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Abstract— In this paper, we propose and study a general
framework that allows the development of distributed mecha-
nisms to achieve full utilization of multi-hop wireless networks. In
particular, we develop a generic randomized routing, scheduling
and flow control scheme that is applicable to a large class
of interference models. We prove that any algorithm which
satisfies the conditions of our generic scheme maximizes network
throughput and utilization.

Then, we focus on a specific interference model, namely the
two-hop interference model, and develop distributed algorithms
with polynomial communication and computation complexity.
This is an important result given that earlier throughput-optimal
algorithms developed for such a model relies on the solution
to an NP-hard problem. To the best of our knowledge, this is
the first polynomial complexity algorithm that guarantees full
utilization in multi-hop wireless networks. We further show that
our algorithmic approach enables us to efficiently approximate
the capacity region of a multi-hop wireless network.

I. INTRODUCTION

There has been considerablerecent interestin develop-
ing network protocols to achiere the multiple objectives
of throughputmaximizationand fair allocation of resources
amongcompetingusers.Much of the work in wirelesscom-
municationnetworks has focusedon centralizedcontrol and
has developedthroughput-optimal policies ([26], [19], [10]).
However, thesepoliciesdo not lend themselesto distributed
implementationwhich is essentialin practice.In this paper
we developa classof randomizedouting,schedulingandR3owv
control algorithmsthat achieve throughput-optimaland fair
resourceallocationsthat can be implementedn a distributed
manner with polynomial communicationand computation
compleity.

In their seminalwork, Tassiulasand Ephremidesieveloped
ajoint routing-schedulinglgorithmthat stabilizesthe network
wheneer the arrival ratesare within the stability (capacity)
region. In [25], Tassiulasshaved that randomizedalgorithms
canbe usedto achieve maximumthroughputin input queued
switcheswith linear computationalcompleity. Other recent
researchfor example,[1], [22], [19], [10], have contributed
to the analysisof centralized throughputoptimal policies in
wirelessnetworks.

This papercontritutesto the study of resourceallocation
in multi-hop wirelessnetworks in a numberof fundamental
ways.

First, we provide simple randomizedscheduling-routing
schemeshatachievesmaximumthroughputin multi-hopwire-
lessnetworks. The simplicity of our proposedschemesuggests
efbcientimplementationof throughput-optimapolicies.

Secondwe proposea cross-layemechanisntcombiningour
routing-schedulingalgorithm with a decentralizedcongestion
controllerfor elastic trafoc. Thekey differencebetweerelastic
and inelastic trafbc stemsfrom the fact that in the former
casethe mean arrival rates of Bows can be controlled in
responséao delaysandcongestionwhile in the latter case the
arrival ratesarebxed. We modelelastictrafbcusingthe utility-
maximizationframework introducedby Kelly et al. [12], [13]
and further improved in subsequentvorks [16], [29], [23].
In this context our proposedcross-layemechanisrmot only
maximizesthroughputbut also asymptoticallyachieves a fair
division of network resourceamongfRows.

Third, for the two-hop interferencemodel (THIM), we
show that our cross-layemechanisntanbe implementedvia
a distributed algorithmic approach.This approachinvolves
the operationof two sequentialalgorithms.A novel feature
of these algorithms is their operationon an appropriately
constructecconRictgraph.The useof the confictgraphleads
to a partitioning of the network, wherebythe decisionscanbe
madeindependentlyn differentpartitions.Moreover, the oper
ationson the conRictgraphcanbe mappednto network level
operationsusing the specialstructureof the problem.These
distributed algorithms not only achieve throughput-optimal
andfair allocations,but alsohave polynomialcommunication
and computationcompleity.

Finally, we demonstratethat our policy enablesan algo-
rithmic method of estimatingthe stability region of multi-
hop wireless networks. This suggestsa novel approachto
stability region characterizationwhich is a very difbcult task
in general.

Our paperis relatedto recentwork combining3ow control
with routing and scheduling,including [14], [24], [8], [18],
[9]. While these papersalso proposealgorithms achieving
fair andthroughput-optimallocationstherouting-scheduling
componentof thesealgorithmsare basedon the centralized
control approactof [26], andcannotbeimplementedn a dis-

in the THIM, two links interfereif they sharea nodeor if thereis a link
that connectsary of the endnodesof the two links. This interferencemodel
preventsreal world issuessuchasthe hiddenterminal problem(see[20]).



tributed mannerin wirelessnetworks. Moreover, for the two-
hop interferencemodel, the centralizedoptimizationinvolved
in the operationof thesealgorithmsis NP-hard,which further
limits their practicalimplementation.

Other related works include [15], [27], which develop
distributed algorithmsthat guarantee50% utilization of the
stability region for node-e&clusive-spectrum-sharingNESS)
interferencenodef. While distributedimplementatiorof these
algorithmsis possible,this comesat the cost of sacribcing
a signibcantportion of the capacity of the network (see,
for example,[4], [3]). As more generalinterferencemodels
are considered,even more of the capacity of the network
needsto be sacribcedfor distributed implementation(e.g.,
[28], [5]). For example, in a two-hop interference model
with the grid topology distributed implementationcan only
guaranteel25% of the capacity of the network. In recent
work, a randomizedapproachsimilar to thatin [25] hasbeen
usedto develop a distributed schedulemwith no Bow control
for networks restrictedto single-hopcommunication,NESS
interferencemodel,and Bernoulli arrival processe$17].

To the bestof our knowledge,this is the brstpaperthat pro-
vides a generalclassof randomizedcross-layemechanisms
for multi-hop wirelessnetworks that canbe implementedn a
distributed mannerfor the two-hop interferencemodel while
still achieving throughput-optimaknd fair allocations.

The paper is organized as follows. In Section I, we
describethe system model. In Section Ill, we describea
genericrandomizedschemefor schedulingand routing, and
prove its throughput-optimalityln SectionlV, we introducea
congestiorcontrolmechanisnior elastictrafbcandestablishes
its fairnessproperties.In SectionV, we designand analyze
distributed algorithms for the two-hop interferencemodel.
Finally, in SectionVI we provide simulationresults.

Il. SYSTEM MODEL

Consider a wireless network that is representedby an
undirectedgraph, G = (N, £), which has a node set N
(with cardinality N), a link set £ (with cardinality L), and
|F| source-destinatiomode pairs {si,t1},...,{s7,t|7}-
We refer to a source-destinatiorpair {ss,t¢} as a RBow,
denotedby f, and denotethe set of Bows by F. Given a
RBow f, we use the notation s(f) and d(f) to denotethe
sourceanddestinatiomodesof Bow f. We let {z([t]} denote
the arrival processfor Row f, i.e., z¢[t] is the number of
pacletsthat arrive at nodes(f) in slot ¢. We usethe notation
A¢[t] to denotethe mean arrival rate of flow f in slot t,
i.e., A¢[t] = Elzf[t]]. Then, the mean arrival rate of flow
f is depnedas A\; = limr_ . =3 /_,' As[t] wheneer it
exists. We also use the notation S(n,d) to denotethe set
of Bows with sourcenode n and destinationnode d, i.e
S(n,d) £ {f € F:s(f) = n,d(f) = d}. We assumea time
slottedsystemwith synchronizedhodeswhereeachslotis just
long enoughto accommodate single paclet transmission.

2In NESS, eachfeasibleallocation consistsof links that do not sharea
node,i.e. eachfeasibleallocationis a matching.

At each node, a buffer (queue)is maintainedfor each
destination.We let ¢, 4[t] denotethe length of the queueat
noden destinedfor noded at the beginning of slot ¢.

Definition 1 (Stability): A given queueis called stable if
E[gn,a[oo]] < oo, whereg,, q[cc] denoteshe randomvariable
with distribution given by the steady-statedistribution of
{qn.dlt]}. The network is szable if all queuesare stable;and
unstable otherwise.

We considera generainterferencanodelformulationspeci-
bedby asetof pairsof links thatinterferewith eachother i.e.,
we saythattwo links interfere if their concurrentransmissions
collide. We assumehatif two interferinglinks areactivatedin
a slot, both transmissiongail. Note that this includesa large
classof graph-theoretiénterferencemodelsconsideredn the
schedulinditerature(e.g.NESS[21], [15], [27], [4], or THIM
[2], [28], [5]).

We usen = {m(nm)},, myer 1O denotea link allocation
vector (Of schedule), andﬁ. 'to denotethe set of feasible allo-
cations wherea feasibleallocationis a setof links in which no
two links interferewith eachother We introducethe notation
”Ein,m) to distinguish paclets with different destinations:at
ary givenslott, ”fln,m)[t] € {0,1} is 1if link (n, m) senesa
paclet destinedor noded in thatslot, and0 otherwise Notice
that we must have o, w1 = P gen Tl [t] for all ¢. For
eachlink (n,m), «f, m) [t] canbe 1 at mostfor a single d
sinceat mosta smgfe paclet canbe sened over a link within
a slot®. We canwrite the evolution of a particularqueue,say
dn.d, Whenn Z d as

qn, d[t + 1] = Qn, d[t] [t] +

Z Z‘f[t] + Trznto (n) [t]7

feS(n,d)

out
Wherewﬁm(ng[t] = Y (he(bmyec) T[] is @ shorthandfor
the numbero paclets enteringnode n that are destinedfor
noded. Similarly, = Out ) [t] is the numberof pacletsleaving
node n and are destinedfor node d. When,n = d, we set
q4,4[t] = 0, sincethe paclets have reachedheir destination.
Definition 2 (Capacity (Stability) Region): Let
G = (N,L) be a given network and ! be the set of
feasible allocations.The capacity (or stability) region " of
the network is given by the setof vectorsr = (rf)scr for
which thereeX|stS7rd(f) >0, for all (n,m) € Landf € F,
suchthat both the Bow conseration constraintsat the nodes
and the feasibility constraintsare satisPedas given below:
(C1)Forall n € N and f € F, we have

Z a(f) — Z

(kn)
k:(k,n)eL m:(n,m)eL
(C2) [ﬂ'(n,m)](n,m)ec € Conv()) .°

3Note that it is sufpcient to restrict our attentionto policies that sets

(ﬂ m) [t} to zero whenever g, 4[t] = 0, for all (n, m) € L. Any other
policy thatsets| (d [t] = 1 whenq, 4[t] = 0 canbe replacedby another
policy with ! (n ) [t} = 0 without affecting the evolution of the queues.

“We usel 4 astheindicatorfunction of eventA.

5Conv(A) denoteshe corvex hull of setA, which is the smallestcorvex

set that includesA. The corvex hull is included due to the possibility of
timesharingbetweenfeasibleallocations.
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It is shawvn in [26], [19] that" is the setof meanarrival rates
for which thereexists a policy that stabilizesthe network.

I11. THROUGHPUT-OPTIMALITY

In this sectionwe considetinelastic flows (or traffic), where
the mean arrival rate of Bow f is constantover time, i.e.,
Aslt] = Af. We further assumethatfor all f € F, the arrival
process{z ([t]} is independenandidentically distributed for
all t with bnite Prstandsecondnoment§. We provide simple
routing-schedulingmechanismsthat can supportary mean
arrival rate in the capacityregion without violating stability
(suchmechanismaresaidto bethroughput-optimal [26], [22],
[19], [8]). In earlier work [25], Tassiulasused randomized
schemedo provide alow compleity stabilizingalgorithmfor
switchesusinga centralizedcontrollet In this section,we will
extendthe useof randomizedhroughput-optimaschemedor
multi-hop networks with generalinterferencemodels. Later
on, we will shov that the use of randomizedschemedends
itself to distributed implementationfor specibcinterference
models.We Prstintroducethe following notation:

max |qn,alt] — gm,altl] . (1)

W(n,m) [t] = W(m,n) [t]

Thescalarw,, ,,,)[t] is referredto asthe maximum differential
backlog (or the weight) of link (n, m) andcanbe interpreted
asa measureof the importanceof the link’, andwe used,,,,
to denotethe commoditywhich maximizesthe expressionin
(1) for link (n,m). Note that the weight of a link is zeroif
both of its end nodescontainthe samenumberof pacletsto
be deliveredto the samedestinationsConsiderthe following
allocationvector T, [t] that satisbes

mw [1] € argmax > wy[t]m

argmax(w[t] - 7). (2)
well el well

This allocationrule is calledthe back-pressure policy. Once
the Ty is determinedaccordingto (2), only commodityd,,,,
is sened over link (n, m) at the rate allocatedby the back-
pressurepolicy.

The purposeof this policy is to equalizethe queue-lengths
of neighboringnodes.Such a policy is throughput-optimal,
basically becauseit dynamically reactsto the build up of
backlog at ary queueand works to balancethe queueoc-
cupang levels. This dynamicnatureof the algorithm allows
its implementationeven when the topology of the network
changesslowly over time asin mobile networks. Also, notice
that the policy® implementationdoesnot require the knowl-
edgeof the stability region, " or the statisticsof the arrival
processed-dowever, thepolicy requiresacentralizeccontroller
that knows w[t] at every time-slot, performsthe optimization
in (2), and then communicateghe allocation vector 7*rw [£]
instantlyto all the nodesof the network. Theserequirements

6This assumptioris not critical in the subsequeranalysist canbe shavn
that the sameresultshold for processesvith mild ergodicity properties(see
[10D).

“The]| - | in the formulationis differentfrom the onesin the literaturedue
to the assumptiorof undirectedlinks here.

male the implementatiorof this algorithmimpracticalfor the
multi-hop wirelessnetwork scenario.

In this paper we adopt a different approachand use a
genericrandomizedschemgGRS)for schedulingandrouting,
which, insteadof the back-pressurpolicy, randomlypicks any
feasibleallocation#[t] € ! , at every time slot, suchthat

P(#[t]=7w [t]) > 6,  for all w[t] andt,

®3)

for somed > 0. This conditionensureghatthereis a positive
probability for the randomizedalgorithm to obtain the back-
pressurepolicy. Oncethe allocation#[¢] is picked, the actual
allocationis updatedaccordingto the following evolution.

7]
#[t]

if wlt]- «[t] > w[t] - #[t]
otherwise

ale+ 1= { @
Thus, the algorithm updatesits allocationvector only if the
sum of the link weightsof the new allocationover all links

exceedsthat of the old allocation. The abore randomized
algorithm was introducedin [25] in the context of switches,
wherethereexists a centralizedschedulerA similar approach
has been used in developing a distributed implementation
for networks restricted to single-hop communicationwith

matchingconstraintsand Bernoulli arrival processe$l7]. As

we will prove shortly it turns out that the two conditions(3)

and (4) are sufbcientto achiere throughput-optimalityin a
more generalsetting.

We next presentour main result,which establishesghat the
two conditions(3) and(4) aresufecientto achieve throughput-
optimality in a multi-hop network for the generalinterference
model introduced in Section Il. In Section V, we shav
that picking a feasible allocation and comparingthe weight
information can be done in a decentralizedmannerfor the
two-hopinterferencemodel.

Theorem 1: Assumethat the meanarrival rate vector A =
(Af) ser isin theinterior of " | thenfor ary GRS satisfying
(3) and (4), the network is stable.

Proof: The proof is basedon proving the negative drift
condition of an appropriateLyapuna function. The details,
omitted due to length considerationsare availablein [7]. m
Theorem1 statesthat undermild conditions,if a randomized
schedulercanbe found that satisPeg3), andthe schedulecan
be updatedasin (4), thenthe network will be stablefor ary
arrival processwith meanarrival rate in the interior of the
capacityregion.

IV. CONGESTION CONTROL

In the previous sectionwe provedthethroughputoptimality
of a randomizedschemeprovided that the mean arrival rate
vector is fixed over time and lies in the interior of the capacity
region. In general,the capacityregion of a given network is
not known anddifbcultto compute.For a given meanarrival
ratevector the systemwhile beingstable maybesignibcantly
underutilized.Therefore,it is desirableto introduceadaptve
control mechanismdor changingthe mean arrival rates of
the Bows over time. Flows with variablemeanarrival ratesis



commonly referredto as the elastic flows (or trafbc) in the
literature.

We model elastic trafbc using the Outility maximizationO
framavork of economicsWe associatea utility function for
eachBow f, Uy(-), over the meanarrival rates,i.e., Us(Ay)
is a measureof the utility gained by RBow f for the mean
arrival rate Ay. We assumethat the function Uy is concae
and non-decreasindor all f.

We next debnea fair allocation.A meanarrival rate vector
M* is referredto asafair allocation if it is anoptimal solution
of the problem:

At eargmax > Us(Xy).
feF

®)

Hence, a fair allocation is a mean arrival rate vector that
maximizesthe aggragate utility over all Rows in the network.
It is known that by debningU(-) appropriately different
fairnesscriteria of interest,suchas proportionalor max-min
fairnesscanbeachieved([12], [13], [16], [23], [8], [18], [14])-

We next introduce a congestioncontrol mechanismthat
operatesn parallelwith the schedulingandrouting algorithm
of Sectionlll, andasymptoticallyachievesthe fair allocation.
We refer to this mechanismas the Dual Congestion Control

Dual CongestionController The implementationf the two
algorithms are performedat the sametime scale(e.g. in a
slot-by-slotbasis).

The next theoremestablisheghat the proposedcross-layer
mechanismguaranteesstability and achieves fair allocation
with arbitrarydegreeof accuray. It hasbeenshavn in earlier
works [18], [8], [15], [24] that a similar result holds in the
caseof a centralizedschedulerBelow, we statethat it holds
despitethe imperfectnatureof the randomizedalgorithm.

Theorem 2: For appropriately chosen bnite constants,
C1,C5, we have

>N Ga £ OK @)
neN deN
W C
D Uie) = D Usap) - 22 8)
feF feF
T-—1

wheres; £ Jim = > " Elz[¢]], andsimilarly for 7 4.

Proof: The progﬂg omitteddueto lengthconsiderations
and canbe foundin [7]. [ ]
Note that by choosing K sufbciently large, fair allocation
can be achieved due to (8), while stability of the queuesare

mechanismin view of its relation to iterative gradient-based guaranteediueto (7).

optimization algorithms. Variations of this mechanismare
studiedrecentlyin theliterature[8], [18], [15], [24]. Common
to all thesemechanismss the fact that the controller adapts
the numberof pacletsgeneratedy Row f at eachtime slot ¢
in responsdo the congestionlevel of the network, wherethe
gueue-lengthnformationis usedasa measureof congestion.
DuAL CONGESTION CONTROL MECHANISM: Assumethat
every Bow hasaccesdo its entry point queue-lengttinfor-
mation,i.e. Bow f Knows q,(s) a(s)[t] for all t. Then,at the
beginning of eachtime slot ¢, Bow f generates ¢[t] paclets

satisfying
t
min {[7}—1 (‘ZS(f),d(f)[ ]> , 7‘[}’ (6)

where M and K are positive scalars. o

In thealgorithm,theentry pointqueue-lengtiof eachl3ow is
usedasthe measureof the congestiorthat the Bow obsenres.
Since Uy () is non-decreasingnd concae, the Bow rate is
inverselyrelatedto the buffer occupang level. Hence the Row
rateis adjustedo avoid too muchcongestionandalsoto avoid
underutilizationof the network. The parameterl is included
to prevent the Bow rate from diverging to inbnity when the
buffer occupanciesendto zero.

The dual congestiorcontrollermechanisnis easyto imple-
mentat eachsourcebecausét only requiresthe queue-length
of the buffer atthe source Thisis in contrastto several earlier
mechanismshat requirethe price information of all the links
on the route of that Bow [13], [16], [23]. Also, since each
sourceonly needsto know its own utility function, the Bow
control mechanisncan operatein a completelydecentralized
fashion.We assumethat the randomizedrouting-scheduling
algorithm describedin Section Il is used along with the

zglt]

We note that the results of Theorem2 continueto hold
(with larger C1, C) evenif the allocationvectorsare updated
periodicallyin stageshatarelongerthanoneslot. This is an
importantobsenation which we will exploit in the algorithm
designof SectionV.

Moreover, we remarkthat usingthe above joint scheduling-
Row control mechanism,it is possibleto approximatethe
stability region of complicatedtrafbc and network scenarios.
In particular by developingpolynomialcompleity algorithms
that satisfythe conditionsof Theoreml andby modifying the
K parameterone can bnd a highly accurateapproximation
to the capacity region, which is otherwisevery difbcult to
characterizeor compute. We will illustrate this approach
throughan examplein SectionVI.

V. ALGORITHM DESIGN

In Sectionslll and IV, we establishedthe throughput-
optimality and fairnesspropertiesof a cross-layemechanism
that can be appliedto a large classof interferencemodels.
In this section,we focus on the two-hop interferencemodel
(THIM) and outline a distributed low-compleity algorithmic
approachfor performing the tasks outlined in the generic
randomizedschemeas describedn Sectionlll.

This approachinvolves the sequentialoperation of two
algorithms,which we refer to as Pick and COMPARE: The
Pick algorithm is a randomized,distributed algorithm that
yields a feasible schedulein Pnite time. The COMPARE
algorithm comparesthe total weights of the old schedule
with the new schedulein a distributed manner An important
featureof the CoMPARE algorithmis the use of the confict
graphof the two schedulesOn the confZictgraph,a spanning
tree can be constructedn a distributed mannerand usedfor



comparisorof theweightsof the two schedulesn polynomial
time. The conBict graphenablesa naturalpartitioning of the
network, whereby decisionscan be made independentlyin
different partitionsin a distributed manner As we will shaw,
the operationson the confict graph can be mappedto the
actual network operationsowing to the special structure of
the problem.

Eachimplementatiorof Pick and COMPARE togethermwith
concurrentdata transmissionds referredto as a stage. The
scheduleused for paclet transmissionsis updated at the
beginning of eachstage.Throughouta stage paclet transmis-
sionsare performedaccordingto the scheduleupdatedat the
beginning of that stage.In parallel with the paclet transmis-
sions,Pick andCoMPARE algorithmsareimplementedSince
the same medium is shared,the data paclet transmissions
can collide with the control messagegeneratedby these
algorithms. To prevent such collisions, time is divided into
two intervals, namely the control signalling interval (CSI)
during which control messagesare locally communicated,
and the data transmission interval (DTI) during which data
paclets are transferred(seeFigure 1). Notice that both Pick
and CoMPARE algorithmsoperateduring CSl, while queue-
lengths are updatedduring DTI. It is assumedthat all the
nodesaresynchronizedo the sameCSI/DTI division of time.
This assumptioncan be relaxed by adding a buffer interval
betweenCSI and DTI to accommodateropagtion delays.
Alternatively, the control signalling can be performedover
an orthogonal channel through frequeng division. Finally,
we assumethat eachtranscerer can perform carrier sensing
during transmissiorwithout the needto decodeits reception.

7 is updated for Stage-i 7t is updated for Stage-(i+1)

|

DTI

1 CSl:

time

Fig. 1.
intenals.

Division of time into data transmissionand control signalling

It is importantto note that in our algorithm the overhead
introducedby the control signalling can be made arbitrarily
small by increasingthe length of a stageto a high enough
value.This factfollows from the fixed amountof control mes-
sagesrequiredby our algorithm per stage. Thus,the number
of control messagesersusthe datamessage@ a stagecan
be madenggligible by increasingthe stageduration.This will
naturally resultin slower corvergence,but the stability and
fairnessresultsof Theoremsl and2 will continueto hold.

We assumehat eachnodehasa uniquelD numberpicked
from a totally orderedset.Let 7 D(n) denotethe ID number
of noden. Then,uniquelD numberscanbe assignedo links,
denotedby ID(n,m) = ID(m,n) for link (n,m). This
assumptionis essentialfor eachnode (and link) to identify
its neighboringnodes (and links), and will be usedin the
distributed implementationof our algorithms.

A. PICK Algorithm

In this section, we presenta distributed algorithm that
randomly picks a feasible allocation with the property that
ary feasible allocation has a positive probability of being
chosen.In the descriptionof the algorithm, when we say a
nodewithdraws, we meanthat the nodestopsits searchfor a
feasiblelink during the currentstage,but continuesto listen
othertransmissionsThe algorithm makes surethat eachnode
has a positive probability of attemptingtransmissionat the
baginning of the algorithm.Theideais to sendReady-to-Send
(RTS) and Clearto-Send (CTS) paclets including the 1D
numbersof the nodesin orderto createa feasibleallocation.
By appendingID numbersto the RTS/CTS paclets, the
algorithm enableseach node to have a list of those links
in its local neighborhoodthat are picked by the algorithm.
Pick: At every noden € N performthe following steps:
(A1) In step 1, with probability p, € [«,1) for some
a € (0, 1), n transmitsa (RTS) message.

(Ala) If n sensesanothertransmissionduring its (RTS)
transmissionjt withdraws.

(A2a) If n doesnot senseanothertransmissionjn step2, it
choosesone of its neighbors,say m, randomlywith equal
probabilities,and transmits(RTS, 1 D(m)).

(A2b) If m obsenesa collision, it withdraws.

(A3a) If m getsn® messagen step3, it sendshacka (CTS)
message.

(A3b) If m sensesanothertransmissionduring its (CTS)
transmissionjt withdraws.

(A3c) If n obseresanidle, it withdraws.

(Ada) If m doesnot senseanothertransmissionduring its
(CTS)transmissionin step4, it transmits(CTS, I D(n,m)).
(A4b) If n doesnot receire m@ responseit withdraws.
(A5) In step5, n transmits(CTS, I D(n,m)), andthe link
betweenn andm is activated;link (n,m) is addedto #. ¢

The algorithm assuresetweensteps(Al) and (A2a), that
no two transmittersare neighboringeachother; at (A2b), that
no transmitteris a neighborto a recever; between(A3a) and
(Ada), that no two recevers are neighbors.Finally, during
(Ada) and(Ab), the pickedlink is announcedo the neighbors
of the recever and the transmittey respectiely.

Notice that the algorithm need not result in a maximal
feasibleallocatior? at its termination.This doesnot inRuence
the results of Theoremsl1 and 2, but will have an effect
on the rate of convergenceof the algorithm. With a simple
modibcation,the above algorithm can be extendedto obtain
a maximal feasible allocation (see[7] for an example) and
hencebettercornvergenceproperties.

Proposition 1: The above Pick algorithm satispes

(i) Theresulting# is a feasibleallocation.

(i) It takesat most5 transmissionger nodeto terminate.

(iii) The probability of picking ary feasible allocation is
at Ieast(a/D)N > 0, where D is the maximumdegre€ of

8A maximal feasibleallocationis a setof links to which no new link that
doesnot interferewith ary of the existing links canbe added.

9%eg(n) £ |{m e N : (n,m) € £, or (m, n) € L}|.



G. In particular since Ty [t] is a feasibleschedule we have
P(#[f] = Tw [1]) > (a/D)N > 0.

(iv) At the termination,for ary link (n,m) € L, all the
neighborsof n andm are aware of (n, m)@® state,i.e., know
whether(n,m) is in # or not.

Proof: Theproofis omitteddueto spacdimitationsand
is availablein [7]. ]
We note that this algorithm doesnot dependon the queue-
lengths,which greatly simplibesits implementation because
no queue-lengthinformation exchangeis necessarpetween
neighboringnodes Further dueto part(iii), the bestallocation
must also have a positive probability This fact togetherwith
parts(i)-(iii) prove thatthe algorithmis actually sufpcientfor
Theorem1 to hold. At the end of Pick, # gives a feasible
allocation, that is known only locally. In particular due to
part(iv) of Propositionl, every nodeknows thoselinks of its
neighborsthatarein #.

B. COMPARE Algorithm

In this section,we proposeand analyzea distributed al-
gorithm that comparesthe total weight associatedvith two
feasible schedules,x[t] and #[t], with local control signal
transmissionsand choosethe one with the larger weight as
thescheduldo be usedduringthe next stageIn thefollowing,
we will omit the time index for easeof presentation.

The algorithm relies on constructingthe conflict graph
associatedvith = and = which containsinformation about
interfering links in the two schedules.The conRict graph,
G'(m, %) = (N, L), of  and# canbegeneratedsfollows'?:
Eachlink [ in = U # correspond€o a nodein the conf3ict
graph,and if links Iy, € = and i, € # interfere with each
other an edgeis dravn betweenthe nodescorrespondingo
I, and i, in the conBict graph. Note that, since both = and
# are feasibleschedulesno two links in the sameschedule
(v or #) caninterferewith eachother i.e., thereis no edge
betweentwo nodesof the sameschedulen G’. Every nodein
G’ cancomputeits own weight [as debPnedn (1)], andhasa
list of its neighborsn G’ by part(iv) of Propositionl. We will
develop the algorithmsusing the conBictgraph G’ and shav
at the end of this sectionthat the specialstructureenablesus
to mapthe operationgo the graphg.

Our CoMPARE Algorithm is composedof two procedures
that are implementedconsecutiely: FIND SPANNING TREE
and COMMUNICATE & DECIDE. The FIND SPANNING TREE
procedureé>ndsa spanningreefor eachconnectedccomponent
of G’ in a distributed fashion. Then, the COMMUNICATE &
DEecCIDE procedureexploits the constructedtree structureto
communicateand comparethe weights of the two schedules
in a distributed manner

To illustrate the debPnitionsand operationof the algorithms
we considerthe grid network depictedin Figure 2. In this
network, nodesare locatedon the cornerpointsof a grid, and
eachinterior nodehasfour links incidentto it. To demonstrate

10we useN’, L’ to denotethe cardinalitiesof A”/, £’. Also, we will refer
to G'(!,I) simply asG’ for corvenience.
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Fig. 2. 8x10 grid network examplewith two feasible schedulesndicated
by solid and dashedbold links. The conf3ict graph decomposesnto 6
disconnectecomponents.

the constructionof the conRict graph, supposewe are given
two feasibleschedulesy and#. In the bPgure,solid bold links
belongto scheduler, while dashedold links arein #. We use
dash-dottedhin linesto connectthe links of thetwo schedules
that interfere with eachother In general,it is not necessary
thatthe conRictgraphbe connectedFor example,in Figure2,
we obsere six disconnecteccomponentsThe conf3ictgraph
correspondingo the largestconnecteccomponenis givenin
Figure 3, wherelinks in 7 are drawn as circular dots, while
links in # aredravn as squaredots.

Remark 1: Disconnecteccomponentf the conRictgraph
can decide on which scheduleto use, independenif each
other This is possiblebecauséy constructionof the conf3ict
graphthe resultingschedulds guaranteedo be feasibleeven
if the choicesof two disconnecteccomponentsare different.
This decompositioncontributes to the distributed nature of
the algorithm. Namely the size of the graph within which
the comparisonis to be performedis likely to be reduced.
Notice that with this approach,the chosenschedulemay
be a combinationof the two candidateschedulesy and =,
becausdifferent connecteccomponentsnay prefer different
schedulesThis meiging operationwill resultin a schedule
thatis betterthanboth = and #.

Basedon this remark, henceforthour algorithmwill focus
on the decisionof a single connectedccomponent.

1) FIND SPANNING TREE Procedure: The object of the
FIND SPANNING TREE procedureis to bPnd, in a distributed
fashion,a spanningreefor eachof the connectedcomponents
in the conRictgraph.In our model,every nodein the conf3ict
graph G’ correspondgo an undirectedlink in the original
graph G, and has a unique ID!. In order to comparetwo
link 1Ds, we uselexicographicalordering?.

n [11], it was shavn that unique IDs are requiredto be ableto bnda
spanningtreein a distributed fashion.

2without loss of generality assumel D (n) < ID(m) andID (i) <
ID():IfID(n)< ID(i), thenID(n,m) < ID(i,j) for all m,j; and
if ID(n)=ID(i)andID(m)< ID(j), thenID(n,m)< ID,j).



Our distributed FIND SPANNING TREE procedureis based
on token generationand forwarding operations For the con-
struction of a spanningtree, at least one token needsto be
generatedwithin each connectedcomponent.This can be
guaranteedy requiring every nodein the confRictgraphthat
hasthe lowestID numberamongits neighborsto generatea
token. Eachtoken, carryingthe ID of its generatgrperformsa
depth-brstraversal(cf. [6]) within the connectedcomponent
to constructa spanningtree. This token progressiely adds
nodesinto its spanningtree while avoiding the construction
of cycles. An exampleis depictedin Figure 3 for the largest
connecteccomponeniof Figure 2.

minimum
token

3
1 '&3?'\\ 4

o

7] '

Fig. 3. A connectedccomponentof the conBict graphfrom which the link
crossedis eliminatedto obtain a spanningtree. The path of the minimum
tokenis indicatedwith arrovs. The nodesarelabeledwith numbersor future
reference.

The above procedurefocuseson the operationof a single
token generatedat one of the nodeswithin the connected
componentin generaltheremay be multiple tokensgenerated
within the sameconnecteccomponentEachtoken attemptsto
form its spanningtree labeledwith its ID number(i.e. the ID
numberof the token® generator).Since only one spanning
tree is required at the end of the procedure,our algorithm
is designedto keep the spanningtree with the smallestID
number while eliminating the others. This elimination is
performedwhen the token of a spanningtree entersa node
that has been traversed by anothertoken. If the incoming
token has smaller ID, then the token ignoresthe previous
tokenandcontinueghe constructiorof its tree,andif its ID is
larger, thenit is immediatelydeleted.We have the following
propositionfor this algorithm (see[7] for the proof, which is
omitted in the interestof space).

Proposition 2: Considerthe conRictgraphg’ = (N7, L),
andlet D’ denotethemaximumdegreeof G’. The FIND SPAN-
NING TREE Procedurd>ndsa spanningreeof all components
of the conRictgraphin O(D’L’) time'3, and with O(D’'N")
message=xchangesfor eachn’ € A’. In particular at the
terminationof the proceduregvery noden’ € N’ hasa list
of its neighborsin the constructedspanningtree.

2) COMMUNICATE & DECIDE Procedure: \We use the
spanningreeformedon the confictgraphto compareweights.

13 (n) = O(g(n)) meansthat there exists a constantc < oo suchthat
f (n) <cg(n) for n large enough.

The idea is to corvey the necessaryinformation from the
leaves up to the root of the tree (i.e. COMMUNICATE Proce-
dure)sothatthe schedulewith the higherweightis chosen(cf.
(4)), andthensendbackthedecisionto theleaves(i.e. DECIDE
Procedure)The COMMUNICATE & DECIDE procedurecanbe
explainedin two partsasfollows:

COMMUNICATE: The leaves communicateheir weightsto
their parentslf the parentis in 7 it addsits weightto the sum
of theweightsannouncedby its children.If, onthe otherhand,
it is in # it subtractsts weight from the sumof its children®
weights. The resulting value becomeshe nen weight of the
parent.Then,the parentactsasa leaf with the updatedweight
in the next iteration. This recursve updateis repeateduntil
theroot is reached.

DecIDE: At the end of COMMUNICATE, the weight of
the root of the spanningtree will be 37, w; — >~ wi.
Dependingon whethertheroot®weightis positive or negative,
the root decidesr or #, respectiely, asthe betterschedule,
and broadcaststs decisiondown the tree.
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Fig. 4. The iteratve communicationof the weights of the two schedules
from the leavesto the root for the spanningtree of Figure 3.

An example of this procedureis provided in Figure 4 for
the spanningtree given in Figure 3. We have the following
compleity resultfor this procedure(see[7] for the proof).

Proposition 3: Considerthe conRictgraphg’ = (N7, L),
andlet D’ denotethe maximumdegreeof G’. The COMMUNI-
CATE & DECIDE procedurecorrectly Pndsthe schedulewith
the larger weightin O(D’L’) time.

Notice that the compleity resultsin the propositionsare
givenin termsof G’. We can translatethem into boundson
G through the following inequalities: L’ < N2, D’ < N.
Propositiondl, 2 and3, togethemwith Theoremsl and?2 yields
the following result.

Theorem 3: The distributed implementationsof Pick and
CoMPARE Algorithms designedfor the two-hop interference
model asymptoticallyachieve throughput-optimalityand fair-
nesswith O(IN3) time and O(IN?) messagesxchangesper
node,per stage. |



Before we completethe section,we make a few important
remarkson the operationand extensionof the algorithms.

Remark 2: The algorithmswe develop in this sectionop-
erate over the conflict graph G’. These operationscan be
transformedinto operationsin the actual graph G. Such a
transformatiornwould be difbcult for a generalconRictgraph.
However, in our scenariothe graph has a special structure
that enablesthe mapping. The critical obsenration is that
transmissionsithin a feasibleschedulehas no interference.
Thus, links that form 7= and # can perform operationsin
G’ by partitioning CSI (cf. Figure 1) into two disjoint time
intervals. During the prst intenal, only links that make up
m communicate,while in the secondinterval only nodes
that make up # communicate.The operation of each link
can easily be mappedinto operationsat its two end nodes
by assigningone node to each operation, who will then
coordinatethe operation.With sucha separatiorof time, the
operationsdescribedfor the conf3ict graph can be translated
into operationsin the actualnetwork.

Remark 3: Recallfrom Remarkl thatthe conRBictgraphis
likely to be composeddf multiple disconnecteccomponents,
which increaseghe distributed natureof the algorithms.Even
thoughwe did not pursuethis direction here, this likelihood
can be increasedby dynamically modifying the activation
probabilities,{p,, }», in the Pick Algorithm sothatthe picked
schedulehas more disconnecteccomponentsThis way, the
localizednatureof the algorithm can be improved.

VI. SIMULATIONS

In this section,we provide simulationresultsfor the distrib-
uted algorithmsdevelopedin SectionV for the grid topology
(seeFigure 2). We usethe notation[i, j] to referto the node
at the i** row and ;' column of the grid. Throughout,we
simulate utility functions of the form U;(z) = ~;log(x),
which correspondgo weightedproportionally fair allocation
(see[13], [23]).

Throughput evolution for 6x6 Network with 4 flows
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Fig.5. Thethroughputevolution of the 6x6 network for K = 100, " ; = 0.5.

We Prst considera network of size 6x6, with four Rows:
Flow-1 from [1, 1] to [6, 6], Flow-2 from [5, 2] to [6, 3], Flow-

3 from [5, 5] to [5, 1], and Flow-4 from [4,1] to [1, 4]. Here,
we areinterestedn the evolution of the throughputsof each
Bow for K = 100and~y; = 0.5 for eachi € {1,2,3 4}.

The simulation resultsare depictedin Figure 5. We obsene
that the throughputsof the Bows corverge to differentvalues
dependingn their source-destinatioseparationfFor example,
Flow-2 achieves the highestthroughputsince its sourceis
only two hops from its destination.The Ructuationsin the
evolutions are due to the random nature of the algorithm,
which tracksthe queue-lengtrevolutions.
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Fig. 6. Throughputsof Bows with varyingK and (" 1," 2).

Next, we simulatea 10x10network with two Bows: Flow-1
from [1, 1] to [8, 9], andFlow-2 from [9, 2] to [2, 10]. Here,we
focuson the throughputsachieved for the Rows asa function
of K with varying ~; for eachf3ow. We aim to obsenre the
averagel3ow ratesasfunctionsof K and(~1,~2). Notice that
each(~1,v2) combinationcorrespond$o a differentweighting
for the weighted-proportionallyfair allocation. Thus, for a
bxed K, the throughputscorrespondingo different (v, ~2)
combinationsactuallyoutlinetherate region thatthealgorithm
achievesfor that K. Then,as K grows Theorem2 impliesthat
this region grows at a decreasingate, until it corvergesto the
stability region " .

We performedsimulationsfor K varying from 10 to 100
and(v1,72) rangingfrom (0, 1) to (1,0) with v; + vo = 1 at
eachintermediatepoint. The simulation resultsare provided
in Figure 6. We obsere that for a given K, the rate region
is a corvex region. Also, as K grows, the region expandsat
a decreasingate agreeingwith our expectationsWe further
note that with this algorithmic method,the stability region of
a wirelessnetwork, thatis otherwisedifpcult to bnd, can be
determinedwith high accurag.

Finally, for the previous simulation setting, we bx K to
100 andvary (v1,72) asbefore,and comparethe rate region
achieed with our policy to the greedydistributed maximal
schedulingpolicy proposedin earlier works [15], [4]. The
greedypolicy always picks a randommaximal schedule put
doesnot performary comparisorwith anearlierscheduleThe
two regions are plotted in Figure 7. We obsere that there
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is a considerablegain in throughputwhen our algorithm is
implementedcomparedo the greedyalgorithm.

VIlI. CONCLUSIONS

In this work, we provided a frameawvork for the designof
cross-layemlgorithmsfor full utilization of multi-hopwireless
networks. We startedwith generalizinga practicalrandomized
policy, Prst introducedin [25] for switches,to multi-hop
networks. We proved that with a single comparisonat each
iteration, this policy achiezes 100% of the available capacity
of the network.

Next, we consideredhe caseof elasticRows and provided
a decentralizedcongestioncontrol algorithm that works in
parallel with the randomizedalgorithm. We showved that the
resulting cross-layeralgorithm achieses fair allocation of the
resourcesdespite the imperfect nature of the scheduling-
routing algorithm (i.e. the randomizedalgorithm does not
always pick the maximumweightedschedule).

Finally, we developed specibcdistributed algorithms for
the two-hop interference model. For this model, existing
throughput-optimastratgiesrequirethatan NP-hardproblem
be solved by a centralizedcontroller at every time instant.
In this work, we shaved that this is not necessaryand full
utilization of the network can be achieved with distributed
algorithmshaving only polynomial communicationand com-
putationalcompleity.

An importantbyproductof our approachis the use of the
developedcross-layemalgorithmsto bnd (with high accurag)
the stability region of ad-hoc wireless networks, that are
otherwisedifbcult to characterize.
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