglacity, and that the source and
channel codes can be designed independently. This meare siraple comparison of the rates
of the optimal source and channel codes suffices to concludhar reliable transmission is
possible or not. Furthermore, modularity in communicatsystem design does not incur any
loss in terms of the end-to-end system performance. Thadiieal optimality of modularity has
led to the layered design for point-to-point systems, anthéoseparate development of source
and channel coding research. The separation theorem hmidsrdodic sources and channels
under the usual information theoretic assumptions of it&idielay and complexity (see [2] for
more general conditions under which separation holds). é¥ewy Shannon’s source-channel
separation theorem does not generalize to multi-user mieswo

Suboptimality of separation for multi-user systems wag steown by Shannon in [3] where
he provided an example of correlated source transmissien the two-way channel. Later, a
similar observation was made for transmitting correlatedrses over multiple access channels
(MACs) in [4]. The example provided in [4] reveals that compan of the Slepian-Wolf source
coding region [5] with the capacity region of the underlyiMAC is not enough to decide
whether reliable transmission can be realized.

In the most general setting, a source-channel network @noid composed of multiple sources
available at the nodes of a network in which the source datt beitransmitted to its destination
in a lossless or lossy fashion. Some (potentially all) of Hueles can transmit while some
(potentially all) of the nodes can receive noisy observetiof the transmitted signals. The
communication channel is characterized by a probabiliygition matrix from the inputs of
the transmitting terminals to the outputs of the receiviegminals. We assume that all the
transmissions share a common communications medium, bet special cases can be specified
through the channel transition matrix. The sources comm fta arbitrary joint distribution, that
is, they might be correlated. For this very broad model, taeegal problem we address is to
determine whether the sources can be transmitted logslesstithin the required fidelity to

their destinations for a given number of channel uses perceocsample, which is defined to



be thesource-channel rat®f the joint source channel code. Equivalently, we might twan
find the minimum source-channel rate that can achieve erthiable transmission (for lossless
reconstruction) or the required reconstruction fidelityr (fossy reconstruction).

This general setup can model a sensor network applicatiogrevimultiple sensors spread
over a region of interest send their correlated observattonan access point over a multiple
access channel. However, the problem in this very genetttdgés extremely complicated. If the
channels are assumed to be noise-free finite capacity timkgroblem reduces to a multiterminal
source coding problem [6]; alternatively, if the sources imdependent, then we are faced with
finding the capacity of a general communication networktlt@mmore, considering that we do
not have a separation result even in the case of very simpeories, the hope to resolve the
above source-channel problem in the general setting ibtslig

Given the difficulty of obtaining a general solution for drbry networks, the main goal in
joint source-channel coding for multi-user systems is t@are in detail simple, yet fundamental,
building blocks of a larger network, such as the multipleesscchannel, the broadcast channel
and the interference channel. Our focus in this work is osléss transmission and our goal
is to characterize the set of achievable source-chanres fat these canonical networks. Three
fundamental questions that need to be addressed for eacél wed be stated as follows:

1) Is it possible to characterize the optimal source-chanste of the network (i.e., the

minimum number of channel uses per source sample requirdddsless transmission) in
a computable way?

2) For a given channel model, what is the most general classwtes such that the optimal
source-channel rate can be characterized by simply congptiré achievable source coding
rate region with the achievable capacity region?

3) When the comparison of these regions is not sufficient tainlhe optimal source-channel
rate, what is the maximum source-channel rate achievablgohyce and channel codes
that are statistically independent? How does this rate emento the optimal?

If the class of the sources in question (2) corresponds tthalsources of interest for a given
setup, this would maintain the optimality of the layered raygh described earlier. However,
even when this layered approach is suboptimal, we can $tifio modularity in the system
design, if the optimal rate can be achieved by statistidgaligpendent source and channel codes

as in question (3). Statistical independence in this setfgrs to designing source and channel



codes solely depending on the source and channel distitgjtrespectively, without taking the
joint distribution into account.

The existing literature provides limited answers to thevadbiree questions in specific settings.
For the MAC with correlated sources, finite-letter suffici@onditions for achievability of a
source-channel rate are given in [4] in an attempt to restileefirst problem; however, these
conditions are later shown not to be necessary by Dueck [@cdrrelation preserving mapping
technique of [4] used for achievability is later extendedstmrce coding with side information
via multiple access channels in [8], to broadcast channdls eorrelated sources in [9], and
to interference channels in [10]. In [11], [12] a graph thedmr framework was used to achieve
improved rates for transmitting correlated sources oveltipie access and broadcast channels,
respectively. A new data processing inequality was provefiL8] that is used to derive new
necessary conditions for reliable transmission of coteelaources over MACs.

In an effort to resolve the second question above, which &skthe most general class of
sources for which the rate region comparison is sufficientlétermine the achievability of a
source-channel rate, various special classes of sousr@eh pairs have been studied in the
literature. Optimality of separation for a network of in@egent, non-interfering channels is
proven in [14]. A special class of the MAC, called the asymmméd¥lAC, in which one of the
sources is available at both encoders, is considered in Hrf] source-channel separation is
shown to hold with or without causal perfect feedback ategithr both of the transmitters. In
[16], it is shown that for the class of MACs for which the capacegion cannot be enlarged
by considering correlated channel inputs, separation tisngh Note that in all of these results,
a special class of MACs is considered while arbitrary sowaeelation is allowed.

In [17], Tuncel finds the optimum rate for broadcasting a canrsource to multiple receivers
having different correlated side information. Apart fromsaering the first question, which asks
for the minimum source-channel rate, for this model of ies¢r [17] also answers the third
guestion, and suggests that we can have optimal codes thatadistically independent of each
other even though the comparison of the broadcast chanpaktity region and the minimum
source coding rate region is not sufficient to decide whetbkable transmission is possible.
The codes proposed in [17] consist of a source encoder thedt dot use the correlated side
information, and a joint source-channel decoder; hencgdhenot operate as stand-alone source

and channel codes. Doing so would require the design of nelingeschemes; however, it is



shown in [18] that the same performance can be achieved bbg ssiparate source and channel
codes with a specific message passing mechanism betweeasutice/shannel encoders/decoders.
Hence we can use existing near-optimal codes to achievehdwedtical bound.

Following [17] one can define a generalization of Shannooisree and channel separation
theorem.Informational separatiomefers to separation in the Shannon sense, in which concate-
nating optimal source and channel codes for the underlyangee and channel structures result in
the optimal source-channel coding raBperational separationon the other hand, requires only
that the source and the channel codes be statistically @mdmt, while individually they may
not be suitable for source or channel coding. Note that, ldesmf codes satisfying operational
separation is larger than that satisfying informationglasation.

Our goal in this paper is to provide answers to the three fonahal questions about source-
channel coding posed above for some special multi-useramk$nvand source structures. In
particular, we consider correlated sources available dtipteiusers to be transmitted to receivers
with correlated side information. Our contributions cansoenmarized as follows.

« In a multiple access channel we show that informational rsgjpa holds if the sources
are independent given the receiver side information. Téiglifferent from the previous
separation results [16], [14] in that we show the optimatifyseparation for an arbitrary
multiple access channel under a special source structure.

« We characterize an achievable source-channel rate for @angpmultiple access channels,
which is shown to be optimal for some special scenarios. hiqudar, optimality holds
either when each user’'s source is correlated with one of ¢eeiver side information
and is independent from the other, or when there is no maltgucess interference at
the receivers. We further show the optimality of informatb separation when the two
sources are independent given the side information commdroth receivers. Note that
the compound multiple access channel model combines betimtlitiple access channels
with correlated sources and the broadcast channels witlkelated side information at the
receivers.

« For the interference channels, we first define skreng source-channel interferencen-
ditions, which provide a generalization of the usual strontgrference conditions [9].
Our results suggest the optimality of operational sepamatinder strong source-channel

interference conditions for certain source structures.



Overall, our results characterize the necessary and suificonditions for reliable trans-
mission of correlated sources for various multi-user sgesahence answering question (1) for
those scenarios. In all these cases, the best performaackieved by source-channel separation
(either informational or operational), thus promising &eleof modularity even when simply
concatenating optimal source and channel codes is subalptiteance, for the cases considered,
we answer guestions (2) and (3) as well by showing that, edbmparing source and channel
coding rate regions is sufficient to characterize the ogtsnarce-channel rate, i.e., informational
separation, or simple region comparison is not sufficietitviel can build separate source and

channel codes that are optimal, i.e., operational separati

[I. PRELIMINARIES
A. Notation

In the rest of the paper we adopt the following notationaivemtions. Random variables will
be denoted by capital letters while their realizations W@l denoted by the respective lower
case letters. The alphabet of a scalar random varidbleill be denoted by the corresponding
calligraphic letterX’, and the alphabet of the-length vectors over the-fold Cartesian product
by X™. The cardinality of se&” will be denoted byX’|. The random vectofXy, ..., X,,) will be
denoted byX™ while the vector(X;, X;.1,...,X,) by X, and their realizations, respectively,

by (z1,...,z,) or 2™ and (x;, x;41, ..., T,) OF z.

B. Types and Typical Sequences

Here, we briefly review the notions of types and strong tylgicahat will be used in the

paper. Given a distributiopy, the typeP,» of ann-tuple z™ is the empirical distribution
1
Pxn - _N n
~N(al")

where N(a|z™) is the number of occurances of the lettein 2. The set of alln-tuples ™
with type @ is called the type clas§ and denoted by}. The set ofj-strongly typicaln-tuples

according toPy is denoted byT[}b and is defined by

1
T, = {x € X" ‘EN(aWL) — Py(a)| < 6¥a € X and N(a|z") = 0 wheneverPy (z) — o} .
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Fig. 1. The general model considered in the paper for tratisgicorrelated sources over multi-user channels to vecgi
with correlated side information. In the MAC scenario, wedanly one receiveRx;, which wants to receive both sourcés
and S2. In the compound MAC scenario, we have two receivers whichtwa receive both sources, while in the interference

channel scenario, we have two receivers, each of which wantsceive only its own transmitter's source.

The definitions of type and strong typicality can be extenttegbint and conditional distri-
butions in a similar manner [6]. The following results comireg typical sets will be used in
the sequel. We have

1 n
- log i), — H(X)| <0 1)
for sufficiently largen. Given a joint distributionPyy, if (2", y") ~ Py Py, where P and Py
are n-fold products of the marginal®y and Py, then
Pr{(z",y") € Ty, } < 2775, (2

Finally, for a joint distributionPxy z, if (z",y", 2") ~ P¢ Py P} with similar definitions for

Py, Py and P, then

Pr{(x" yn Zn) c T[g(YZ} } < 2—n(I(X;Y,Z)—i—I(Y;X,Z)-l—I(Z;Y,X)—46) (3)
PR sJ > .

[1l. SYSTEM MODEL

We introduce the most general system model here. Througheutaper we consider various
special cases, where the restrictions are stated explfoitleach case.
We consider a network of two transmitt€ix; and Tx,, and two receiver®x; and Rx.,.

Fori =1, 2, the transmittefl'x; observes the output of a discrete memoryless (DM) sofyce



while the receiveRx; observes DM side informatiol;. We assume that the source and the side
information sequence§,S; , Sox, Wik, Wa i}, are independent identically distributed (i.i.d.)
and are drawn according to a joint probability mass func{ipm.f.) p(s, s2, w1, wy) over a
finite alphabetS; x S, x W, x W,. The transmitters and the receivers all know this joint p,m.
but have no direct access to each other’s information soard¢ke side information.

The transmittefI'x; encodes its source vectsf” = (S; 1, ..., S;.,) into a channel codeword

X" = (X;1,...,Xin) using the encoding function

)

fomm . gmo_, xn, (4)

K3 3

for i = 1,2. These codewords are transmitted over a DM channel to tledvers, each of which
observes the output vectd)* = (Y;,...,Y;,). The input and output alphabets and)); are all
finite. The DM channel is characterized by the conditionatrdbution Py, v, x, x, (y1, Y2|71, Z2).
Each receiver is interested in one or both of the sourcesdiépg on the scenario. Let receiver
Rx; form the estimates of the source vectof8 and S}*, denoted b Ai,"; and Sj’; based on its
received signal’;* and the side information vectd?;” = (W, ,..., W, ) using the decoding

function
g™ LY X W — ST X Sy (5)

Due to the reliable transmission requirement, the recoostmn alphabets are the same as the
source alphabets. In the MAC scenario, there is only oneévwecBx;, which wants to receive
both of the sources; andS;. In the compound MAC scenario, both receivers want to receiv
both sources, while in the interference channel scenasaoh eeceiver wants to receive only
its own transmitter’s source. Based on these decoding negents, the error probability of the
system will be defined separately for each model. Next, wenéefie source-channel rate of
the system.

Definition 3.1: We say that source-channel ratés achievablef, for every e > 0, there exist
positive integersn andn with n/m = b for which we have encoder™" and ™™, and
decoderg){™" and¢{™™ with decoder output(sAi,";, S*Zg) = g:(Y;", W), such thatP™") < e,



IV. MULTIPLE ACCESSCHANNEL

We first consider the multiple access channel, in which wdrdegested in the reconstruction
at receiverRx, only. For encoderg™™ and a decodeg\™ ™, the probability of error for the

MAC is defined as follows:

Pomn) 2 pr(sm, sim) £ (S, §))

= Y. ot sE)P{(sT, 81) # (s1', s5)|(ST", 55°) = (s, s5") -

(s ST EST XS
Note that this model is more general than that considered]iag it considers the availability
of correlated side information at the receiver. We first galiwe the achievability scheme of [4]
to our model by using the correlation preserving mappingnéege of [4], and limiting the rate
b to 1. Extension to other rates is possible as in Theorem 4 of [4].
Theorem 4.1:Consider arbitrarily correlated sourcés and S, over the DM MAC with
receiver side informatioml’;. Rateb = 1 is achievable if

H(51]S2,Wh) < I(X1;Yi[Xo, S5, Wi, Q),
H(S,]S1, W) < I(Xa;Y1]Xy, 51, W1, Q),
H(Sy, Sa|W,Wy) < I(Xy, Xo; Y1|U, W1, Q),
and
H(S1,S|Wh) < I(Xy, Xo; Y4|WAh),
for some joint distribution

p(q, 51,52, w1, 21, T2, 91) = p(q)p(s1, s2, w1)p(1]q, 51)p(22|q, 52)P(Y1]21, 22)

and
U= f(51) = 9(52)

is the common part of; and S; in the sense of Gacs and Korner [21]. We can bound the
cardinality of @ by min{|X}]| - |Xs], |V|}.

We do not give a proof here as it closely resembles the ong.ilNgte that correlation among

the sources and the side information both condenses thiedeft sides of the above inequalities,



and enlarges their right hand sides, compared to transgiitidependent sources. While the
reduction in entropies on the left hand sides is due to Steialf source coding, the increase
in the right hand sides is mainly due to the possibility ofg@ting correlated channel codewords
at the transmitters. Applying distributed source codingpieed by MAC channel coding, while
reducing the redundancy, would also lead to the loss of plessbrrelation among the channel
codewords. However, whef; — W; — S5 form a Markov chain, that is, the two sources are
independent given the side information at the receiver,rédueiver already has access to the
correlated part of the sources and it is not clear whetheitiaddl channel correlation would
help. The following theorem suggests that channel coroglgtreservation is not necessary in
this case and source-channel separation in the infornatsense is optimal.

Theorem 4.2:Consider transmission of arbitrarily correlated souresand S, over the DM
MAC with receiver side informatioiV;, for which the Markov relationS; — W; — S, holds.

Rateb is achievable if

H(S:[Wh) < b-I(X1;Y1|Xs,Q), (6)
H(S:[Wh) < b 1(X5;Y1]X3, Q), (7)
and
H(S1[Wh) + H(S:[Wh) < b I1(Xy, X3 11|Q), (8)
for some joint distribution
p(q; 1, 22, y1) = p(Q)p(21|q)p(22]| Q)P (Y171, 72), (9)

with |Q| < 4.
Conversely, if rateh is achievable, ther {6)4(8) hold withk replaced by< for some joint
distribution of the form given in[{(9).

Proof: We start with the proof of the direct part. Consider a rate pAi, R,) satisfying
H(Si|Wh) < R <b-I(X1;Y1|X5,Q), (10)
H(S,|Wy) < Ry <b-I(X9;:Y1|X1,Q), (11)

and

H(51|W1)+H(SQ|W1)< R+ Ry <b[(X1,X2,)/1|Q) (12)



While the left hand sides of (10) and {11) form sufficient dtinds for lossless compression of
the sources$; andS, at ratesR; and R,, respectively, given a receiver with side information,
i.e., (Ry, Ry) is in the Slepian-Wolf rate region [5], the right hand sidégd®)-(12) constitute
sufficient conditions for reliable transmission of the coegsed messages over the multiple
access channel, guaranteeing the achievability ofirate

We next prove the converse. We assuig™™ — 0 for a sequence of encodeﬁém’”)
(i = 1,2) and decoderg™™ asn,m — oo with a fixed rateb = n/m. We will use Fano's

inequality, which states
H(S{", 5557, 55) < 1+mP™" log|Si x S,
£ mo(Pmm), (13)

e

where 5(P(™™)) is a non-negative function that approaches to zerd’#s™ — 0. We also

obtain
H(ST, Sy|Sm, Sy > H(S[|S, Sy, (14)

> H(ST' V", W), (15)

where the first inequality follows from the chain rule of ey and the nonnegativity of the
entropy function for discrete sources, and the second adaggdollows from the data processing

inequality. Then we have, far= 1, 2,

H(SP[Y, W) < mo(Pmn). (16)
We have
CIOXEYPIXE ) 2 ISP XD, an
= [HSPIYL D) - HSTYL WXL (9)
= THSTIWT) ISP XD) (19)
> [H(STIW) — HSTYT W) (20)
> %[H(SﬂWl)—é(Pe(m’"))}, (21)

where (17) follows from the Markov relationS]* — X7 — Y;* given (X3, W"); ({19 from the
Markov relationX? — W™ — S7*; (20) from the fact that conditioning reduces entropy; &@d)

from the memoryless source assumption and friom (13) whiels #ano’s inequality.



On the other hand, we also have

IXT Y [XG, W) = HY XS, W) — H(Y X, XS, W), (22)

[M]=

= HY|IX3, W) = Y H(Y[Yi™ L X7 X3, W), (289)

1

-
I

NE

1

<.
I

H (Y2 | Xoi, W) = > H (Y14 X, Xoi, W), (25)

1 =1

IN

7

Il

Il
»—-

[(Xlz';Yl,z'|X2uW1m), (26)

7

where [[28) follows from the chain ruld;_(24) from the memesd channel assumption; and](25)
from the chain rule and the fact that conditioning reducesogsy.

For the joint mutual information we can write the followingt<f inequalities.

LI XY 2 ISP S5, 27)
= [H(ST, SYIWE) — H(SY, Sy 1Yy W) (28)
= L[H(STWY) + H(SPIWE) — HS SV WL (29)
> L[H(STW) + HSFIW) — H(ST, 55157 7). (30)
> Mus ) + HSo ) = 6P| (31)

b
where (27) follows from the Markov relation(S7", S5") — (X7, X7') — Y given W™; (29) from
the Markov relationsy* — W — St (30) from the fact tha( .S, S7) — (Y, W) — (S, Sm)
form a Markov chain; and31) from the memoryless source assumption and from (13) which
uses Fano’s inequality.
By following similar arguments as i (P2)-(26) above, we edso show that

I(XT, X35 Y W) <0 ) (X, X Yig [ W), (32)

i=1

Now, we introduce a time-sharing random variabléndependent of everything else. We have



() = ¢ with probability 1/n, i € {1,2,...,n}. Then we can write

1 12

E](X{LSYng»Wlm) < EZ](XM;YMX%Wf%)a (33)
i=1

1 _

= =D I(Xag Yol Xag, W™, Q = i), (34)
=1

= 1(X,0; Y| Xog, W™, Q), (35)

= I(XI;Y‘X%Q)v (36)

where X; £ X 5, Xo £ X5, Y £ Yg, andQ = (W™, Q). SinceS;" and S1*, and therefore

X;; and Xy;, are independent givei ", for ¢ = (w}",7) we have

PriX,=2,Xo=1|Q=q} = Pr{Xy=m1,Xy=n|W"=uwl"Q =i}
= Pri{Xy=x|W" =w]",Q =i} Pr{Xy = m|W" = w",Q =i}
= Pr{Xi|Q =q}  Pr{Xs|Q = q}.

Hence, the probability distribution is of the form given ilm&orenT4.R.

On combining the inequalities above we can obtain

H(S1|[Wh) = 6(PI™M) < bI(X1; Y[ X5, Q), (37)
H(So|W1) — (P < bI(Xo; Y[X1, Q), (38)

and
H(S1[Wh) + H(Se|Wh) — 6(P™™) < bl (X1, X2;Y[Q). (39)

Finally, taking the limit asm,n — oo and letting P™™ — 0 leads to the conditions of the
theorem. [ |

To the best of our knowledge, this result constitutes thé dixample in which the underlying
source structure leads to the optimality of (informatigrs@lurce-channel separation independent
of the channel. We can also interpret this result as folloWse side information provided to
the receiver satisfies a special Markov chain conditionctvi@nables the optimality of source-
channel separation. A natural question to ask at this painvhether providing some side
information at the receiver can break the optimality of seuchannel separation in the case of
independent messages. In the next theorem, we show thas thit the case, and optimality of

informational separation continues to hold.



Theorem 4.3:Consider independent sourcés and S; to be transmitted over the DM MAC
with receiver side informatioml’; as in Fig.[1. If the joint distribution satisfiggs;, se, w;) =

p(s1)p(s2)p(wi|s1, s2), then source-channel rabes achievable if

H(51]S5, W) < b-I(X;:Y1]Xs,Q), (40)

H(Sy|S1, W) < b-1(Xe; V1| X1, Q), (41)
and

H(Sy,S:|Wh) < b-1(X1, Xo; Y1|Q), (42)

for some input distribution

p(g; z1, 22, y1) = p(q)p(1|q)p(22]q)p(Y1] 21, 22), (43)

with |Q| < 4.

Conversely, if raté is achievable, ther_(40)-(42) hold with replaced by< for some joint
distribution of the form given in(43).

Proof: The proof is given in Appendii I. [ |

This theorem states that, if the two sources are independdntmational source-channel
separation is optimal even if the receiver has side infolenagiven which independence of the
sources no longer holds.

Next, we consider the case when the receiver side informasi@lso provided to the trans-
mitters. From the source coding perspective, i.e., whenutigerlying MAC is composed of
orthogonal finite capacity links, it is known that having thide information at the transmitters
would not help. However, it is not clear in general, from tleirge-channel rate perspective,
whether providing the receiver side information to the s$raitters would improve the perfor-
mance.

If S;—W;—.S, form a Markov chain, it is easy to see that the results in Téx@04.2 continue
to hold. LetS; = (S;, ;) be the new sources for whicky — IW; — S, holds. Then, we have the
same necessary and sufficient conditions as before, heacelipig the receiver side information
to the transmitters would not help in this setup.

Now, let.S; be two independent binary sequences, while= S; & 5>, wherea is the binary

Xor operation. In this setup, providing the receiver sidenmation¥; to the transmitters means



that the transmitters can learn other transmitter’'s soascevell, and hence can cooperate to

transmit both sources. Source-channel taig achievable if
H(Sy, So|Wh) < bI(X1, Xo; Y1) (44)

for some input distributior(x1, z2), and if rateb is achievable then (44) holds witk for
somep(zy, z3). On the other hand, ifV; is not available at the transmitters, we can find from
Theorem 4.8 that source-channel rates achievable if[(44) holds for some input distribution
p(z1)p(x2), and if rateb is achievable ther (44) holds with for somep(x;)p(xs). Thus, in
this setup, providing receiver side information to the sraitters potentially leads to a smaller
source-channel rate as this additional information maybkenaooperation for the two source
sequences that are independent of each other without teergarmation. We conclude that, as
opposed to the pure lossless source coding scenario, hsiiagnformation at the transmitters

might improve the performance in the joint source-chaneéirsy.

V. CoOMPOUND MAC WITH CORRELATED SOURCES

Next, we consider a compound multiple access channel, irctwhivo transmitters wish
to transmit their correlated sources reliably to two reeesvsimultaneously [20]. The error

probability of this system is given as follows.

lI>

pimm) PT{ U (s1,85") # (@ZE%’E)}
k

=1,2
= > plst s?)P{ U (5 87) # (57, s5[(S1, 857) = (7, s;”>} .
(87, sT)EST X ST k=12
The capacity region of the compound MAC is shown to be thersetdion of the two MAC

capacity regions in [22] in the case of independent souroelsn® receiver side information.
However, necessary and sufficient conditions for losslesssimission in the case of correlated
sources are not known in general. In the next theorem, wanéxtee achievable rates in a MAC
with correlated sources and side information in Theoremtd.the compound MAC case. The
achievability scheme is again based on correlation preggmapping and can be extended to

rates other thah = 1 as in [4].



Theorem 5.1:Consider lossless transmission of arbitrarily correlatedrces(S;, S;) over a
DM compound MAC with side informatiorii¥;, W5) at the receivers as in Figl 1. Rateis

achievable if, fork = 1, 2,
H(S1]82, W) < I(Xy;Yi|Xo, S, Wi, Q),
H(S,]S1, W) < I(Xy;Yi|X1, S1, Wi, Q),
H(Sy, So|U W) < I(Xy, Xo; ViU, Wi, Q),
and
H(Sy, So|Wy) < I(Xy, Xo; Yi|Wh),
for some joint distribution of the form

p(q, S1, 82,w1,w2,x1,x2,y1,y2) = p(‘])p<517 527w1,w2)p($1|q7 Sl)p($2‘% Sz)p(y1,y2\$1,$2)

and
U= f(S1) =g(52)

is the common part of; and S, in the sense of Gacs and Korner.
Proof: The proof follows similarly to a proof in [4], and is thus omeitl for the sake of
brevity. [ |

Note that, when there is side information at the receivergjiig the achievable source-
channel rate for the compound MAC is not a simple extensiah®fcapacity region in the case
of independent sources. Due to different side informatidhereceivers, each transmitter should
send a different part of its source to different receiversné¢, in this case we can consider the
compound MAC both as a combination of two MACs, and as a coatlan of two broadcast
channels. We remark here that even in the case of a singlddastichannel with receiver side
information, informational separation is not optimal, bl optimal source-channel rate can be
achieved by operational separation [17].

In the next theorem we prove the achievability of sourcenclehrateb satisfying the given
matching conditions. The achievability scheme is based merational separation where the
source and the channel codebooks are generated indeplgnafe@ach other. In particular, the
typical source outputs are matched to the channel inputisowitany explicit binning at the

encoders. At the receiver, a joint source-channel decadesed, which can be considered as



a concatenation of a list decoder as the channel decodera @wlirce decoder that searches
among the list for the source codeword that is also jointlyidsl with the side information.
However, there are no explicit source and channel codescdrabe independently used either
for compressing the sources or for independent data trasgmiover the underlying compound
MAC. An alternative coding scheme composed of explicit seland channel coders that interact
with each other is proposed in [18]. However, the channekadadhis latter scheme is not the
channel code for the underlying multi-user channel as well.

Theorem 5.2:Consider lossless transmission of arbitrarily correlatedrcesS; and S, over
a DM compound MAC with side informatioid’; and W, at the receivers. Rateis achievable
if, for £k =1, 2,

H(S1]S, W) < bI(X1; Yi| X2, Q), (45)

H(S5,]S1, W) < bI(Xo; Yi| Xy, Q), (46)
and

H(Sy, So| W) < bI( X1, Xo; Yi|Q), 47

for some|Q| < 4 and input distribution of the form(q, z1, z2) = p(q) p(x1|q)p(x2|q).
Proof: Fix ¢, > 0 and~, > 0 for k = 1,2, and Py, and Px,. Forb =n/m andk = 1,2,

at transmitterk, we generatelf, = 27K+l jj.d. lengthm source codewords and i.i.d.
length+2 channel codewords using probability distributioRs, and P, , respectively. These
codewords are indexed and revealed to the receivers asandllare denoted by} (i) andz}(7)
for 1 <i < M,.

Encoder:Each source outcome is directly mapped to a channel codeagfdllows: Given
a source outcomé;" at transmitterm, we find the smallest, such thatS;* = s}*(ix), and
transmit the codewora} (ix). An error occurs if no such, is found at either of the transmitters
k=1,2.

Decoder:At receiverk, we find the unique paii], i) that simultaneously satisfies

(2707, 25(53), V) € T,

and

(s7(57), 58'(33), W) € T,



WhereT[()?])é is the set of weakly-typical sequences. An error is declared if thig %) pair is

not uniquely determined.

Probability of error: We define the following error events:
Ey(k) = {55 # s3'(2), Vi}
By (k) = {(1"(i2), 5'(12), Wi") & Ty, )
Ey(k) = {(@7(ir), 25 (02), V') & Tk xavs, b

Ey(k) = {30j1, 52) # (in,i2) : (s7'Gin), s5'(G2), W) € Tighums, b

and

Bs(k) = {30j1, 52) # (in,i2) : (21 (1), 25 (2), V) € T o, b

Here, E, denotes the error event in which either of the encoders taifshd a unique source
codeword in its codebook that corresponds to its curremntcgooutcome. When such a codeword
can be found,F,(k) denotes the error event in which the sour¢®s and S}* and the side
information W, at receiverk are not jointly typical, wherea#&,(k) denotes the error event in
which a source codeword pair different from the currentizaéibn is jointly typical with1V/,.
On the other handF; (k) denotes the error event in which channel codewords thathrtate
current source realizations are not jointly typical witle tbhannel output at receivér, while
Es(k) is the event in which some other channel codeword pair igljotgpical with Y}

Define 2" £ Pr{(Sp, S5) # (Sp, Si5)}. Then P < 5, 1, PI™™. Again, from the

union bound, we have
P <Pr{E,(k)} + Pr{Ey(k)} + Pr{Es(k)}

+ 2 Pr{(s7°(), 5 (72) W) € Tig s, i, } Pr{ @3 (), 25(32), Y € TR xus, }

JiFia,
J2=12
+ 3 Pe{}+ 3 P} (48)
Ji1=ty, N1,
JaFi2 JoFi2

In [17] it is shown that, for any\ > 0 and sufficiently largen

Pr{E(k)} = (1 - Pr{Sy" = s"(1)})™"

_g—n[H(S})+6)]
< exp? nlH (S, M,

27L[ € —6)]

= exp : (49)



We choose\ < <

-5, and obtainPr{£,} — 0 asm — oo.

Similarly, we can also prove thdtr(E;(k)) — 0 for i = 2,3 andk = 1,2 asm,n — oo
using standard techniques. We can also obtain

> Pr{(s7'(ju), s5'(G2), W) € T, iy} Pr{(@ (), 25 (52). Yi') € T xamsy,, }

Jiiy,
Ja=iz

< 9mIH(S1)+5]=mlI(S1552,Wi)=Al=n[l (X1;Yy| X2) = (50)

— 9—m[H(51]52,Wg)=bI(X1;Yy|X2) = (b+1)A=35]

— 9-ml§—(b+1)X (51)

where in [50) we used(1) andl (2); arid](51) holds if the coadgiin the theorem hold.
A similar bound can be found for the second summatior_in (B8J.the third one, we have
the following bound.

>° Pr{(s7'(n) 55 (52), Wi") € T3, awa,,  Pr{ (@7 (G0), a5 (7). Vi) € T v, }
J17i1,
JaFi2

< om[H(S1)+e€/2+m[H(S2)+e/2]g=ml[I(51;52,Wk)+1(52;51,Wi) =1 (5152 Wi )| =Al 9 =n[1 (X1,X2;Y%) = Al (52)

< 9—m[H(S1|S2,Wi)+H(52]51,Wi)=bI (X1,X2;Yg) = (b+1)A—¢]

_ 9—mle=(b+1)) (53)

Y

where [(52) follows from[(I1) and(3); and (53) holds if the citimahs in the theorem hold.
Choosing)\ < 2(6—11) we can make sure that all these three terms also vanish as— oo.
Any rate pair in the convex hull can be achieved by time slgafience the time-sharing random
variable@. The cardinality bound or) follows from the classical arguments. [ |
We next prove that the conditions in Theoréml 5.2 are alsossecg to achieve a source-
channel rate ob for some special settings. We first consider the case in whighiVs) is
independent of S,, W;). This might model a scenario in whidRx; (Rxs) andTx, (Tx;) are
located close to each other, thus having correlated olts@mga while the two transmitters are
far away from each other (see Fig. 2).
Theorem 5.3:Consider lossless transmission of arbitrarily correlatedrcesS; and S, over
a DM compound MAC with side informatiofl’; and WW,, where(S;, W5) is independent of

(S,, W1). Separation (in operational sense) is optimal for thissesind rate) is achievable if,
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Fig. 2. Compound multiple access channel in which the trattsmil (2) and receiver 2 (1) are located close to each other,

and hence have correlated observations, independent aftitee pair, i.e.(S1, W2) is independent of Sz, Wh).

for (k,m) € {(1,2),(2,1)}

H(Sy) < bI(Xg; Ye| Xom, Q), (54)
H(Sn| W) < bI(Xom: Yio| X, Q). (55)

and
H(Sy) + H(Sp|Wi) < bI(Xg, Xom: Y| Q), (56)

for some|Q| < 4 and input distribution of the form

p(q, z1,22) = p(q)p(w1]q)p(22]q). (57)

Conversely, if rateh is achievable, ther_(54)-(66) hold with replaced by< for an input
probability distribution of the form given i _(57).
Proof: Achievability follows from Theorerh 5]2, and the converseqdiis given in Appendix
(] |
Next, we consider the case in which there is no multiple acoggrference at the receivers

(see Fig[B). We let, = (Y1, Y2x) k = 1,2, where the memoryless channel is characterized
by
p<y1,17 Y21, Y1,2, y2,2|$1, $2) = p(ym, y1,2\$1)p(y2,1,y2,2|$2)- (58)

On the other hand, we allow arbitrary correlation among th&ces and the side information.
However, since there is no multiple access interferenceguke source correlation to create

correlated channel codewords does not enlarge the ratenredithe channel. We also remark
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Fig. 3. Compound multiple access channel with correlatadcas and correlated side information with no multiple asce

interference.

that, this model is not equivalent to two independent braatichannels with side information.
The two encoders interact with each other through the adroel among their sources.

Theorem 5.4:Consider lossless transmission of arbitrarily correlatedrcesS; and S, over
a DM compound MAC with no multiple access interference ctimrized by [(5B) and receiver
side informationi?/; and 1V, (see Fig[B). Separation (in operational sense) is optioratHis
setup, and raté is achievable if, for(k,m) = {(1,2), (2,1)}

H(S4|Sm Wi) < bI(Xp: Yir), (59)
H(Sm|Se, Wi) < bI(Xon; Yink), (60)

and
H(Sk, Sm|Wi) < bI(Xk; Yer) + 1(Xom; Yor)], (61)

for an input distribution of the form

p(q, z1,22) = p(q)p(w1]q)p(22]q). (62)

Conversely, if rateh is achievable, ther_(54)-(66) hold with replaced by< for an input
probability distribution of the form given i _(57).
Proof: The achievability follows from Theorein 5.2 by lettirfg be constant and taking
into consideration the characteristics of the channel,revti&’;,Y; 1, Y] ) is independent of
(X2, Y51, Y55). The converse can be proven similarly to Theofem 5.3, andb&ilomitted for

the sake of brevity. ]



Note that the model considered in Theoréml| 5.4 is a genetialivaf the model in [23]
(which is a special case of the more general network studi¢d4]) to more than one receiver.
Theorem 5.4 considers correlated receiver side informatibich can be incorporated into the
model of [23] by considering an additional transmitter sagchis side information over an
infinite capacity link. In this case, using [23], we obserhattinformational source-channel
separation is optimal. However, Theorem| 5.4 argues thatishmo longer true when the number
of sink nodes is greater than one even when there is no rec@de information.

The model in Theoremn 5.4 is also considered in [24] in theigpease of no side information
at the receivers. In the achievability scheme of [24], tnaitters first randomly bin their correlated
sources, and then match the bins to channel codewords. ahéad shows that we can achieve
the same optimal performance without explicit binning eugrthe case of correlated receiver
side information.

In both Theoreni 513 and Theoredm /5.4, we provide the optimalcgschannel matching
conditions for lossless transmission. While general matcltonditions are not known for
compound MACs, the reason we are able to resolve the prohtethese two cases is the
lack of multiple access interference from users with catesl sources. In the first setup the two
sources are independent, hence it is not possible to gensvatelated channel inputs, while in
the second setup, there is no multiple access interferamcethus there is no need to generate
correlated channel inputs.

Finally, we consider the special case in which the two remsivshare common side infor-
mation, i.e.,lW; = W, = W. Moreover, for this common side information, similar to dhem
42,5 — W — S, form a Markov chain. For example this models the scenario liickvthe
two receivers are close to each other, hence they have the sdminformation. The following
theorem proves informational separation under these tiondi

Theorem 5.5:Consider lossless transmission of correlated soufieand S, over a DM
compound MAC with common receiver side informatidn = W, = W satisfyingS; — W —.S;.
Separation (in informational sense) is optimal in this peand rate is achievable if, fork = 1
and 2,

H(SIW) < b-1(Xy;YilXs, Q), (63)

H(Sy|W) < b I(Xo; V3| X1, Q),



and
H(51|W) + H(SQ|W) < b- I(Xl,XQ;Yk|Q),

for some joint distributiorp(q, z1, z2,y) = p(q)p(z1lq) p(z2l@)p(ylz:, z2), with [Q] < 4.
Conversely, if rateh is achievable, therd_(63)-(64) hold with replaced by< for an input
probability distribution of the form given above.
Proof: The achievability follows from informational source-cimah separation, i.e, Slepian-
Wolf compression conditioned on the receiver side inforamefollowed by an optimal compound
MAC coding. The proof of the converse follows similarly tcetiproof of Theorenmh 412, and is

omitted for brevity. [ |

VI. INTERFERENCE CHANNEL WITH CORRELATED SOURCES

In this section, we consider the interference channel (I@h worrelated sources and side
information. In the IC each transmitter wishes to commuieicanly with its corresponding
receiver, while the two simultaneous transmissions ieterfwith each other. Even when the
sources and the side information are all independent, thacty region of the IC is in general
not known. The best achievable scheme is given in [25]. Thadty region can be characterized
in the strong interference case [34], [35], where it coiesidvith the capacity region of the
compound multiple access channel, i.e., it is optimal fer tbceivers to decode both messages.
Interference channels has gained recent interest dueptaittical value in cellular and cognitive
radio systems. See [26] - [33] and references therein fagnteesults relating to the capacity
region of various interference channel scenarios.

For encoders’™™ and decoderg!"™", the probability of error for the interference channel
is given as

plmsn) Pr { U s # S,Tk}

k=1,2

lI>

- ¥ p<sT,s?>P{Uézﬁk s?\(sr,S%:(sz”,s;”)}.

(877,851 )EST X S5 k=1,2
In the case of correlated sources and receiver side infamasufficient conditions for the
achievability of source-channel rateover the compound MAC given in Theordm 4.1 serve as

sufficient conditions for the IC as well, since we can consth®th receivers to obtain lossless



reconstruction of both sources. Our goal here is to chaiaetéhe conditions under which we
can provide a converse and achieve either informationaperational separation similar to the
results of Section V.

We first note that the sufficient conditions of Theoreml 5.2 dohievability of rateb using
operational separation in compound MACs hold for ICs as.vielbrder to extend the necessary
conditions of Theorerh 5.3 and Theorém]5.5 to ICs, we will defime ‘strong source-channel
interference’ conditions. Note that the interference cighwversion of Theorern 5.4 where there
is no multiple access interference is trivial since the trem$missions do not interfere with each
other.

The regular strong interference conditions given in [34frespond to the case in which, for
all input distributions at transmittélrx;, the rate of information flow to receiver 2 is higher than
the information flow to the intended receivRk;. A similar condition holds for transmittérx,
as well. Hence there is no rate loss if both receivers dedoglentessages of both transmitters.
Consequently, under strong interference conditions, dpacity region of the IC is equivalent to
the capacity region of the compound MAC. However, in thetjsource-channel coding scenario,
the receivers have access to correlated side informatibas Tvhile calculating the total rate
of information flow to a particular receiver, we should notyononsider the information flow
through the channel, but also the mutual information thagaaly exists between the source and
the receiver side information.

We first focus on the scenario of Theoreml 5.3 in which the twoees are independent while
the side informatioriV; is correlated with sourcé,, and the side informatiofl/;, is correlated
with sources;.

Definition 6.1: For the interference channel in Fig. 2 in whi¢h,, ;) is independent of

(S, W1), we say that thestrong source-channel interference conditiars satisfied if

b I(X1; Y1 X)) < b- I(Xy;Ya|Xy) + I(S1; Wa), (64)
and

b I(X2; Ya| X1) < b- I(X2; Y1[X1) + 1(S2; Wh), (65)

for all distributions of the formp(w;, ws, s1, $2, 1, x2) = p(w1, wa, S1, S2)p(x1|s1)p(T2]S2).

For an IC satisfying these conditions, we next prove theotaihg theorem.



Theorem 6.1:Consider lossless transmissionfand.S, over a DM IC with side information
W, and W5, where (S, Ws) is independent ofSs, 17;) as in Fig.[2. Under the strong source-
channel interference conditions of Definitionl6.1, separafin operational sense) is optimal and
source-channel rateis achievable if the conditions (#5)-(47) in Theoreml 5.2ch@onversely,
if rate b is achievable, then the conditions in Theoren 5.2 hold witheplaced by<.

Before we proceed with the proof of the theorem, we first prilefollowing lemma.

Lemma 6.2:1f (S;, Ws) is independent ofS,, 17;) and the strong source-channel interference
conditions [(64){(65) hold, then we have

I(X3; Y XT) < I(Xgs Y| XT) + 1055 W), (66)
and
I(XT Y X)) < (XTS5 Y9! | XG) + 1(ST W), (67)

for all m andn satisfyingn/m = b.

Proof: To prove the lemma, we follow the techniques in [35]. Comdiit{65) implies

I(X2;Y2|X17U) - I(Xz;Yl‘XlaU) < I(Sz;W1) (68)

S =

for all U satisfyingU — (X1, X5) — (Y1, Ya).

Then as in [35], we can obtain
I(X3: Y3 | XT) = T(X35 Y |XT) =1 (Xons Youl X1, Y3 ™) — I(Xons Yin| X7, ¥5'7Y)
+ IR Y AT, Yin) — TG TR YT, Vi)
I Y X - 1O Y )
ZZ[I(X% Yzz'|X1i) - [(Xzz'; Y1i|X1i)]-
=1

Using the hypothesis (65) of the theorem, we obtain

Eqn. [€T) follows similarly. [ |



Proof: (of Theoreni_6]17chievability follows by having each receiver decode bsthand
Ss, and then using Theorem 5.1. We next prove the converse. @Bd@ljn84), we have

LIV 2 5 [H(s) - 8P ). (69)
We can also obtain
IO YEIXG) > IO YEIXE) - (ST ) (70)
= S [H(S) — 0(PM)] =~ I(ST W, (1)
= LH(SH|W2) — 5P (12)

in which (70) follows from [(6F), and_(71) froni (69).
Finally for the joint mutual information, we have

1 n n.yn 1 n.yn n.yn|yn
I, X5 YY) = (LX) + TG Y XT)),

> (ST V) + TG VP 1XE) — (53 W), 73)
> (ST YY)+ T(S35 VIXD) — TS5 W), (74)
=L H(S) — H(SPIYY) + H(SPIXY) — H(SF IV, X])

+H(SFIWE) — H(SP)L,
> L[H(ST) ~ H(STIYY) ~ H(SPIVE) + H(SPIW, (75)
= L[H(ST) ~ H(STIY?, W) — H(SFIY WE) + H(SF Wi, (76)
> L[H(S) + H(S,|W) — 28(Pm)], )

for anye > 0 and large enough andn, where(73) follows from the data processing inequality
and [66);(74) follows from the data processing inequality singg — X7 — Y;* form a Markov
chain givenX7; (79) follows from the independence of; and.Sy* and the fact that conditioning
reduces entropy(76) follows from the independence @7, W;*) and (S5, Wi™); and ()
follows from Fano’s inequality.
The rest of the proof closely resembles the proof of Thedré®n 5 [ |
Next, we consider the IC version of the case in Theokem 5.5yhith the two receivers

have access to the same side informati®hand with this side information the sources are



independent. While we still have correlation between thesss and the common receiver side
information, the amount of mutual information arising frahis correlation is equivalent at both
receivers sincél; = W,. This suggests that the usual strong interference chammalittons
suffice to obtain the converse result. We have the followheptem for this case.

Theorem 6.3:Consider lossless transmission of correlated sousgeand S, over the strong
IC with common receiver side informatidi; = W, = W satisfyingS; — W — S,. Separation
(in informational sense) is optimal in this setup, and setgisannel raté is achievable if and
only if the conditions in Theorerin 5.5 hold.

Proof: The proof follows from arguments similar to those in the gprobTheoren(5.b and

results in [19], where we incorporate the strong sourcexsbhinterference conditions. H

VIlI. CONCLUSIONS

We have considered source and channel coding over multialsmnnels with correlated
receiver side information. Due to the lack of a general sewttannel separation theorem
for multi-user channels, optimal performance in generguies joint source-channel coding.
Moreover, we do not know the exact source-channel matchomgditons even for simple
channels. In this paper, we have characterized the negemsadsufficient conditions for lossless
transmission over various fundamental multi-user chanrslch as multiple access, compound
multiple access and interference channels with certaimceethannel structures. In particular,
we have considered transmitting correlated sources ove€ M#Ath receiver side information
given which the sources are independent, and transmittidgpendent sources over MAC with
receiver side information given which the sources are tated. For the compound MAC, we
have provided an achievability result, which has been shtawbe tight i) when each source
is correlated with only one of the side information and th® tsource-side information pairs
are independent of each other; and ii) when the sources a&nsidl information are arbitrarily
correlated but there is no multiple access interferencénatréceivers, iii) when the sources
are correlated and the receivers have access to the samfsideation given which the two
sources are independent. We have then showed that for tlee ¢asand (iii), the conditions
provided for compound MAC are also necessary for interfegechannels under some strong
source-channel conditions.

For the cases analyzed in this paper, we have proven the ajtirof designing source and



channel codes that are statistically independent of ealshr,ohence resulting in a modular
system design without losing the end-to-end optimalityeSehresults will help to increase our
understanding of the fundamental limits of joint sourcesutel coding in more complicated

networks, and hopefully will lead to improved design prpies for practical implementations.

APPENDIX |

PROOF OFTHEOREM[Z.3

Proof: The achievability again follows from separate source armhobl coding. We first
use Slepian-Wolf compression of the sources conditionethemeceiver side information, then
transmit the compressed messages using an optimal mudiigkesss channel code.

For the converse, we use Fano’s inequality giveriin (13) A&). \We have

1 1
CIXIYIXD) 2 ISP YIIAY), (78)

1
= —I(S7, Wi YA, (79)

A%

1 m n n m
51(51 §Y1 ‘X27W1 )7

> L[H(SP Sy W) — ma(P)) (80)
1
2 5 [H(S1|5, W) = (P,

where ([78) follows from the Markov relatior57* — X7 — Y}" given X7; (79) from the Markov
relation W™ — (X7, S1*) — Y;"; and (80) from Fano’s inequality[(16).
We also have

n

1
- Z I(X1; Y1, Xo:) >

i=1

I(XT, X35 Y(")

vV
Sl I

[H(S1]S2, Wy) — 6(PI™™)).
Similarly, we have

[H (S5]S1, Wh) — 5(Pe(m’n))]>

S

and

[H (S1, So|Wr) — (P,

3

-

Il

—
S|



As usual, we letP™™ — 0, and introduce the time sharing random variatleuniformly
distributed oveK1,2,...,n} and independent of all the other random variables. Then \iieale
X; £ X1, Xo & Xog andY; £ Yig. Note thatPr{X, = 21, Xy = 25|Q = q} = Pr{X;|Q =
q} - Pr{X;|@Q = ¢} since the two sources, and hence the channel codewordsydependent

of each other conditioned of). Thus, we obtain[(40}J-(42) for a joint distribution of therrio
“43). m

APPENDIX I

PROOF OFTHEOREM[G.3

We have
OGP 2 TSPV, ®1)
= (H(SP 1) — H(SP Y, X3)), 82)
> {H () — H(STIYI)L 83)
> [H(5) - 5(Pm)] (84)

for any e > 0 and sufficiently largen and n, where (81) follows from the conditional data
processing inequality sinc8* — X7 — Y* forms a Markov chain giverX}; (83) from the
independence of!" and X' and the fact that conditioning reduces entropy; &) from the
memoryless source assumption, and from Fano’s inequality.

For the joint mutual information, we can write the followisgt of inequalities:
LXK XEYT) 2 (S S, (85)
- 11(51“, Sy W YD), (86)

I(ST, 55% Y (W), (87)

[H (ST, S5 (W) = H(ST", S"|Y7", Wi)],

H(ST") + H(S3"|Wi") — H(ST", S5 [Y7", W), (88)

v
@IHBIF—‘3|}—‘3IH3

H(S1) + H(So|Wy) — §(Pmm) | (89)



for any e > 0 and sufficiently largen and n, where (85) follows from the data processing
inequality since(S7", S3") — (X7, X¥) — Y{* form a Markov chain;([86) from the Markov
relation W™ — (57", S3*) — Y{"; (87) from the chain rule and the non-negativity of the mutual
information; (88) from the independence &f* and (S5, 1W]"); and ([89) from the memoryless
source assumption and Fano’s inequality.
It is also possible to show that

ZI(XM;KJX%) > I( X5 Y'XY), (90)

=1
and similarly for other mutual information terms. Then,ngsthe above set of inequalities and

letting P(™™ — 0, we obtain

1 1
EH(Sl) < =Y I X Yl Xa:),

iz

1 1Z
EH(S2|W1) < EZI(X2i;}/ii‘Xli)a

.
Il
—

and

n

1 1
E(H(Sl) + H(S:|W1)) < gZI(Xu,X%Yu),
=1

for any product distribution o/} x X,. We can write similar expressions for the second receiver
as well. Then the necessity of the conditions of Thedremh &r2kie argued simply by inserting

the time-sharing random variab{g.
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