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Abstract— In this paper, we propose and study a general
framework that allows the development of distributed mecha-
nisms to achieve full utilization of multi-hop wireless networks. In
particular, we develop a generic randomized routing, scheduling
and flow control scheme that is applicable to a large class
of interference models. We prove that any algorithm which
satisfies the conditions of our generic scheme maximizes network
throughput and utilization.
Then, we focus on a specific interference model, namely the

two-hop interference model, and develop distributed algorithms
with polynomial communication and computation complexity.
This is an important result given that earlier throughput-optimal
algorithms developed for such a model relies on the solution
to an NP-hard problem. To the best of our knowledge, this is
the first polynomial complexity algorithm that guarantees full
utilization in multi-hop wireless networks. We further show that
our algorithmic approach enables us to efficiently approximate
the capacity region of a multi-hop wireless network.

I . INTRODUCTION

There has been considerablerecent interest in develop-
ing network protocols to achieve the multiple objectives
of throughputmaximizationand fair allocation of resources
amongcompetingusers.Much of the work in wirelesscom-
municationnetworks has focusedon centralizedcontrol and
hasdevelopedthroughput-optimal policies ([26], [19], [10]).
However, thesepoliciesdo not lend themselves to distributed
implementation,which is essentialin practice.In this paper,
we developa classof randomizedrouting,schedulingandßow
control algorithms that achieve throughput-optimaland fair
resourceallocationsthat can be implementedin a distributed
manner with polynomial communicationand computation
complexity.

In their seminalwork, TassiulasandEphremidesdeveloped
a joint routing-schedulingalgorithmthatstabilizesthenetwork
whenever the arrival ratesare within the stability (capacity)
region. In [25], Tassiulasshowed that randomizedalgorithms
canbe usedto achieve maximumthroughputin input queued
switcheswith linear computationalcomplexity. Other recent
research,for example, [1], [22], [19], [10], have contributed
to the analysisof centralized throughputoptimal policies in
wirelessnetworks.

This papercontributes to the study of resourceallocation
in multi-hop wirelessnetworks in a numberof fundamental
ways.

First, we provide simple randomizedscheduling-routing
schemesthatachievesmaximumthroughputin multi-hopwire-
lessnetworks.Thesimplicity of our proposedschemesuggests
efÞcientimplementationof throughput-optimalpolicies.

Second,weproposeacross-layermechanismcombiningour
routing-schedulingalgorithm with a decentralizedcongestion
controllerfor elastic trafÞc.Thekey differencebetweenelastic
and inelastic trafÞc stemsfrom the fact that in the former
case the mean arrival rates of ßows can be controlled in
responseto delaysandcongestion,while in the lattercase,the
arrival ratesareÞxed.WemodelelastictrafÞcusingtheutility-
maximizationframework introducedby Kelly et al. [12], [13]
and further improved in subsequentworks [16], [29], [23].
In this context our proposedcross-layermechanismnot only
maximizesthroughputbut alsoasymptoticallyachievesa fair
division of network resourcesamongßows.

Third, for the two-hop interferencemodel1 (THIM), we
show that our cross-layermechanismcanbe implementedvia
a distributed algorithmic approach.This approachinvolves
the operationof two sequentialalgorithms.A novel feature
of these algorithms is their operation on an appropriately
constructedconßictgraph.The useof the conßictgraphleads
to a partitioningof thenetwork, wherebythedecisionscanbe
madeindependentlyin differentpartitions.Moreover, theoper-
ationson the conßictgraphcanbe mappedinto network level
operationsusing the specialstructureof the problem.These
distributed algorithms not only achieve throughput-optimal
andfair allocations,but alsohave polynomialcommunication
andcomputationcomplexity.

Finally, we demonstratethat our policy enablesan algo-
rithmic method of estimatingthe stability region of multi-
hop wireless networks. This suggestsa novel approachto
stability region characterization,which is a very difÞcult task
in general.

Our paperis relatedto recentwork combiningßow control
with routing and scheduling,including [14], [24], [8], [18],
[9]. While these papersalso proposealgorithms achieving
fair andthroughput-optimalallocations,therouting-scheduling
componentof thesealgorithmsare basedon the centralized
controlapproachof [26], andcannotbe implementedin a dis-

1In the THIM, two links interfereif they sharea nodeor if thereis a link
that connectsany of the endnodesof the two links. This interferencemodel
preventsreal world issuessuchas the hiddenterminalproblem(see[20]).



tributedmannerin wirelessnetworks. Moreover, for the two-
hop interferencemodel, the centralizedoptimizationinvolved
in the operationof thesealgorithmsis NP-hard,which further
limits their practicalimplementation.

Other related works include [15], [27], which develop
distributed algorithms that guarantee50% utilization of the
stability region for node-exclusive-spectrum-sharing(NESS)
interferencemodel2. While distributedimplementationof these
algorithms is possible,this comesat the cost of sacriÞcing
a signiÞcantportion of the capacity of the network (see,
for example, [4], [3]). As more generalinterferencemodels
are considered,even more of the capacity of the network
needsto be sacriÞcedfor distributed implementation(e.g.,
[28], [5]). For example, in a two-hop interferencemodel
with the grid topology, distributed implementationcan only
guarantee12.5% of the capacity of the network. In recent
work, a randomizedapproachsimilar to that in [25] hasbeen
usedto develop a distributed schedulerwith no ßow control
for networks restrictedto single-hopcommunication,NESS
interferencemodel,andBernoulli arrival processes[17].

To thebestof our knowledge,this is theÞrstpaperthatpro-
vides a generalclassof randomizedcross-layermechanisms
for multi-hop wirelessnetworks that canbe implementedin a
distributed mannerfor the two-hop interferencemodel while
still achieving throughput-optimaland fair allocations.

The paper is organized as follows. In Section II, we
describe the system model. In Section III, we describea
genericrandomizedschemefor schedulingand routing, and
prove its throughput-optimality. In SectionIV, we introducea
congestioncontrolmechanismfor elastictrafÞcandestablishes
its fairnessproperties.In SectionV, we designand analyze
distributed algorithms for the two-hop interferencemodel.
Finally, in SectionVI we provide simulationresults.

I I . SYSTEM MODEL

Consider a wireless network that is representedby an
undirectedgraph, G = (N ,L), which has a node set N
(with cardinality N ), a link set L (with cardinality L), and
|F| source-destinationnode pairs {s1, t1}, . . . , {s|F|, t|F|}.
We refer to a source-destinationpair {sf , tf} as a ßow,
denotedby f , and denotethe set of ßows by F . Given a
ßow f , we use the notation s(f ) and d(f ) to denote the
sourceanddestinationnodesof ßow f . We let {xf [t]} denote
the arrival processfor ßow f , i.e., xf [t] is the number of
packetsthat arrive at nodes(f ) in slot t. We usethe notation
λf [t] to denote the mean arrival rate of flow f in slot t,
i.e., λf [t] = E[xf [t]]. Then, the mean arrival rate of flow
f is deÞnedas λf = limT→∞

1
T

∑T−1
t=0 λf [t] whenever it

exists. We also use the notation S(n, d) to denote the set
of ßows with sourcenode n and destinationnode d, i.e.,
S(n, d) ! {f ∈ F : s(f ) = n, d(f ) = d}. We assumea time
slottedsystemwith synchronizednodes,whereeachslot is just
long enoughto accommodatea singlepacket transmission.

2In NESS, eachfeasibleallocation consistsof links that do not sharea
node,i.e. eachfeasibleallocationis a matching.

At each node, a buffer (queue) is maintained for each
destination.We let qn,d[t] denotethe length of the queueat
noden destinedfor noded at the beginning of slot t.
Definition 1 (Stability): A given queueis called stable if

E[qn,d[∞]] < ∞, whereqn,d[∞] denotesthe randomvariable
with distribution given by the steady-statedistribution of
{qn,d[t]}. The network is stable if all queuesare stable;and
unstable otherwise.

Weconsiderageneralinterferencemodelformulationspeci-
Þedby a setof pairsof links thatinterferewith eachother, i.e.,
wesaythattwo links interfere if their concurrenttransmissions
collide.We assumethat if two interferinglinks areactivatedin
a slot, both transmissionsfail. Note that this includesa large
classof graph-theoreticinterferencemodelsconsideredin the
schedulingliterature(e.g.NESS[21], [15], [27], [4], or THIM
[2], [28], [5]).

We useπ =
{
π(n,m)

}
(n,m)∈L to denotea link allocation

vector (or schedule), and! to denotethe set of feasible allo-
cations wherea feasibleallocationis a setof links in which no
two links interferewith eachother. We introducethe notation
πd

(n,m) to distinguish packets with different destinations:at
any givenslot t, πd

(n,m)[t] ∈ {0, 1} is 1 if link (n,m) servesa
packet destinedfor noded in thatslot,and0 otherwise.Notice
that we must have π(n,m)[t] =

∑
d∈N πd

(n,m)[t] for all t. For
eachlink (n,m), πd

(n,m)[t] can be 1 at most for a single d
sinceat mosta singlepacket canbe served over a link within
a slot3. We canwrite the evolution of a particularqueue,say
qn,d, whenn #= d as

qn,d[t + 1] = qn,d[t]− πd
out(n)[t] +

∑

f∈S(n,d)

xf [t] + πd
into(n)[t],

whereπd
into(n)[t] ! ∑

{k:(k,n)∈L} πd
(k,n)[t] is a shorthandfor

the numberof packets enteringnoden that are destinedfor
noded. Similarly, πd

out(n)[t] is the numberof packets leaving
node n and are destinedfor node d. When, n = d, we set
qd,d[t] = 0, sincethe packetshave reachedtheir destination.
Definition 2 (Capacity (Stability) Region): Let

G = (N ,L) be a given network and ! be the set of
feasibleallocations.The capacity (or stability) region " of
the network is given by the set of vectorsr = (rf )f∈F for
which thereexistsπd(f)

(n,m) ≥ 0, for all (n,m) ∈ L andf ∈ F ,
suchthat both the ßow conservation constraintsat the nodes
and the feasibility constraintsaresatisÞed,asgiven below:

(C1) For all n ∈ N andf ∈ F , we have4

rf1s(f)=n +
∑

k:(k,n)∈L

πd(f)
(k,n) =

∑

m:(n,m)∈L

πd(f)
(n,m),

(C2)
[
π(n,m)

]
(n,m)∈L ∈ Conv(!) . 5

3Note that it is sufÞcient to restrict our attention to policies that sets
! d
(n,m)[t ] to zero whenever qn,d[t ] = 0, for all (n, m) ∈ L. Any other

policy that sets! d
(n,m)[t ] = 1 whenqn,d[t ] = 0 canbe replacedby another

policy with ! d
(n,m)[t ] = 0 without affecting the evolution of the queues.

4We use1A as the indicator function of event A.
5Conv(A ) denotesthe convex hull of setA, which is the smallestconvex

set that includesA. The convex hull is included due to the possibility of
timesharingbetweenfeasibleallocations.



It is shown in [26], [19] that " is the setof meanarrival rates
for which thereexists a policy that stabilizesthe network.

I I I . THROUGHPUT-OPTIMALITY

In this section,we considerinelastic flows (or traffic), where
the mean arrival rate of ßow f is constantover time, i.e.,
λf [t] = λf . We further assumethat for all f ∈ F , the arrival
process{xf [t]} is independentand identically distributed for
all t with ÞniteÞrstandsecondmoments6. We provide simple
routing-schedulingmechanismsthat can support any mean
arrival rate in the capacityregion without violating stability
(suchmechanismsaresaidto bethroughput-optimal [26], [22],
[19], [8]). In earlier work [25], Tassiulasused randomized
schemesto provide a low complexity stabilizingalgorithmfor
switchesusinga centralizedcontroller. In this section,we will
extendtheuseof randomizedthroughput-optimalschemesfor
multi-hop networks with generalinterferencemodels.Later
on, we will show that the useof randomizedschemeslends
itself to distributed implementationfor speciÞcinterference
models.We Þrst introducethe following notation:

w(n,m)[t] = w(m,n)[t] ! max
d

|qn,d[t]− qm,d[t]| . (1)

Thescalarw(n,m)[t] is referredto asthemaximum differential
backlog (or theweight) of link (n,m) andcanbe interpreted
asa measureof the importanceof the link7, andwe usednm

to denotethe commoditywhich maximizesthe expressionin
(1) for link (n,m). Note that the weight of a link is zero if
both of its endnodescontainthe samenumberof packets to
be deliveredto the samedestinations.Considerthe following
allocationvector

!
πw [t] that satisÞes

!
πw [t] ∈ argmax

π∈Π

∑

l∈L
wl[t]πl ≡ argmax

π∈Π
(w[t] · π). (2)

This allocationrule is calledtheback-pressure policy. Once
the

!
πw is determinedaccordingto (2), only commoditydnm

is served over link (n,m) at the rate allocatedby the back-
pressurepolicy.

The purposeof this policy is to equalizethe queue-lengths
of neighboringnodes.Such a policy is throughput-optimal,
basically becauseit dynamically reacts to the build up of
backlog at any queueand works to balancethe queueoc-
cupancy levels. This dynamicnatureof the algorithm allows
its implementationeven when the topology of the network
changesslowly over time asin mobile networks.Also, notice
that the policyÕs implementationdoesnot requirethe knowl-
edgeof the stability region, " or the statisticsof the arrival
processes.However, thepolicy requiresacentralizedcontroller
that knows w[t] at every time-slot,performsthe optimization
in (2), and then communicatesthe allocation vector

!
πw [t]

instantly to all the nodesof the network. Theserequirements

6This assumptionis not critical in thesubsequentanalysis.It canbeshown
that the sameresultshold for processeswith mild ergodicity properties(see
[10]).

7The | · | in the formulation is different from the onesin the literaturedue
to the assumptionof undirectedlinks here.

make the implementationof this algorithmimpracticalfor the
multi-hop wirelessnetwork scenario.

In this paper, we adopt a different approachand use a
genericrandomizedscheme(GRS)for schedulingandrouting,
which, insteadof theback-pressurepolicy, randomlypicksany
feasibleallocation÷π[t] ∈ ! , at every time slot, suchthat

P (÷π[t] =
!
πw [t]) ≥ δ, for all w[t] and t, (3)

for someδ > 0. This conditionensuresthat thereis a positive
probability for the randomizedalgorithm to obtain the back-
pressurepolicy. Oncethe allocation÷π[t] is picked, the actual
allocationis updatedaccordingto the following evolution.

π[t + 1] =
{

π[t] if w[t] · π[t] ≥ w[t] · ÷π[t]
÷π[t] otherwise

(4)

Thus, the algorithm updatesits allocation vector only if the
sum of the link weightsof the new allocationover all links
exceedsthat of the old allocation. The above randomized
algorithm was introducedin [25] in the context of switches,
wherethereexists a centralizedscheduler. A similar approach
has been used in developing a distributed implementation
for networks restricted to single-hop communicationwith
matchingconstraintsandBernoulli arrival processes[17]. As
we will prove shortly, it turnsout that the two conditions(3)
and (4) are sufÞcient to achieve throughput-optimalityin a
moregeneralsetting.

We next presentour main result,which establishesthat the
two conditions(3) and(4) aresufÞcientto achieve throughput-
optimality in a multi-hop network for the generalinterference
model introduced in Section II. In Section V, we show
that picking a feasibleallocation and comparingthe weight
information can be done in a decentralizedmannerfor the
two-hop interferencemodel.
Theorem 1: Assumethat the meanarrival rate vector λ =

(λf )f∈F is in the interior of " , then for any GRS satisfying
(3) and(4), the network is stable.

Proof: The proof is basedon proving the negative drift
condition of an appropriateLyapunov function. The details,
omitteddue to lengthconsiderations,areavailable in [7].
Theorem1 statesthat undermild conditions,if a randomized
schedulercanbe found that satisÞes(3), andthe schedulecan
be updatedas in (4), then the network will be stablefor any
arrival processwith meanarrival rate in the interior of the
capacityregion.

IV. CONGESTION CONTROL

In theprevioussection,we provedthethroughputoptimality
of a randomizedschemeprovided that the mean arrival rate
vector is fixed over time and lies in the interior of the capacity
region. In general,the capacityregion of a given network is
not known anddifÞcult to compute.For a given meanarrival
ratevector, thesystem,while beingstable,maybesigniÞcantly
underutilized.Therefore,it is desirableto introduceadaptive
control mechanismsfor changingthe mean arrival rates of
the ßows over time. Flows with variablemeanarrival ratesis



commonly referredto as the elastic flows (or trafÞc) in the
literature.

We model elastic trafÞc using the Òutility maximizationÓ
framework of economics.We associatea utility function for
eachßow f , Uf (·), over the meanarrival rates,i.e., Uf (λf )
is a measureof the utility gained by ßow f for the mean
arrival rate λf . We assumethat the function Uf is concave
andnon-decreasingfor all f .

We next deÞnea fair allocation.A meanarrival ratevector
λ∗ is referredto asa fair allocation if it is anoptimalsolution
of the problem:

λ∗ ∈ argmax
λ∈Λ

∑

f∈F
Uf (λf ). (5)

Hence, a fair allocation is a mean arrival rate vector that
maximizesthe aggregateutility over all ßows in the network.
It is known that by deÞningUf (·) appropriately, different
fairnesscriteria of interest,suchas proportionalor max-min
fairness,canbeachieved([12], [13], [16], [23], [8], [18], [14]).

We next introduce a congestioncontrol mechanismthat
operatesin parallelwith the schedulingandrouting algorithm
of SectionIII, andasymptoticallyachievesthe fair allocation.
We refer to this mechanismas the Dual Congestion Control
mechanismin view of its relation to iterative gradient-based
optimization algorithms. Variations of this mechanismare
studiedrecentlyin the literature[8], [18], [15], [24]. Common
to all thesemechanismsis the fact that the controller adapts
the numberof packetsgeneratedby ßow f at eachtime slot t
in responseto the congestionlevel of the network, wherethe
queue-lengthinformation is usedasa measureof congestion.
DUAL CONGESTION CONTROL MECHANISM: Assumethat
every ßow hasaccessto its entry point queue-lengthinfor-
mation,i.e. ßow f knows qs(f),d(f)[t] for all t. Then,at the
beginningof eachtime slot t, ßow f generatesxf [t] packets
satisfying

xf [t] = min
{

U ′−1
f

(
qs(f),d(f)[t]

K

)
,M

}
, (6)

whereM andK arepositive scalars. '
In thealgorithm,theentrypointqueue-lengthof eachßow is

usedasthe measureof the congestionthat the ßow observes.
SinceUf (·) is non-decreasingand concave, the ßow rate is
inverselyrelatedto thebuffer occupancy level. Hence,theßow
rateis adjustedto avoid toomuchcongestion,andalsoto avoid
underutilizationof the network. The parameterM is included
to prevent the ßow rate from diverging to inÞnity when the
buffer occupanciestend to zero.

Thedualcongestioncontrollermechanismis easyto imple-
mentat eachsourcebecauseit only requiresthe queue-length
of thebuffer at thesource.This is in contrastto severalearlier
mechanismsthat requirethe price informationof all the links
on the route of that ßow [13], [16], [23]. Also, since each
sourceonly needsto know its own utility function, the ßow
control mechanismcanoperatein a completelydecentralized
fashion.We assumethat the randomizedrouting-scheduling
algorithm describedin Section III is used along with the

Dual CongestionController. The implementationsof the two
algorithms are performedat the sametime scale (e.g. in a
slot-by-slotbasis).

The next theoremestablishesthat the proposedcross-layer
mechanismguaranteesstability and achieves fair allocation
with arbitrarydegreeof accuracy. It hasbeenshown in earlier
works [18], [8], [15], [24] that a similar result holds in the
caseof a centralizedscheduler. Below, we statethat it holds
despitethe imperfectnatureof the randomizedalgorithm.
Theorem 2: For appropriately chosen Þnite constants,

C1, C2, we have
∑

n∈N

∑

d∈N
qn,d ≤ C1K (7)

∑

f∈F
Uf (øxf ) ≥

∑

f∈F
Uf (x!

f ) − C2

K
(8)

whereøxf ! lim
T→∞

1
T

T−1∑

t=0

E[xf [t]], andsimilarly for qn,d.

Proof: Theproof is omitteddueto lengthconsiderations
andcanbe found in [7].
Note that by choosingK sufÞciently large, fair allocation
can be achieved due to (8), while stability of the queuesare
guaranteeddue to (7).

We note that the results of Theorem2 continue to hold
(with largerC1, C2) even if the allocationvectorsareupdated
periodically in stagesthat are longer thanoneslot. This is an
importantobservation which we will exploit in the algorithm
designof SectionV.

Moreover, we remarkthatusingtheabove joint scheduling-
ßow control mechanism,it is possible to approximatethe
stability region of complicatedtrafÞc and network scenarios.
In particular, by developingpolynomialcomplexity algorithms
thatsatisfytheconditionsof Theorem1 andby modifying the
K parameter, one can Þnd a highly accurateapproximation
to the capacity region, which is otherwisevery difÞcult to
characterizeor compute. We will illustrate this approach
throughan examplein SectionVI.

V. ALGORITHM DESIGN

In Sections III and IV, we establishedthe throughput-
optimality andfairnesspropertiesof a cross-layermechanism
that can be applied to a large classof interferencemodels.
In this section,we focus on the two-hop interferencemodel
(THIM) andoutline a distributed low-complexity algorithmic
approachfor performing the tasks outlined in the generic
randomizedschemeasdescribedin SectionIII.

This approachinvolves the sequentialoperation of two
algorithms,which we refer to as PICK and COMPARE: The
PICK algorithm is a randomized,distributed algorithm that
yields a feasible schedule in Þnite time. The COMPARE

algorithm comparesthe total weights of the old schedule
with the new schedulein a distributed manner. An important
featureof the COMPARE algorithm is the useof the conßict
graphof the two schedules.On the conßictgraph,a spanning
tree can be constructedin a distributed mannerand usedfor



comparisonof theweightsof the two schedulesin polynomial
time. The conßict graphenablesa naturalpartitioning of the
network, whereby decisionscan be made independentlyin
differentpartitionsin a distributedmanner. As we will show,
the operationson the conßict graph can be mappedto the
actual network operationsowing to the special structureof
the problem.

Eachimplementationof PICK andCOMPARE togetherwith
concurrentdata transmissionsis referredto as a stage. The
scheduleused for packet transmissionsis updated at the
beginningof eachstage.Throughouta stage,packet transmis-
sionsareperformedaccordingto the scheduleupdatedat the
beginning of that stage.In parallel with the packet transmis-
sions,PICK andCOMPARE algorithmsareimplemented.Since
the samemedium is shared,the data packet transmissions
can collide with the control messagesgeneratedby these
algorithms.To prevent such collisions, time is divided into
two intervals, namely the control signalling interval (CSI)
during which control messagesare locally communicated,
and the data transmission interval (DTI) during which data
packets are transferred(seeFigure 1). Notice that both PICK

and COMPARE algorithmsoperateduring CSI, while queue-
lengths are updatedduring DTI. It is assumedthat all the
nodesaresynchronizedto thesameCSI/DTI division of time.
This assumptioncan be relaxed by adding a buffer interval
betweenCSI and DTI to accommodatepropagation delays.
Alternatively, the control signalling can be performedover
an orthogonal channel through frequency division. Finally,
we assumethat eachtransceiver can perform carrier sensing
during transmissionwithout the needto decodeits reception.

CSI DTICSI DTI

time
...

Stage-

CSI DTI CSI DTI

π

i

is updated for Stage-(i+1)is updated for Stage-i π

Fig. 1. Division of time into data transmissionand control signalling
intervals.

It is important to note that in our algorithm the overhead
introducedby the control signalling can be madearbitrarily
small by increasingthe length of a stageto a high enough
value.This fact follows from thefixed amountof controlmes-
sagesrequiredby our algorithmper stage. Thus, the number
of control messagesversusthe datamessagesin a stagecan
be madenegligible by increasingthe stageduration.This will
naturally result in slower convergence,but the stability and
fairnessresultsof Theorems1 and2 will continueto hold.

We assumethat eachnodehasa uniqueID numberpicked
from a totally orderedset.Let ID(n) denotethe ID number
of noden. Then,uniqueID numberscanbeassignedto links,
denotedby ID(n,m) = ID(m,n) for link (n, m). This
assumptionis essentialfor eachnode (and link) to identify
its neighboringnodes(and links), and will be used in the
distributed implementationof our algorithms.

A. PICK Algorithm
In this section, we present a distributed algorithm that

randomly picks a feasible allocation with the property that
any feasible allocation has a positive probability of being
chosen.In the descriptionof the algorithm, when we say a
nodewithdraws, we meanthat the nodestopsits searchfor a
feasiblelink during the currentstage,but continuesto listen
othertransmissions.The algorithmmakessurethat eachnode
has a positive probability of attemptingtransmissionat the
beginningof thealgorithm.Theideais to sendReady-to-Send
(RTS) and Clear-to-Send (CTS) packets including the ID
numbersof the nodesin order to createa feasibleallocation.
By appending ID numbers to the RTS/CTS packets, the
algorithm enableseach node to have a list of those links
in its local neighborhoodthat are picked by the algorithm.
PICK: At every noden ∈ N performthe following steps:
(A1) In step 1, with probability pn ∈ [α, 1) for some
α ∈ (0, 1), n transmitsa (RTS) message.
(A1a) If n sensesanother transmissionduring its (RTS)
transmission,it withdraws.
(A2a) If n doesnot senseanothertransmission,in step2, it
choosesone of its neighbors,say m, randomlywith equal
probabilities,and transmits(RTS, ID(m)).
(A2b) If m observesa collision, it withdraws.
(A3a) If m getsnÕs message,in step3, it sendsbacka (CTS)
message.
(A3b) If m sensesanothertransmissionduring its (CTS)
transmission,it withdraws.
(A3c) If n observesan idle, it withdraws.
(A4a) If m doesnot senseanothertransmissionduring its
(CTS) transmission,in step4, it transmits(CTS,ID(n,m)).
(A4b) If n doesnot receive mÕs response,it withdraws.
(A5) In step5, n transmits(CTS, ID(n,m)), and the link
betweenn andm is activated;link (n,m) is addedto ÷π. '

The algorithm assuresbetweensteps(A1) and (A2a), that
no two transmittersareneighboringeachother;at (A2b), that
no transmitteris a neighborto a receiver; between(A3a) and
(A4a), that no two receivers are neighbors.Finally, during
(A4a) and(A5), thepicked link is announcedto theneighbors
of the receiver and the transmitter, respectively.

Notice that the algorithm need not result in a maximal
feasibleallocation8 at its termination.This doesnot inßuence
the results of Theorems1 and 2, but will have an effect
on the rate of convergenceof the algorithm. With a simple
modiÞcation,the above algorithm can be extendedto obtain
a maximal feasibleallocation (see [7] for an example) and
hencebetterconvergenceproperties.
Proposition 1: The above PICK algorithmsatisÞes
(i) The resulting÷π is a feasibleallocation.
(ii) It takesat most5 transmissionsper nodeto terminate.
(iii) The probability of picking any feasibleallocation is

at least (α/D)N > 0, whereD is the maximumdegree9 of

8A maximal feasibleallocationis a setof links to which no new link that
doesnot interferewith any of the existing links canbe added.

9deg(n) ! |{m ∈ N : (n, m) ∈ L, or (m, n) ∈ L}|.



G. In particular, since
!
πw [t] is a feasibleschedule,we have

P(÷π[t] =
!
πw [t]) ≥ (α/D)N > 0.

(iv) At the termination,for any link (n, m) ∈ L, all the
neighborsof n andm areawareof (n,m)Õs state,i.e., know
whether(n,m) is in ÷π or not.

Proof: Theproof is omitteddueto spacelimitationsand
is available in [7].
We note that this algorithm doesnot dependon the queue-
lengths,which greatly simpliÞesits implementation,because
no queue-lengthinformation exchangeis necessarybetween
neighboringnodes.Further, dueto part(iii), thebestallocation
must also have a positive probability. This fact togetherwith
parts(i)-(iii) prove that the algorithmis actuallysufÞcientfor
Theorem1 to hold. At the end of PICK, ÷π gives a feasible
allocation, that is known only locally. In particular, due to
part (iv) of Proposition1, every nodeknows thoselinks of its
neighborsthat are in ÷π.

B. COMPARE Algorithm

In this section,we proposeand analyzea distributed al-
gorithm that comparesthe total weight associatedwith two
feasible schedules,π[t] and ÷π[t], with local control signal
transmissions,and choosethe one with the larger weight as
thescheduleto beusedduringthenext stage.In thefollowing,
we will omit the time index for easeof presentation.

The algorithm relies on constructing the conflict graph
associatedwith π and ÷π which containsinformation about
interfering links in the two schedules.The conßict graph,
G′(π, ÷π) = (N ′,L′), of π and÷π canbegeneratedasfollows10:
Each link l in π ∪ ÷π correspondsto a node in the conßict
graph, and if links l1 ∈ π and l2 ∈ ÷π interfere with each
other, an edgeis drawn betweenthe nodescorrespondingto
l1 and l2 in the conßict graph.Note that, since both π and
÷π are feasibleschedules,no two links in the sameschedule
(π or ÷π) can interferewith eachother, i.e., there is no edge
betweentwo nodesof thesameschedulein G′. Every nodein
G′ cancomputeits own weight [as deÞnedin (1)], andhasa
list of its neighborsin G′ by part(iv) of Proposition1. We will
develop the algorithmsusing the conßict graphG′ and show
at the endof this sectionthat the specialstructureenablesus
to mapthe operationsto the graphG.

Our COMPARE Algorithm is composedof two procedures
that are implementedconsecutively: FIND SPANNING TREE

and COMMUNICATE & DECIDE. The FIND SPANNING TREE

procedureÞndsa spanningtreefor eachconnectedcomponent
of G′ in a distributed fashion.Then, the COMMUNICATE &
DECIDE procedureexploits the constructedtree structureto
communicateand comparethe weightsof the two schedules
in a distributedmanner.

To illustrate the deÞnitionsandoperationof the algorithms
we considerthe grid network depictedin Figure 2. In this
network, nodesarelocatedon the cornerpointsof a grid, and
eachinterior nodehasfour links incidentto it. To demonstrate

10We useN ′, L ′ to denotethe cardinalitiesof N ′,L′. Also, we will refer
to G′(! , !̃ ) simply asG′ for convenience.

Fig. 2. 8x10 grid network examplewith two feasibleschedulesindicated
by solid and dashedbold links. The conßict graph decomposesinto 6
disconnectedcomponents.

the constructionof the conßict graph,supposewe are given
two feasibleschedules,π and÷π. In theÞgure,solid bold links
belongto scheduleπ, while dashedbold links arein ÷π. We use
dash-dottedthin linesto connectthelinks of thetwo schedules
that interferewith eachother. In general,it is not necessary
that theconßictgraphbeconnected.For example,in Figure2,
we observe six disconnectedcomponents.The conßict graph
correspondingto the largestconnectedcomponentis given in
Figure 3, where links in π are drawn as circular dots, while
links in ÷π aredrawn assquaredots.
Remark 1: Disconnectedcomponentsof the conßictgraph

can decide on which scheduleto use, independentof each
other. This is possiblebecauseby constructionof the conßict
graphthe resultingscheduleis guaranteedto be feasibleeven
if the choicesof two disconnectedcomponentsare different.
This decompositioncontributes to the distributed nature of
the algorithm. Namely, the size of the graph within which
the comparisonis to be performedis likely to be reduced.
Notice that with this approach,the chosenschedulemay
be a combinationof the two candidateschedules,π and ÷π,
becausedifferent connectedcomponentsmay prefer different
schedules.This merging operationwill result in a schedule
that is betterthanboth π and ÷π.

Basedon this remark,henceforthour algorithm will focus
on the decisionof a singleconnectedcomponent.
1) FIND SPANNING TREE Procedure: The object of the

FIND SPANNING TREE procedureis to Þnd, in a distributed
fashion,a spanningtreefor eachof theconnectedcomponents
in the conßictgraph.In our model,every nodein the conßict
graph G′ correspondsto an undirectedlink in the original
graph G, and has a unique ID11. In order to comparetwo
link IDs, we uselexicographicalordering12.

11In [11], it was shown that uniqueIDs are requiredto be able to Þnd a
spanningtree in a distributed fashion.

12Without loss of generality, assumeI D (n) < I D (m) and I D (i ) <
I D (j ) : If I D (n) < I D (i ), then I D (n, m) < I D (i, j ) for all m, j ; and
if I D (n) = I D (i ) andI D (m) < I D (j ), then I D (n, m) < I D (i, j ).



Our distributed FIND SPANNING TREE procedureis based
on token generationand forwarding operations.For the con-
struction of a spanningtree, at least one token needsto be
generatedwithin each connectedcomponent.This can be
guaranteedby requiringevery nodein the conßict graphthat
hasthe lowest ID numberamongits neighborsto generatea
token.Eachtoken,carryingtheID of its generator, performsa
depth-Þrsttraversal(cf. [6]) within the connectedcomponent
to constructa spanningtree. This token progressively adds
nodesinto its spanningtree while avoiding the construction
of cycles.An exampleis depictedin Figure 3 for the largest
connectedcomponentof Figure2.
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Fig. 3. A connectedcomponentof the conßict graphfrom which the link
crossedis eliminatedto obtain a spanningtree. The path of the minimum
token is indicatedwith arrows. Thenodesarelabeledwith numbersfor future
reference.

The above procedurefocuseson the operationof a single
token generatedat one of the nodeswithin the connected
component.In general,theremaybemultiple tokensgenerated
within thesameconnectedcomponent.Eachtokenattemptsto
form its spanningtreelabeledwith its ID number(i.e. the ID
number of the tokenÕs generator).Since only one spanning
tree is required at the end of the procedure,our algorithm
is designedto keep the spanningtree with the smallestID
number, while eliminating the others. This elimination is
performedwhen the token of a spanningtree entersa node
that has been traversedby another token. If the incoming
token has smaller ID, then the token ignores the previous
tokenandcontinuestheconstructionof its tree,andif its ID is
larger, then it is immediatelydeleted.We have the following
propositionfor this algorithm(see[7] for the proof, which is
omitted in the interestof space).
Proposition 2: Considerthe conßict graphG′ = (N ′,L′),

andlet D′ denotethemaximumdegreeof G′. TheFIND SPAN-
NING TREE ProcedureÞndsa spanningtreeof all components
of the conßict graphin O(D′L′) time13, and with O(D′N ′)
messageexchangesfor eachn′ ∈ N ′. In particular, at the
terminationof the procedure,every noden′ ∈ N ′ hasa list
of its neighborsin the constructedspanningtree.
2) COMMUNICATE & DECIDE Procedure: We use the

spanningtreeformedontheconßictgraphto compareweights.

13f (n) = O(g(n)) meansthat thereexists a constantc < ∞ such that
f (n) ≤ cg(n) for n large enough.

The idea is to convey the necessaryinformation from the
leaves up to the root of the tree (i.e. COMMUNICATE Proce-
dure)sothattheschedulewith thehigherweight is chosen(cf.
(4)), andthensendbackthedecisionto theleaves(i.e. DECIDE

Procedure).The COMMUNICATE & DECIDE procedurecanbe
explainedin two partsas follows:

COMMUNICATE: The leavescommunicatetheir weightsto
their parents.If theparentis in π it addsits weight to thesum
of theweightsannouncedby its children.If, on theotherhand,
it is in ÷π it subtractsits weight from the sumof its childrenÕs
weights.The resultingvalue becomesthe new weight of the
parent.Then,theparentactsasa leaf with theupdatedweight
in the next iteration. This recursive updateis repeateduntil
the root is reached.

DECIDE: At the end of COMMUNICATE, the weight of
the root of the spanningtree will be

∑
l∈π wl −

∑
l∈π̃ wl.

DependingonwhethertherootÕsweightis positiveor negative,
the root decidesπ or ÷π, respectively, as the betterschedule,
andbroadcastsits decisiondown the tree.
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Fig. 4. The iterative communicationof the weights of the two schedules
from the leaves to the root for the spanningtreeof Figure3.

An exampleof this procedureis provided in Figure 4 for
the spanningtree given in Figure 3. We have the following
complexity result for this procedure(see[7] for the proof).
Proposition 3: Considerthe conßict graphG′ = (N ′,L′),

andlet D′ denotethemaximumdegreeof G′. TheCOMMUNI-
CATE & DECIDE procedurecorrectly Þndsthe schedulewith
the larger weight in O(D′L′) time.

Notice that the complexity results in the propositionsare
given in termsof G′. We can translatethem into boundson
G through the following inequalities:L′ < N2, D′ < N .
Propositions1, 2 and3, togetherwith Theorems1 and2 yields
the following result.
Theorem 3: The distributed implementationsof PICK and

COMPARE Algorithms designedfor the two-hop interference
model asymptoticallyachieve throughput-optimalityand fair-
nesswith O(N3) time and O(N2) messageexchangesper
node,per stage. "



Before we completethe section,we make a few important
remarkson the operationandextensionof the algorithms.
Remark 2: The algorithmswe develop in this sectionop-

erate over the conßict graph G′. These operationscan be
transformedinto operationsin the actual graph G. Such a
transformationwould be difÞcult for a generalconßictgraph.
However, in our scenariothe graph has a special structure
that enablesthe mapping. The critical observation is that
transmissionswithin a feasibleschedulehasno interference.
Thus, links that form π and ÷π can perform operationsin
G′ by partitioning CSI (cf. Figure 1) into two disjoint time
intervals. During the Þrst interval, only links that make up
π communicate,while in the second interval only nodes
that make up ÷π communicate.The operationof each link
can easily be mappedinto operationsat its two end nodes
by assigning one node to each operation, who will then
coordinatethe operation.With sucha separationof time, the
operationsdescribedfor the conßict graphcan be translated
into operationsin the actualnetwork.
Remark 3: Recall from Remark1 that the conßictgraphis

likely to be composedof multiple disconnectedcomponents,
which increasesthe distributednatureof the algorithms.Even
thoughwe did not pursuethis direction here,this likelihood
can be increasedby dynamically modifying the activation
probabilities,{pn}n, in thePICK Algorithm sothat thepicked
schedulehas more disconnectedcomponents.This way, the
localizednatureof the algorithmcanbe improved.

VI . SIMULATIONS

In this section,we provide simulationresultsfor thedistrib-
utedalgorithmsdevelopedin SectionV for the grid topology
(seeFigure2). We usethe notation[i, j] to refer to the node
at the ith row and jth column of the grid. Throughout,we
simulate utility functions of the form Ui(x) = γi log(x),
which correspondsto weightedproportionally fair allocation
(see[13], [23]).
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Fig. 5. Thethroughputevolutionof the6x6 network for K = 100, " i = 0.5.

We Þrst considera network of size 6x6, with four ßows:
Flow-1 from [1, 1] to [6, 6], Flow-2 from [5, 2] to [6, 3], Flow-

3 from [5, 5] to [5, 1], and Flow-4 from [4, 1] to [1, 4]. Here,
we are interestedin the evolution of the throughputsof each
ßow for K = 100 and γi = 0.5 for each i ∈ {1, 2, 3, 4}.
The simulation resultsare depictedin Figure 5. We observe
that the throughputsof the ßows converge to differentvalues
dependingon their source-destinationseparation.For example,
Flow-2 achieves the highest throughputsince its source is
only two hops from its destination.The ßuctuationsin the
evolutions are due to the random nature of the algorithm,
which tracksthe queue-lengthevolutions.
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Fig. 6. Throughputsof ßows with varying K and (" 1, " 2).

Next, we simulatea 10x10network with two ßows: Flow-1
from [1, 1] to [8, 9], andFlow-2 from [9, 2] to [2, 10]. Here,we
focuson the throughputsachieved for the ßows asa function
of K with varying γi for eachßow. We aim to observe the
averageßow ratesasfunctionsof K and(γ1, γ2). Notice that
each(γ1, γ2) combinationcorrespondsto adifferentweighting
for the weighted-proportionallyfair allocation. Thus, for a
Þxed K, the throughputscorrespondingto different (γ1, γ2)
combinationsactuallyoutlinetherate region thatthealgorithm
achievesfor thatK. Then,asK grows Theorem2 impliesthat
this region grows at a decreasingrate,until it convergesto the
stability region " .

We performedsimulationsfor K varying from 10 to 100,
and(γ1, γ2) rangingfrom (0, 1) to (1, 0) with γ1 + γ2 = 1 at
eachintermediatepoint. The simulation resultsare provided
in Figure 6. We observe that for a given K, the rate region
is a convex region. Also, as K grows, the region expandsat
a decreasingrate agreeingwith our expectations.We further
note that with this algorithmicmethod,the stability region of
a wirelessnetwork, that is otherwisedifÞcult to Þnd,can be
determinedwith high accuracy.

Finally, for the previous simulation setting, we Þx K to
100 andvary (γ1, γ2) asbefore,andcomparethe rate region
achieved with our policy to the greedydistributed maximal
schedulingpolicy proposedin earlier works [15], [4]. The
greedypolicy always picks a randommaximal schedule,but
doesnotperformany comparisonwith anearlierschedule.The
two regions are plotted in Figure 7. We observe that there



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Throughput of Flow!1 

T
hr

ou
gh

pu
t o

f F
lo

w
!2

Comparison of Stability regions for K=100

Our Policy
Greedy Policy
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is a considerablegain in throughputwhen our algorithm is
implementedcomparedto the greedyalgorithm.

VI I . CONCLUSIONS

In this work, we provided a framework for the designof
cross-layeralgorithmsfor full utilization of multi-hopwireless
networks.We startedwith generalizinga practicalrandomized
policy, Þrst introduced in [25] for switches, to multi-hop
networks. We proved that with a single comparisonat each
iteration, this policy achieves 100% of the available capacity
of the network.

Next, we consideredthe caseof elasticßows andprovided
a decentralizedcongestioncontrol algorithm that works in
parallel with the randomizedalgorithm. We showed that the
resultingcross-layeralgorithm achieves fair allocationof the
resourcesdespite the imperfect nature of the scheduling-
routing algorithm (i.e. the randomizedalgorithm does not
alwayspick the maximumweightedschedule).

Finally, we developed speciÞcdistributed algorithms for
the two-hop interferencemodel. For this model, existing
throughput-optimalstrategiesrequirethatanNP-hardproblem
be solved by a centralizedcontroller at every time instant.
In this work, we showed that this is not necessary, and full
utilization of the network can be achieved with distributed
algorithmshaving only polynomial communicationandcom-
putationalcomplexity.

An importantbyproductof our approachis the useof the
developedcross-layeralgorithmsto Þnd(with high accuracy)
the stability region of ad-hoc wireless networks, that are
otherwisedifÞcult to characterize.
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